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Abstract 

Topp, J. and L. Volkmann, Some upper bounds for the product of the domination number and the 

chromatic number of a graph, Discrete Mathematics 118 (1993) 2899292. 

Some new upper bounds for yx are proved, where y is the domination number and x is the chromatic 

number of a graph. 

All graphs considered in this note are finite, undirected, and without loops or 

multiple edges. Our terminology is based on [2]. For a graph G, let n, 6, A,y, and 

x denote the order, the minimum degree, the maximum degree, the domination 

number, and the chromatic number of G, respectively. Recently Gernert [S] has 

obtained the following two inequalities for the product yx of the domination number 

and the chromatic number of a graph. 

Theorem A. If G is a connected graph with n > 5, then yx <a n2. 

Theorem B. If G is a regular graph with n 3 5, then yx <ff n2 

, In this note we present some improvements of the above inequalities. The following 

two lemmas will be useful in our proofs. 
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Lemma 1. For a connected graph G, the following inequalities hold: 

(i) ([ 11) x < A if G is neither a complete graph nor an odd cycle; 

(ii) ([3]) x< 3n/5 if G is a regular graph with A <n-2; 

(iii) ([6]) y d (n + 1 - 6)/2 if G is not isomorphic to the complement of a one-regular 

graph; 

(iv) (C61) 
y<2+(n_ I-A)(n-2-d) Ifn.S(A). 

. 
n-l A ’ 

(v) (C41) 

y4n+l @-l)A . gn,dA) PC 
2 26 -. A 

Lemma 2. For integers n and 6 with n ~6 + 2 24, let fn,6 and gn,a he the functions 

dejined in Lemma 1. Then fn,a is decreasing in the interval (A$,,, + a), gn,s is increasing 

in the interval (- m, A!,,), and gn,s has the maximum at the point A&, where 

Af =(n-l)(n-6) 
2(n-2-6) 

A:.,==. 

Theorem 1. If G is a connected regular graph with n > 6 and G is difirent from the cycle 

C7, then 

Proof. If G is a complete graph, then yx = n and (1) holds for n 3 6. If G is a cycle, then 

yx=r n/3 1(2-n+2(r n/2 1) and therefore (1) holds if n=6 or n>8. Thus we may 

assume that G is neither a complete graph nor a cycle. Then 3 d A d n - 2 and we 

consider two cases. First, if n is odd or A #n - 2, then combining (i) and (iii) we obtain 

yX<(n+ 1-W (n+l-A)A (n+l)’ 
\ 

2 
< max 

A 2 =8’ 

Second, assume that A = n -2 with even n > 6. Then y = 2 and, according to (ii), 

x d 3n/5 (resp., x < 3 if n = 6). Hence, 

6n (n+1)2 
yx<-<- 

5 8 

for n>8, while y~<6<(6+1)~/8 for n=6. 0 

Theorem 2. If G is a connected graph with 6 3 2, then 

Y*S&(n+l)‘. (2) 
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Proof. It is easy to verify the inequality (2) if G is a complete graph or a cycle. If G is 

neither a complete graph nor a cycle, then applying (i), (v), and Lemma 2 we obtain 

Note that Theorem B follows from Theorem 1 for connected regular graphs of 

order at least 6 which are different from the cycle C,. Similarly, Theorem A 

follows from Theorem 2 if 6 3 4 or if 6 = 3 and n 3 7. Finally, for 6 = 2 and n 3 17, 

Theorem A follows from the next result. 

Theorem 3. If G is a connected graph with 6 = 2, then 

yXd+(n+ 1)2. (3) 

Proof. A simple verification shows that the inequality (3) holds if G is a cycle. Thus 

assume that G is not a cycle. Then the hypothesis 6 = 2 implies that G is not a complete 

graph and n > 4. There are two cases to consider. 

Case 1: d 62(n+ 1)/3. 

Since the function gn,2 is increasing in (- co, d:, 2) (see Lemma 2) and 

d<2(n+1)/3<n+l=dt,,, 

so we have 

s,,2(4)~gn,2(2(n+1)/3)=2(n+1)2/9. 

Consequently, it follows from (i) and (v) that 

YXdgn,2(d)d$(n+ I)2. 

Case 2: A > 2(n + 1)/3. 

In this case n must be not smaller than 6. First, if n =6, then ~6 5, A = 5 and 

therefore y = 1, so yx d 5 and the inequality (3) holds. Second, if n 3 7, then 

A~,,d2(n+1)/3<A 

and therefore 

f.,2(4d.L2(W+1)/3) 

(by Lemma 2). This together with (i) and (iv) gives 

rx~fn,2(d)bf,,2(5(n+I))6~(n+I)2. 0 

Concluding remarks. For integers r > 1 and k > 2, let G be a graph formed as follows: 

Taken=rk+kverticesx1,x2 ,..., xlk,al ,..., ak and join xi to xj, 1 < i < j < rk. Further, 

join ai to the vertices x(i_l),+l, . . . . xi*, 1 bid k. In the resulting graph G we have 

6=r,x=6k,y=k, and 

yx=sk2=6n2. 
(6 + 1)2 
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For positive integers n and 6 with n > 6, let B,,d be the smallest integer B such that the 

inequality yx d B holds for every connected graph of order n and minimum degree 6. It 

follows from (4) and Theorem 2 that 

6 ii 
(s+1)2n2~~~,~~8(S_1)(n+1)2 

for 6 3 2. In particular, for 6 = 3 we have 

Consequently, the estimation (2) is asymptotically best possible for 6 = 3. In a quite 

similar way, we obtain that the estimation (3) is asymptotically best possible for 6 = 2. 

Finally, let us observe that in the above defined graph G for k = r we have k = r = y = 6, 

A = h2, and (v) yields y <~~,~(6~)/6~ = 6 + l/2. This implies that the inequality (v) in 

Lemma 1 is, in some sense, best possible. 
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