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1. Introduction

It is a simple classical result, found in every book on the representation theory of groups, that if G
is an irreducible group of complex matrices (or matrices over any algebraically closed field) and if G
has finite trace, that is, if {trA : A € G} is a finite set, then G itself is finite. Here “irreducible” means
that there is no nontrivial subspace simultaneously invariant under all the members of G (viewed
as linear operators). This result was extended to semigroups of matrices (i.e., sets of matrices closed
under multiplication) in [6]. It was shown in [8] that the result holds if trace is replaced by any linear
functional. There are other results available in which the finiteness is replaced by boundedness in the
assumption as well as the conclusion [8].

We are interested in semigroups of matrices with nonnegative entries (called nonnegative matrices
for short). A natural analogue of irreducibility here is indecomposability, which is a much weaker
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assumption. A set S of nonnegative matrices is said to be decomposable if there is a permutation matrix
P such that all the members of {P~'SP : S € S} are in simultaneous block form [)é g] (If we prefer

to view the matrices as operators represented relative to the basis {e;}, then a set is indecomposable if
it has no simultaneous invariant subspace spanned be a nonempty, proper subset of {e;}. An equivalent
definition of indecomposability for a nonnegative semigroup S is: for each pair i and j, the (i, j) entry
of some member of S is positive.)

As anybody who has used, say, the Perron-Frobenius theorem, knows, indecomposability is a very
useful condition to have, especially in dealing with nonnegative matrices. It would be interesting to
get boundedness and finiteness results of the type mentioned above with this weaker condition. One
of the results proved in the recent paper [2] is that if S is an indecomposable semigroup of nonnegative
matrices and if for some nonzero positive linear functional ¢ the set {¢(S) : S € S} is bounded, then
S itself is bounded.

We are mainly interested in the finiteness analogue of this assumption. It has been shown recently
in [4] that if all the diagonal entries of an indecomposable nonnegative semigroup consist of zeros
and ones, then the semigroup is finite (and furthermore, all entries are in {0, 1} after a suitable
diagonal similarity). The indecomposability condition is clearly necessary for this result. For example,
the semigroup of all upper-triangular nonnegative matrices whose diagonal elements are all equal to
1 is by no means finite.

In this paper, we ask the question: if all diagonal entries in an indecomposable nonnegative semi-
group come from a fixed finite set, is the semigroup itself finite? The following example shows that in
general the answer is negative.

Example 1.1. Let

s={lo &l o}z o}
whereE:Bﬁ }g
p+q=1.

The semigroup in Example 1.1 is indecomposable and is not very far from having only zeros and
ones on the diagonals: the set of all the diagonal entries of matrices in S is {0, 1/2}. However, S is not
finite, and incidentally, consists of doubly stochastic matrices. (Recall that a nonnegative matrix is said
to be row (column) stochastic if each of its rows (columns) sums to 1. A matrix is doubly stochastic if it
is both row and column stochastic.)

Although the answer in general is negative, we get affirmative results in two significant cases:
that of a self-adjoint semigroup (that is a semigroup S such that S € S implies S* € S), and that of
constant-rank semigroups. We also obtain results about the non-diagonal entries in certain cases.

All semigroups in this paper consist of nonnegative matrices. A semigroup S of nonnegative matrices
will be called a semigroup with finite diagonals if all the diagonal entries of all the matrices in S come
from a finite set. We will call S a semigroup with finite trace if the set {tr(S) : S € S} is finite.

In Section 2, some useful properties of semigroups with finite diagonals are collected. The main
result of Section 3 is Theorem 3.4 stating that if a semigroup with finite diagonals is self-adjoint then it
is finite. Our methods also reveal the structure of such semigroups. In Section 4, we show that if all the
nonzero matrices in a semigroup with finite diagonals have the same rank then the semigroup is finite.
Finally, in Section 5 we characterize possible sets of values for the diagonal elements of semigroups
with finite diagonals.

Throughout the paper, the following result, which can be found in [1, Section 3.3] (see also [7,
Lemma 5.1.9]) will be used without additional references:

} and S runs over the set of all matrices of form {Z g] where p,q >0,

Theorem 1.2. Let E be a nonnegative idempotent of rank r:

(i) If E has no zero rows or columns then there exists a permutation matrix P such that P~ 'EP has the
block-diagonal form
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E1®---DE,

where each E; is an idempotent of rank one whose entries are all positive.
(ii) In general, there exists a permutation matrix P such that P~ 'EP has the block-triangular form

0 XF XFY
E=|0 F FY |,
0 0 0

with square diagonal blocks, whereF = F; &@ - - - @ F, isanidempotent without zero rows or columns
as in (i) and X and Y are two nonnegative matrices.

As mentioned above, we will use this result repeated and so for clarity, we call the (2,2) block, F,
of E the rigid part of E.

2. Preliminary results

In this section, we will state some auxiliary lemmas that will be important later in the paper and
collect some partial solutions of the main problem.

The next two lemmas reveal certain useful properties of the members of semigroups with finite
traces.

Lemma 2.1. Let S be a semigroup with finite trace. IfS € S then all the nonzero eigenvalues of S are roots
of unity of degree at most the size of matrices in S. In particular, p(S) <1 forallS € S.

Proof. By Ref. [5, Proposition 2.2], p(S) < 1. Let n be the size of S and (A;)[_; be the sequence of the
eigenvalues of S (with multiplicities), ordered by

T=[Ml="= [kl > [Ag1] == [An] 20,

where 0 < k < n. By the Perron-Frobenius theorem, the modulus-one eigenvalues of S are roots of unity
of degree at most k. It is left to show that Ay 1 = --- = XA, = 0.
Since |Aj| < 1foralli=k+1,...,n,foreache > 0thereis N € N such that forallj >N

n .
2 K

i=k+1

n
e> Y |Aal> >0.

i=k+1

i\ o0
Therefore, the sequence (‘Z?:k T1 in‘)j_] either has a strictly decreasing subsequence or a constant

zero tail. If the former were true, the set {Z?=k+1 )\]l: S N} would be infinite. However, this set

cannot be infinite because {Zé‘:] )‘]1: (j€ N} and { 1 )L]l: 1j€ N} are both finite. Thus, for some
r € N we have

n .
Y oal=0 jeN.
i=k+1
By Ref. [3] (see also [7, Lemma 2.1.15(ii)]) this implies A] = 0,and hence A; = Oforalli=k+1,...,n.
([l

Lemma 2.2. Let S be an indecomposable semigroup with finite trace. Then each S € S is similar to a matrix
of the form

o

where U is a unitary diagonal matrix and N is a nilpotent matrix.
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Proof. Let S € S and let

o

be the Jordan form of S, where J is an invertible matrix and N is a nilpotent matrix. Write ] = D + M,
where D is a diagonal matrix and the only possible positions of nonzero elements of M are on the
super-diagonal.

We claim that M = 0.Indeed, suppose M #+ 0.By Ref.[2, Proposition 8] the semigroup S is bounded.
Hence so is the set {J™ : m € NJ}. Let k be such that MK # 0 and M¥*! = 0. Since DM = MD we get

]m =D" + (T) DM + 4 (T) pm—kpgk

for all m > k. By Lemma 2.1 all the diagonal entries of D are of absolute value 1, hence ||D™|| = 1 for
all m. This implies ||J™|| — oo as m — oo. Therefore, M = 0.
This shows that S is similar to

D O
0 N|°
By Lemma 2.1, D is unitary. [J

Corollary 2.3. Let S be an indecomposable semigroup with finite trace. Then there exists m € N such that
S™ is an idempotent for each S € S.

Proof. Let n be the size of matrices in S. Put m = n!. Let S € S. By Lemma 2.2, S is similar to

u o

0 N’
where U is a unitary diagonal matrix and N is a nilpotent matrix. By Lemma 2.1 every diagonal entry
of U is a root of unity of degree at most n. Hence S™ is similar to

I 0
0 o0}
where [ is an identity matrix. Therefore, S™ is an idempotent. [J

In the next lemma which will be used in Section 4 we establish a useful property of idempotents
without zero rows and zero columns in semigroups with finite trace. Recall that a collection of matrices
is block-monomial if each member has only one nonzero block in each block row and block column
under a given block structure.

Lemma 2.4. Let S be an indecomposable semigroup with finite trace and E an idempotent in S with no zero
rows or columns. Then, after a permutation of the basis which makes E block-diagonal with each diagonal
block being a rank-one idempotent matrix with strictly positive entries, the set S = {A € S : rank(A) =
rank(E) and EAE = A} is a finite block-monomial group relative to the block structure inherited from E.

Proof. First, we will show that Sg is a group with identity E. Indeed, let A, B € Sg. Then clearly

EABE = AB. Also, in some basis, E can be represented as E = [(I) 8] Since EAE = A and EBE = B,

and rank(A) = rank(B) = rank(E), in this basis A and B will be represented as A = ﬁ;) 8

[Bg 8] where Ag and By are invertible matrices. Then the representation of AB is AB = [AOOBO 8]

]andB:

and AgBg is again invertible, so that rank(AB) = rank(E). This shows that Sg is a semigroup.
Let us show that Sg is closed under inverses. Let A € Sg be arbitrary. By Corollary 2.3 thereism € N
such that A™ is an idempotent which we will denote by F. Since Sg is a semigroup, F € Sg. In particular,
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rank(F) = rank(E) and EFE = F. Therefore, E = F. Thus the matrix A™ ! is the inverse of A in Sg, and
hence S is a group.

Let r = rank(E). Applying a permutation, we can write E = E{ & - - - @ E,, where each E; is a rank-
one idempotent without zero rows or zero columns. Applying a suitable diagonal similarity to S, we
can also assume without loss of generality that E is row stochastic. In particular, since the blocks of E
have rank one, each block of E is a strictly positive matrix having all rows equal to each other.

Let K(r,s) stand for the r x s matrix having the value 1/4/7s at each entry. A straightforward
calculation shows that K(r, s)K (s, t) = K(r, t) forallr,s,and t € N.

Foreachi = 1,...,r, denote the size of E; by r;. Since each E; is row stochastic, we have EiK (1, 1j) =
K(rj, rj) foralli,j € {1,...,r}. Let Lj = EiK(r;, rj)Ej=K (r;, 1;)E;. Then

LijLix = EiK(ri, 1j)E;E;jK (rj, 1) Ex = EiK (ry, 1)K (1}, k) E = EiK (1, 1) Ex = Lik. (M
Let A € Sg be arbitrary. Write A in the block form inherited from E:
Al] N A]r
A= :
A ... Apx
Since EAE = A, we get A;j = E;A;E;j foralli,j € {1,...,r}. The ranks of E; and E; are equal to 1; thus for
eachi,j € {1,...,r} there exists a nonnegative A; such that A; = A;Lj.

This shows that every matrix A € Sg can be represented as a numerical matrix A = (Aij)sz]. By
formula (1) we also conclude that AB = AB. Observe also that E is the r x r identity matrix. Therefore,
the set G = {A : A € Sg} is a group of nonnegative invertible matrices.

Since S is an indecomposable semigroup with bounded trace, by [2, Proposition 8] S itself is
bounded. In particular, Sg is bounded, and hence G is bounded. Therefore, by Ref. [7, Lemma 5.1.11] G
is a finite monomial group. Hence S is finite and block-monomial. []

The next lemma is a technical statement that allows us to work with the north-west corners of
matrices in a semigroup.

Lemma 2.5. Let S be an indecomposable semigroup of N x N matrices. Letk € {1,...,N} and
Jk = {S € S : rows k + 1 through N of S are zero}.

Put S, = {A : Ais the north-west k x k corner of some S € Ji}. If Sy has no permanent zero rows, that
is, if foreach i € {1, ..., k} there is a matrix A € Sy such that the ith row of A is not zero, then Sy is an
indecomposable semigroup.

Proof. A straightforward calculation shows that Sy is a semigroup for each k. We now establish the
indecomposability statement.

We need to show that for each i,j € {1,..., k} there is a matrix A € Sy such that the (i, j) entry
of A is different from zero. Pick a matrix U € Sy whose ith row is not zero, say (U);n # 0 for some

m € {1,...,k}. There is a matrix V such that T:= [[0] ‘(q € Ji. Since S is indecomposable, there is

S € 8 such that (S)mj # 0. Then (TS);; # 0. Also, TS € Ji. Clearly, the north-west k x k corner of TS
has a nonzero (i, ) entry. [

The next lemma is the same statement about the south-east corners of matrices in a semigroup. Its
proof is analogous to that of Lemma 2.5, so we omit it.

Lemma 2.6. Let S be an indecomposable semigroup of N x N matrices. Let k € {1, ..., N} and
j,/< = {S € S : columns 1 through k of S are zero}.

Put S, = {A : Ais the south-east (N — k) x (N — k) corner of some S € J}. If S, has no permanent
zero columns then S,Q is an indecomposable semigroup.
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In the rest of this section we record some simple partial results regarding the main problem.

Theorem 2.7. Let S be a commutative finitely generated indecomposable semigroup with finite trace. Then
S is finite.

Proof. Let {A;}i_; be the set of generators of S. By commutativity, each S € S can be written as S =
" A;"' for some k; > 0. By Corollary 2.3, there is m € N such that E;:=A{" is an idempotent for each
i=1,...,n.ThusS = [T, Af",where ki € {0,1,...,2m — 1} and therefore S is finite. []

Theorem 2.8. Let S be an indecomposable semigroup of invertible matrices with finite trace. Then S is
finite and after a diagonal similarity, is in fact a permutation group.

Proof. First, we prove that S is actually a group of matrices. Indeed, clearly the only idempotent
in ;S is the 1identity matrix. If S € S then by Corollary 2.3 there is m € N such that S™ = I. Then
sTi=g"les.

By Ref. [2, Proposition 8], S is bounded. By Ref. [7, Lemma 5.1.11], after a diagonal similarity, S is a
permutation group and is thus finite. [

It should be noted that if we replace the condition about the trace in the last theorem with the
condition of finiteness of the diagonal entries of the members of S then Theorem 2.8 becomes a
special case of Theorem 4.8 which will be proved in the next section. The following simple example
shows that the finiteness of the trace does not in general imply the finiteness of all the diagonal entries.

Example 2.9

p q
Then {tr(S) : S € S} = {1}, but the diagonal entries of members of S take all values in [0, 1].

S:{[p q} :p+q=1,p>0,q>0}.

Before introducing our general results, we record a theorem for the case of matrices of very small
size.

Theorem 2.10. Let S be an indecomposable semigroup with finite diagonals consisting of 2 x 2 or3 x 3
matrices. Then S is finite.

Proof. For two indices i and j and a subset X of S, put Xj; = {S;; : S € X}, where S;; stands for the (i, j)
entry of S.

Assume S consists of 2 x 2 matrices. Suppose S is infinite. Then without loss of generality we
can assume that the set Sy is infinite. Fix A € S such that Ay; #* 0. By the hypothesis, (SA)11 =
{S11A11 4 S12A21 : S € S} should be finite, which is impossible.

Now assume S consists of 3 x 3 matrices. Suppose S is infinite. Again, we can assume that Sy is
infinite. Fix A € S such that Ay; # 0. Since (SA)11 = {S11A11 + S12A21 + S13A31} is finite, the set Sy3
is necessarily infinite. By considering (BS)33, where B3y # 0, we see that S3 is infinite. Analogously,
Sy1 is infinite.

let F={S;;:S€S, 1<i<3}and 7y ={a—bc:ab,ce F}. Since (ST);; € F and (ST);; —
S11T11 = S12T21 + S13T31 for all T, S € S, we have S15Ty1 + S13T31 € F; forall T, S € S. Since Sy is
infinite and 77 is finite, by the Pigeon Hole principle, there exist T/, T” € S and a number a € F; such
that Ty; # T4, and

S1aTy; + S13T3; = @,
S12Ty; + S13T3; = a (2)
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for infinitely many S € S. Moreover, since S13T>1 + S13T31 is equal to zero only when S;; = 0or Ty =
0, we can assume that a # 0. Since (2) has more than one solution, the matrix

Ty Ty
Ty T3
is not invertible. Hence the second line of (2) is in fact a scalar multiple of the first line. Since a # 0,

this implies that T5; = T3}, a contradiction. [J

3. Self-adjoint semigroups

In this section, we show that if a semigroup with finite diagonals is self-adjoint then it is finite.
Moreover, our argument reveals the structure of such semigroups. In contrast with most statements
in the other sections, it should be noted that the semigroups in the present section are not assumed
to be indecomposable.

Definition 3.1. A collection C of matrices is called self-adjoint if for each S € ¢ we have S* € C. Note
that for our purposes, S* is just the transpose of S.

We start with two nice properties of self-adjoint semigroups with finite trace.

Lemma 3.2. Let S be a self-adjoint semigroup with finite trace. Then for each S € S the matrix SS* is an
idempotent.

Proof. By Lemma 2.1, every eigenvalue of SS* is either zero or a root of unity. Since SS* is self-adjoint,
o (§5*) C {0, 1}. Since SS* is also diagonalizable, the Lemma follows. []

Lemma 3.3. If S is a self-adjoint semigroup with finite trace then each idempotent in S is self-adjoint.

Proof. Let E = E2 € S. Then E is unitarily similar to the matrix in the block form [(I) )é] where
I is an identity matrix. With the same similarity, E* is similar to [ I*

*
[1 +(§(X 8] By Lemma 3.2, EE* is an idempotent, hence (I + XX*)? = (I + XX*). This, however,

can only happen when X = 0. [

8] Then EE* is similar to

The next theorem is the main result of this section.

Theorem 3.4. Let S be a (not necessarily indecomposable) semigroup with finite diagonals. If S is self-
adjoint then S is finite. Moreover, all the entries of all matrices in S are of the form /&n, where & and n
are either diagonal values of some matrices in S or zero.

Remark 3.5. The statement in Theorem 3.4 can be abbreviated as follows. Let S be a self-adjoint
semigroup of N x N matrices with finite diagonals. If # = {S; : Se€ S, i=1,...,N}U{0}and 7 =
{Sj:Ses ij=1,...,N}then

FCVJF-F

Proof of Theorem 34. let F = {S;; : S€ S, i =1,...,N}. We will prove that every S € S can be
written in the block form
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uvi 0 ... 0
0w 0
S=A| . . .| As, (3)
0 0 ... wy

where Ay and A; are each permutations and u;, v; are vectors whose entries are either of the form
ﬂ, with & € F or are all zero (with no restrictions on the size of u; and v;; that is, the blocks u;v}" are
in general rectangular).

Fix S € S. Set P = SS* and Q = S*S. By Lemma 3.2, both P and Q are self-adjoint idempotents.
Choose two permutations I and I'; such that the matrices Py = I'tPT}" and Q; = I5Q[7" are block-
diagonal with self-adjoint blocks of rank one or zero. Since rank(P) = rank(Q) = rank(S), we deduce
that P; and Q; have the same number of nonzero blocks. Denote this number by r. Thatis, P; = (P1)1 &
<@ P1)rD0and Q1 = (Q1)1 B - - - ® (Q1)r D 0, where either of the last zero entries could be
absent.

Put T = ISI*. Then clearly TT* = P; and T*T = Q;. Write T in the rectangular block form

T oo Ty T1r41
T=| : i i
T s Tir Trr+1
T oo Trpr Trpara

where the vertical sizes of blocks are those of the blocks of P; and the horizontal sizes are those of the
blocks of Q1, and the (r + 1)th row or (r + 1)th column, or both could be void.

Since Py = TT™* has the same range as T, we get P;T = T. Analogously, TQ; = T.Therefore, P;TQ; =
T. Observe that in fact T is a partial isometry with corresponding projections P; and Qj.

We claim that each block row and each block column of T has at most one nonzero block. Indeed,
since TT* is block-diagonal, we get Z,r{ill T,'ij’,‘( = 0 for all i # j. Hence for each k and i # j we have
T,<,<Tj’;‘< = 0. This implies that if for some n and m the (n, m) entry of Tj, is not zero then the mth column
of each Tji is zero forallj # i.Since P1TQ; = T and the diagonal entries of P and Q; are strictly positive
or zero, the entries of all Tj; are either all zero or are all nonzero simultaneously. It follows that each
block column of T can contain at most one nonzero block. Considering T*T, we get the same conclusion
about the block rows.

Changing the order of blocks in Q; (by changing I'), if necessary, we can assume that T is block-
diagonal with rectangular diagonal blocks:

T, ... 0 0
T=1|: " i
0 ... T, 0
0 ... 0 0

where T; = (P1);Ti(Qq); foralli = 1,...,r. Also, T;T;{" = (P1); and T;*T; = (Q):.

Recalling that every (P1); and (Qq); is a rank-one projection, write (P1); = x;x;" and (Q1); = y;y; for
some vectors x; and y; satisfying ||x;|| = ||lyill = x{x = y{yi=1( =1,...,r).Clearly, rank(T;) = 1
foralli = 1,..., k. Hence for each i there exist vectors u; and v; such that T; = u;v;".

Fix i and denote for simplicity of notation x = x;, y = y;, u = u;, and v = vj. Since P1T = T and
TQ; = T, we get xx*uv* = uv* and uv*yy* = uv*. Let @ = x*u and 8 = v*y. Then uv* = axv* =
Buy*. This is only possible when u = ax and v = Sy.

This shows that there is a scalar y such that uv* = yxy*. We claim that y = 1. Indeed, from the
the equality TT* = P;, we obtain y2 (xy*) (xy*)* = y2xy*yx* = y2xx* is equal to xx*. Since y >0, we
gety = 1.

We have shown that T; = x;y for eachi =1, ..., r. To establish formula (3), it is left to note that
since for all i and j the numbers (xi)j2 and (y,-)j2 are some diagonal entries of P; and Qq, respectively,

the entries of x; and y; are all of the form /€ with& ¢ 7. O
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Remark 3.6. The representation (3) in the proof of the above theorem will still be valid if we replace
finiteness of the diagonal entries in the hypothesis of Theorem 3.4 with the finiteness of the trace.

4. Constant-rank semigroups

In this section, we will prove that if all nonzero matrices in an indecomposable semigroup with
finite diagonals have the same rank, then the semigroup must be finite. The key step in obtaining this
result is proving that the idempotent matrices in such a semigroup form a finite set (Theorem 4.3). We
will need a series of lemmas to prove this.

Recall that if E is a nonnegative idempotent matrix then, after a permutation, E can be written as

0 XF XFY
E=|0 F FY |, (4)
0 0 0

where F is a nonnegative idempotent without zero rows or zero columns and X, Y are two nonnegative
matrices. Furthermore, once E is in the form (4), then the (2,2) block, F, of E is called the rigid part of E.

The nextlemmais the first step in establishing the finiteness of the set of idempotents of a semigroup
with finite diagonals. Note that it requires neither indecomposability nor constancy of rank.

Lemma 4.1. Let S be a semigroup with finite diagonals. Then the set
{F : Fis the rigid part of some E = E* € S}
is finite.

Proof. Let N be the size of matrices in S. Fix three numbers m, n, k > 0 such that m +n + k = N. We
will prove that the set

F = {F : F is the rigid part of some E = E2es
whose diagonal blocks are of size m, n, and k, respectively}

is finite. For each F € F there exists a permutation matrix P such that P"!FP = E; @ - - - @ E,, where
each E; is an idempotent of rank one whose entries are all positive. There are only finitely many choices
for the permutation P, the number of blocks, r, and the sizes of each block in this representation.
Therefore, it suffices to show that, after a fixed permutation P, there are only finitely many members
in F having the same sequence of block sizes.

LetF',F” € Fandapermutation PbesuchthatP™'FP=E| & --- ®E,P"'F'/P=E/&--- DE/
and the sizes of E{ and E/’ are the same foralli = 1,...,r. Fixi € {1,...r}. We will prove that if the
sequences of the diagonal entries of E and E;’ are the same (that is, if (E}); = (E{");j for all j) then
E{ = E,-”. Since there are only finitely many choices for such diagonal sequences, the conclusion will
follow.

Relabel for convenience E{ = Q, E{’ = R.If Q and R have size 1, we are done. Hence we can assume
that the size is at least 2. Since Q and R are both positive rank-one matrices with equal diagonals, there
is a positive diagonal matrix D such that R = DQD~!. Also, since Q and R are both strictly positive, RQ
is again of rank one. Thus, o (RQ) = {tr(RQ), 0}. Let Q = (g;j), D = diag(d;):

tr(RQ) — 1= tr(DQD™'Q) — tr(Q?) = Zdidj_]qzjqj'i =Y aig;i
ij ij
=Y (did ' — Daygi = Y_(did; " + did; " — 2)gyq;i.
ij i<j

We will be done if we prove that D is a multiple of the identity. Assume otherwise. Fix i < j such
that d; # d;. Observe that for a > 0 we have a + a~! > 2 and the equality holds if and only if a = 1.

Hence using a = did;], we get (didfl + djdfl — 2)g;iq;i > 0, by strict positivity of elements of Q.
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Thus tr(RQ) > 1, and therefore the spectral radius of RQ, p(RQ) > 1, so that p(F’F") > 1. This is
impossible by Lemma 2.1. [

In the following lemma, we establish finiteness of the set of idempotents of a special kind in
semigroups with finite diagonals having constant rank.

Lemma 4.2. Let S be an indecomposable semigroup with finite diagonals such that all nonzero members
of S have the same rank and

F
0

where F is a fixed idempotent matrix without zero rows and columns. Then & is finite.

5:{E:E268:E:[ )é] forsomeblockX},

Proof. Denote by r the rank of all nonzero members of S. Applying a suitable permutation to S we
can assume that F is of the form F = F; & - - - @ F;, where each F; is an idempotent of rank one whose
entries are all positive. Furthermore, applying a diagonal similarity, we can assume that F is row
stochastic.

Let k be the size of F. Define J; and Sy as in Lemma 2.5. Clearly, £ C J. We shall show that every
nonzero member of Sy has rank r. Indeed, pick any nonzero A € Si. Then there is a matrix T in S of the

FX] F KX

A B . . .
formT = [O 0] for some nonnegative matrix B. Pickany E = [O ol = [O O] € £.ThenETE =

FAF  FAFX
[ 0 0
0. Therefore, ETE # 0, and thus rank(ETE) = r. Since each column of FAFX is a linear combination of
columns of FAF, we get rank(ETE) = rank(FAF) = r. Hence r = rank(FAF) <rank(A) <rank(T) =,
and thus rank(A) = r. So, in view of Lemma 2.5, we conclude that S is an indecomposable semigroup
with finite diagonals such that every nonzero member of Sy has rank r. Then clearly F is a nonzero
idempotent in Si. Define

So = FSiF.

By Lemma 2.4 we deduce that Sy is a finite group that is block-monomial relative to the block structure
inherited from F.
Consider the set

]. Since A # 0 and F is block-diagonal with diagonal blocks having no zero entries, FAF #

F X
X:{X.X:FXand [O 0] ES}.
To prove the lemma, we need to show that X’ is finite. Write every X € X in a block form compatible
with the block form of F:

X1 F1X1
X=|:l=|":

X EX;
Since the blocks of F are row stochastic and have rank one, all rows of each F; and of each X; = FiX;
are the same (i = 1, ...,r). This in particular implies that any given entry of X can be moved into the
(1, 1) position by applying a suitable permutation to S that keeps F in block-diagonal form with the
same diagonal blocks (the order of blocks can change). Therefore, it is enough to prove that the (1, 1)
entry of X can only take finitely many values as X runs over X. Denote the (1, 1) entry of X by ax. Put

X1 = {X € X : ax # 0}. To prove the lemma, we need to show that {ax : X € A1} is finite.

Since S is indecomposable, there exists a matrix S = [I; g} in S such that the (1, 1) entry of R,

Rq1, is nonzero. For each X € &7 the north-west block of the product

o o[k ol o o]
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belongs to Sp and is equal to F (H + XR)F. Since Sy is block monomial with respect to the block structure
of F, so is the set {F(H 4+ XR)F : X € x;}. However, H is fixed and all matrices in this expression are
nonnegative. Therefore, the set Y1 = {FXRF : X € &1} is finite and has the property that every row of
blocks in each matrix in )’; has at most one nonzero block.

Write RF in a block form, conforming to the block columns of F:

RF=[L ... L].
For each X € x; we have
XLy ... Xily
FXRF = :
Xr.Ll .. Xr.Lr
Since ay # 0 for all X € Ay, the block X1L; # 0. Therefore, X1L; = 0 for all i € {2,...,r}. Again, by
ax # 0 this implies that the first row of each L; is equal to zero (i = 2, ..., r). Since the first entry in

every row of X; = F1Xj is equal to ay, the leading entry of RX = L1X; + - - - + L:X; isequal to s - ay,
where s is the sum of elements from the first row of L;. Observe that s # 0 by the choice of R. Also, RX
is the south-east block of the product

H K d F X

R Q| ™ o o]
which belongs to S. Therefore, there are only a finite number of values for s - ax. Since s is independent
of X, the set {ax : X € &3} is finite which completes the proof. [l

Theorem 4.3. Let S be an indecomposable semigroup with finite diagonals. If all nonzero elements of S
have the same rank then the set of idempotents in S is finite.

Proof. Each idempotent in S is in the form of (4) after a suitable permutation. Since the number of
possible permutations is finite, it is enough to prove that for each permutation P, the indecomposable
semigroup P~ 'SP contains finitely many idempotents in the form of (4).

Relabeling, if necessary, we can assume that the permutation P has already been applied to S. For
a fixed nonnegative idempotent F without zero rows or zero columns, define

& ={E= E?> € S: the (2, 2) block of E in the block form of (4) is F},
X = {XF : XF is the (1, 2) block in the form of (4) for some E € &},
V¢ = {FY : FY is the (2, 3) block in the form of (4) for some E € &}.

Fix the (2, 2)-block F. By Lemma 4.1, it suffices to show that A and Yr are finite.

Denote by k (by n, respectively) the number of rows in the (2, 1) block (in the (2, 3) block, re-
spectively) of the representation (4). Leti € {0, ..., n}. We will prove that the set Yr; = {FY € Vr :
Y has exactly i zero columns} is finite. Suppose thati = 0. Del’ine],/< and S,/( asin Lemma 2.6. By Lemma
2.6, S,’< is an indecomposable semigroup with finite diagonals. Therefore, by Lemma 4.2 the set of all

idempotents in :3,’< of the form [S Fg] is finite. This shows that Vr is finite.
Suppose i > 0. Then there is a permutation Q which turns idempotents of the form [g F(S)(] in

S,Q into the idempotents of the form [8 bs)l ] where E; is of the form [g Fgl] and Yq has no zero

columns. Now the finiteness of Yr; follows from the argument in the previous paragraph applied to
the semigroup Q- 'sq.
The finiteness of each X is established by applying an analogous argument to S*. []

The following example shows that the condition on the rank is important in Theorem 4.3.
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Example 4.4. An indecomposable semigroup with finite diagonals having infinitely many idempo-

b 9B 98 95 98 1)

12 1)2

where E = []/2 172

] and S runs over all matrices of form [Z g] withp+q=1,p,q=>0.

Lemma 4.5. Let N be a nonnegative n x n matrix such that N> = 0. Then there exists a permutation of
. . 0 A . . .
the basis vectors such that N can be written as N = [O 0} (with square diagonal blocks). Moreover, if N

is nonzero then A can be chosen to contain no zero columns or (alternatively) no zero rows.

Proof. Let 7 = {i : Ne; = 0}, where (e;) is the standard unit vector basis. We will first show that  can-
not be empty. Suppose otherwise. Then Ne; = (aye1 + - - - 4 ape;,) for some nonnegative a;, where at
least one, say a, is positive. Then, by the nonnegativity of N and since Nagey, # 0, [N%e1 || > |[N(axer) || >
0, which is a contradiction. Therefore, applying a suitable permutation, we can assume that F =
{1,...,k} for some k. Since N> = 0, for eachi € {k+ 1,...,n} we have Ne; = > jer ajjej for some
nonnegative ag;;. This shows that N can be represented in the desired form with A having no zero
columns (provided N = 0). If A has zero rows then, applying a permutation and partitioning the first
diagonal block into two diagonal subblocks, we obtain a new A with no zero rows (but some zero
columns). [

Before we can state the main result of this section, we need another lemma.

Lemma 4.6. Let S be an indecomposable semigroup with finite diagonals. If all nonzero members of S have
the same rank, then the set {N € S : N is nilpotent} is finite.

Proof. Denote by r the rank of the nonzero elements in S. The proof is by induction on the size n of
matrices in S. If n = 1 then there are no nonzero nilpotent matrices in S. Letn > 1.
Clearly, since the rank of all nonzero elements of S is the same, if N € S is nilpotent then N?> = 0. By

. . . 0 A . .
Lemma 4.5, after a permutation of the basis, we can write N = [0 O] for some nonnegative matrix

A without zero rows. Since the number of possible permutations is finite, it is enough, as in Theorem
4.3, to show that S contains only finitely many nilpotent matrices in this block form.
Define

N = {[g '3] € S : Ahas k nonzero rows and no zero rows} .

(Note that we have to allow A to have zero columns in the definition above, because the diagonal blocks
have to be square.) For a matrix N € A, we will denote by ay the leading entry, A1, of the block A. As
in the Proof of Theorem 4.3, it is enough to show that the set {ay # 0 : N € A} is finite.

Pick any matrix M = [17 {2] € S such that the leading entry of ] is different from zero. If ay # 0
then NM is not nilpotent, and hence a power of NM is a nonzero idempotent by Corollary 2.3. Denote
this idempotent by Ey. Since N and Ey have the same range, EyN = N.In particular, the zero rows of Ey

and N are the same. Hence in the block form inherited from N we get Ey = [% ﬂ Clearly,Q = Q2
and Z = QZ, so that Q has no zero rows.

Case 1. Suppose that Ey and N have common zero columns. After a suitable permutation the matrices
En and N can be written in the block form
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00 0 0 00 0 O
0 0 XF XFY 0 0 0 B
oo F r| @™ g o0 0 c|
00 0 0 0 0 0 O

respectively, where F has no zero columns and the fourth block column in each of the two matrices
has no common zero columns. Since EyN = N, we get B = XFC and C = FC. In particular FY and C
have no common zero columns. Let j be the number of zero columns in the first two block columns.
Define SJ’ as in Lemma 2.6. Then SJ/ is an indecomposable semigroup. We will show now that the rank

of nonzero elements in Sj’ isequaltor.

~ [F FY]< [0 O ~ [0 C 0 XF 0 XC
Let F = [O O],X: [X 0],andC: [O O],then Eny = [0 I?] and N = [O E],Let
Ve Sj’ be nonzero. Then there exists T = [8 3] € S. Consider the products EyT = [8 )%FVV] d

0 Xcv
0 Cv
matrices ENT or NT is different from zero and hence has rank r. It is left to note that rank(EnT) =
rank(FV),rank(NT) = rank(CV),andr = rank(T) > rank(V) > rank(FV) V rank(CV) = rank(EyT) Vv
rank(NT) = r.

So, the semigroup Sj/ is an indecomposable semigroup with finite diagonals whose nonzero ele-
ments have constant rank. Also, the size of matrices in Sj’ is smaller than n. Thus, by the induction
hypothesis, there are finitely many nilpotent matrices in S]f . Therefore, the matrix C comes from a

finite set. By Theorem 4.3, there are finitely many idempotents in S, hence the matrix X also comes
from a finite set. Hence so does the matrix N.

NT = [ } Since V = 0 and the matrices F and C have no common zero columns, one of the

Case 2. Suppose Ey and N have no common zero columns. Then in particular Q is an idempotent
without zero rows and zero columns.

Write Q = Q1 & - - - @ Q;, where each Q; is a rank-one idempotent without zero entries. In this
block structure, write

Aq QA
A=|:|=] : and J=1[1 ... J].
Ay QrAr

Applying a suitable diagonal similarity (note that these diagonal similarities come from a finite set since
they depend on Ey only, and the set of idempotents in S is finite by Theorem 4.3), we can assume that Q

is row stochastic. Then the rows of A; are all the same. Write NM = [1?)] Aé< ] Clearly, Q (A)) = (A)HQ

and, since EyN = N, Q(AJ) = AJ. The size of Q is n — k. Let S,k be as in Lemma 2.5. Then S,_ is
indecomposable. Therefore, the matrix A is block monomial by Lemma 2.4.
We have

AJr .. Addr
A= z
Ar]] s Ar.]r

The leading block of AJ is different from zero. Hence A1J; = O for alli € {2,...,r}. The leading entry
of A1 is nonzero. Hence the first row of each J; (i € {2,...,r}) is zero. Denote the sum of elements in

the first row of J; by s. By analyzing the product of [7 II%] and [8 g} we get: the value say is on
the diagonal of this product, and hence can only take finitely many values. Since s is independent of N

and is different from zero, this shows that ay can only take finitely many values, too. []
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Lemma 4.7. Let S be an indecomposable semigroup with finite diagonals such that all nonzero members
of S have the same rank. Let E € S be a nonzero idempotent. Then the set S = {S € S: ESE = S}isa
finite group with unit E.

Proof. By Lemma 2.1, p(T) = 1forall T € Sg. So, the statement follows from [7, 5.2.2(iv)]. The condi-

tion in [7, 5.2.2(iv)] that S = R™ S is not essential since it is only used to establish that Sg is bounded
(which follows from [2, Proposition 8]) and that for each S € Sk a sequence of powers of S converges
to an idempotent in Sg (which follows from Lemma 2.2). [

Theorem 4.8. Let S be an indecomposable semigroup with finite diagonals. If all nonzero members of S
have the same rank, then S is finite.

Proof. Let £ be the set of all nonzero idempotentsin S.ForeachE € &£,denote Sg = {S € S : ESE = S}.

By Lemma 4.7, Sg is a finite group with unit E. We claim that each non-nilpotent member of S
belongs to Ugc¢Sg. Indeed, by Lemma 2.2, each S € S is represented in some basis as [g I(\)I] where
U is a unitary diagonal matrix and N is a nilpotent matrix. If S is not nilpotent then N = 0 because the
rank of all nonzero elements of S is the same. Therefore, a power S™ of any non-nilpotent S € S is a
nonzero idempotent E such that ESE = S.

Since the set ¢ is finite by Theorem 4.3, this shows that the set of non-nilpotent matrices in S is
finite. The finiteness of nilpotent elements in S is shown in Lemma 4.6. []

The natural (in view of Theorem 2.8) question whether the finiteness of diagonal entries in the
statement of Theorem 4.8 can be replaced with finiteness of the trace has a negative answer, as Example
2.9 in Section 2 shows. In fact, the semigroup in that example consists of idempotents only, so that the
corresponding question asked about Theorem 4.3 would already have a negative answer.

5. Admissible diagonal values

In this section, we analyze what values there could be on the diagonal positions of a semigroup
with finite diagonals.

Theorem 5.1. Let S be an indecomposable semigroup with finite diagonals. Then for each S € S the se-
quence (S;;) can be partitioned into disjoint subsequences each of which either adds up to 1 or consists of
zeros.

Proof. Let S € S be fixed. By Lemma 2.1, the possible eigenvalues of S are roots of unity and zero.
After a permutation, S can be decomposed into a block triangular form whose diagonal blocks are
indecomposable matrices Sy, . . ., S. Pick any i € {1, ..., k} and denote for convenience T = S;. It is
enough to prove that the statement of theorem is valid for T.

Since T is indecomposable, T is not nilpotent. Let r > 1 be the number of nonzero eigenvalues
(counting multiplicities) of T. Thenr = rank(T). By Corollary 2.3, the minimal rank of nonzero matrices
in the norm closed semigroup generated by T is r. Hence by the Perron-Frobenius theorem [7, Corollary
5.2.13], after a permutation, T can be written in the block form

0o ... 0 T,

Ty 0 0
T:

0 ... T,—1 O

Ifr > 1 then all the diagonal elements are zero, since permutations only change the order of diagonal
elements. If r = 1 then zero has multiplicity n — 1 (where n is the size of T). Since 1 € o (T), we get
tr(T) = 1, hence the sum of diagonal elements of T is 1. [
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Definition 5.2. Afiniteset 7 C R iscalled admissible if 7 can be written as a (not necessarily disjoint)

union F = F1 U - - - U F, where each 7 = {x1, ..., x; } satisfies the condition that
i
Z mjxj = 1
j=1
forsomem; e NG =1,...,i).

Example 5.3. The set {% 1 % %} is admissible since 5 - % =1, % +3- % =1, and % + % = 1. The

sets {0} and {7 g} are not admissible.

The following lemma is obvious.
Lemma 5.4. A finite union of admissible sets is admissible.

Theorem 5.5. Let ¥ C R be such that 0 € F. Then F is admissible if and only if there exists an indecom-
posable semigroup S with finite diagonals such that the set of diagonal values of all the matrices in S is
equal to F.

Proof. If S is an indecomposable semigroup with finite diagonals and S € S then the set Fs of all the
diagonal entries of S is admissible by Theorem 5.1. Since S is a semigroup with finite diagonals, there
are only finitely many choices for the set Fs. Therefore, 7 = Ugcs.Fs is admissible by Lemma 5.4.

Let F be admissible. Write 7 = F U - - - U F, as in the definition of an admissible set. We will
show that there exists a semigroup S as in the statement of the theorem.

Foreachk € {1,...,n},write 7 = {x{*, .., ,(kk Vandfixm'®, . .. (k) such that Z”‘ . m(k)xj(k)

1.Put N, = Z, 1 m(k) and define the vector y®) = (y(k)), 1 € RNk by puttmg

v =x" foralli e {Z m® +1, zm,gw} AN G=1,...,i0).

p=1 p=1
That is, y(k) has exactly m( ) coordinates equal to x( ). Also ZN" (k) = 1.Foreachije {1,...,n},
define the rank-one N; x N, matrix
() (@)

2 R le
T,‘j =
W
Since each Tj; is row stochastic, a routine check shows thatforalli, j, k € {1, ..., n} we have T;jTj, = Tj.

Now let Ej; be the block matrix with n vertical and n horizontal blocks such that the (k, I) block of
Ejj is equal to the Ny x Nj zero matrix if k # i or [  j and is equal to Tj; if k = i and | = j. Define
S ={Ej : 1<i,j<n} U {0}.
Then clearly S is an indecomposable semigroup whose set of diagonal elements is F. []

The last statement to be proved in this paper is the assertion that if an admissible set # € R does
not contain zero, then there may not be an indecomposable semigroup of matrices whose diagonal
entries form a set which is exactly . It will need an auxiliary lemma which may be of some independent
interest.

Lemma 5.6. Let S be a semigroup with finite diagonals such that no member of S has zero on the diagonal.
If the minimal rank ms of nonzero elements in S is not one, then S is decomposable.
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Proof. Suppose S is indecomposable and ms > 2. Fix a minimal idempotent E € S. Since E has no
zeros on the diagonal, E = E1 @ - - - @ Ey, where each E; is a strictly positive idempotent.

LetS € Sbe an arbitrary matrix. By Corollary 2.3, thereis m € N such that (ESE)™ is an idempotent
which we will denote by F. Clearly, EF = FE = F. Since the diagonal values of matrices in S do not
admit zeros, E = F by minimality of E.

We claim that up to a permutation similarity, S is block-diagonal relative to the block-structure
inherited from E. Indeed, let us first show that ESE is block-diagonal. Suppose that ESE is not block-
diagonal, that is, ESE has a nonzero, non-diagonal block. Without loss of generality, we can assume
that the (1, 2) block of ESE is not zero:

Eq X *

* E, ... *
ESE = | . . . -

* ... % Epg

where X # 0. Since the diagonal blocks of E are strictly positive, it is easy to see that the (1, 2) block
of (ESE)™ would be different from zero, too, which is a contradiction. Therefore, ESE is block-diagonal.
Again, since the diagonal blocks of E are strictly positive, this is only possible if S is block-diagonal
itself. [

Proposition 5.7. If F = { % % } then there is no indecomposable semigroup, S, such that the set of diagonal
entries of matrices in S is equal to F.

Proof. Suppose such a semigroup, S, exists. By Lemma 5.6, S contains an idempotent E of rank one.
Since E cannot have zeros on the diagonal, E must be strictly positive. Since also tr(E) = 1, there are,
up to a diagonal similarity, only two choices for E:

1/3 1/3 1/3
‘ (172 1)2 _
either E = [1/2 1/2} or E= }ﬁ }g }g

That is, S consists of either 2 x 2 matrices or 3 x 3 matrices. We will consider these two cases
separately.
Assume the size of matrices in S is 2. Let A be a matrix having 1/3 on the diagonal. That is, up to a

permutation, A = [123 (Cl] for some @, b, and c. By Lemma 2.1, the eigenvalues of A are either zero

or roots of unity of degree at most 2. Also, tr(A) > 0. Therefore, the only possible values for tr(A) are 0,
1, and 2. In either case, ¢ cannot belong to .

Now let the size of matrices in S be 3. Again, fix a matrix A with 1/2 on the diagonal. Denote the
two other diagonal entries of A by a and b. Observe that in this case, the only possible values for tr(A)
are 0, 1, 2, and 3, none of which can be achieved by choosing a and b in 7. [
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