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The conjugacy class of nilpotent n X n matrices can be parameterized by
partitions A of n, and for a nilpotent 7 in the class parameterized by A, the variety
&, of n-stable flags has its irreducible components parameterized by the standard
Young tableaux of shape A. We indicate how several algorithmic constructions
defined for Young tableaux have significance in this context, thus extending
Steinberg’s result that the relative position of flags generically chosen in the
irreducible components of 7, parameterized by tableaux P and Q is the permuta-
tion associated to (P, Q) under the Robinson—Schensted correspondence. Other
constructions for which we give interpretations are Schutzenberger’s involution of
the set of Young tableaux, jeu de taquin (leading also to an interpretation of
Littlewood-Richardson coefficients), and the transpose Robinson—Schensted cor-
respondence (defined using column insertion). In each case we use a doubly
indexed family of partitions, defined in terms of the flag (or pair of flags)
determined by a point chosen in the variety under consideration, and we show that
for generic choices, the family satisfies combinatorial relations that make it
correspond to an instance of the algorithmic operation being interpreted (as
described in M. A. A. van Leeuwen, Electron. J. Combin. 3, No. 2 (1996), R15).
© 2000 Academic Press

Key Words: flag manifold; nilpotent; Jordan decomposition; jeu de taquin; Robin-
son—Schensted correspondence; Littlewood—Richardson rule.

! partly supported by the Schweizerische Nationalfonds and by I'Université du Québec a
Montréal.

397

0021-8693,/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82500798?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

398 MARC A. A. VAN LEEUWEN
0. INTRODUCTION

The Schensted algorithm, which defines a bijective correspondence
between permutations and pairs of (standard) Young tableaux, and the
Schiitzenberger (or evacuation) algorithm, which defines a shape-preserv-
ing involution of the set of Young tableaux, can both be described using
doubly indexed families of partitions that satisfy certain local rules, as
described in [9]. In this paper we show how both correspondences occur in
relation to questions concerning varieties of flags stabilized by a fixed
nilpotent transformation n. The mentioned doubly indexed families of
partitions arise very naturally in this context, and they provide detailed
information concerning the internal steps of the algorithms, rather than
just about the correspondences defined by them. As a consequence, the
study of the Schutzenberger algorithm also leads to an interpretation of
jeu de taquin and of the Littlewood—Richardson coefficients. The connec-
tions between geometry and combinatorics presented here include and
extend results due to Steinberg [22, 23] and Hesselink [3].

The basic fact underlying these interpretations is that the irreducible
components of the variety .7, of n-stable complete flags is parameterized
in a natural way by the set of standard Young tableaux of shape equal to
the Jordan type J(n) of n. In fact there are two dual parameterizations,
and we show that the transition between them is given by the Schutzen-
berger involution. Taking a projection on varieties of incomplete flags by
forgetting the parts of flags below a certain dimension, we obtain from this
an interpretation of jeu de taquin (operating on skew standard tableaux)
and a bijection between Littlewood—Richardson tableaux and irreducible
components of a variety of n-stable subspaces of fixed type and cotype.

The other interpretations involve the Robinson—Schensted algorithm
and relative positions of flags. We give a derivation of Steinberg’s result
that the relative position of two generically chosen flags in given irre-
ducible components of &, is the permutation related by the Robinson—
Schensted correspondence to the pair of the tableaux parameterizing those
components. For this result a specific choice of parameterization is re-
quired, but there are variations of the statement for other choices; in
particular when dual parameterizations are used for the two components,
one obtains the transpose Robinson—Schensted correspondence, defined
using column insertion. Together, these interpretations give a geometric
meaning to many key properties of the combinatorical correspondences:
involutivity of the Schiitzenberger correspondence, confluence of jeu de
taquin, the fact that the number of skew tableaux of a fixed shape and
given rectification P depends only on the shape of P, symmetry of the
Robinson—Schensted correspondence, and the various relations between
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this correspondence, its transpose, and the Schutzenberger correspon-
dence.

This paper is organized as follows. In Section 1 we review the essential
facts in the linear algebra of a vector space equipped with a nilpotent
transformation 7, followed in Section 2 by the definition of the variety &,
and the parameterizations of its irreducible components by Young tableaux.
In Sections 3 and 4 we give the respective interpretations of the Schutzen-
berger algorithm, and of jeu de taquin and Littlewood—Richardson
tableaux. In Section 5 we discuss relative positions of flags, which are used
in Section 6 to give a geometric interpretation of the Robinson—Schensted
correspondence, and in Section 7 to give a similar but independent
interpretation of the transposed Robinson—Schensted correspondence.

In our combinatorial notation, as well as in our approach to the
algorithms considered, we shall closely follow [9]; we collect here the
essential definitions used. A partition A is an infinite weakly decreasing
sequence A, > A; > --- of natural numbers (called the parts of A) with
finite sum, denoted by |Al. To each partition A is associated its Young
diagram Y(A) € N X N, defined by (i, j) € Y(A) < j < A, (so that #Y())
= |A]; the fransposed partition A’ of A is the one whose Young diagram is
obtained by reflection of Y(A) in the main diagonal. The elements of Y(A)
are called its squares and are depicted correspondingly (so that they may
be filled with values); Young diagrams are displayed with the first index i
increasing downward and the second increasing toward the right, like
matrices. The set of all partitions is denoted by & and is partially ordered
by inclusion of Young diagrams, written < ; the elements of &, =
{A €| |Al = n} are called partitions of n. For the predecessor relation in
2, which was denoted by p € A~ in [9], we shall write instead u < A, with
u < A meaning that w < A or w = A. When u < Aand Y(A)/Y( ) = {x},
we call the square x a corner of A and a cocorner of wu, and write
A=pu+x, w=A—x,and A — u =x. We write x||y to indicate that
squares x and y are adjacent.

A Young tableau is an injective map T :Y(A) — N, for some A €%
called the shape sh T of T, such that when each number T(i, j) is written
as an entry into square (i, j), all rows and columns are increasing. Each
such T determines a saturated decreasing chain ch 7 from A to (0) in &,
by recording the successive shapes as the squares are removed from Y(A)
in order of decreasing entries. When ch T = ch T' we write T ~ 7', which
is an equivalence relation on tableaux; for tableaux of fixed shape A, a set
of representatives of the equivalence classes is formed by the set .9, of
normalized tableaux, whose entries are all < |[Al. For any non-empty
Young tableau T, the square containing the highest entry of T is denoted
by [T, and the tableau obtained by removing that square (and its entry)
from T by T~. By applying the deflation procedure used in the definition
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of the Schtitzenberger algorithm to 7', a tableau T‘ is obtained, in which
the smallest entry has disappeared. The result of applying the full
Schiitzenberger algorithm to 7 is denoted by S(T), and the pair of
tableaux obtained the Schensted algorithm to a permutation o is denoted
by RS(o) (see [9] for definitions).

When numbering or indexing with natural numbers, these definitions all
start using 0, rather than 1; this holds in particular for the parts of a
partition, and the rows and columns of Young diagrams. This leads to
simpler expressions, but note that while row i of Y(A) has length A;, it has
no square in column A,. We even have gone a bit further than in [9], by
defining entries of normalized tableaux to start at 0. Also, the group S, is
taken to consist of permutations of {0,...,n — 1}, represented by se-
quences of the form oy, oy,..., g,_,; in particular, the order reversing
permutation 7 € S, satisfies #;, =n — 1 — i.

The work presented here was motivated by that of the author’s thesis [7],
which deals with the significantly more complicated case of other classical
groups (in characteristic # 2) instead of GL,. There a combinatorial
algorithm analogous to the Robinson—Schensted algorithm is deduced that
performs the corresponding computation of generic relative positions of
flags; however, there are complications that cause the descriptions and
proofs to be much more technical than those in the current paper. Our
aim here was to separate the main techniques and arguments of [7] from a
number of distracting technicalities, by applying them in the simpler
situation of GL ,; even so the reasoning is sometimes detailed and subtle.
At the same time we believe that in describing that situation as transpar-
ently as possible, we have been able to provide some new insight.

1. NILPOTENT TRANSFORMATIONS

Let IV be a vector space of finite dimension »n over an infinite field k. In
this section we recall some basic facts concerning 17, equipped with a fixed
nilpotent endomorphism n. Most of these facts are also discussed, from a
somewhat more general and elevated perspective, in [11, Chap. I1].

A subspace V' of V is called n-stable if (') € V'. There exists a
decomposition of V7 as a direct sum of non-zero n-stable subspaces that
cannot be so decomposed further; any summand of dimension d admits a
basis xg,...,x,_; such that n(x,) =0 and n(x,) =x;_, for 0 <i <d.
This is called a decomposition into Jordan blocks; it is generally not
unique, but the multiset of the dimensions of the blocks depends only on
m. Arranged into weakly decreasing order these dimensions form a parti-
tion of n, called the Jordan type J(n) of n. Throughout this paper we write
A for J(n) and u for the unipotent transformation n + 1 € GL(}) corre-
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sponding to n; when 7 is variable, A and u are assumed to vary corre-
spondingly.

One can characterize A in terms of the powers n’ of n (among which we
include n° = 1), without referring to any particular decomposition into
Jordan blocks, as follows.

1.1. PROPOSITION.  Forall ¢ > 0 one has dim(ker n°) = X _ ;. A}, which
is the number of squares in the first ¢ columns of the Young diagram Y()\).
Similarly, dim(imn°) = X, A, which is the number of squares in the
remaining columns of Y(A).

Proof. This is easily verified for individual Jordan blocks, from which
the general case follows. 1

For any zn-stable subspace V' of V, n induces nilpotent endomorphisms
of the spaces V' and V/V’, which will be denoted respectively by 5|, and
m,y. Since a nilpotent endomorphism of a 1-dimensional space is neces-
sarily 0, a subspace [ of dimension 1 (a line) is m-stable if and only if
I c kern, and similarly a subspace H of codimension 1 (a hyperplane) is
n-stable if and only if H 2 im .

1.2. PROPOSITION. Let V' be an n-stable subspace of V. Then J(q|/) C A,
and J(n, ) C A.

Proof. The image of the subspace kern’ under the projection V —
V/V' is ker n/ /ker(nly,)/, for all j > 0; since ker n/ C ker »/*1, it follows
that dim(ker n’) — dim(ker(n|,+)’) increases weakly as j increases:

dim(ker /) — dim(ker(nhﬂ)j) < dim(ker n/*1) — dim(ker(n|V,)f“),
(1)

The length A! of column j of Y(A) is equal to dim(ker n/**) — dim(ker o)
by Proposition 1.1, so from (1) one gets J(nl;»); < A}, and combining this
for all j yields J(nl|,») < A. Similarly, the kernel of the projection im n/ —
(im n))/V' =im(n,,)) is equal to V' Nimmy/, so its dimension
dim(im /) — dim(@im(z,,)’) decreases weakly as j increases, since im 5’
D im »/**. Then using A} = dim(im 5/) — dim(im »/*%), it follows analo-
gously to the argument above that A;>J(n,,.); for all j, whence
J('U/ V’) C A I

The partition J(nly-) is called the type of V', and J(n,,.) is the cotype
of IV’ (in V). Since the spaces ker(nl;)) = V' N ker n/ whose dimensions
determine the type of I/’ are not directly related to the spaces V' N im »’
that were used to determine its cotype, it is not generally possible (for a
fixed value of A) to determine the type from the cotype or vice versa.
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However, there is an exception when A is a “rectangular” partition, i.e.,
when all of its non-zero parts have a fixed size d: in that case one has
kern/ = imn?~/ for 0 < j < d. This leads to the following fact.

1.3. ProrosITION. If A =(d,d,...,d) with d occurring m times, and
Jnly) = Cug,y ooy =), then J(n, ) = (d = poy g, d = po).

Proof. From the proof of Proposition 1.2, one has for 0 <j <d
J(mly); = dim(V" N ker /™) — dim(V" N ker n/)
= dim(V' nimn?~~1) — dim(V’' N im n¢77)
= )\ldfj—l - J(T//V’);—j—l =m - J(H/V');_,-_ll

from which the stated relation between J(nl,») and J(n,,.) follows. [

We now specialize to the cases of n-stable lines and hyperplanes. As we
have seen above, 7-stability of a line [ means [ C kern, so the set of
n-stable lines is identified with the projective space P(kern), which we
shall denote by P(V),. Also, the cotype J(n,,) of I is determined by the

(weakly decreasing) sequence of values dim(/ N im /) € {0, 1}, for j > 0.
We define for j € N subspaces

Wi(n) = kern N imn’ (2)
of ker n, which form a weakly decreasing chain. We also define subsets

Ui(m) = P(W,(m))\P(W,,1(n)) ()

of the projective space P(}),; the non-empty U(n) form a finite partition
of that space. We have dim W(n) = A} by Proposition 1.1; therefore U(n)
is non-empty if and only if the following equivalent statements hold:
A} > A, 4; there is a corner of A in column j; at least one part of A equals
j + 1. For the case of n-stable hyperplanes we can apply these definitions
to n*, the nilpotent endomorphism of the dual vector space '* given by
n*(P): v = dp(n(v)) for ¢ € V* and v € V. We therefore define

Wi (n) = Wi(n*) = {¢ € V¥I¢(imn) = 0 A d(kern’) = 0}. (4)

The set U(n*) is contained in the set P(}J"*) of 1-dimensional subspaces of
I7*, which is in canonical bijection with the set of hyperplanes H of IV by
Hw— {¢ € V*|¢p(H) = 0}. We shall denote this set of hyperplanes by
P*(1), and its subset {H € P*(JVV)|H 2 im n} of n-stable hyperplanes by
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P*(¥7),. Then we define U*(n) as the subset of P*(}/), corresponding to
U(n*):
J

U*(n) = {H € P*(V)ylH 2 kern/ A H 2 kern/*1}. (5)

The U(n) and U*(n) respectively partition P(}7), according to cotype and
P*(}), according to type:

1.4. ProposITION.  If 1 € U(n), then the Young diagram of J(n ) is
obtained from that of A by removing its corner in column j. If H € U*(n),
then the Young diagram of J(qly) is obtained from that of A by removing its
corner in column j.

Proof. Ifl e Uj(n), then by reasoning as in the proof of Proposition 1.2
we find that A; —J(n,,)i =1, and A, =J(n,,); for all c¢=#j. The
argument for H € U*(n) is entirely analogous. 1l

For any basis {b,, ..., b} of kern with the property that each W(n) is
spanned by {b,| 0 <i < A}, one can find a decomposition into Jordan
blocks V= B, ® -+ & B, such that ker(n|z) = {b;) for all i (it suffices to
choose vectors v] with 7/(v)) = b, where {b,) € U(n), and set B, =
(")) 10 < k <j»). For any given [ € P(J), the basis can be chosen
such that [ = {b,) for some i; we shall call a corresponding decomposition
of V' into Jordan blocks adapted to /. We shall similarly call a decomposi-
tion of I/ into Jordan blocks adapted to H € P*(V), if H contains all
these blocks but one; for that block B; one has H N B, = im(n|3 ). We see
that the centralizer Z, of u in GL()/) acts transitively on each set U(n)
and on each Uj*(n). The following characterizations of the index j such
that I € U(n) (respectively H € U*(n)) will be useful in what follows.

15. Lemma. (D) If I € U(n), then j is the minimal value for which
(kerm) /1 2 Win ).

(2) If He U*(n), then j is the minimal value for which imn C
im(nly) + ker(nly ).

(3 H e U*() if and only if imn + kern/ = im(n|y) + ker(nly)'.

4 IfHe Uj*(n), then W.nlg) = W.n) for ¢ + j, while Wj(an) is
a hyperplane in W(n).

Proof. In each case let the initial condition be satisfied, and let V' =
B, & --- @ B, be a decomposition into Jordan blocks adapted to / (respec-
tively to H). For (1), let B; be the block containing /; then V/I =
B, ® -+ ®(B;/]) & --- ® B, and the projection V = V//[ is the identity
on all summands except B, This reduces to the case V = B;; then
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(kerm) /1 = {0} and J(n,,) = (), whence the statement is obvious. For (2),
let B, be the block not contained in H; then the intersection of im n with
any other block is contained in im(n|;); this again reduces us to the case
V' = B;, where the statement follows from J(n|y) = (j). Part (3) now
follows because kern¢ ¢ H for ¢ > j. Part (4) also follows by considering
the decomposition of 1/, or by observing that W.(nly) € W.(n) and
dim(W.(n)) = A%, in conjunction with Proposition 1.4. ||

2. FLAGS

A (complete) flag f in V' is a saturated chain0 =f, cf, € - Cf, =V
of subspaces of V. We have dim f; = i, and the individual spaces f; are
called the parts of f. Let ¥ be the set of all such flags, called the flag
manifold of V. It has the structure of a projective algebraic variety (see [4,
8.1]), and the maps f — f; are morphisms onto the respective Grassmann
varieties. Of particular interest are the morphisms giving the line and
hyperplane parts: if n > 0 we define o: & — P(VV) and w: % — P*(V) by
a(f) =f, o(f) =f,_,. The group GL(}V) acts on &, P(}), and P*(V),
and clearly @ and o are GL(}')-equivariant. We say that a flag fe 5
is m-stable if all its parts are, and let &, denote the subvariety of n-
stable flags in %, or equivalently the fixed point set of u acting on &; «,
and w, will denote the restrictions to %, of a and w, respectively. We
have im a, = P(V), = U;.,U(n), and similarly im o, = P*(V), =
sz 0 l]j* (77)

For each n-stable hyperplane H € P*(V),, the fiber w,jl(H) of w, is
isomorphic to the variety .7, of nly-stable flags in H. Indeed the
isomorphism is given by f — f~, where f*=(f, € -+ cf,_, = H) is the
flag obtained from f by omitting the last part f, = V. Similarly, for each
n-stable line [ € P(V),, the fiber a, '() is isomorphic to the variety Fsl
of n,-stable flags in V/I; here the isomorphism will be written as f - f
where f! = (f,/l c --- cf,/D is the flag obtained from f by reducing
modulo f; =1 all its parts except f,. There will be no confusion if the
same notations f~ and f' are used when f is a flag in a vector space
other than V7 (provided its dimension is non-zero); this allows us in
particular to write for f € 7, expressions such as f~~, f**!, and f*, as
long as the total number of operations applied does not exceed n.
Moreover, the operations commute: f~* and f ‘'~ denote the same flag in
fu—1/f1- In general, one obtains in this manner from f € .7 an nfl/fj-stable

flag in f,/f;, for some i > j, where U is the nilpotent endomorphism of
fi/f; induced by n.
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The sequences of types and of cotypes of the parts of f € 7 define two
saturated decreasing chains in & from A to (0), that can be used to define
Young tableaux r,(f), ¢,(f) € 7

chr,(f) = (I(m), I(nly,_.). J(nly, ,). ... (0)) (6)
chq,(f) = (J(m). I (1), T(m,p,),- -, (0)). (7)

In other words, the subtableau of r,(f) containing entries < i has shape
J(uly), while the subtableau of ¢,(f) containing entries <n —i has
shape J(u ). If we define for each flag f €. a dual flag f* in V* by
i ={p € V*|o(f,_;) = 0}, then one readily verifies that q,(f) = r,-(f*)
and r,(f) = q,-(f*).

As was mentioned earlier, there is in general no direct relationship
between the type and cotype of the parts of f, and so there is no
one-to-one correspondence between r,(f) and ¢q,(f) either. However, we
have again an exception if A is a rectangular partition. To describe the
relationship in this case, we introduce the involutive operation T — T on
9, for rectangular A: let the square ¢ be the unique corner of A; then
whenever some square s <t has entry i in ¢, then the diametrically
opposite square ¢t — s has entry 77, =n — 1 — i in T (this is essentially
the same as the operation P — P of [9, Proposition 5.7]).

2.1. PROPOSITION.  If A is a rectangular partition, then q,(f) = rn(f)<> for
allf € 7,

Proof. Put chr,(f) = (/\”_, A0 and ch 7,(f) =_(_;L”, Wl

.., #°). Then each A’ determines u" ', as described in Proposition 1.3. or
0 <i < n, the square with entry i in r,(f) is A’** — A, which determines
the square w'~t— w77t containing 7, in ¢q,(f); therefore ¢,(f) =
r(H7

We define for any Young tableau T of shape A

EZIIrn(f)~T} (8)
€7 la,(f) ~ T). 9)

If the square [T'] lies in column j (which implies that U(n) and U*(n) are
non-empty), then one has w(Z, ;) € U*(n) and a(ZF*;) € U(n). More-
over, for any H € U*(n) the fiber 7, , N w, *(H) is isomorphic to Tl T-
by f— f~, and for any / € U(n) the fiber 7, N a;l(l) is isomorphic to



406 MARC A. A. VAN LEEUWEN

G- OV f — f . It follows by induction that each of the sets 7, ; and
Z]*T is non-empty and open in its closure. As T ranges over ,/A, the sets

.7 partition 7 into finitely many subsets, as do the sets F*

2.2. ProposITION. (1) For each T €, the sets ZLT and 7 are
irreducible.

: . def
(2 dim(Z, ;) = dim(ZF*;) = n()) = Y. oiA;, independently of T €
T
(3)  The set of irreducible components of 7, is equal to {F, |T € F; }
and to {/TTIT €T}

Proof. We proceed by induction on n =|A|, and only prove the state-
ments for .7, ;, as those for Z*, are entirely similar (and follow by
transition to the dual vector space) The case n = 0 is trivial, so assume
n>0; let T €5 and let [T] be the square (i, j). Since U*(n) is irre-
ducible and an orbit for Z,, it is already an orbit for the identity
compound Z: of Z, (in fact Z, is always connected, but we do not wish to
invoke that fact here). Using the isomorphism .7, ; N w, '(H) S5 T
for some H < U*(n) we may define a surjective morphlsm Z°
G- Fpr DY (z,f’) — z - f; since the domain of this morphism is
irreducible by the induction hypothesis, so is its image, which establishes
(1. We have dim(U*(n)) = dim(W*(n)) — 1 =i, and so for any H €
U*(n) we have d|m/ o =dim U*(n) +dimg, ;-=i+nshT) =
n(A) proving (2). Part (3) follows from (1) and (2) |

Remark. Part (3) gives two different natural parameterizations of the
irreducible components of 7, by Young tableaux. The first one, based on
the types of the parts of flags (as it uses rn), corresponds to the parameter-
ization used in [23], but in [17, 11.5.3] the other parameterization, based on
cotypes (gq,), is effectively used. We choose to work primarily with the
former parameterization, partly because it is somewhat simpler to use
restrictions than quotients, but mainly because this choice leads to a more
direct interpretation of the Robinson—-Schensted algorithm Note that our
choice does lead to a slightly illogical use of asterisks: .7, ; has a fibration
over U (n), while Z; has one over U(n).

We close this section with an example, illustrating these parameteriza-
tions of the irreducible components of .7 in the simplest non-trivial case,
namely for the Jordan type A = (2,1). Then .7, has two elements, namely
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and hence .7, has two irreducible components, of dimension n(A) =1.To

be specific, let us take
0 1 0
=10 0 Of.
0 0 O

Calling the standard basis vectors ey, e;, e, we have kern = {e,, e, and
im n = <e,, while n; = 0 for j > 1. There are two Z,-orbits of 7-stable
hyperplanes, namely the set Uj(n) of all hyperplanes containing im n =
(eq) but not kern = (e, €,), and the singleton U;*(n) = {{ey, e,)}. For
any H € Ug(n) the fiber o, *(H) consists of a single flag f, with f, =
H N kern = <e,) and of course f, = H, so Z, r 1s isomorphic to the
affine line U (n). On the other hand for H = (eo, e, € Ujf(n) we have
nlg = 0, whence an r-stable flag f with f, = H can have an arbitrary
element of P(H) as f;, so in this case the fiber w,*(H), which coincides
with 7 ., is a projective line. There is one element of &,  that lies in the
closure. of F, 1, namely the flag f with f; = ey and fr = Cep, €57
Therefore, the whole variety 7, can be depicted as follows:

n, T’

—
‘/n,T

This illustration should be considered to lie in P, X P;, with the horizontal
coordinate representing the choice of the hyperplane H = f,, and the
vertical coordinate representing the choice of the line f,. By reasoning
similar to that above, it can be seen that the fiber .7, of the morphism
a, is the horizontal line including the point of crossing, and 7", is the
remainder of the vertical line. So r, (f) # q,(f) for all flags fe€.7
except the flag represented by the crossing point of the lines, for which

r(f) =q,(f) =1 =[]

3. INTERPRETATION OF THE
SCHUTZENBERGER ALGORITHM

We shall now proceed to show that the two given parameterizations of
the irreducible components of .7 are related by the involution § of 97
defined by the Schiitzenberger (evacuation) algorithm. In fact we shall give
a more detailed description of the situation than this. We first recall the
following two kinds of configurations of four partitions that can occur
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within the doubly indexed family of partitions that was used in [9, 2.2] to
give a description of the Schiitzenberger algorithm.

3.1. DeriNniTioN. An arrangement of four partitions () %) with
v<u<Aiand v < u' < Ais called

(i) a configuration of type S1if uw = and (uw — V(A — w),

(i) a configuration of type S2 if u # w (sothatonehas A = uw U
and v=punNw).

Note that the condition (u — v)I(A — w) implies u = ' (there are no
other partitions between » and A), and that in the other case the two
partitions w, u' are the only ones between » and A. It follows that if (), %)

is known to be of type S1 or S2, then either one of w or u' is uniquely
determined by the other three partitions. The relevance of these configu-
rations becomes clear when one considers for v < u < A the following
variety &, , of partial flags, consisting of only a line and hyperplane part:

&, ., ={(LLH) €P(V)y X P*(V),|

n

J(lu) = w ALSH A () = v},

3.2. LEMMA. Let v < u < A, and let i be determined by the condition
that (), %) is of type S1 or §2. Then &, , , is irreducible, and J(n,)) = w' for
(I, H) in a Z stable dense open subset of &, , .

Proof. Put A — u=(i,j),u —v=_(rc) then & , , consists of those
pairs (I, H) with H € U*(n) and [ € U.(qly), from which its irreducibility
follows. If j=c or i =r, then () %) is of type S1, and J(n,) = ' is
forced by » <J(n,) < A If j #c and i #r, then (%) is of type S2; if,
moreover, ¢ # j — 1, then U.(nly) = U.n) follows from Lemma 1.5(4), so
J(n,) =X —(r,c) = . Inthe final case that ¢ = j — 1 and r > i, we find
for all H € U*(n), again using Lemma 15(4), that U/(n) =
P(W.(m)\P(W(n)) = P,\P; is dense and open in U(nly) = P(IW.(n)\
PW(nly)) = P\P,_, (with P_, = (), so the subset of &, , , of pairs
(1, H) for which [ € U.n) is dense and open, and on this set J(n,) = A —
(r,c) = u holds. 1

3.3. THEOREM. There is a dense open subset 7, of F,, such that for all

f €%, the following holds: if for i + j < n one puts \"/1 = JCny, ), then
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any configuration

A1 A i+ 1]
/\[i+1,j] /\[i+1,j+1]

is either of type S1 or of type S2.

Proof. 1t will suffice to find for each T €., a dense open subset of
Z,.r on which the stated condition holds. We use induction on n, with
n = 1 as the trivial starting case. Fix 7 € 7, and let the family (A"/)), . _,
of partitions be defined by ch 7 = (A% AL A%nl) and by the
condition on configurations in the statement of the theorem; we shall show
that for appropriately chosen f&€.% ; one has J(n, )= AT for
i +j < n. Choose some H € w(Z, ;); then by the induction hypothesis
applied to %, -, we have for f in a dense open subset of the fiber
For N wnl(H) that all instances of J(x, ) = A"/} with j >0 hold.
Since w(Z, ;) is equal to some Z -orbit U*(n), this property extends by
the action of Z, to a Z, stable dense open subset # of 7 ;. By
construction # is contained in {f €., ;| (f;, f,_,) €&, , ,}, which pro-
jects onto &, , with fibers that are all of dimension n(A""). It follows
that % meets the inverse image under this projection of the dense open
subset of &,  , described in Lemma 3.2. The intersection %’ of % with
this inverse |mage is a Z,-stable dense open subset of & ; on which the
additional property J(n, ;. ) = 1% holds. Then (%) is a single Z -orbit,
and %’ intersects each flber a, ~1(1) for | € a(%") densely; the image of
this intersection under fol is a dense open subset of 7 T T The
proof can now be completed by applying the induction hypothe5|s to
Zl/lvTi' I

S —
3.4. COROLLARY. Forall T €, one has 7, 1= " sr)-

Proof. This follows immediately from the theorem, and the fact that
the family A"/ with the mentioned properties can be used to compute
S(T) (cf. the proof of [9, Theorem 2.2.1]). 1

The proof given for this geometric interpretation uses a description of S
from which it obvious that S is an involution (in fact one that was used to
prove this fact combinatorially). However, even if we forget the proof, the
interpretation clearly implies that S is an involution, since f € .7"; is
equivalent to f* € 7. ;, and f** = f. In combination with Proposition
2.1, the corollary also |mpI|es that S(T) ~ T for tableaux T of rectangu-
lar shape, as stated in [9, Corollary 5.7]; in this case the geometric proof
has no purely combinatorial counterpart (the proof given in [9] is based on
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the relationship of the Schutzenberger correspondence with the Robin-
son—Schensted correspondence). There is on the other hand one combina-
torially obvious symmetry of S without any clear geometric meaning,
namely the fact that it commutes with transposition (a geometric interpre-
tation of this fact would require some operation that gives rise to transpo-
sition of Jordan types). Nevertheless, this symmetry of S will be important
below, when we give geometric interpretations of the Robinson—Schensted
correspondence and its transpose.

4. INTERPRETATION OF JEU DE TAQUIN AND
LITTLEWOOD-RICHARDSON TABLEAUX

The deflation procedure used in the Schutzenberger algorithm is related
to the operation of jeu de taquin (also known as glissement), which is
performed on skew tableaux. Jeu de taquin can be described completely in
terms of the deflation procedure [9, Sect. 5], which allows us to deduce
from Theorem 3.3 an interpretation of jeu de taquin. That theorem does
not mention tableaux or their entries directly, however, but is stated in
terms of families of partitions, and for our interpretation, all that matters
about a skew tableau is the chain in £ associated to it. For convenience
we shall work directly with such chains, rather than with skew tableaux: we
define a skew chain of shape A/u to be a saturated decreasing chain in &
from A to u. We denote the set of all skew chains of shape A/u by 7, ,,;
the set 7] is in bijection with 7, ; by P — ch P.

We proceed to give a geometric interpretation to skew chains, in analogy
to the definition of .7, ; for Young tableaux 7. Let & be the variety of
m-dimensional - stable subspaces of I/, and let 37(’") be the set of n-stable
partial flags in 1V with parts in dimensions m and higher, i.e., of chains
f=fp Cfasr € = Cf, =V)with f, € g7 For f € 7™ the part f,, of
minimal dimension will be denoted by | f ], and we define the complete flag
f=C,/Iflc - <f,/LfD €70 by reducing all parts of f modulo
Lf]. We also define r,(f) = (), J(nly,_),..., () €5 ,,, where
w=J(nl ), and put

Fox = {f €7 (f) = K}.
4.1. PROPOSITION. .Z,  is an irreducible variety of dimension n(\) —

n( ), for every K €7, ,,.

Proof. The proof is entirely analogous to that of parts (a) and (b) of
Proposition 2.2, the only difference being that the induction starts at
|Al = | u| rather than at [A| = 0. |
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For a Young tableau T € .7, let T_,, denote its subtableau of entries
less than m; putting uw=shT_,, let T, , €5  denote the subchain
(shT,shT~,..., w) of ch T corresponding to the remaining entries. If we
denote by 7' *' the result of applying the deflation procedure i times to
T, then the relation K > K' of glissement (K’ is obtainable from K by
inward jeu de taquin slides) is defined in [9, Sect. 5] by restricting 7' and
T'*' to skew subtableaux with the same set of entries. The corresponding
definition for skew chains is that 7. ,, > T, for i < m. We obtain from
Theorem 3.3

4.2. COROLLARY. Let K €ETu be a skew chain, and let P €.9, be a

Young tableau such that K > ch P. Then there is a dense open subset 7, x of
F, k such that rn/m(]_‘) =Pforall f €.

Proof. Since K> ch P, there exists a T €9, with K=T,, and
P~T*'"™ Let p denote the natural projection .7, ; — .7, . (which is
clearly surjective), and take .7 x = p(Z, + N.F,'), where 7' is as in Theo-
rem 3.3; the conclusion of that theorem immediately implies rn/m(]‘) =P

forfes v |

In this geometric interpretation, confluence of jeu de taquin is obvious:
P is uniquely determined by K. We now partition £, according to the type
and cotype of its elements: for u €2, v €2, _, put

gr,={XegJ(nlx) = AJ(n,x) = v}
furthermore, denote by 7,7 " the set of K €9, ,, such that K > ch P for
some P €9,.

4.3. THEOREM.  Denote by : "™ — & the morphism given by f — | f].
Let weR, and vEP, _

m*

(;L) IfK 6'9;? e th?n the .image w(F, k) of the set F' . of Corollgry
4.2 is dense in an irreducible component of Z7, of dimension
def '
n(A; w, v) = () — n( w) — n(v). Moreover, any such component is so ob-
tained as w(Z, ) N g, for at least one K €77, and there are no
components of higher dimension.

(2) The number of irreducible components of gy, of dimension

n(A; w, v) is equal to the Littlewood—Richardson coefficient cl’:‘,,, and

they can be explicitly parameterized by the Littlewood—Richardson tableaux of
shape A/ and weight v.

(3) For K,L €37, the irreducible components (7, ) N &, and

w7, ) NE', of &, are equal if and only if K and L are dual equivalent

in the sense ng[Z].
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Limiting itself to what can be deduced from Corollary 4.2, the theorem
avoids any statement about possible irreducible components of £7 ~ of

14

dimension less than n(A; u, v). However, we shall show below that such
components do not exist, and so an accordingly simplified and strength-
ened form of the theorem does in fact hold.

Proof. (1) It is clear that 7 *(Z),) C Uk e, 70 k» Whose compo-
nents have dimension n(A) — n( w), and the fiber 7~ '(X) at any X € &7
is isomorphic to 7, , y, whose components have dimension n(v). Therefore
any irreducible component C of £7, 6 can have dimension at most
n(A; u, v), and when it has this dlmen5|on 7~ 1(C) is dense in some union
of sets 7, x with K €5 ,,. By Corollary 42 one has (%) c &7,
whenever K €7, from which the claims follow.

(2) Corollary 4.2 also implies that if K > ch P, then Z, k meets any
fiber 7~ 1(X) with X € m(Z, k) in the irreducible component of that fiber
that corresponds to T P hence fixing an arbitrary P €., the irre-
ducible components of ?J of dimension n(A; w, v) correspond bijectively
to the skew chains K € 97" with K > ch P. The number of such K |s
known to be independent of the choice of P [15, (3.7)] and equal to c;
([15, (4.7)], see also [10, Theorem 5.2.5]). In fact there is a specific P € J
for which the Littlewood—Richardson tableaux T of shape A/pu and
weight v correspond directly to the skew chains K € Z?; with K > ch P.
To associate to a semistandard skew tableau 7 a skew chain K, one uses
the well-known process of standardization: to form the chain K of parti-
tions starting from A, the squares of T' are removed by decreasing entries,
and among squares with equal entries from right to left. Jeu de taquin is
defined for semistandard tableaux in such a way that it commutes with this
standardization, and it preserves the property of being a
Littlewood—Richardson tableau. The indicated special tableau P €.7, is
such that ch P is the standardization of the tableau T, of shape » in which
each row i is filled with entries i (T, is the unique Littlewood—Richardson
tableau of shape v, and it has weight v). Then K €9, ,, Is the standard-
ization of a Littelwood—-Richardson tableau T of weight v if and only if
K> chP.

(3) Define for K, L € ;7" the equivalence relation K = L to mean
mF, D NEN, =7F )N 5;”’ . We have established above that for any
P € 7, the jeu de taquin equwalence class {K € 7,7 /|K > ch P} is a set of
representatives for the classes for = . As the members of such a jeu de
tfaquin equivalence class are mutually dual inequivalent (this is the easy
part of [2, Theorem 2.13)]), it will suffice to prove that K = L implies the
dual equivalence of K and L. We shall establish this by finding a sequence
of jeu de taquin slides that transforms K and L respectively into K', L €
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9, 1z preserving equality of shapes at each step; being (chains of) Young
tableaux of the same shape, K’ and L' are dual equivalent [2, Corollary
2.5], which implies dual equivalence of K and L. Since K=1L, it is
possible to choose partial flags f € .7, and ' € 7, with [f]=|f"]; by
extending f and f’ identically by suitably chosen parts in dimensions less
than m, one obtains flags f, f € & F, such that T =r (f) and U =r (f)

satisfy T, , =K, U, , =L,and T_,, = U_,. Then for i < m the shapes
of the skew chains 7.}," and U}’ are both equal to J(n,7)/J(n, 1)

(since f f ), which gives the required sequence of slides transforming K
and L respectively into K'=chT'*" and L' =chU**™. |

The detailed statement of the theorem appears to be new. However, the
relation between 7, and Littlewood—Richardson coefficients was already
indicated in [18, Theorem 4.4]. The setting there is in fact more general,
with a semi-simple linear algebraic group G replacing GL ,; correspond-
ingly, £, is replaced by a variety 2, »(P) of parabolic subgroups, and
Littlewood—-Richardson coefficients by decomposition multiplicities for
representations induced from the Weyl group W' of a Levi factor of P to
the Weyl group W of G. (Our theorem corresponds only to maximal
parabolic P but can be extended easily so as to correspond to arbitrary
parabolic subgroups.) The number of irreducible components of 7, of
dimension n(A; u, v) appears in a somewhat disguised form, as a decom-
position multiplicity n, 5 ,, for a permutation action of a group
C;(A) X C;(B) on the set of irreducible components of 2 ,(P) of that
dimension; for GL,, the group C;(A) X C4(B) is always trivial, and
n,4 s 4, reduces to the number of components acted (trivially) upon.

Another, rather weaker connection between the Littlewood—Richardson
rule and the geometry of .%, was indicated in [21]. Its main theorem (4.2)
corresponds to our Corollary 4.2, but it is stated (and proved) in a
somewhat roundabout fashion in terms of permutations, whose link to
geometry is formed by Steinberg’s interpretation of the Robinson—-Schen-
sted correspondence (which will be discussed below). In fact, that theorem
itself involves no geometry at all, and it can be proved in a purely
combinatorial manner. Since only a fixed maximal parabolic subgroup P is
considered, no connection with the geometry of 7, is indicated; the
Littlewood—Richardson coefficients, which arise in relation to jeu de
taquin in the same way as above, are only given their traditional represen-
tation theoretic interpretation.

As we have seen, dual equivalence classes in 7,77 are in bijection with
Littlewood—Richardson tableaux of shape A/uw and weight ». Once the
latter have all been determined, one can construct the set {K € 77 |
K > ch P} effectively, not just for the special tableau P indicated in the
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proof above, but for any given P € 7. Such a construction is given in the
proof of [10, Theorem 5.2.5] in terms of the Robinson—Schensted corre-
spondence for “pictures”; we shall formulate it here without using pic-
tures. One associates to any skew chain K €.7, ,, a permutation w(K) by
concatenating the rows of the skew tableau corresponding to K, taking
them in order from bottom to top. Call the two Young tableaux (P, Q) =
RS(w(K)) the P-symbol and Q-symbol of K; then the P-symbol of K
characterizes its jeu de taquin equivalence class (indeed K > ch P), and
the Q-symbol its dual equivalence class. Whenever c , > 0, all tableaux in
g, occur as the P-symbol of some Kez'j:, but not necessarily as a
Q-symbol. The set of tableaux that do so occur is precisely the set
O(A/ u, v) of Q-symbols of Littlewood—Richardson tableaux of shape A/u
and weight » (where the O-symbol of a semi-standard skew tableau is
defined either as the Q-symbol of its standardization, or directly by
concatenating its rows and applying the version of the Schensted algorithm
that allows repeated entries; either way the Q-symbol is a standard
tableau). One then has

(w(K)IKeZ5y AK>ch P} ={RS"}(P,0)I0 € Q(A/n,v)},

from which the desired set of skew chains K is readily reconstructed.

Now as promised we shall rule out the possibility that £, could have
irreducible components of dimension less than n(A; u, v), WhICh implies in
particular that 7, = (J whenever cﬂ = 0. This requires an algebraic
construction that assouates a Littlewood—Richardson tableau to any indi-
vidual element X € 7, . We essentially use the construction described in
[11, 11 3], but since our context is dual to the one considered there, we
shall present an adapted version of the construction and proof.

4.4, PROPOSITION. For any A, w, v €2, the irreducible components of
?M" , are precisely those described in Theorem 4.3, i.e., ?M’f , has no irreducible
components of dimension less than n(A; w, v).

Proof. We shall construct for any X € £7, a tableau K € 77" with
X € w(Z, ), then X lies in the component =(¥ ,) N g7, and the
proposmon follows. Fix X e ?”V, and for i € N put X, =n"(X) and
w =J(nlx) (in particular u’ = pu and w” = A). By f|II|ng each skew
diagram Y( wTH\Y(u') with entries i we obtain the transpose of a
tableau T of shape A /u’ and weight »* (by Proposition 1.2, since
J(n,x) = v); we claim that T is a Littlewood—Richardson tableau (i.e.,
T > T,). Assuming this for the moment, the transposes K €., ,, and
P €9, 5 of the standardizations of 7" and T, satisfy K > P (jeu de taquin
commutes with transposition), so K € 77 . To show that X & m(Z, k), it

suffices to extend the sequence of subspaces X, CcX; C - CX, by
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interpolation to some f € .7, . Now n acts as 0 on each of the quotient
spaces X;.,/X;, so any choice of complete flags in those spaces leads to a
fe ,97,,('”), which has moreover the property that all partitions u’ occur in
the chain r,(f); we only need to show that it is possible to obtain
r,(f) = K. In fact, among the irreducible set of choices for f, a dense
subset has r,(f) = K; this follows from the observation that for any
subspace I 2 im 7, the projective space S = {H € P*()),|H 2 V'} meets
U*(n) whenever the vertical strip Y(M)\ Y(J(nly»)) meets column j, and
then of course the intersection is dense in S for the minimal such ;.

It remains to show that 7 is a Littlewood—Richardson tableau. That 7 is
a semi-standard tableau means that each Y(u'*H)\Y(u') is a vertical
strip, or equivalently, (u'*H! > (u)! > (u'*H,, for i,c € N; this fol-
lows from the easily verified inclusions W.(nlx ) 2 W.nlx) 2
W. . (nlx,. ). The remaining conditions for T to be a Littlewood—Richard-
son tableau can be formulated in several equivalent ways, but the following
will be practical here, in view of Proposition 1.1: denoting by T(i, c¢) the
number of entries i in the first ¢ rows of T, one has T(i + 1,¢ + 1) <
T(i,c) for i,c € N (this implies T(i, ¢) = 0 when i > ¢). Now T(i, ¢) is the
difference between the number of squares in the first ¢ columns of
Y(w'™h) and of Y(u'); putting X = ker(nlx ) = X; N ker n°, we there-
fore have by Proposition 1.1 that 7(i, c¢) = dim X/, , — dim X{ =
dim(X5, ,/Xf). Now for all i,c one has n '(Xf) = XS whence 7
induces an injective map XS }'/X¢E — XS, /Xf, giving the required
inequality 7(i + 1,¢c + 1) < T(,c). 1

5. RELATIVE POSITIONS OF FLAGS

Besides the use mentioned above of the Robinson—Schensted algorithm
as a computational aid in dealing with classes of jeu de taquin equivalence
and dual equivalence, there is also a direct geometric interpretation, due
to Steinberg, of the correspondence defined by it. To formulate it, we need
to attach a geometric meaning to permutations; it will be based on the fact
that permutations of »n parameterize the orbits for the diagonal action of
GL, on & X . This parameterization can be defined by associating to
each pair (f, f') of flags a permutation called the relative position of f and
f' that will characterize the GL ,-orbit of (f, f’). By definition o € S, is
the relative position of f and f' if there exists a basis e;,...,e,_, of VV
such that f; = (ep,...,¢;_y> and f/ =<e, ,...,e, » forall i <n. The
fact that there always exists a unique such o is the essence of Bruhat’s
lemma for GL,, but it is useful to give here an explicit demonstration of
this fact. We shall use the auxiliary concept of a growth matrix.
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5.1. DEFINITION. A growth matrix of order n iS a matrix A =
(A; o< j<nWith entries in N satisfying

(i) A,y=A4,;,=0and 4, ,=A4,,=ifor0<i<n.
(i) A,,;—A4,;€{0,1}and 4, ;,, — A, ;€{0,1}for0 <i,j <n.
(i) Ay 00 =A; 0 =A;=A,; (equivalently, A, ,;, =

Ay j= A, .0=4;)for0<i,j<n.

A growth matrix A = (Aiyj)ogi'jgn corresponds bijectively to a permu-
tation o(A) € S,, whose permutation matrix IT (given by II, ; = 8, (1),
for 0 <i,j < n)is related to A4 by the equivalent relations

Hi,j =Ai+1,j+l _Ai+1,j _Ai,j+1 +Ai,j for0<i,j<n,

A-‘: Z Z Hi’,j/ fOI‘OSl,]Sn

i j
0<i'<i 0<j'<j

Define w(f, f') = 0 (A), where A is the growth matrix with A4, ; =
dim(f; N /). From the definition it follows that if o is the relative position
of fand f’, then = (f, f') = o; in particular o is unique. Conversely, for
o= w(f, f'), abasis eg,...,e,_, witnessing the fact that o is the relative
position of f and f’ can be constructed: for each i put j = o7 ! (so that
I, ; = 1) and choose for e; any vector in the complement of the subspace
finf within f/ ., nf/., (by the construction of o this subspace is a
hyperplane, and equal to both f;,; N f/ and f, mf;.’ﬂ). As an example, if
f=f' then A, ;= min(, j), whence = (f, f') is the identity permutation;
at the other extreme, when f and f’' are in general position one has
A; ;= max(0,i +j — n), whence 7 (f, f') = 7, the order reversing permu-
tation.

Remark. Besides the mentioned growth matrix A4, growth matrices B,
C, and D can also be associated to (f, f'), with B; ; = dim(f,/(f; N f;,_,)),
C,; =dim(fj/(f,_, N ), and D, ; = dim(V/(f,_; + f,_;). Putting o =
o(A) = w(f, '), it can easily be verified that ¢(B) = o7, o(C) = no,
and o (D) =7on. Since dim(V/(f,_; + f,_)) = dim(f N fj*), the last
case implies that the relative position of the dual flags is obtained by
conjugation by 7. w(f*, f'*) = ww(f, f)n. It is also obvious that = (f’, f)
= a(f, fH L

Remark. The Bruhat order < on S, can be defined in terms of the

associated growth matrices: if o = 0(A4) and o’ = o(A4'), then one has
o<o' ifandonlyif A4; ;> A; ; forall i, . It follows that for any o € S,,,

the closure of {(f, f) | w(f, f) =ocYin FxXFis{(f, )| «(f,f) < o}
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6. INTERPRETATION OF THE
ROBINSON-SCHENSTED ALGORITHM

In this section we shall demonstrate the result, due to Steinberg, that for
a pair of flags generically chosen in irreducible components of &, parame-
terized by a pair of standard Young tableaux, their relative position is
related to those tableaux by the Robinson—Schensted correspondence.
Like the interpretation of the Schiitzenberger correspondence, this shall
be deduced from a more detailed statement that gives an interpretation of
all the partitions in the doubly indexed family describing the algorithm; in
the current case that family is the one of [9, 3.2]. We recall the basic
configurations that can occur.

6.1. DEFINITION. ~ An arrangement of four partitions (,, %) is called

(i) aconfiguration of type RS1if v=p = < dand p, = Ay — 1,
(i) a configuration of type RS2 if v < pu = <A, with p,,, =
Ay, — land v, = u;, — 1 for some i > 0,

(iii) a configuration of type RS3 if v<u <A, v<u' <A, and
JIET

(iv) a configuration of type RSO if v=pu< =X or v=y <
m= A

6.2. DEFINITION. A family of partitions (Al"/1), where i and j each

range over an interval of Z, is said to be of type RS if any configuration

prLm) Mij+1]
AL 1 Zl+Lj+1)

is of one of the types RS0-RS3.

Families of type RS were used in the proof of [9, Theorem 3.2.1] to
relate a permutation o and the pair (P, Q) = RS(o) of tableaux com-
puted from it by the Robinson-Schensted algorithm. The pair (P, Q)
describes the partitions at the boundary of the family, while o describes
the places where a configuration of type RS1 occurs; specifying either of
these suffices to determine the entire family. More precisely, to a family
(A1), _; 2, of type RS with Al"") = A, we associate tableaux P,Q € ;
such that ch P = (A= An=Lnl = p0nl)y and ch Q = (A7) Al =1l
..., A"%) “and a permutation o = o(A) where A is the growth matrix

with 4, ; = |A"/]|, which means that i = o; if and only if

Aidl plh+1
)\[i+l,j] )\[i+l,j+1]
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is of type RS1. (In its relation to P, Q, and o, our family has its indices
interchanged with respect to [9]; it remains of type RS, and it still
establishes the relation (P, Q) = RS(o).)

6.3. THEOREM. Let P,Q €9, and o € S, with (P, Q) = RS(o). For
all (f, f') in a dense open subset of 7, p X F, o, the family J(lsn r)o<; j<n
is of type RS, and in particular w(f, f') = o.

6.4. LEMMA. Let u, W < A, and let v be determined by the condition that
(2 %) is of one of the types RS1-RS3. For any H, € P*(V'), with J(n|p,) =

W, there is a dense open subset of {H € P*(V),|J(nly) = u} on which
](T]'HmHo) = v holds.

Proof. If w# u' the configuration is of type RS3, and it follows from
Proposition 1.2 that one always has J(nlynp,) = v=pu N . Assume
now that w = u/, and let A — u = (i, j), so that H ranges over the set
U*(n), which has dimension i. If i = 0 the configuration is of type RS1
and U*(n) = {H,}, so that for the unique choice H = H, one has
Jly an,) =J(nlg) = w = v. Finally, if i > 0, the configuration is of type
RS2. We claim that intersection with H, defines a surjective morphism
U*(m)\{Hy} = UF(nly,), where w—v=_>—1,j): the lemma then
follows by taking for the dense open subset of U*(n) the intersection of
U*(n) with the inverse image of U (nly,). To prove the claim, observe
that restriction to H, defines a linear map W*(n) » W;*(nly,) =
Wi (nlu,), the surjectivity of which follows from Lemma 1.5(3), or from a
dimension consideration. |

We note that in the final case each of the fibers of the map U*(n)\
{Ho} = UF(nlu,) meets U*(n), whence the restriction of that map to
U*(m\{H,} is still surjective. This means that in this case any partition
obtained from w by removing a corner in some column ¢ > j' can arise as
Jlu n u,) for some non-generic H € U*(n); of course, by taking H = H,
one can obtain J(nly ~u,) = u as well.

The lemma can also be formulated as follows: with A — u = (i, j) and
w — v=(,j), one has for H in a dense subset of U*(n) that H N H, €
Ur* (nlu,). 1t is not true in general, however, that as H traverses this subset
of U*(n), the values H N H, traverse a dense subset of U7 (nlx,). The
reason for this is that within H, equipped with 5|y, the subspace im 7 is
in no way special (it is not fixed under automorphisms), yet H N H, always
contains it (because both H, and H do so). Although in some cases it can
be shown that all hyperplanes in Uj/*(ano) contain im 7, there are also
cases where this is not so. This circumstance makes the proof of Theorem
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6.3 more difficult than that of Theorem 3.3. There are no difficulties,
however, in extending the lemma as follows.

6.5. LEMMA.  Fix an arbitrary flag f' € &, and P € }; for all fin a dense
open subset of 7, p, the subfamily of J (|~ ), <, determined by j €
{n — 1,n} is of type RS.

Clearly only the hyperplane part H = f,_, of f' is relevant here. The
sequence of subspaces f; N H forms a complete n|y-stable flag in H,
except that one part is repeated. Denoting this flag (without the repetition)
by f N H, the lemma states that for generic f€.7, , one has fNH €
Fap ad finH=f_, N H, where P' and i are found by applying
Schensted extraction (reverse insertion) to P, starting at the square
A — J(nly) (recall that the entries of P start at 0).

Proof. We apply induction on n. Put (A",..., A% =ch P (so that

Xo=J(ql;), and w' = J(qls,~ ). Applying Lemma 6.4 with /' = p", u =
A""' and H, = H, we get for f, , in a dense open subset # of w(%, ,)
that

/\Lnfl /\nfl
Mn P

is of one of the types RS1-RS3. If it is of type RS1, then f,_, = H for all
f€F, p,s0that u' = X' for i <n, and the remaining configurations

Mi )\i
Mi+l /\i+l

(0 <i<n—1) are of type RSO. Otherwise we fix any K € # and con-
sider the fiber w 1(K); the remaining configurations are then taken care
of by induction applied to nlx and K N H in place of n and H, respec-
tively. 1

This lemma does not suffice as an induction step for the proof of
Theorem 6.3. The induction hypothesis wiII describe the generic relative

position of the pair formed by a flag in %, , and f"", but for reasons
indicated above, the set of flags f N H is not generally dense in &,

and it is conceivable that the generic relative position of f N H and '~
different (smaller in the Bruhat order). To dispel this possibility, we shaII

show that it is possible to write generic flags f .7, , as fm H for
some f €% ps where 7 is a nilpotent transformation of V' other than 7,

but with J(3) = A and 7|y = nly. To that end, we shall now consider the
reverse process of restricting a nilpotent transformation to a hyperplane.
Let 0 < i, < n and define the following vector bundle over .7, ;:

'r]TzU {(f U)E XV|U€fio}'
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Clearly 7, ; ; is stable under the diagonal Z,-action on %, X V. For any
(f,v) €7, 1, we define in the n + 1-dimensional space V" X k a nilpo-

tent transformatlon m and a flag f as follows. Let ¢ = (0,,1) € V X k;
then 7 is determined by 7|, = n and 7(e) = v, and f is defined by

~ |fi if0 <i<i,,
fi=1 °
Pl fioie (e ifiy<i—1<n.

It follows from v € f; that £ is 7-stable.

6.6. LEMMA. Let T €.9; and 0 < iy < n. For all (f,v) in a dense open
subset of F, 1., the associated 7 and f satisfy the following property: with
vt =J3l7) and N =J(nlgay) for 0 <i <n + 1, any configuration of the

form
Y v
)\H—l Vi+1

is of type RSO if i <i,, of type RS1 if i =1i,, and of type RS2 or RS3 if
i> .

Proof. One has chT = (A"*1,... Xo*L = Xo, .. %) since f, NV is
fi if i <i,, and f,_, otherwise. Then the unique sequence of partitions »’
for which the given conditions on configurations hold is readily con-
structed; we shall take this as the definition of »‘, and show that JAl7) =
v’ holds for 0 <i < n + 1, provided (f, v) is chosen in an appropriate set.
The statement for i < i, is immediate. For the remaining statements we
shall apply induction on n (fixing i,), starting at n = i,. Put v = »"** and
let v — A = (7, ¢); then by Lemma 1.5(2), the statement J(7)) = v means
that ¢ is the minimal value with v € imn + kern°. For n =i, one has
Fotiy = I 1 X V, r=0, and c = v, which is the least value for which
imn + kern =V (in fact kern° = V), so the subset of & of pairs
(f,v) for which J(3) = v is dense and open.

As preparation for the induction step, note that the statement of the
lemma implies that the smallest subspace of V', necessarily Z, -stable,
containing im n and all values v for generic (and hence for all) (f,v)
F 1.1y €0uals imn + ker n°. Now assume n > iy, and choose an arbitrary
hyperplane H € (7. 7). Defining &: 7, -, — P*(V) by &(f,v) = o(f),
it will suffice to show that the property in the lemma holds in a dense open
subset of & '(H) =.7, , as one can then use the action of Z, to
extend this subset to one of Fu1.i,- The induction hypothesis gives a dense
open subset % of @ '(H) on which J(3j|7) = »' for 0 < i < n; it remains

to show that generically one also has J(7) = v. If v" # A then this holds

'r]Tl
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on all of Z by Proposition 1.2. Otherwise

A"

A v
is of type RS2; let v" — A" = A — A" = (r — 1,¢'). By the induction hy-
pothesis, the smallest subspace of H containing {v | (f,v) € %} is im(n|y)
+ ker(nly)¢. Moreover, since H € U (V) this is equal to im 7 + ker ¢
by Lemma 1.5(3), and since ¢ = A, is the largest part < ¢’ of A, it is also
equal to im n + kern°. If ¢ = 0 one has J(3) = v on all of %; otherwise
this holds on the open subset {(f,v) € Z|v & im n + ker n°~1}, which is

non-empty (since A, = ¢ implies dim(@im n + ker n°~1) < dim(im n +
ker n°)) and therefore dense. |

We have now collected all the ingredients necessary to proceed with an
inductive proof of Theorem 6.3.

Proof of Theorem 6.3. For n < 2 the theorem is obvious, so assume
n > 2; we shall prove that for any choice of H w(Z,Q) the family
Jnlgno<ij<n is Of type RS for (f,f') in a dense open subset of
e(H) =%, p X (0 Y(H) N, o)- Let P and i, be the result of applying
Schensted extraction to P starting at square A" — Almn-1 5o that
ch(P') = (Amn=U Niotbon=1] — )lion=11" = " Al0.n=11) '| emma 6.5 pro-
vides a dense open subset ' of ¢(H) on which the configurations

/\[Ifl,n*l] /\[ifl,n]
A[i'n_l] /\[i,n]

are all of the required types, which implies f N H € %, . On the other

hand the induction hypothesis provides a dense open subset Z” of 7,
X Z, o- such that remaining configurations

N u,
Ai—Lj=1 )li-1.]]
M1 pILm)

are of the required types whenever (f N H, f'~) € %". (Here the family of
partitions obtained for (P’, Q) has been enlarged by duplicating each
Ao/l to account for the fact that f, N H =f, ., N H) The set % =
{(f,f)ex | (fnH, f~)e#"}isopenin go(H%, and it remains to show
that 7 # .

The set " and the dense open set of Lemma 6.6, applied with n|y for
m and P’ for T, both project to a dense open subset of .7, ., and the
intersection of these images is non-empty. For a choice of inverse images
of any point in the intersection, one finds a nilpotent transformation 7 of
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Hxk with J@) = and 5|y =y, and (f, ) EF p X F o With
J@l7a ) = A7) for all i, j. There exists a linear isomorphism g: H X k
— V' for which gom = ncg, and by the transitive action of Z,6 on
w(Z, o) one can achieve that, moreover, g(H) = H; then g(f, ) € %,

completing the proof. |

Remark. Note that in the final argument we do not assume that g fixes
H pointwise; indeed, this may not be possible, since it would imply
im7 = g(im %) = im n (the latter identity follows from g% = ne° g), but
the whole point of the construction of % was to avoid fixing im % to any
particular subspace of H.

7. INTERPRETATION OF THE TRANSPOSED
ROBINSON-SCHENSTED ALGORITHM

In this section we deduce, in close analogy to the pervious section, an
interpretation of the version of the Robinson—Schensted algorithm that is
defined using column insertion instead of row insertion and hence yields
transposes of the tableaux P and Q. We start with a statement that is dual
to Lemma 1.5(4).

7.1. LEMMA. Letl € U(n), and let v: (V/I)* — V* be the map induced
by the canonical projection V — V/I. For j # c one has (W*(n,) =
W*(n), while «W.*(n,,)) has codimension 1 in W*(n).

Proof. Clearly ¢ is injective, and the image of im n + ker n’ under the
projection V' — V/I is contained in im0, + ker(n,,)’, whence «(W;*(n,,))
C W*(n). The lemma follows by dimension consideration. 1l

7.2. DEFINITION.  For any arrangement of partitions (» #) of type RSi
(i =0,...,3), the corresponding arrangement of transposed partitions

vt Mt
kb X
is called a configuration of type RS'i (the types RS'0 and RS'3 are identical

to types RSO and RS3, respectively). If a family of partitions (A7) is of
type RS, then the family of transposed partitions is said to be of type RS".

7.3. LEMMA. Let p, W < A, and let v be determined by the condition that
(%) is of one of the types RS'1-RS'3. Then for any | € P(V), with
J(n,)) = W, there is a dense open subset of {H € P*(V), | J(nly) = u} on
which J(ny ;o yy) = v holds.
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Proof. If the configuration is of type RS’3, the conclusion follows
(without the need to restrict to a dense subset) by Proposition 1.2.
Otherwise w = w/, and we put A — u = (r, ¢), so that H ranges over the
set U (n) (of dimension r). By Lemma 7.1, the subspace «(W*(n,,)) of
W*(n) has codimension 1; therefore, while H 2 ker ¢ for all H € U*(n),
there is a dense open subset % of U*(n) on which H 2 n~°(]). If the
configuration is of type RS‘1 (i.e., c = 0), one has I N H = {0} for H € %,
and therefore J(ny ) = m = v. Finally if ¢ > 0, so that the configu-
ration is of type RS’2, it follows from H 2 kern or [ € imn that H D I;
for H € % one has H/I  ker(n,))*, but H/I O ker (n/,)c‘l by applica-
tion of Lemma 7.1 for j = ¢ — 1, whence H/Il € U’ (n,). Then J(x )
differs from w =J(n,,) by a square in column ¢ — 1 and is therefore
equal to v. |1

Note that the generic cases match those of Lemma 6.4, with all parti-
tions transposed, but the non-generic cases do not. We know of no
geometric explanation for the first fact, but the latter is no surprise, since
transposition reverses the dominance ordering on Jordan types that de-
scribes orbit closures.

7.4. LEMMA. Let | € P(V),. For all ﬂagsfm a dense open subset of F,
the following holds: defining A= J(nly) and p' =J(n; ;) for 0 <i <mn,
any configuration of the form

/-Li )\i
il Nt

is of one of the types RS'0-RS'3.

Proof. This follows from Lemma 7.3 just as Lemma 6.5 follows from
6.4. 1

Similarly to the situation for the interpretation of the ordinary Robin-
son—Schensted correspondence, the sequence of spaces f/(I N f;) forms a
complete m,-stable flag in V//I with one part repeated. For generic
f€F 1 thls flag lies in T T and has part i repeated, where this time 7’
and i can be found by applymg the Schensted column extraction procedure
to T starting at square A — J(n/,), but again the set of flags so obtained is
not generally dense in the indicated set. Here too the difficulty can be
resolved by a converse construction to (in this case) dividing out the line I.

For 0 < i, < n and define the following Z,-stable set (a vector bundle
over Z, ;).

T T, ik {(f ¢) € TXV*|f Cker¢}
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To (f, ¢) € Z, 1 ;» We associate in the n + 1-dimensional space V' X k a

nilpotent transformatlon 7 and a flag f as follows. For (v, x) € V X k put
7(v, x) = (n(v), ¢(v)) and with [ = {0} X k € V' X k define

~ (f if0 <i<i,,
f= i 0
o fio el ifip<i—1<n.

Since f; < ker ¢, the flag f is 7-stable. We identify (V' x k) /I with V, so
that f/l fioq fori>i,.

75. LeMMmA. Let T €9, and 0 < iy < n. For all (f, ¢) in a Z, -stable
dense open subset of 7, 1 ;x, the associated 7 and f satisfy the following: with

vi=JGly) and X =J(np,4n ;) for 0 <i<n+ 1, any configuration of
the form
N v
Ai+l Vi+l

is of type RS'0 if i <i,, of type RS'1 if i = iy, and of type RS'2 or RS3 if
i > i

Proof. The proof is analogous to that of Lemma 6.6, with variations as
follows. Let the families »' and A’ be determined by the requirements on
the configurations; put »= v"** and v — A = (r,¢). Since (kerm)/I =
kerm N ker ¢, the statement J(3) = » means that ¢ = min{j|W(n) c
ker ¢}, by Lemma 1.5(1). In the starting case n = i, of the induction this
holds, as ¢ = 0 and (f, ¢) €5, ; ,+ implies ¢ = 0. For n > i, and H €
w(F, 7) there is a surjection (f, ¢) = (f7, ¢|x) of the fiber o (H) (with
a(f, ¢) = o(f)) onto the variety 7, ;- ; (not an isomorphism, as in the
proof of Lemma 6.6). The mductlon hypothesis provides a dense open
subset of 7, ;- . let  C @ '(H) be its inverse image, and »" — A" =

(r',c; then I/I{.(nly) = ker(mly) N N 4yen ker(@lu). In the interesting
case RS2 one has v" = X and ¢’ = ¢ + 1, whence W,..(n) strictly contains
W.(nly) by Lemma 1.5(4), and W.(n) ¢ ker ¢ for some (f, ¢) € Z.
Therefore {(f, ) € # | W.(n) ¢ ker ¢} is dense in %, and on this subset
¢ =min{j | Wi(n) C ker d)} since W.n) = W.nly) < ker ¢ for all
(f. ¢) € w’l(H) |

7.6. THEOREM. Let P,Q €9, and o< 'S, with (P', Q") = RS(o).
For all (f,f') in a dense open subset of 7, pXF",, the family
J(nf,-/(f,-nf,",j))osi,jsn is of type RS', and in particular w(f, )i = o.

Proof. The proof is analogous to that of Theorem 6.3, using Lemmas
7.4 and 7.5 instead of 6.5 and 6.6. |
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Note that with the use of Theorem 3.3, the equivalence of the descrip-

tions of the generic value of = (f, f’) given in Theorems 6.3 and 7.6 follows
from the purely combinatorial statement [9, Theorem 4.1.1]. We have
preferred to give independent proofs of Theorems 6.3 and 7.6, thereby
giving a geometric explanation for the *“witchcraft operating behind the
scenes” (cf. [6, p. 60]) of that combinatorial theorem.
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