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Dependence on the spin structure of the eta and Rokhlin invariants
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Abstract

We study the dependence of the eta invariantηD on the spin structure, whereD is a twisted Dirac
operator on a(4k + 3)-dimensional spin manifold. The difference between the eta invariants for two
spin structures related by a cohomology class which is the reduction of aH1(M,Z)-class is shown
to be a half integer. As an application of the technique of proof the generalized Rokhlin invariant is
shown to be equal modulo 8 for two spin structures related in this way. 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction

1.1. The eta invariant

Let M be a compact manifold of dimension 4k + 3. LetD be a self-adjoint first order
elliptic operator onM. The eta invariant ofD is defined as

ηD = 1
2

(
η(0) + dimkerD

)
,

where the eta functionη(s) is given by

η(s) =
∑

λ∈specD, λ �=0

signλ

|λ|s

which converges for Res large, and has an analytic continuation which is regular ats = 0,
see [5].
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Assume thatM is a spin manifold and letσ be a spin structure onM with associated
spinor bundleSσ . Let E be a vector bundle with connection onM. We use the notation
η(σ ;E) for the eta invariant of the twisted Dirac operatorDE onSσ ⊗E. The set Spin(M)

of spin structures onM is an affine space modeled onH 1(M;Z2), i.e., the vector space
H 1(M;Z2) acts freely and transitively on Spin(M):

Spin(M) × H 1(M;Z2) 	 (σ, δ) 
→ σ + δ ∈ Spin(M).

Forσ ∈ Spin(M) andδ, δ′ ∈ H 1(M;Z2) we define the first and second difference functions
of η(σ ;E) by

�η(σ, δ;E) = η(σ + δ;E)− η(σ ;E)

and

�2η(σ, δ′, δ;E) = �η(σ + δ′, δ;E)− �η(σ, δ;E).

The first difference�η is a special case of the relative eta invariant introduced by Atiyah
et al. in [2] and since studied by many authors. The ideas behind the following theorem
also go back to Atiyah, Patodi and Singer.

Theorem 1.1. Let (M,g) be a compact spin manifold of dimension 4k + 3. Let σ be a
spin structure on M and let δ, δ′ ∈ H 1(M;Z2). Suppose δ is the reduction modulo 2 of an
integer class. Let E be a vector bundle on M with connection ∇E . Then

(a) �η(σ, δ;E) ∈ 1
2Z,

(b) �2η(σ, δ′, δ;E) ∈ Z.
These differences do not depend on the metric g.

1.2. The Rokhlin invariant

Let M be a compact spin manifold of dimension 8k + 3, k � 0, and suppose thatM is a
boundary. The Rokhlin invariant is a function defined on the set Spin(M) of spin structures
onM and taking values in the integers modulo 16,

RM : Spin(M) → Z16,

see [13,3]. Given a spin structureσ onM, we take a spin manifoldN with spin structure
τ such that(M,σ) is the boundary of(N, τ). Such anN exists since the forgetful
homomorphism of cobordism ringsΩSpin

8k+3 → ΩSO
8k+3 is injective, see [11, p. 351], and

thusM is an oriented boundary if and only if it is a spin boundary. The Rokhlin function
is defined by

RM(σ) = Sign(N) mod 16,

where Sign(N) is the signature ofN . This is independent of the choice ofN since the
signature invariant is additive and by a theorem of Ochanine, see [6, p. 113], the signature
of a closed(8k + 4)-dimensional spin manifold is a multiple of 16.
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Lee and Miller [10] showed that if we equipM with a Riemannian metric then the
Rokhlin function can be computed in terms of eta invariants of the signature operator and
of twisted Dirac operators,

RM(σ) = −ηHirz + 8
∑
i

biηDZi mod 16, (1)

wherebi are integers andZi are vector bundles. In dimension 3 this formula is

RM(σ) = −ηHirz − 8ηD mod 16, (2)

and in dimension 11 we have

RM(σ) = −ηHirz + 8ηDTM − 32ηD mod 16. (3)

Since the expression on the right-hand side of (1) is defined even ifM is not a boundary,
we take (1) as the definition ofRM for a general(8k + 3)-dimensional spin manifold.
From (1) it also follows that this is independent of the Riemannian metric, but a priori this
extension of the Rokhlin function takes it values inR modulo 16. A theorem by Fischer
and Kreck [4] tells us that (1) is always an integer modulo 16.

In this paper we are going to use (1) to study how the Rokhlin invariant varies with
the spin structure onM. For σ ∈ Spin(M) and δ0, . . . , δm ∈ H 1(M;Z2) the difference
functions ofRM are defined inductively by

�1RM(σ, δ0) = RM(σ + δ0) − RM(σ),

�m+1RM(σ, δ0, . . . , δm) = �mRM(σ + δ0, δ1, . . . , δm) − �mRM(σ, δ1, . . . , δm).

In [13] Turaev shows that�4RM = 0 for any 3-dimensional manifoldM. Finashin
conjectures in [3] that�4RM = 0 holds in all dimensions.

Our main result is the following.

Theorem 1.2. If δ ∈ H 1(M;Z2) is the reduction modulo 2 of an integer class then
�RM(σ, δ) = 0 or 8 mod 16.

This generalizes a result by Taylor, see [12, Theorem 6.2.], in dimension 3. In the case
whereM is a boundary this follows by results of Finashin in [3] but in the general case it
seems to be new.

2. Spin structures and Dirac operators

Throughout this paper(M,g) will denote a compact oriented Riemannian spin manifold
of dimensionn. For the necessary background on spin geometry we refer to [5,7].
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2.1. Spin structures and spinor bundles

Let π : Spin(n) → SO(n) be the double cover of the groupSO(n). A spin structureσ on
M is a Spin(n)-principal bundle overM which is pointwise a double cover of the oriented
orthonormal frame bundleSO(M),

ξ :σ → SO(M),

ξ(pg) = ξ(p)π(g), p ∈ σ, g ∈ Spin(n).

We denote the set of (isomorphism classes of) spin structures by Spin(M). This is an
affine space modeled onH 1(M;Z2), given two spin structuresσ,σ ′ there is an element
σ ′ − σ = δ ∈ H 1(M;Z2) which is the difference of the spin structures. This difference
element can be constructed as follows. Let{Ui, aij } be a trivialization of the bundleSO(M)

with transition functions

aij :Ui ∩ Uj → SO(n)

and let

bij , b
′
ij :Ui ∩Uj → Spin(n)

be the transition functions forσ,σ ′. Then

π ◦ bij = π ◦ b′
ij = aij

and thecij defined as

cij = b′
ij b

−1
ij :Ui ∩Uj → ker(π) = {±1} = Z2 (4)

give δ ∈ H 1(M;Z2). The elementδ can be viewed as aZ2-principal fibre bundle. By the
action ofZ2 = {±1} on C we get an associated flat complex line bundle which we denote
by Lδ .

Let ρ : Spin(n) → End(S) be the spinor representation of the spin group on the vector
spaceS. We denote bySσ the spinor bundleσ ×ρ S associated toσ . In the trivialization
introduced aboveSσ will have transition functionsρ(bij ) :Ui ∩Uj → End(S) and from (4)
it follows that the transition functions forSσ ′ are

ρ(b′
ij ) = ρ(cij )ρ(bij ).

Sinceρ(−1) = −1 this translates to

Sσ ′ = Lδ ⊗ Sσ . (5)

In this paper we will be interested in the case when the line bundleLδ is topologically
trivial, that is whenLδ has a non-vanishing section. A smooth non-vanishing sectionl of
Lδ defines an invertible map

l :ϕ 
→ l ⊗ ϕ

which sends sections ofSσ to sections ofSσ ′ . If we normalizel to |l| = 1 this map is
pointwise an isometry since

〈l ⊗ ϕ, l ⊗ ψ〉 = |l|2〈ϕ,ψ〉
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and also a surjective isometry of the Hilbert spaces of square integrable sections

l :L2(Sσ ) → L2(Sσ ′).

Let H 1(M;Z2)0 be the subspace ofH 1(M;Z2) consisting ofδ such thatLδ is topolog-
ically trivial. It can be characterized as follows, see [7, p. 84] and [1].

Proposition 2.1. δ ∈ H 1(M;Z2)0 if and only if there is an integral α ∈ H 1(M;R) such
that

δ
([γ ]) = eπ i

∫
γ α

,

for all closed curves γ .

Proof. Supposel is a section ofLδ with |l| = 1. Such a section is the same as aδ-equi-
variant functionl̃ = eπ iθ on the universal cover̃M of M. Let α = dθ = 1

π i l
−1 dl. Thenα

drops down to a closed real-valued one-form onM and

eπ i
∫
γ α = eπ i

∫
γ̃ dθ = eπ i(θ(γ (x0))−θ(x0))

= l̃
(
γ (x0)

)
l̃(x0)

−1 = δ
([γ ]),

where γ̃ is the lift of γ to M̃ , a path fromx0 to γ (x0). On the other hand, suppose

δ([γ ]) = eπ i
∫
γ α for some closed one-formα. Then the pullback ofα to M̃ is the

differential of some functionθ andl̃ = eπ iθ is aδ-equivariant function oñM , which gives
a non-vanishing section ofLδ . ✷
2.2. Dirac operators

For a spin structureσ with associated spinor bundleSσ the Dirac operatorD is defined
by

Dϕ = ei · ∇ei ϕ,

whereei is a local orthonormal frame, the dot is Clifford multiplication, andϕ is a smooth
section ofSσ . D extends to a self-adjoint operator onL2(Sσ ). As before we letσ and
σ ′ = σ + δ be spin structures onM and we assume thatδ ∈ H 1(M;Z2)0. We letl be a unit
norm section ofLδ and define a connection∇′ by

∇′ϕ = l−1∇(lϕ) = ∇ϕ + l−1 dlϕ (6)

acting on sections ofSσ . This connection is metric:

X〈ϕ,ψ〉 = X〈lϕ, lψ〉
= 〈∇X(lϕ), lψ

〉 + 〈
lϕ,∇X(lψ)

〉
= 〈

l−1∇X(lϕ),ψ
〉 + 〈

ϕ, l−1∇X(lψ)
〉

= 〈∇′
Xϕ,ψ

〉 + 〈
ϕ,∇′

Xψ
〉
.

Let D′ be the operator of Dirac type defined using∇′,

D′ = ei · ∇′
ei

= l−1Dl = D + l−1 gradl · .
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The following is a fundamental observation.

Proposition 2.2. D′ acting on L2(Sσ ) is isospectral to D acting on L2(Sσ ′).

Proof. Supposeϕ is a section ofSσ ′ and an eigenspinor ofD with eigenvalueλ. Then

D′(l−1ϕ
) = l−1Dϕ = λl−1ϕ

so l−1ϕ is an eigenspinor ofD′, also with eigenvalueλ. If ψ is an eigenspinor ofD′ then
lψ is an eigenspinor ofD with the same eigenvalue.✷

This means thatD′ acting onL2(Sσ ) has the same spectral invariants asD acting
onL2(Sσ ′).

3. The eta invariant

In this section we prove the theorem on the eta invariant stated in the introduction and
state some corollaries.

Theorem 3.1. Let (M,g) be a compact spin manifold of dimension 4k+3. Let σ be a spin
structure on M and let δ ∈ H 1(M;Z2)0, δ′ ∈ H 1(M;Z2). Let E be a vector bundle on M

with connection ∇E . Then
(a) �η(σ, δ;E) ∈ 1

2Z,
(b) �2η(σ, δ′, δ;E) ∈ Z.
These differences do not depend on the metric g.

Proof. As before letl be a normalized section ofLδ and let∇′ = l−1∇l. Let M = M × I

whereI = [0,1] and denote byν the vectorfield ∂
∂t

on M . The spin structureσ on M

induces a spin structure onM , the associated spinor bundle is equal toSσ ⊕Sσ . To shorten
the notation we will write this asS.

Let χ : I → I be a smooth function such thatχ(t) = 0, t � 1
3 andχ(t) = 1, t � 2

3.
Define a connectioñ∇ on sections of the trivial complex line bundle1 overM by

∇̃Xf = (
X + χ(t)l−1 dl(X)

)
f, ∇̃νf = νf,

whereX ∈ TM. This connection is metric and the induced connection∇ ⊗ ∇̃ on S ⊗ 1
interpolates between∇ close tot = 0 and∇′ close tot = 1.

LetDE be the Dirac operator onS ⊗E ⊗ 1 constructed using the connection∇ ⊗∇E ⊗
∇̃. Close to the boundary componentM ×{0} of M we haveDE = ν · ( ∂

∂t
+DE) and close

to M × {1} we haveDE = ν · ( ∂
∂t

+ D
′E).

The Atiyah–Patodi–Singer index theorem [5, p. 305] tells us that

ind
(
DE

) =
∫
M

Â(M) ∧ ch
(∇E

) ∧ ch(∇̃) − ηDE + ηD
′E , (7)
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where the index on the left hand side is the Fredholm index ofDE acting on sections of
S ⊗ 1 ⊗ E satisfying the Atiyah–Patodi–Singer boundary condition.

SinceD
′E acting on sections ofSσ ⊗ E is isospectral toDE acting on sections of

Sσ+δ ⊗ E we haveη
D

′E − ηDE = η(σ + δ;E)− η(σ ;E) = �η(σ, δ;E) and

�η(σ, δ;E) = − ind
(
DE

) +
∫
M

Â(M) ∧ ch
(∇E

) ∧ ch(∇̃). (8)

Next we compute ch(∇̃) and for this we need the curvaturẽR of ∇̃. For X ∈ TM we
write

∇̃X = X + χ(t)l−1 dl(X) = ∇ + π iχ(t)α(X),

where as in the proof of Proposition (2.1)α = 1
π i l

−1 dl is a closed integer-valued one-form.
ForX,Y ∈ TM we have

∇̃X∇̃Y = (
X + π iχ(t)α(X)

)(
Y + π iχ(t)α(Y )

)
= XY + π iχ(t)

(
X

(
α(Y )

) + α(Y )X + α(X)Y
) + (

π iχ(t)
)2
α(X)α(Y )

so

R̃(X,Y ) = ∇̃X∇̃Y − ∇̃Y ∇̃X − ∇̃[X,Y ]
= π iχ(t)

(
X

(
α(Y )

) − Y
(
α(X)

) − α
([X,Y ]))

= π iχ(t)dα(X,Y ) = 0

sinceα is closed. Next we have

R̃(ν,X)ϕ = (∇̃ν∇̃X − ∇̃X∇̃ν

)
ϕ = π iχ ′(t)α(X)

and we conclude that

R̃ = π i dχ ∧ α.

Thus we find that the Chern character of∇̃ is

ch(∇̃) = tr eiR̃/(2π) = e−(dχ∧α)/2 = 1− dχ ∧ α

2
(9)

and we see that the integral in (7) is∫
M

Â(M) ∧ ch
(∇E

) ∧ ch(∇̃) =
∫
M

Â(M) ∧ ch
(∇E

) ∧
(

1− dχ ∧ α

2

)
.

When we integrate over theI factor only the term with dχ will contribute and we have left∫
M

Â(M) ∧ ch
(∇E

) ∧ ch(∇̃) = −1

2

∫
M

Â(M) ∧ ch
(∇E

) ∧ α. (10)

The same calculation can now be used again to see that this integral is the index of a
twisted Dirac operator. LetS1 be the circle of length 1. Then
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M

Â(M) ∧ ch
(∇E

) ∧ α =
∫

M×S1

Â(M) ∧ ch
(∇E

) ∧ dt ∧ α

=
∫

M×S1

Â(M) ∧ ch
(∇E

) ∧ (1+ dt ∧ α)

=
∫

M×S1

Â(M) ∧ ch
(∇E

) ∧ edt∧α.

Since dt ∧ α ∈ H 2(M × S1;Z) there is a complex line bundleK → M × S1 with
c1(K) = dt ∧ α, curvature 2-form2π

i dt ∧ α, and ch(∇K) = edt∧α. This means that (10) is
equal to

−1

2

∫
M

Â(M)∧ ch
(∇E

) ∧ α = −1

2

∫
M×S1

Â(M) ∧ ch
(∇E

) ∧ ch
(∇K

)

= −1

2
ind

(
DE⊗K

)
. (11)

From (8) and (11) we now get

�η(σ, δ;E) = − ind
(
DE

) − 1

2
ind

(
DE⊗K

)
, (12)

which is a half integer. We have proved part (a) of the theorem. To prove part (b) note that
the last term,

ind
(
DE⊗K

) =
∫
M

Â(M) ∧ ch
(∇E

) ∧ α,

in (12) does not depend on the spin structureσ . When we take a second difference,

�2η(σ, δ′, δ;E) = �η(σ + δ′, δ;E)− �η(σ, δ;E),

these terms will cancel, and part (b) follows.✷
In the case where the twisting bundleE is flat, for example ifE is the trivial line bundle,

we get the following corollary.

Corollary 3.2. Let (M,g) be a compact spin manifold of dimension 4k + 3. Let σ be a
spin structure on M and suppose δ ∈ H 1(M;Z2)0. Let E be a vector bundle on M with a
flat connection ∇E . Then �η(σ, δ;E) ∈ Z,

Proof. Since ch(∇E) = 1 we have from (8) and (10)

�η(σ, δ;E) = − ind
(
D

) − 1

2

∫
M

Â(M) ∧ ch
(∇E

) ∧ α

= − ind
(
D

) − 1

2

∫
M

Â(M) ∧ α.
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The integrand̂A(M)∧α only contains terms of degrees 4p+1,p � 0, so the integral over
M which has dimension 4k + 3 vanishes, and the corollary follows.✷

For a self-adjoint first order elliptic operator D the reduced eta invariant is defined by

ηD = ηD mod 1∈ R/Z.

We use the same notation as above for the reduced eta invariant of twisted Dirac operators,
and the for their difference functions with respect to variations of the spin structure. In
terms ofη we can formulate the following corollary.

Corollary 3.3. Under the conditions in Theorem 3.1we have
(a) �η(σ, δ;E) = −1

2

∫
M

Â(M) ∧ ch(∇E) ∧ α ∈ 1
2Z,

(b) �2η(σ, δ′, δ;E) = 0.

4. The Rokhlin function

We are now going to prove the theorem on the Rokhlin invariant stated in the
introduction. We begin by stating in more detail the formula by Lee and Miller expressing
the Rokhlin function in terms of eta invariants.

Theorem 4.1 [10,8,9].

RM(σ) = −ηHirz + 8
∑
i

biη(σ ;Zi) mod 16, (13)

where the bi are integers and the Zi are tensor bundles, that is the Zi are bundles
associated to the orthonormal frame bundle SO(M) through representations ρi of SO(n).

This theorem is based on the following formula expressing theL-genus in terms of
twistedÂ-genera.

L(M) = 8
∑
i

biÂ(M)ch
(∇Zi

)
. (14)

Using Proposition 2.1 we see that Theorem 1.2 in the introduction is equivalent to the
following.

Theorem 4.2. If δ ∈ H 1(M;Z2)0 then �RM(σ, δ) = 0 mod 8.

Proof. From (13) we have

�RM(σ, δ) = 8
∑
i

bi�η(σ, δ;Zi) mod 16.

Eqs. (8) and (10) tell us that

�RM(σ, δ) = −8
∑
i

bi ind
(
DZi

) − 1

2

∑
i

8bi

∫
M

Â(M) ∧ ch
(∇Zi

) ∧ α mod 16
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and using (14) we see that

�RM(σ, δ) = −8
∑
i

bi ind
(
DZi

) − 1

2

∫
M

L(M) ∧ α mod 16.

SinceM has dimension 8k + 3 andL(M) ∧ α only contains terms of degrees 4p + 1,
p � 0, the integral vanishes and we are left with

�RM(σ, δ) = −8
∑
i

bi ind
(
DZi

)
mod 16

which proves the theorem.✷
From the relations (2) and (3) we get the following corollary.

Corollary 4.3. If δ ∈ H 1(M;Z2)0 and dimM = 3 then

�RM(σ, δ) = −8 ind
(
D

)
mod 16

and if dimM = 11 then

�RM(σ, δ) = 8 ind
(
D TM )

mod 16,

where D is the operator on M × I introduced in the proof of Theorem 3.1.
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