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1. Introduction

In this paper we study a class of multi-parameter eigenvalue problems, which naturally arise when we search travelling
waves for evolution p-Laplacian equations (see E. Di Benedetto and M.A. Herrero [8]):

ive —div(|VvIP2Vv) = AlvP 2y, p>1,
vlpg =0, (1.1)

where v :=v(t,x,y), t >0, A is a parameter and Q = {(x,y) | x € (0,1), y € R} is the infinite rectangle in RZ. Now,
we look for wave solutions to Eq. (1.1) in the form v(t,x, y) = e!™=%")y(x), where u(x) is a real-valued function and
(w,k) € R x R. We have Vv = (vy, vy) = e WK) ', —iku) and |Vv| = (k*u? + u'?)!/2. For convenience we introduce the
notation: Viu := (ku,u’). Then, |Vv| = |Viu| = (k*u? + u’2)1/2, By using this notation and putting v(t, x, y) = e!"t=k)y(x)
into (1.1) we obtain that v(t, x, y) is a solution to Eq. (1.1) if and only if u(x) is an eigenfunction of the following multi-
parameter perturbed eigenvalue problem which is the main concern of this paper (for similar problems in the case of k =0,
we refer to J.P.G. Azorero and L.P. Alonso [5]):

—wu + kK| Viu|P2u — (|Vku|p’2u/)' =AulP%u, p>1,
u0)=u(1)=0, (1.2)

where u :=u(x) and |Vu| = (k*u? +u’'?)1/2, We note that in the case of k=0 we obtain a standard two-parameter eigen-
value problem for one-dimensional p-Laplacians. For this reason we refer to problem (1.2) as a multi-parameter eigenvalue
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problem for perturbed p-Laplacians, which is the central topic of this paper. We suggest new analytical techniques to an-
alyze problem (1.2). We mention that the paper [15] by G. Morosanu, D. Souroujon, S. Tersian devoted to a problem in a
different context, also includes some similar techniques to those we use in Section 4.

We now give the definition of a solution to Eq. (1.2).

Definition 1.1. 0 £ u € W;’p(o, 1) is a solution to Eq. (1.2) if and only if
1 1 1 1
—w/uvdx—i—kZ/|Vku|p’2uvdx+/|Vku|p’2u’v’dx:)\/|u|p’2uvdx (1.3)
0 0 0 0

holds for all v € Wa’p(O, 1), where Wa’p(O, 1) is the Sobolev space (see [1] for Sobolev spaces). Here, the parameters
(w, k, A) are called eigen-parameters and the associated non-trivial function u € Wé‘p (0,1) is called the eigenfunction. First,
we observe that searching for 0 £ u € Wé’p (0, 1) satisfying (1.3) is equivalent to finding critical points of the functional
1 1 1
w 1 A
F(u) = ——/uzdx—i— — / |Viul|Pdx — — / |u|P dx.
2 p p
0 0 0
For this we just note that by using the definition of Gateaux derivative, we obtain

1
dt|:p/]vk(u+tv)| dxi|
0

1
VP22, 2y552 (o2 '
== E(ku +u'?) 7 (2k*uv +2u'v') dx
t=0 po
1

1
ZszIVkulpfzuvdX—i—/IVkul"*zu’v’dx.
0 0

In what follows, we denote X := Wg’p(O, 1), which is a Banach space. F’' : X — X* will denote the Fréchet derivative
of F, where X* is the dual of the space X. Hence, u € X is a solution to (1.3) if and only if u is a free critical point for F(u),
i.e., (F'(u),v) =0, for all v € X, where (F'(u), v) denotes the value of the functional F/(u) at v € X. Moreover, by Sobolev’s
embedding theorem Wé’p(O, 1) is compactly embedded in C[0, 1] and consequently, Wé’p(O, 1) is compactly embedded in

Lg(0,1) for all g € [1, 0o) (see [1]). Therefore, the functional F(u) is well defined for all u € W(;'p(O, 1).

The rest of this paper will be organized as follows. In Section 2 we present some general results about the structure of
the eigen-parameters (w,k, 1), including the A(k) dependence, the existence of positive eigenfunctions and the localization
of eigen-parameters (w,k, A). In this section we use mainly variational techniques. Section 3 is devoted to the problems
with cubic nonlinearities. In this case we construct analytical solutions and relying on these solutions we study dispersion
relations A(k) and k(1) (Theorem 3.1). Finally, in Section 4 we study the same problems in the most general case. Here,
our approach is based on constructing implicit solutions which allow us to analyze the spectral problems and establish
dispersion relations in the most general case (Theorem 4.2). In Appendix A we present full details of the reducing the order
of the main spectral problem.

2. The structure of the eigen-parameters (w, k, 1): general results

In this section we present some general results, which are obtained by using variational techniques. We study separately
two cases for the eigenvalue problem (1.3): w =0 and w #0.

The case: w = 0.

In this case problem (1.3) reduces to the form:
1 1 1
k2/ [Viu|P2uvdx + / [Vieu[P~2u'v' dx = A/ [ulP~uvdx, (21)
0 0 0

where u:=u(x) and |Vyu| = (k2u? +u'?)1/2,

In the case of k =0 problem (2.1) coincides with the typical one-dimensional eigenvalue problem for p-Laplacians:
—(w' ") =P, p>1,

u(0) = u(1) =0. (2.2)
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The eigenvalue problems for p-Laplacians have been studied by many authors (see [3-5,13,14] and references therein). An
alternative and interesting method for studying the existence of eigenfunctions of the one-dimensional p-Laplacian was
suggested in [2]. However, when k # 0 then we deal with (2.1) which is different from the typical one-dimensional p-
Laplacian eigenvalue problem (2.2).

Our first observation is given in Theorem 2.1. Since many facts in this theorem are proved in the same way as those in
the classical p-Laplacian eigenvalue problems we present only a sketch of the proof.

Theorem 2.1. Let us fix k € R. Then,

(a) there exists an infinite sequence of variational eigenvalues A (k) for problem (2.1), arranged as
0<Aiilk) <rplk) <---<Apk) <+ and Ap(k) > 400 asn— oo,
(b) 0 <A1(Ap) < Aq(k) and |k|P < Aq(K),

where 11(Ap) denotes the first eigenvalue of problem (2.2).

A sketch of the proof. (a) The proof is based on the Ljusternik-Schnirelman critical point theory (see [19, Chapter 44]). Let
us define Gp(u) := %fol |Vku|Pdx and @ (u) := % fol |u|P dx. Consider the following eigenvalue problem:

&' (u) = uGju), ueSe, weR, (2.3)

where Sg, = {u € X | G(u) = 1}. Clearly, Eq. (2.3) is the same as Eq. (2.1) with pu = % It is well known that to find
a sequence u, of the eigenvalues of problem (2.3), it is sufficient to check the following basic conditions (see [19, p. 325
and p. 328]):

H1. Let X be a reflexive Banach space. F and G are the even functionals such that F, G € C1(X,R) and F(0) = G(0) =0.

H2. F': X — X* is strongly continuous (i.e. u, — u implies F'(uy) — F'(u)) and (F'(u),u) =0, u € coSg implies
F(u) =0, where coS; denotes the closure of the convex hull of the set S¢.

H3. G': X — X* is continuous, bounded and satisfies the following condition:

up—=u, Gy —v, (G, un)— (v,u)

implies u, — u as n — oo, where u, — u denotes the weak convergence in X.
H4. The level set S¢ is bounded and u # 0 implies,

(G'(w),u)>0, lim G(tu) = o0, (G, u)>o0.
t— 400

inf

uesSg
Note that in our case, F = @ and G = Gj. It has been shown in [13] that all conditions H1-H4 are satisfied for the
functionals @ (u) and Gg(u), which is the norm of the space X = Wé’p(O, 1). If k #0, then it is enough to note that for a
fixed k € R the functional Gy (u) := %fol |Viu|P dx forms an equivalent norm in X.

Now, we denote by /Cp, (k) the class of all compact, symmetric subsets K of Gy, such that gen K > n (see [19, Chapter 44]).
Thus, for a fixed k € R, according to the Ljusternik-Schnirelman variational principle [19, p. 326, Theorem 44.A] there exists
a sequence of eigenvalues of problem (2.1), depending on k and arranged as:

0 <ii(k) <Azk) <--- < Ank) < -
which are characterized by
1 .
o n(k) = . Csllélna(k) ul?:f< D (u).
Moreover, for all k e R
0<Ak) and Xu(k) > 400 asn— oo.

(b) It follows from

1, /1p 12,2 12\2
u'|Pdx k-u u'“)2 dx
0<r1(Ap) = inf Jo 1P dx < inf Jo Ku”+ ™) =11 (k)

1 1
0£ueWyP(0,1) fo UlPdx  otuew] P01 Jo lulPdx

and
1 1

|k|pf [ulP dx < /(kzu2 +u'?)
0 0
that 0 < A1(Ap) <Aq1(k) and [P <A1(k). O

p
2

dx
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Remark. Evidently, the Ljusternik-Schnirelman critical point theory can be applied not only to one-dimensional problem
(2.1) but also to the n-dimensional problem

kz/|Vku|p_2uvdx+/|Vku|p_2u’v’dx=A/|u|p_2uvdx,
2 2 2

and we obtain that the same results, given in Theorem 2.1 are also valid for this problem. But, in the n-dimensional case
we can only state that: Aq(k) is simple, isolated and Ay (k) is the second eigenvalue of the problem and the sequence

0<Aik) <iak) <---<apk) <+ and Ap(k) —> +o00 asn— oo,
may not be complete (see [3,4,14]).

However, for the one-dimensional case we completely solve this problem in the following sections (see Theorem 3.1 and
Theorem 4.2) and show that the spectrum is discrete, i.e., it consists of a sequence of isolated eigenvalues.

The case: w # 0.

In this case our main concern is the existence of positive solutions to problem (1.3). By using the scaling property,
a solution to problem (1.3) can be obtained by a constrained minimization problem for the functional

1 1
Em(u)zf|Vku|pdx—k/|u|pdx
0 0
on the Banach space WS’D(O, 1), restricted to the set
1
M= [u e WyP(0,1) ’ /uzdx=1}.
0

Our method is based on some regularity ideas, the fact that Wé’p(O, 1) is compactly embedded in Lg(0, 1) for all g € [1, c0)
and the following theorem.

Theorem 2.2. (See [17, Theorem 1.2].) Suppose X is a reflexive Banach space with norm ||.|, and let M C X be a weakly closed subset
of X. Suppose E : M — R U +oo0 is coercive on M with respect to X, that is

(1) E(u)—> o0 as|ul| >o00, ueM

and it is (sequentially) weakly lower semi-continuous on M with respect to X, that is
(2) for any u € M, any sequence (u,) in M such that u, — u (weakly) in X there holds:

E(u) < lim infE(up).
n—oo

Then E is bounded from below on M and attains its infimum in M.
Now we formulate and prove our main result in this section.

Theorem 2.3. If either (w,k, 1) € Ry x R x (—o00, A1(k)) or (w,k, 1) € R_ x R x (A1(k), +00), then problem (1.3) has a positive
solution.

Proof. Let us consider the condition (w,k,1) € Ry x R x (—oo, Aq(k)). By this condition we have to prove that for a
fixed k € R and A < Aq1(k) problem (1.3) has a positive solution for any w > 0. We set in Theorem 2.2: X = W(}'P(o, 1),
E():=Ex,u) and M={u e Wa’p(O, 1) | fol u?dx = 1}. Evidently, all conditions of Theorem 2.2 are satisfied. Particularly,
by the Sobolev's embedding theorem M is a weakly closed set. Now, the existence of a non-trivial solution to problem (1.3)
immediately follows from this theorem. The existence of a non-negative solution is obtained if we replace u by |u|. Let us
prove that a non-negative solution to (1.3) is positive. One can use the Moser’s iteration technique to show that a solution to
(1.3) belongs to L>(0, 1) (see [10] or [13, pp. 1070-1073]). Then, u € C%(0, 1)-Hblder continuously differentiable function
with the exponent 0 < « < 1. This property follows from the following fact (here we restrict ourselves to the interval (0, 1)):
Let f:(0,1) x R — R be a Carathédory function (see [13, p. 1074]). Then if g(x) := f(x, u(x)) € L*°(0, 1) then a result of
DiBenedetto [7] and Tolksdorf [18] states that a weak solution of the equation

—Apu(x) = f(x,u(x)) (2.4)

is a c1®(0, 1) function.
Finally, we use the following Harnack type inequality due to Trudinger ([11] and [13, p. 1075]) to prove that u > 0.
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Harnack inequality: Let u € W1-P(0,1) be a weak solution of (2.4) and for all M < oo and for all (x,s) € (0, 1) x (—M, M)
the condition

|f(x, 9)| <b1(®IsIP~" + b2 (%)

holds, where by, b, are non-negative functions in L°°(0, 1). Then if 0 < u(x) < M in a subinterval of (0, 1), there exists a
constant C such that

maxu(x) < Cminu(x).
K(r) K(r)

We also note that the condition maxg ) u(x) < C ming u(x) means either: u =0 or u > 0 in (0, 1). Since |[u|lz,0,1) =1 we
obtain that u > 01in (0,1). O

3. The cubic nonlinearity: analytical solutions and dispersion relations

In this section we separately study the analytical solutions and dispersion relations between k and A of the following
problem in the case of p =4 (the problem with the cubic nonlinearity):

K ViulP%u = (VP ?') = 2P, p> 1,
u0)=u(1)=0, (3.1)

where u:=u(x) and |Viu| = (k2u? +u’?)1/2,

Problems with the cubic nonlinearities have important applications and that is why we study this case separately. More-
over, it turns out that in this case it is possible to construct analytical solutions.

First we note that in the case k =0 we deal with the following classical one-dimensional p-Laplacian eigenvalue problem
which was fully studied by P. Drabek [9] (see also a paper of M. Del Pino, M. Elgueta, and R. Manasevich [16]):

—(WP) =P, p>1,

u(0) = u(1) =0. (3.2)

_1 1
All eigenfunctions and eigenvalues of problem (3.2) are given by up(x) = cA, ” sing (A x) and A, = (n7wp)P, respectively.
Here,

o=

(r=1
Tp =2

ds
P
(1- ﬁ)”p

and sin, (x) is defined as an implicit function sinj, : [0, 2] — [0, (p — 1)'/P] by

sinp (x)
ds
(1 sP )1/_17 =X,
—
then it is extended by setting: ﬁflp(x) i=siny(Tp — X), X € [%,np] and §fflp(x) = fsri\ﬁp(fx) for x € [-mp, 0]. Finally,

siny : R — R is defined as the 2m,-periodic extension of s?ﬁ;, (x) to all of R (see [9] and [16], and also the recent paper [6]
for more interesting properties of sinj(x)).

To construct analytical solutions to problem (3.3) we also apply methods similar to those applied in the above mentioned
papers. However, we have to modify many techniques of these papers which are not applicable to our problems. Namely,
this modified method is applied below to find analytical solutions to the following problem:

k2 (kK2u? + u"?)u — ((KPu® + u’z)u/)/ =’
u(0) = u(1) =0, (33)

where u = u(x). We let k > 0.

First, we reduce the order of the equation by the substitution u’ = v(u). Then, u” = v/ = & du _ dv

= aV and we have
dv
(3v3 ~|—I<2u2v)d— =k*u® — KPuv? — al.
u

This is a homogeneous ordinary differential equation and it may be integrated by changing from (u, v) — (u, w) by the
standard substitution v = uw(u). This then gives a separable equation

Bw? +Kw)uw’ =k* — 1 — 2k*w? — 3w?,
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which integrates to
c
kK —x —2k2w? — 3w = —3-
u

Putting the inverse substitution w = “7 into the above equation we obtain

N 4
o) —3(Y) = £
u u u4

3u'4 + 2k 02 + (r— I<4)u4 —c=0

or

through the multiplication by —u®. By Theorem 2.1 we have 2 > k*. Hence, in order to get a non-trivial solution to (3.3) the
condition ¢ > 0 must be satisfied. Let u = ﬂ:(%)élly. Then we can rewrite the above given equation in the following form

A —k4
kzyzy’z—f- 3 ——yt-1=0

Finally, by solving this quadratic equation in y’2 we get

k2 k4 A —k4
y/2:_§y2+\/9y4+1_ 3 y4_

Evidently, this formula makes sense if y*
hood of zero one can write

1
k2 k4 A —k4 2
y/= [—?}’2“1‘\/3}’4-‘1-1— 3< y4i| > 0.

<2 k4 Moreover y’ > 0 or y' < 0 iff |y| < (5 4)4 Consequently, in a neighbor-

Clearly, [0, ¢), € =min{x | x > 0 and y(x) =(5 4)4} is the maximal interval of the form [0, a), where y’ > 0.

Note. At this point we have to note that if y’ > 0 on [0, 1], then we get a trivial solution. However, in general the condition
y'(x) > 0, x € [0, 1] is not satisfied for all (A, k). Actually, these cases allow us to construct non-trivial solutions. One can
see from the arguments provided below that we construct (for some A and k) a solution satisfying u(0) = 0, on the interval
[0, &), where ¢ <1 and then extend it to get a non-trivial solution to problem (3.3) on the interval [0, 1].

Integrating the last equation and using the initial condition y(0) =0 gives

()

ds
» . . =X. (34)
N
Let us define
; d
Fy k() :=/ . 5 . (35)

o /%544_1_&54]1/2

The function F; y(x) is well defined if 1 — 3" s* > 0. Therefore, s < (Za 3 )1/4 and

3 1/4 7T4()"ak) 4
F)»,k : |:0, <m> ] — |:0, T:|, k <}\.,

where
3 1/4
) .
s
wa(h, k) =2 / . (3.6)
2 4 14
0 [— k3 + /%54_‘_1_%54]1/2
Since F ; k(x) > 0, then there exists an inverse function

7400, k) 3 \/4
i [0 50~ o (25)
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defined by

Gy k(%)
ds

! (K524 [Kst 41— iKgay12

G, k(x) is extended to R by the following way: Ek,k(x) =Gy k(Ta(r, k) —Xx), x € [%“‘) m4(X, k)] and Ex,k(x) = —EA,,C(—X)
for x € [-m4(A, k), 0]. Finally, G, () : R — R is defined as the 2m4(2, k)-periodic extension of 5A,k(x) to all of R.

By this extension we have G, x(x) =0 < x = nma(X, k). Now, it follows from (3.4) and (3.7) that y(x) = G, x(x) and
therefore u(x) = cG, y(x) is the general solution for the following equation

=X. (3.7)

k2 (kKu? +u"?)u — ((KPu® + u’z)u/)/ =, u(0) =0. (3.8)

Thus, the main question is: for what values of k and A are there non-trivial solutions, among u(x) = cG,_k(x), satisfying
the condition u(1) = 0? The answer to this question has almost been given in the above discussion. We summarize these in
the following theorem.

Theorem 3.1. Let p = 4. In this case we have:

(a) All eigen-parameters (A, k) for problem (3.3) lie in the parabola k* < i;

(b) For every k € R, the set of all eigenvalues ) of problem (3.3) consists of a sequence of positive numbers i, (k) such that k* <
An(k) — oo forn — oo;

(c) There is a number A* > 0 such that for each A satisfying A* < A, the set of all eigen-parameters k of problem (3.3) consists of
a finite number of eigen-parameters k1 (1), ka(1), . .., kncxy(.) which belong to the interval (—1'/4, A1/4). Moreover, n(1) — oo as
A — 00;

(d) In the case of A < A* problem (3.3) has only trivial solution.

Proof. (a) Actually, the weaker inequality k* < A has been established in Theorem 2.1 by using variational techniques. Here
9

it follows from (3.5) that the function F, x(x) is well defined, positive function on (0, +o0) and by (3.7) so is the function
G, k(x). Since the solution of (3.8) is given by u(x) = cGy k(x), then u(1) =0 implies ¢ = 0. Thus, all eigen-parameters (1, k)
for problem (3.3) lie in the parabola k* < A (see [12] for more facts on the localization of the eigen-parameters).

(b) (See also Theorem 2.1(a) and Remark after this theorem.) By (3.6), for a fixed k the function m4(A, k) satisfies the
following conditions: lim, 4+ 74(A, k) = +00, lim; oo 7T4(A, k) = 0 and 74(2,k) is a decreasing function on (k*, +00),
with respect to A. Indeed, we can use the inequality ~/a2 +b2<a-+b,a>0,b >0 to get

k? k4 A — k4 k? k4 k? k?
0<——s24 | —st+1— -t ot 1< P+ 1=1.
<3s+\/9s+ 35 3s+95+ 3s+3s-|-

Hence m4(X, k) > 2()‘73’&1)1/4 and consequently lim, 4+ 74(, k) = +-o0.

Let us show that lim)_, 4 74(A, k) = 0. We need to check this property, since A — 400 implies s — 0 in (3.6). By using

the substitution s = (Af—k‘t)l/“t we can rewrite 74(A, k) in the form:

we prove the stronger inequality: k* < A. Let A < k*. Then we have —%sz +/ st 41— 1’3—"454 > 0 for all s € R. Hence,

1

de
nﬂ&@:Z/ - - - :
L RN STNIEEI I

Thus, the property limy_, 10 4(A, k) = 0 follows from the Lebesgue’s dominated convergence theorem.

By using these properties we obtain that, for each n € N, the equation m4(A, k) = % has a unique solution Ap(k) and
An(k) = +o00 as n — oo.

(c) Now, let us fix A > 0. Then m4(%,.) is defined on the interval (—1'/4,21/4). Moreover, lim, 4+ 74(A, k) = 400
and lim,__,1/4- 74(X, k) = +-00. Let A* be the solution of the equation m4(2, 0) = 1. It follows from

1
74(A,0)=2 3 %/ t
a2, 0)=2{ — T
0

that 74(X, 0) is a decreasing function and m4(A,0) — 0 as A — +oc. Now, clearly the equation 4(), k) = % has a solution
if and only if A* <A and % € [m4(%, 0), 1]. These facts prove (c) and (d). O
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4. The general case: implicit solutions and a dispersion analysis

In this section we analyze the existence of non-trivial solutions and dispersion relations between A and k in the general
case, i.e. for arbitrary p > 1. We suggest new techniques to construct solutions in the implicit form. Relying on these implicit
solutions we provide a complete dispersion analysis.

The problem is

202,22\ B 2.2 5 -2

k*(k*u” +u'?) 7 u— ((k*u® +u'?) Z o) =AulP~?u, p>1,

u(0)=u(1) =0, (4.1)
where u := u(x). By special substitutions we can reduce the order of (4.1). Full details are given in Appendix A. The final
reduced 1st order differential equation is

p=2
(W2 +K*u?) 2 [(p— Du'? — K*u?] + AlulP —c=0,
u(0) =u(1)=0. (4.2)

Lemma 4.1. For all differentiable u and p > 1 the following inequality

p=2
0< (u?+K%u?) 7 [(p— Du'? = KPu?] + [kIPul?
holds.

Proof. Indeed

0 < kP2 [ulP~2(p — Du'? = kP2 |ulP~2[(p — Du'? — K*u?] + [k|P|u|?
-2

p=2
<(W?+ku?) 2 [(p—Du'2 —Ku?]+ kKPP, O
For convenience we rewrite (4.2) in the form

[(u? -{-kzuz)p%2 [(0 — Du'? —kPu?] + k[P [ulP] + (h — [kIP) [u]P —c =0,
u(0) =u(1) =0. (4.3)

By Theorem 2.1 we have |k|P < A. Then, by using Lemma 4.1 we get: (4.3) (or the same (4.2)) has a non-trivial solution if
c>0.
1
On the other hand by setting directly the substitution u = :l:(p%])ﬁy into (4.2) we can cancel ¢ and write

k2

p=2 A
(y/2+k2y2) 2 |:y/2_p_1y2j|+ﬁ|y|l9_1:0,

y(0) =0, y(1)=0. (4.4)

1
In the same way, setting the substitution u = j:(p%])ﬁ y into (4.3) we can cancel ¢ and write

p=2 k? k|P A —|k|P
(y/2+k2y2) 2 y/Z__yZ +_|y|p 4+
p—1 p—1 -1

y(0)=0,  y(1)=0. (4.5)

Next, we analyze multi-parameter spectral problem (4.4) (or its modified form (4.5)). For this, we first study the following
intermediate problem

lylP —1=0,

p=2 k2 k|P A — |k|P
(V2 +12y%) T |y - 2|+ 2y |+ 22 e 120, xefo, +00)
p—1 p—1 p—1
y(0)=0. (4.6)
Lemma 4.2. Let y be a solution of (4.6).

(i) If A < |k|P, then y'(x) > 0 or y'(x) <O, for all x € [0, c0),
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1
(i) If |k|P < A, then |y (x)| < (ﬁ)ﬁ, x € [0, +-00) and there exists a point xq € [0, 1] such that

1
p—11\?
ly(xo)| < (A— |I<|P> .

Moreover, y(xo) = lkl” lffy (%0) =

Proof. (i) Let A < |k|P. We show that in this case y’(x) > 0 or y’(x) <0 for all x € [0, +00). Indeed, if there exists a number
Xo € [0, +oo) such that y’(xg) = 0, then setting x = xo into (4.6) we obtain the contradiction

k
1= o

lyxo)|” <

(ii) Let [k|P < i. By Lemma 4.1 we have 0 < (y'2 + k2y2)"7 [y'2 — pk—zlyz] 4 M2 <1yIP. Then, we need the conditions:
)\;+k1l”|y|p —1<0and A;#l‘llplyv’ — 120 in order to get a solution of (4.6). Clearly, A lkl |y|P —1=0 would imply y(x) =

1
(%)5, which does not satisfy the initial condition y(0) =0. O
Corollary 4.1. If 1. < |k|P then (4.5) has no solution and consequently, (4.1) has only a trivial solution.

Now we are going to construct a solution to problem (4.6) in the implicit form, in a neighborhood of 0. Then we use
this solution to construct the general solution to problem (4.1). By Corollary 4.1 we can always suppose that |k|P < A.

Theorem 4.1. For all A and k such that |k|P < X there exists the interval [0, £ (X, k)) of the maximal length such that
(i) the problem

(y/2 + k2y2)pT72 |:y/2 _

has unique solution y(x),
(ii) y’(x) > 0, x € [0, (A, k)).

k2

p—1

A
y2]+pj|yl"—1=0, xe[0, e b],  y0) =

Proof. Let us define L(y', y, 4, k) := (y'2 +k2y%) 2 [y'2 — pk—jlyz] + 5271y[P — 1. Evidently, y =0 implies y’ = £1. Now we
apply the standard implicit function theorem to L(y’, y, A, k) with respect to y’, around (0, 1). We have

(i) L(1,0,4,k) =

(i) Ly = (y'? +I< 25 yiipy'? + 527k?y?1> 0iff y' > 0 (or Ly <0 iff y' <0).

Hence, as long as (y, y') € (—o0, 00) x (0, +00), there is a unique implicit function, we denote by H(y, A, k), such that

y' X)) =H(yx),1,k),
y(0)=0. (4.7)

Let (A, k) = min{x | x > 0 and y’(x) = 0}. Evidently, [0, (A, k)) is the maximal interval, where the condition y’(x) €
(0, +00) is satisfied and the implicit function theorem can be applied.
From the point of view of the case p =2 and p =4 it is natural to introduce the number

ALk
rrp( <) £0..K).
Hence
(A, k .
%) =min{x | x> 0and y'(x) = 0}. (4.8)
By Lemma 4.2
1
(A, k) ‘ p—11\7r
——— :=min x>0and y(x) = . 49
> i > YO =\ (4.9)
Integrating (4.7) and using the initial condition y(0) = 0 yields
y(x) p o
s (X, k
—— =X, Xe€ O,L ) (4.10)
H(s, A, k) 2
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Let
Fod
s
FP (%)= ———. 411
k) /H@Jk) (411)
0
By (4.9) y(””u k)) = (/\ kp)v Consequently, it follows from (4.10) that
(/?_7(}; )%
ds
Ak)=2 _ 412
mob=2 [ Gt (412)
0
Hence
1
p

P p—1 (X, k)
2ol () |- o2

By (4.11), dx Fy. k(x) H(x]k B > 0. Consequently, there exists an inverse function for Fpk(x) denoted by G? k(x) Finally,
comparing (4.10) and (4.11) we obtain that ka(y(x)) =xand y(x) = Gf «®) is the needed non-trivial solution. O

Note. If p =4 then

k2 k4 A — k4 2
H@Jkp{—?ﬁ+/§W+l— 3 w].

Therefore, Ff_k(x) =F, x(x) and Gi «® = Gy k(x). Moreover, it follows from (4.12) that

3 \1/4
(A—k“)

Ta(h, k) =2 f ds

S R A Rl R e

which coincides with (3.6) in the case of p =4.

Finally, we construct the general solution of the main problem (4.1) in the same way as in the case p = 4. To this end,
Gf’k(x) is extended to R in the following way: ’Gvk,k(x) = Gf!k(np(k,k) X), X € [””()‘ k) ,p(X, k)] and Ek,k(x) = —EM(—x)
for x € [-mp(A, k), 0]. Finally, ka(x) :R — R is defined as the 27, (A, k)-periodic extension of ’GV,\J<(x) to all of R. The
extended function y = G? k(x) satisfies the following equation

(yIZ +k2y2)p772 y’z_ k2 y2 +L|y|p—1:0 xeR
p-1 p-1 ’ ’
y0) =

because it is invariant under the transformations: x — 7, (A, k) —x and y(x) — —y(—x). Consequently, u(x) = cG? k(x) is
the general solution to the problem

p—2 p—2

k2(k2u2 +u/2)Tu _ ((k2u2 + u/Z)Tu/)/ =)\|u|p—2u’ xe R,
u(0) =

It remains to check the conditions u(1) =0 and u # 0. These are possible iff G? k(l) =0. By the construction of G? ok (x) we
have

u<(1)—0 & nmp(dk)y=1.
Thus the general eigenvalue problem (4.1) reduces to the algebraic problem:
nmw,(A, k) =1. (4.13)

Further results are based on the properties of 7, (X, k).
Finally, we give an analog of Theorem 3.1 in the general case. Here we summarize the results about the dispersion
relations, which follow from (4.13) and the above given constructions.
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Theorem 4.2. (a) (See also Theorem 2.1(a) and Remark after this theorem.) For every k € R, the set of all eigenvalues A of problem
(4.1) consists of a sequence of positive numbers A, (k) such that A, (k) — oo forn — oo;

(b) There is a number .* > 0 such that for each A satisfying A* < A, the set of all eigen-parameters k of problem (4.1) consists of
a finite number of eigen-parameters k1(1), ka (1), ..., knc)(X) which belong to the interval (=P, A1/P). Moreover, n(L) — oo as
A — 00;

(c) In the case of A < A* problem (4.1) has only trivial solution.
Proof. By (4.13) we have: (), k) are eigen-parameter for (4.1) if and only if
nmwp(h, k) =1.

We note the following properties of the function 7, (A, k) (the proof repeats the same arguments from Theorem 3.1),
which follow from the definition of 7, (A, k) and related properties of the function H(s, A, k):
(i) for a fixed k, lim; _, ;oo Tp (X, k) =0,

(ii) for a fixed A > 0 we have k € (—)ul’t,)ul’t) and

lim . wp(Ah k)= lim mwp(2, k) =+oo,
k—>—)\% k—>)L%
(iii) limj— 400 p(2,0) = 0.
Hence, (a) follows from (4.13) and (i). The property (b) follows from (4.13), (ii) and (iii), where A* is the solution of the
equation

mp(A,0)=1. O
Appendix A

In this appendix we give the full details of reducing the order of general multi-parameter eigenvalue problem (4.1). We
apply some techniques, similar to those applied in the case of p =4, to reduce the order of (4.1).
For the convenience of computations we set p%z =q. Then (4.1) reduces to the following form

k2(k2u2 +u/2)qu _ ((k2u2 + u/2)qu/)’ — )\'|u|2qu’

u(0) =u(1)=0. (A1)
By using the substitution u’(x) = v(u) in (A.1) we obtain

12 (KPu? + v2)Tu — ((kKPu? +v?)"v) = auu,

k2 (KPu? +v2)'u — q(k*u? + vz)q*1 2k uu’ + 2vv'u)v — (K2u? +v2)Tv'u' = auPu,

where v/ = fl—x. After simplification we get

k? (K2u? + vz)qu —2k*q(kK*u? + vz)q_luv2 —2q(K*u? + Vz)q—1 v3v — (KPu? + vz)qvv/ = Aul®u. (A.2)
This is a homogeneous ordinary differential equation of degree 2q + 1. Let us divide both sides of (A.2) by |u|29u. Then
2\ q 2\ q—1 2 2\ q—1 3
v v v v v
e(e=()) e (0)) Q) -=le=G)) ()
u u u u u
2\ 14
v v
- <k2 + (—) ) —v = (A3)
u u
The change of variable v = uw(u) transforms Eq. (A.3) to the following separable equation
k2 (k* + w?)? — 2k%q(k* + Wz)q—l w? —2q(k* + Wz)q_1 w3 (w +uw’)
— (K + Wz)qw(w +uw’) =A.
Simplifications yield
k2 (k? + w?)? — 2k?q(k? + wz)q_1 w? —2q(k* + Wz)q_lw4

—2q(k* + wz)q_]w3uw’ — (K + wz)qw2 — (K + Wz)qwuw’ =X

and



832 F. Giingor, M. Hasanov / J. Math. Anal. Appl. 389 (2012) 821-832

(k* + wz)q_1 [K?(k* + w?) — 2k* qw? — 2qw* — (k* + w?)w?] — &
= (k* + wz)q*1 [2qw® + (K + w?)w]uw'. (A4)
Since
kK (k2 + w?) — 2k*qw? — 2qw* — (K + w?)w? = (k* + w?)(k* — 2q + Hw?),
we obtain from (A.4) that
(K + Wz)q (K — 2q+1Dw?) — 1= (K + Wz)q_] [2q + Dw? +KPw]uw'.

Finally, we have the following separable equation

k2 + w2 1[2q + DHw3 + k*w] du
K+ w)il2—q+Dw?) —r u’ (A5)
A straightforward calculation gives
[(k2 +w?)T(k? — g+ Dw?) = 2] = —q + 2)( + w?) "' [2q + Dw® + 1P w].
Then (A.5) integrates to
In|(k? +w?)? (K — 2q + Hw?) — A| = —(2q +2)In|u| +¢
or the same
(2 + w2 (k2 — 2q + DHw?) — A = W% c#£0
Putting the inverse substitution w = ”7/ into this equation we have
7\ 2\ 4 7\ 2
<k2 + (%) > <k2 — g+ 1)(%) ) —i= IuIZ%
Hence,
(w2 +K*u?)[2q + Du'? —Ku?] + aufP*? —c=0
(here we replaced ¢ by —c). Thus, the final reduced 1st order differential equation is
(u’2+k2u2)p7_2[(p—1)u/2 —K*u?]+ AulP —c=0. (A.6)
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