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Mutual Information in Gaussian Channels
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Department of Mathematics, Nagoya Institute of Technology
Communicated by T. Hida

In the Gaussian channel Y(¢) = @(z) + X(z) = message + noise, where
&(t) and X(t) are mutually independent, the information I(Y, ®) is evaluated.
One of the results is that I(Y, #) < o if and only if ¢ € #(X) = the repro-
ducing kernel Hilbert space for X(-). And the causal formula of I(Y, &J) is given.

1. INTRODUCTION

The model of Gaussian channels to be discussed here is
Y(t) =)+ X(t) 0<t<T(< ), (1.1)

where X(t) is a zero mean Gaussian noise and @(t) is a zero mean Gaussian
message which is independent of {X(¢#); t € [0, T']}, defined on a probability space
(82, &, P). The main interest of this paper is to evaluate the mutual information
I(Y, @) between P(°) and Y(-).

One of our results is that 4(Y, @) < co if and only if @(') € #(X) with
probability one, where #(X) is the reproducing kernel Hilbert space (RKHS)
corresponding to the noise X{(-) (Theorem 1).

Also, in case I(Y, @) < oo, the causal expression of the evaluation of I(Y, @)
is given, by using a causal mean-square filtering error. In a special case where
X(#) is a Wiener process, the analogous result was given by Duncan [1] and
Kadota-Zakai-Ziv [5].
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2. THE MAIN THEOREM

In this section, we concern the Gaussian channel which has been given by
(1.1). The main theorem is stated as follows:

TueoreMm 1. The mutual information I(Y, @) is finite if and only if
D(, w)eH(X)  (with probability one),

where H(X) is the RKHS corresponding to the Gaussian noise X().

In proving Theorem 1, the following Lemma is used.

Lemma 1. The Gaussian process Y () given by (1.1) is equivalent to X(-) if
and only if B(-, w) belongs to H°(X) with probability one.

Proof. Parzen [6] showed that the Gaussian process
Y(y = X() + a('), a(°) is a deterministic function,

is equivalent to the process X(-) if and only if a(-) € #°(X). In our case, in which
X(*) and &(-) are mutually independent, Y(-) is not equivalent to X(-) if
P(PD(-) ¢ (X)) > 0, by the use of Parzen’s result; while if P(D(-) e #(X)) =1,
Y(*) = X(*) + ®(-) is equivalent to X(-) for almost all fixed @(-). According
to the Fubini’s theorem, it follows that Y(-) is equivalent to X{(-). Thus the
Lemma is proved.

Proof of Theorem 1

“Only if” part. Define uy , po, and p(y ¢)’s as measures on function spaces
induced by the processes Y(-), @(-), and (Y ('), D(-)), respectively. In order to
realize the measure py X po, we define three mutually independent processes
By(*), D4(*), and P,() on a probability space(£2, , %, , P,) in such a way that X,(*)
is a version of the process X{(-) and that both ®;(-) and @,(-) are versions of the
process @D(+). In such a scheme, the vector-valued process

(Y1(2), (1)) = (X)) + 2,(1), Po(1)), O <t <T, 2.1

induces the measure pp X pg on a certain function space W. Assume that
I(Y, ) < 0. Then by the well-known result (Gelfand-Yaglom [2]), p(y o) is
absolutely continuous with respect to uy X pe . Hence, there exists a density
M(w) such that on the probability space (2, , %, , M(w) P,), sy ¢ is the induced
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measure by (Y,(+), @y()). Therefore, the process defined on (2, , %4, , M(w) P,)
by
X)) = Vi) — Oft), O0<t<T, (2.2)

must be a version of the process X(*). On the other hand, the right-hand side of
(2.2) is X,(2) - @,(2) — Dy(2). Since Dy(1) — Py(2), 0 << t << 7T, is independent
of X,(t) in the space (2, , %, , P,), the process ¥,(-) = D,(-) — P,(-) belongs to
S (X) with probability one by Lemma 1. As @,(-) and @,(*) are mutually inde-
pendent Gaussian processes with the same covariance function, ¥(-)/v/2 is a
common version of @,(-), @,(*), and D(-). Therefore, D(-) belongs to the space
H#(X). Thus the proof for the “only if” part is completed.

In order to prove the “if” part, Lemma 1 is applied again. To begin with, we
see that the measure u(y 4) Induced by the process (Y(+), @(+)) is equivalent to
the measure puy g) = py X po induced by the process (X(-), D(-)), because
for any fixed @, the conditional measure puy|q induced by Y () = X(*) + @()
is equivalent to py induced by X(-) by Lemma 1. Also, the measure py X pg
is equivalent to uy X pmg . Therefore, p(y o) must be equivalent to py X pg .
Noting that the both measures u(y ) and uy X p4 are Gaussian, we deduce that

Eflog(dpy,o)/d(py X pa))(Y (), P())] < o0

by the use of the well-known Hajek—Feldman’s theorem (see Rozanov [7]). On
the other hand, since the mutual information is also given by

1(Y, @) = E[log(duy o)/d(py % po))(Y (), 2())]
(Gelfand-Yaglom [2]), the proof is completed.

Remark. 1t is obvious from the proof that the “only if” part is still valid,
even if @(2), 0 < ¢t < T, is not a Gaussian process without atoms.

ExampLE. In the case where the process X(:) in (1.1) is a Wiener process,
the RKHS is given by

HX) = | FOif0) = [ alo)ds, ac L@,
Therefore, I(Y, ®) < o if and only if
0t,0) = [ gl w)ds, ol 0) L) (23)
with probability one. As ¢(s, w) is Gaussian, (2.3) is equivalent to

f " Es, )] ds < co.
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3. Tue CavsaL EVALUATION OF THE MUTUAL INFORMATION

In case I(Y, @) <C oo, the causal evaluation of the mutual information is given
in this section. The method used here is based upon the so-called Lévy-Hida
canonical representation with respect to the vector-valued Gaussian processes
with independent increments.

Lemma 2 (Hida [3, Theorem 1.5]). A separable Gaussian process X(-) can be
decomposed canonically in the form

N t L
Xty =Y f Fy(t,u)dB9(w) + Y 3 b41) ij , N,L; < o, 3.1

=170 {t; <ty ¢=1
where (1) BY(u)'s are Gaussian processes with independent increments such that
E[dB%(u)?] = m(du)'s are continuous measures with the property m, > m,,, ,

(11) Bij’s are standard Gaussian variables,

(i) all the B (u)'s and B{tj’s are mutually independent, and

(iv) it holds that the o-algebra X(t) generated by {X(u); u < t} is equal to the
o-algebra B(t) generated by {BNu); u < t}, {B:ﬁ t;<<t, l=1,.,L;} and
{Bi;t; =, b/(t) + 0}

If we look at the representation (3.1), we can find an interesting fact that, for
each #;, there exists at most one integer /, such that b%(t) s 0. For, if not, the
representation can not satisfy condition (iv).

According to Lemma 3, the RKHS 5#(X) for X(-) can be written in the form

200 = OO = 3 a0) + 3 3 a0, 3 [ ot

i f=1 i
+ ¥ ¥ (e < wf, (32

where q,(t) = I;Fi(t, u) a(u) my(du), o; € L¥(m;), and df(t) = ¢/b/(t), ¢/’s are
constants. (See Hida [3] or Hitsuda {4].) By (3.2), any given signal (-, ) can
be represented as

Nt
D(t, w) = ZJ- Ft, u) pi(u, w) mfdu) + 3 Y b{(H)efw) (33)
=170 Gity<ty ¢
with probability one, where the system {g,(*), ¢/} is Gaussian and is independent
of {B¥(u), Bf’_}.
We now evaluate the information I(Y, @) using the representations (3.1) and
(3.3) of the noise and the signal.
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TraeoreM 2. If X(') and P(-) are defined by (3.1) and (3.3) respectively, and if
all the L;s are finite, then the mutual information between Y (') = X(*) 4 &()
and (') is given by

Y, ) =1I(Y,D)
N

= % 3 Zl foT Elp,(u)* — §u)*] mi(du)

+ Y Eflog{l + El(ef)f — (#) | D&, )}

3,2q:050(2;)%0
+ 2 E{logldet(I + A,)]}, (3.4)

where ¢u) = Elpfu) | DW)], ¢ = Elgl | D(t; )], for by = 4i(j) such that
bio(t;) # 0, D(t; —) = Vi<e, D(t), and A, is the matrix whose entries ai’v's are

given by
af = E{gfief — Elof | D(t)] Elef | D) 1D} 4. G+ 4. (35
Proof. By (3.1) and (3.3), Y(¢) can be represented as

L;

V() = L [ Rt B0 + o ) midi) + 3. 5 BN, + )
o (3.6)

_3 | ‘Fwdzowm Y S0z,

=1 {ity<ty £=1

where Z@)(t) = BY(t) + f,t, @.(u) m,(du), and Z,’i = ij + @,f. We first note that
the vector-valued process

Z(t) = (ZO@), ey Z(@)yes X0 1) Z2 ooy X120, 71(E) 282

coor Xty 7IE) ZEE, X0, 1) ZE, 0002)

is equivalent to the process _
B(t) = (BV(®),.-1, BY(D), xtt0,18) By s X100, 12(2) B

L
ceor Xt 7I(8) BEY, Xty 13(8) B, -2,

because

£ [ ooy midn) + ZT 0] < o
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With this fact, we know that the o-algebra 9(z) generated by {Y(x); u < t}
coincides with the o-algebra 3(t) generated by {Z(u); # < t}. In other words,
the process Y(f) is canonically represented with respect to Z(z). Furthermore,
if we set

() = ( f: ity ) () [ it ) ) X, IE) P XTI

¢ L.
X @Preees X[tl.ﬂ(t) P X(tg.T](t) ‘le"")r

then the o-algebra ®(t) generated by {®(u); < t} coincides with the ¢-algebra
generated by {¥(«); « < t}. Because the equation

Z f Fit, ) o) mid) + LY b70) e =

implies that (a; ,e.e, ¥ yerey Eyeesy €0,y €51, 651,...) = (0,..., 0,..., 0,..., 0,..., 0, 0,...),
we can conclude that

(Y, ®) = I(Z, ¥). (.7
Now, let us evaluate the right-hand side of (3.7). We know that

(dl“'(Z, ) /d(uz Xu?’))(z( ')’ tIj( )) = (d((,t‘f:(f( W;:,/.},d),/‘((lil.:,)iggz)z ';;I(l}zz))

— dpz)v()/dus(Z())
dpzldps(Z() °

where wiz ), p@.w) = Bp X by, pz and py are the induced measures on
function spaces corresponding to the respective processes. The numerator and
the denominator of the last expression of (3.8) are calculated as follows:

(3.8)

duzte z03) = exp | 5 ([T i) a26) — 3 [ o) m(a)

+ T3 B 42— 0

N

— exp {3 ([ o) 28900 + 5 [ 0 )

i=1

+ T3 B + 9§ )l (3.9)
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Noting P(t) = J(t), we have

‘;ﬁz (Z()) = exp g i ( J‘OT Gi(n) dZD(u) — % L T Pi(u)? mf(du))

i=1

1% [tort + Bl — @ 9 )

b;(£4)#0

s (25— 4 ]
O T Ty — @r 1 96, )

2 Y [logdet(I + Ay) + 22 — ZT + A2 241],

where A; = (aj1"2) is given by (3.5),
={2},.. 2%, and  Z; ={Z}, — ¢}, Z0T — B}

(If there exists an integer ¢, = /,( j) such that b%(¢;) # 0, then Z’o and Z’o — <p
should be removed from Z; and Z,, respectively.) Combining. (3 -(3. 10), the

desired result follows:

Remark. In the case where some of the L;’s are infinite, we define

Xe(t) = Z f Fit,v)dBw) + ¥ Z b’(t)B 3.11)

Uity <<ty £=1

and define Pg(t) and Yi(t) analogously. The representation (3.11) is also
canonical, and the g-algebras Pg(f) = o Yi(u); u < t} and ®x(t) =o{Px(u);
u < t}, K > 1, increase up to 9(z) and P(z), respectively, as K tends to co.
We can therefore apply the standard limiting procedure to deduce

(Y, ®) = lim I(Yx, By).

Exampre. If there are no discrete parts in the representation (3.1) of X(t):

N oot
x() = ¥, [ Fit, u) dB9),
i=1"0
then I(Y, @) is easily computed, and the result is

Iy, ®) =4 i B ([ i — o) miw].



INFORMATION IN GAUSSIAN CHANNELS 73

For a special case where X{(t) is the Brownian motion, this formula was given
by Duncan [1] and Kadota-Zakai-Ziv [5].
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