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Abstract

We consider the problem of finding a uniform hypergraph that satisfies cut demands defined

by a symmetric crossing supermodular set function. We give min–max formulas for both the

degree specified and the minimum cardinality problem. These results include as a special case a

formula on the minimum number of r-hyperedges whose addition to an initial hypergraph will

make it k-edge-connected.
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1. Introduction

The problem of making a graph k-edge-connected by the addition of a minimal
number of new edges, originally solved by Watanabe and Nakamura [7], has many
extensions that have been subject to considerable research. Some recent results have
shown that similar questions for hypergraphs are also worthy of interest. Cheng [3]
gave a formula on the minimum number of graph edges that can be added to an
initial ðk � 1Þ-edge-connected hypergraph such that the resulting hypergraph is
k-edge-connected; Bang-Jensen and Jackson [1] extended this result to the case when
the initial hypergraph can be arbitrary. This min–max theorem was then further
generalized by Benczúr and Frank [2], where they considered the minimum number
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of graph edges that can cover a given symmetric, crossing supermodular set function.
This more abstract setting provided a better insight into the combinatorial structure
underlying the augmentation problem. Another generalization of Cheng’s result due
to Fleiner and Jordán [5] involved the addition of r-hyperedges to a ðk � 1Þ-edge-
connected hypergraph to make it k-edge-connected.

The aim of the present paper is to provide a common generalization of the above-
mentioned results in [2,5], based on the approach of Benczúr and Frank. We give a
min–max formula on the minimum number of r-hyperedges that can cover a given
symmetric, crossing supermodular set function. As in [2], the substantial part of the
proof is a solution of the degree-specified problem (i.e. when each node must be
contained in a prescribed number of new hyperedges, taking into account
multiplicities), which then easily leads to a min–max formula on the minimum
number of new hyperedges needed.

Let V be a finite ground set. For a function m : V-R and a set XDV ; we
use the notation mðXÞ :¼

P
vAX mðvÞ: Throughout the paper we allow hyper-

edges to contain nodes with multiplicity. This means that a hyperedge can be
defined as a function e : V-Zþ (where Zþ denotes the set of non-negative
integers), and it is called an r-hyperedge if eðVÞ ¼ r: An r-uniform hypergraph

is a hypergraph H ¼ ðV ;EÞ; where V is the ground set, and E is a collection
of r-hyperedges, possibly with repetition. The degree in H of a node vAV isP

eAE eðvÞ: For an ðr � 1Þ-hyperedge e0 and a node wAV ; e0 þ w denotes the r-

hyperedge e for which eðvÞ ¼ e0ðvÞ if vaw; and eðwÞ ¼ e0ðwÞ þ 1: A hyperedge
e enters a set X if eðXÞ40 and eðV � X Þ40: We define dHðX Þ :¼
jfeAE j e enters Xgj; which has the following property:

dHðX Þ þ dHðYÞXdHðX-Y Þ þ dHðX,YÞ for every X ;YDV : ð1Þ

A set X separates a set Y if Y-Xa| and Y � Xa|:
Let p : 2V-Zþ be a non-negative set function (we always assume that pð|Þ ¼ 0).

The hypergraph H is said to cover p if dHðX ÞXpðXÞ for every XDV : The set
function p is positively crossing supermodular if

pðX Þ þ pðY ÞppðX-YÞ þ pðX,Y Þ ð2Þ

holds whenever pðXÞ; pðYÞ40; and X-Y ;V � ðX,YÞa|: If p is also symmetric
(i.e. pðX Þ ¼ pðV � XÞ for every XDV ), then

pðX Þ þ pðY ÞppðX � YÞ þ pðY � X Þ ð3Þ

holds for every pair ðX ;Y Þ for which pðX Þ; pðYÞ40 and X � Y ;Y � Xa|:
Note that if p0 : 2V-Z,f�Ng is a crossing supermodular set function, then the

set function defined by pðX Þ :¼ ðp0ðXÞÞþ8XDV is positively crossing supermodular,

where ðp0ðXÞÞþ denotes maxfp0ðX Þ; 0g: An example for this type of function is
the set function that arises in the hypergraph edge-connectivity augmentation
problem. Given an initial hypergraph H0 ¼ ðV ;E0Þ and an integer k; we can define
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T. Király / Journal of Combinatorial Theory, Series B 91 (2004) 185–200186



pðXÞ :¼ ðk � dH0
ðX ÞÞþ for every non-empty proper subset X of V ; and pð|Þ ¼

pðVÞ ¼ 0: It is easy to see using (1) that p is positively crossing supermodular and of
course symmetric. A hypergraph H covers p if and only if H0 þ H is k-edge-
connected.

We finish the Introduction with a property of positively crossing supermodular
set functions that will be used several times. Let Z1;y;Zl be subsets of V such

that pðZiÞ40 ði ¼ 1;y; lÞ;
Sl

i¼1 ZiaV ; Zjþ1-ð
S j

i¼1 ZiÞa|; and pðZjþ1-
ð
S j

i¼1 ZiÞÞp1 ð j ¼ 1;y; l � 1Þ: Then by using (2) we get

p
[l

i¼1

Zi

 !
Xp

[l�1

i¼1

Zi

 !
þ pðZlÞ � 1 ð4Þ

and by induction

p
[l

i¼1

Zi

 !
Xp

[j

i¼1

Zi

 !
þ
Xl

i¼jþ1

pðZiÞ � ðl � jÞ; ð5Þ

p
[l

i¼1

Zi

 !
X

Xl

i¼1

pðZiÞ � ðl � 1Þ: ð6Þ

2. Degree-specified hypergraphs

Let V be a finite ground set, p : 2V-Zþ a symmetric, crossing supermodular set
function, rX2 an integer, and m : V-Zþ a degree specification such that r j mðVÞ:

We call a partition fV1;y;Vlg p-full if l4r and

p
[
iAI

Vi

 !
40 for every |aICf1;y; lg; ð7Þ

where ICf1;y; lg denotes that I is a proper subset of f1;y; lg:
We always assume that the partition members are indexed so that

mðV1ÞpmðV2Þp?pmðVlÞ: Suppose that an r-uniform hypergraph covers p: If
we contract the sets V1;y;Vl ; then the contracted hypergraph (which is still
r-uniform since multiplicities are taken into account) must be connected, therefore it

needs to have at least l�1
r�1

hyperedges. A p-full partition is called a deficient partition if

l � 1

r � 1
4

mðVÞ
r

:

The main theorem of this section is a generalization of a result in [2] on degree-
specified graphs.
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Theorem 2.1. Let p : 2V-Zþ be a symmetric, positively crossing supermodular set

function, rX2 an integer, and m : V-Zþ a degree specification such that r j mðVÞ:
There is an r-uniform hypergraph H covering p such that the degree of each node vAV

is mðvÞ if and only if the following are true:

mðXÞXpðX Þ for every XDV ; ð8Þ

mðVÞ
r

XpðXÞ for every XDV ; ð9Þ

There are no deficient partitions: ð10Þ

Proof. The necessity of the conditions is easily verifiable. We prove sufficiency using
induction on jV j þ mðVÞ: If mðVÞ ¼ r; conditions (8) and (9) are clearly sufficient, so
we can assume that mðVÞX2r: An r-uniform hypergraph is called feasible if it
matches the degree specification and covers p: First we show that if there is a set
XDV such that mðX Þ ¼ pðXÞ ¼ 1 and jX j41; then there exists a feasible
hypergraph. The contraction of X leads to a modified problem: V 0 :¼ V � X þ vX ;
m0ðvÞ :¼ mðvÞ if vAV 0 � vX ; m0ðvX Þ :¼ 1; p0ðYÞ :¼ pðYÞ if vXeY ; and p0ðY Þ :¼
pððY � vX Þ,X Þ if vXAY : Conditions (8)–(10) are satisfied by m0 and p0; and p0 is
symmetric and positively crossing supermodular, so by induction there is an r-

uniform hypergraph H 0 ¼ ðV 0;E0Þ with degree vector m0; that covers p0: This
hypergraph naturally defines an r-uniform hypergraph H ¼ ðV ;EÞ with degree
vector m; we claim that H covers p: Suppose that some YDV is deficient, i.e.
dHðYÞopðY Þ: Then pðYÞX1 and mðYÞX2; so YD/ X : Furthermore, Y must
separate X ; otherwise there would be a corresponding deficient set in the contracted

problem. If mðX-Y Þ40; then we may assume that V � ðX,YÞa|; because
otherwise 0 ¼ mðX � YÞopðY Þ ¼ pðX � Y Þ: Using (2), pðX,YÞXpðX Þ þ pðY Þ �
pðX-YÞXpðY Þ4dHðY Þ ¼ dHðX,YÞ; so X,Y would be deficient. If mðX-Y Þ ¼
0; then pðY � X ÞXpðXÞ þ pðYÞ � pðX � YÞXpðY Þ4dHðYÞ ¼ dHðY � X Þ accord-
ing to (3), so Y � X would be deficient.

From now on it is assumed that if mðXÞ ¼ pðX Þ ¼ 1 for some XDV ; then jX j ¼
1; these singletons are called special singletons. The set of special singletons is
denoted by S; and it is considered as a subset of V :

We define an operation called splitting-off, which is an analogue of the splitting-off
operation for graphs. An r-hyperedge e can be split off from ðp;mÞ if eðvÞpmðvÞ for
every vAV : For such a hyperedge let

meðvÞ :¼ mðvÞ � eðvÞ; ð11Þ

peðXÞ :¼ ðpðXÞ � 1Þþ if e enters X ;

pðXÞ otherwise:

(
ð12Þ

We say that ðme; peÞ is obtained from ðm; pÞ by splitting off the hyperedge e: A
splitting-off operation is feasible if (8)–(10) are true for me and pe: It is easy to see
that pe is symmetric and positively crossing supermodular; so after the execution of a
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feasible splitting-off, by induction there exists an r-uniform hypergraph H 0 with
degree vector me that covers pe: By adding the hyperedge e to H 0 we obtain a feasible
hypergraph H:

The rest of the proof consists of showing that a feasible splitting-off always exists.
We define the following families of sets:

B1 :¼ f|aXDV j mðXÞ � pðXÞpr � 2; pðYÞopðXÞ 8YCXg;

B2 :¼ fXDV j mðX Þ � pðX Þ ¼ r � 1; pðX Þ40; pðYÞppðX Þ 8YCXg;

B3 :¼ XDV j pðXÞ ¼ mðVÞ
r

; pðY ÞomðVÞ
r

8YCX

� 	
:

Let e be an r-hyperedge that can be split off, and suppose that me and pe violate (8)
because there is a set X such that pðX Þ � 14mðXÞ � eðXÞ: Notice that mðX 0Þ �
eðX 0ÞpmðX Þ � eðX Þ for every X 0DX : Thus there must be a set X 0AB1 such that
X 0DX and pðX 0Þ � 14mðX 0Þ � eðX 0Þ: Similarly, if me and pe violate (8) because
there is a set X such that eðXÞ ¼ r and pðX Þ ¼ mðX Þ � ðr � 1Þ; then either there is a
set X 0AB2 such that X 0DX and eðX 0Þ ¼ r; or there is a set X 0AB1 entered by e such
that X 0DX and pðX 0Þ � 14mðX 0Þ � eðX 0Þ:

A similar argument shows that if me and pe violate (9) then there is a set XAB3

such that eðXÞ ¼ 0: We obtained the following:

Claim 2.2. Inequalities (8) and (9) hold for me and pe if and only if

eðX ÞpmðX Þ � pðX Þ þ 1 for every XAB1; ð13Þ

eðX Þpr � 1 for every XAB2; ð14Þ

eðX ÞX1 for every XAB3: ð15Þ

Furthermore, if meðXÞopeðXÞ for some X ; then there is a subset X 0 of X such that

either X 0AB1 and it violates (13), or X 0AB2 and it violates (14).

In order to formulate necessary and sufficient conditions for me and pe to satisfy
(10), we call a p-full partition fV1;y;Vlg critical if

l � 1

r � 1
4

mðVÞ
r

� 1:

For a partition F; let sðFÞ denote the number of special singleton members of F: A
critical partition F is called proper if sðFÞX3: Critical partitions have the following
properties.

Claim 2.3. If F ¼ fV1;y;Vlg is a critical partition, then 2l � 2XmðVÞ; thus

sðFÞXmðVlÞ: In particular, sðFÞX2 for every critical partition, and the partition is

proper if mðVlÞX3:
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Proof. The partition is critical and mðVÞ
r

is an integer, so

mðVÞp r
l � 2

r � 1
þ 1


 �
¼ 2r þ r

r � 1
ðl � r � 1Þ

p 2r þ 2ðl � r � 1Þ ¼ 2l � 2;

since p-fullness implies that l4r: &

Claim 2.4. A partition fV1;y;Vlg is critical if and only if l4r; l�1
r�1

4mðVÞ
r

� 1;

pðV1Þ ¼ 1; and pðV1,ViÞX1 ði ¼ 2;y; lÞ: If the partition is critical and U is the

union of some partition members such that V1DU and V2-U ¼ |; then pðUÞ ¼ 1:

Proof. Let fV1;y;Vlg be a partition with the above properties, and let U ¼S
iAI Vi where 1AI and jI jpl � 1: We can use inequality (6) for the sets

fV1,Vi: iAIg to show that pðUÞ40: The symmetry of p implies that pðV �
UÞ40 for all such U ; so the partition is p-full. If V1DU and V2-U ¼ |; then (5)
gives 1 ¼ pðV1ÞppðUÞppðV � V2Þ ¼ 1: &

Claim 2.5. Let e be an r-hyperedge which satisfies (13)–(15). Then me and pe satisfy

(10) if and only if

eðV � XÞ40 for any member X of any proper critical partition: ð16Þ

Proof. If eðX Þ ¼ r for a member X of a critical partition, then the partition remains
p-full after the splitting-off of e; hence the partition becomes deficient. To see the
converse, observe that only critical partitions can become deficient partitions after
the splitting-off. If eðV � XÞ40 for every member X of a given critical partition F;
then it is easy to see that there exists a set U entered by e which is the union of some
members ofF including exactly 1 special singleton member. According to Claim 2.4,
pðUÞ ¼ 1; so peðUÞ ¼ 0 and F is not p-full after the splitting-off. It remains to show
that if eðV � XÞ ¼ 0 for a member X of a non-proper critical partition, then some
set violates (13) or (14). But mðX Þp2 according to Claim 2.3, so 0 ¼
meðX ÞopðXÞ ¼ peðXÞ which by Claim 2.2 implies that (13) or (14) is violated for
some subset of X : &

It suffices to show the existence of an r-hyperedge epm that satisfies (13)–(16).
First we consider only (13) and (15):

Q :¼fe : V-Zþ j epm; eðVÞ ¼ r;

eðXÞpmðXÞ � pðXÞ þ 1 8XAB1; eðXÞX1 8XAB3g:

Observe that pðXÞ40 for every XAB1,B2,B3; so inequalities (2) and (3) can be
used for these sets.
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Claim 2.6. The family B1,B3 is laminar. The sets in B3 are pairwise disjoint, and if

XAB1 and YAB3 are not disjoint, then XDY :

Proof. If X ;YAB1,B3; and X � Y ;Y � X ;X-Ya|; then pðXÞppðX � YÞ or
pðYÞppðY � XÞ by (3), which contradicts the definition of B1 andB3: If XAB1 and
YAB3; then pðYÞXpðX Þ; so YgX according to the definition of B1: &

Claim 2.7. Q is non-empty.

Proof. We use the following algorithm to find an element e of Q:

(1) Construct an hyperedge e0pm by choosing one node from every XAB3:
(2) Fix an arbitrary ordering of the nodes of V ; and consider them one by one.

Increase the multiplicity in e0 of each node to the maximum value with which the
multiplicity is at most m; the obtained hyperedge does not violate conditions of
type (13), and its size is at most r:

The size of the constructed hyperedge e is at most r if jB3jpr: If the size is less than
r; then B1 has a subfamily consisting of sets with eðXÞ ¼ mðXÞ � pðXÞ þ 1; which
covers every node v for which eðvÞomðvÞ: It can be assumed by Claim 2.6 that this
subfamily is a subpartition. Thus the algorithm finds a hyperedge eAQ if and only if
the following hold:

(1) jB3jpr;
(2) mðV �

St
i¼1 XiÞ þ

Pt
i¼1ðmðXiÞ � pðXiÞ þ 1ÞXr for every subpartition

fX1;y;Xtg:

The first condition holds since mðX ÞXmðVÞ
r

for every XAB3; and they are disjoint by

Claim 2.6. The second condition is clearly true if tXr: If tor; then mðV �
S

XiÞ þP
ðmðXiÞ � pðXiÞ þ 1ÞXmðV �

S
XiÞ þ

P
ðmðXiÞ � mðVÞ

r
þ 1Þ ¼ ðr � tÞmðVÞ

r
þ tXr;

the last inequality being valid because mðVÞXr: &

Obviously, if an r-hyperedge e can be feasibly split off, then it is in Q: The converse

is generally not true; however, it turns out to be true when B3a|:

Lemma 2.8. If B3a|; then any r-hyperedge eAQ can be feasibly split off.

Proof. Let XAB3 and eAQ: First suppose that there is a set YAB2 such that eðY Þ ¼
r: Then X-Ya|; and one of X � Y and Y � X is empty, otherwise (3) would imply
that either pðX � YÞXpðXÞ or pðY � XÞ4pðY Þ; contrary to the definition of B3

and B2: If YDX ; then there is a set X 0AB3 such that X 0DV � XDV � Y because

of the symmetry of p; if XDY ; then YAB2 implies that pðV � Y Þ ¼ pðYÞXpðX Þ ¼
mðVÞ

r
; so B3 would again contain a set X 0DV � Y : This is impossible since eAQ;

which requires eðX 0ÞX1:
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Now suppose that a proper critical partition F ¼ fV1;y;Vlg becomes deficient
after the splitting-off. Since B3 contains at least two disjoint sets, it contains a set Z

that is disjoint from at least two special singleton members of F; say V1 and V2:
First we show by using inequalities (2) and (3) that a member of F cannot separate
Z: If Vi separates Z; then pðV1,Vi � ZÞXpðV1,ViÞ þ pðZÞ � pðZ �
ViÞ4pðV1,ViÞ ¼ 1: Let U :¼ V � Vi � V2; then pðU,ZÞXpðUÞ þ pðZÞ �
pðZ-UÞ4pðUÞ ¼ 1: Thus 1 ¼ pðVi,UÞXpðV1,Vi � ZÞ þ pðU,ZÞ � pðV1Þ41;
a contradiction.

We can conclude that there is a partition member Vi such that ZDVi: This implies

meðViÞXmeðZÞXpeðZÞ ¼ meðVÞ
r

; so meðVÞXl � 1þ meðVÞ
r

: But then l�1
r�1

pmeðVÞ
r

; so F

could not become deficient after the splitting-off. &

By Claim 2.7 and Lemma 2.8 we may assume that B3 ¼ |: To handle
condition (16), we will use some information about the structure of proper
critical partitions. This information is based on an auxiliary graph G defined
on the special singletons: G ¼ ðS;FÞ; where uvAF if and only if pðfu; vgÞ ¼ 1: Note
that by Claim 2.4 the special singleton members of a proper critical partition form a
clique in G:

Claim 2.9. If XAB1 and jX jX2; then dGðXÞ ¼ 0:

Proof. Suppose that uv is an edge of G such that uAX ; veX : Then by (3), pðX �
uÞXpðX Þ þ pðfu; vgÞ � pðvÞ ¼ pðXÞ; which contradicts XAB1: &

Claim 2.10. Every proper critical partition F ¼ fV1;y;Vlg can be refined by

separating some special singletons in such a way that the resulting proper critical

partition FS (the S-refinement of F) has the following properties:

* If dGðXÞ40 for a member XAFS; then X is a special singleton,
* The set of special singleton members of FS defines a component of G that is a clique

(which we call the S-clique of F).

Proof. We prove that if there is an edge uv of G such that uAVi; veVi for some
non-singleton partition member Vi; then a critical partition is obtained if we
replace Vi in F by fug and Vi � u: F is proper, so we can assume that vaV1

and vaV2: According to Claim 2.4, we have to show that pðV1,Vi � uÞ40 and
pðV1 þ uÞ40:

By Claim 2.4, pðV1,ViÞ ¼ 1; so pðV1,Vi � uÞXpðV1,ViÞ þ pðfu; vgÞ �
pðfvgÞ ¼ 1: Similarly, pðV2,Vi � uÞX1; thus pðV1 þ uÞXpðV1,ViÞ þ pðV2,Vi �
uÞ � pðV2ÞX1: As a consequence, the replacement of Vi by fug and Vi � u results in
a proper critical partition.

By repeating this step as many times as possible, we obtain a proper critical
partition FS with the required properties. &
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Among the components of G that are cliques, let K�DS be one of maximal size.
The idea behind the next steps of the proof is that a member of a critical partition
cannot contain too many nodes of K� because then the S-refinement would be
deficient; therefore we try to choose our splittable hyperedge e so that it would
contain many nodes of K�: More precisely, we first choose an ðr � 1Þ-hyperedge e0

using the following algorithm:

(1) Fix an ordering v1;y; vn of the nodes of V such that the nodes of K� come
first.

(2) Consider the nodes one by one in the order v1;y; vn: Let the multiplicity of vi in
e0 be the maximum value not greater than mðviÞ with which the hyperedge
defined so far on fv1;y; vig does not violate conditions of type (13) and its size
is at most r � 1:

Let W :¼ fvAV : mðvÞ4e0ðvÞg: Analogous to the proof of Claim 2.7, it is easy to see
that the size of e0 is r � 1; and there is a node wAW such that e0 þ wAQ: We will
show that actually there exists a node wAW such that the r-hyperedge e ¼ e0 þ w can
be feasibly split off.

Lemma 2.11. If wAW ; and the splitting-off of e ¼ e0 þ w results in a deficient

partition, then inequality (13) or (14) is violated.

Proof. We can assume that jK�jX3; otherwise there are no proper critical partitions.
Claim 2.9 implies that K� is either disjoint from or subset of any non-singleton set in
B1; so the construction of e0 gives that e0ðK�Þ is the minimum of the following three
values:

jK�j; ð17Þ

r � 1; ð18Þ

min
K�DXAB1

ðmðX Þ � pðX Þ þ 1Þ: ð19Þ

Suppose that a proper critical partition F becomes deficient after the splitting-off of
e: Let Vi be the member of F for which eðV � ViÞ ¼ 0; then jK�-VijXe0ðK�Þ40:
We consider three cases according to the relation of K� and Vi:

Case 1: K�DVi and mðVi � K�Þ40: Then sðFÞomðViÞ; given that by
Claim 2.10 the special singleton members are in the same component of G

whose size is at most jK�j: This contradicts the criticality of F according to
Claim 2.3.

Case 2: K�DVi and mðVi � K�Þ ¼ 0: In this case the set Z :¼ fvAVi : eðvÞ40g is a
subset of K�; hence pðfu; vgÞ ¼ 1 for every u; vAZ: Let vAZ; by using (6) on the sets
ffv; ug : uAZ � vg we get that pðZÞ40: But then meðZÞopeðZÞ; so by Claim 2.2 a
subset of Z violates (13) or (14).

Case 3: K�D/ Vi: LetFS denote the S-refinement ofF: By Claim 2.10, K� is the set
of special singletons that are members ofFS (and thus the special singleton members
of F are in K�). If e0ðK�Þ ¼ r � 1; then there are at least r � 1 nodes in Vi that are
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special singleton members of FS; so jFS j�1
r�1

X
jFjþðr�1Þ�1

r�1
X

jFj�1
r�1

þ 14mðVÞ
r

by the

criticality of F; which means that FS would violate (10).
If e0ðK�Þ is determined by (19), then there is a set XAB1 such that K�DX ; ViD/ X ;

and jK�-VijXmðXÞ � pðXÞ þ 1: Let U denote the union of the members of F�
fVig that are not special singletons. Then sðFÞ ¼ jK� � U j � jK�-VijpjK� � U j �
mðXÞ þ pðX Þ � 1opðXÞ � mðX-UÞ: By Claim 2.3, this would imply that
mðViÞopðXÞ � mðX-UÞ; we show that this is impossible. If UDX ; then
mðViÞXpðVi � XÞ ¼ pðV � XÞ ¼ pðX ÞXpðXÞ � mðX-UÞ: If UD/ X ; then
by using (2) on X and V1,U we get that mðViÞXpðVi � XÞ ¼ pðU,XÞ
X pðX Þ þ pðV1,UÞ � pðX-ðV1,UÞÞX pðXÞ þ 1 � mðX-ðV1,UÞÞ ¼ pðX Þ
�mðX-UÞ: &

Lemma 2.11 implies that condition (16) can be ignored when choosing an
appropriate node wAW : We have already seen that e ¼ e0 þ wAQ is a necessary
condition for the feasibility of the splitting-off. In addition to that, eðXÞpr � 1 must
hold for every set XAB2; however, if e0ðXÞor � 1 or there is a set YAB1 such that
XDY and mðYÞ � pðYÞ ¼ r � 2; then this automatically follows from e ¼ e0 þ
wAQ: So we call a set XAB2 critical if e0ðXÞ ¼ r � 1 and there is no YAB1 such that
XDY and mðYÞ � pðYÞ ¼ r � 2: An r-hyperedge e ¼ e0 þ w can be feasibly split off
if and only if eAQ and there is no critical set containing w: Since e0 was chosen so
that e0 þ wAQ for at least one wAW ; we can assume that there is at least one critical
set in B2:

Claim 2.12. Let XAB2 be a critical set. If YAB1; then one of X-Y ; X � Y ; and

Y � X is empty. If wAW � X ; then e0 þ wAQ:

Proof. If XAB2; YAB1; and X-Y ;X � Y ;Y � X are non-empty, then pðX �
YÞppðX Þ and pðY � X ÞopðYÞ by the definition of B1 and B2; which contradicts
(3). If wAW � X ; then e0 þ wAQ unless there is a set YAB1 such that wAY and

e0ðYÞ ¼ mðY Þ � pðY Þ þ 1: But then X-Ya|; so XDY ; which contradicts the
criticality of X : &

Suppose indirectly that every wAW is in a critical set. Consider a family Z ¼
fZ1;y;Ztg of maximal critical sets, such that every wAW is in at least one of them,
and the family has minimal number of members. The following sequence of claims

demonstrates that the existence of such a family leads to a contradiction. Let Z :¼Tt
i¼1 Zi:

Claim 2.13. If iaj; then mðZi-ZjÞ ¼ mðZÞ ¼ r � 1; and pðZiÞ ¼ mðZi � ZÞ ¼
mðZi � ZjÞ ¼ pðZi � ZjÞ:

Proof. We know that mðZi-ZjÞXmðZÞXe0ðZÞXr � 1: Since ZiAB2; we have

pðZiÞ ¼ mðZiÞ � ðr � 1Þ; so (3) gives that 0ppðZi � ZjÞ þ pðZj � ZiÞ � pðZiÞ �
pðZjÞpmðZi � ZjÞ þ mðZj � ZiÞ � pðZiÞ � pðZjÞ ¼ 2ðr � 1Þ � 2mðZi-ZjÞp0: This
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is possible only if equality holds throughout, so mðZi-ZjÞ ¼ mðZÞ ¼ r � 1; and

pðZiÞ ¼ mðZiÞ � ðr � 1Þ ¼ mðZi � ZjÞ ¼ pðZi � ZjÞ: &

Clearly jZjX2 and mðVÞ
r
X2; since mðV � ZiÞ40 for every i: Suppose that jZj ¼ 2:

Then pðZ1Þ ¼ mðZ1 � Z2Þ ¼ mðV � Z2ÞXpðZ2Þ and vice versa, so pðZ1Þ ¼ pðZ2Þ ¼
mðZ1 � Z2Þ ¼ mðZ2 � Z1Þ ¼ mðVÞ�ðr�1Þ

2
: This value can be integer only if rX3; but

then mðVÞ
r
pmðVÞ�ðr�1Þ

2
¼ pðZ1Þ; contradicting B3 ¼ |: Therefore we may assume that

jZjX3:

Claim 2.14.
St

i¼1 Zi ¼ V ; Zi � Z is a special singleton for every i; and pðZi,Zj �
ZÞ40 for every i; j:

Proof. For a set of indices IDf1;y; tg; let UI :¼
S

iAI Zi:We have seen that pðZiÞ ¼
mðZi � ZÞ for every i: If X is a subset of V for which mðX Þ ¼ e0ðXÞ ¼ r � 1; then
pðXÞpmðXÞ � e0ðX Þ þ 1 ¼ 1: In particular, this holds for every
ZDXD

S
iajðZi-ZjÞ: Thus we get from (6) that pðUIÞXmðUI � ZÞ � ðjI j � 1Þ40

if UIaV : For I :¼ f1;y; tg this implies that
St

i¼1 Zi ¼ V ; since

pð
St

i¼1 ZiÞpmðV �
St

i¼1 ZiÞ ¼ 0: Now let I :¼ f1;y; tg � fi0g; where i0 is chosen

so that mðZi0 � ZÞ is minimal. Then mðZi0 � ZÞXpðUI ÞXmðUI � ZÞ � ðt � 2Þ:
Since jZjX3; this is only possible if mðZi � ZÞ ¼ 1 for every i: Thus Zi � Zj is a

special singleton for every iaj; which implies that Zi � Z is a special singleton for
every i: Finally, if iaj; then by setting I :¼ f1;y; tg � fi; jg; we obtain
pðZi,Zj � ZÞ ¼ pðUIÞ40: &

Claim 2.15. F :¼ fZ;Z1 � Z;y;Zt � Zg is a proper critical partition.

Proof. The partition has size l ¼ mðVÞ � ðr � 1Þ þ 1Xr þ 2 since mðVÞX2r; so

sðFÞXr þ 1; and l�1
r�1

¼ mðVÞ�ðr�1Þ
r�1

4mðVÞ
r

� 1: If X is the union of two partition

members, then Claim 2.14 implies that pðXÞ40; therefore F is a proper critical
partition by Claim 2.4. &

F has at least r þ 1 special singleton members. According to Claim 2.10, these all
belong to the component of G that is a clique, therefore jK�jXr þ 1: This means that
K�D/ Z; so K� must be the S-clique of F: The value of e0ðK�Þ is not determined by
(19): if K�DXAB1; then ZiDX for every i by Claim 2.12, which is not possible. It
follows that e0ðK�Þ ¼ r � 1:

To prove that the existence of Z contradicts (10), we consider the S-refinement
FS of F: The properties of S-refinements stated in Claim 2.10 imply that every
member of FS is a special singleton. However, such a p-full partition would be a

deficient partition, since mðVÞ�1
r�1

4mðVÞ
r

if mðVÞX2r:

We proved that there is a node w such that the r-hyperedge e ¼ e0 þ w can be
feasibly split off. This concludes the proof of Theorem 2.1. &
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3. Hypergraphs with minimum number of hyperedges

As in the case of many edge-connectivity augmentation results (including those in
[2]), the characterization of the degree-specified problem in Theorem 2.1 can be used
in a straightforward way to prove a min–max theorem on the corresponding
minimum cardinality problem. Recall that a partition fV1;y;Vlg is called p-full if

l4r and pð
S

iAI ViÞ40 for every |aICf1;y; lg:

Theorem 3.1. Let p : 2V-Zþ be a symmetric, positively crossing supermodular set

function, and rX2 an integer. There is an r-uniform hypergraph with g hyperedges that

covers p if and only if the following hold:

rgX
Xt

i¼1

pðXiÞ for every partition fX1;y;Xtg; ð20Þ

gXpðXÞ for every XDV ; ð21Þ

gX
l � 1

r � 1
if there is a p-full partition with l members: ð22Þ

Proof. The conditions are clearly necessary for the existence of an r-uniform
hypergraph that covers p: We prove sufficiency for a fixed g: Let m0 : V-Zþ be a
vector that satisfies (8) such that m0ðVÞ is minimal, and let M 0 :¼ fvAV : m0ðvÞ40g:
Then for every node vAM 0; there exists a set X for which vAX and m0ðXÞ ¼ pðX Þ;
sets with the latter property are called tight. There is a family of tight sets covering
every node vAM 0; let F be such a family with jFj minimal. If XAF and YAF are
not disjoint, then X,Y ¼ V ; otherwise X,Y would be tight according to (2),
which would contradict the minimality of jFj; as X and Y could be replaced inF by
X,Y : The symmetry of p implies that X � Y ¼ V � Y and Y � X ¼ V � X are
both tight and m0ðX-Y Þ ¼ 0; so X � Y and Y � X cover every node of M 0: We can

conclude that there is always a partition fX1;y;Xtg for which
Pt

i¼1 pðXiÞ ¼ m0ðVÞ:
It follows from (20) that rgXm0ðVÞ:

We can obtain a degree specification m : V-Zþ from m0 by increasing m0 on one
arbitrary node by rg� m0ðVÞ: Then m satisfies (8)–(10) and r j mðVÞ; thus by
Theorem 2.1 there exists an r-uniform hypergraph H with degree-vector m that
covers p: The choice of m implies that H has g hyperedges. &

As it was mentioned in the Introduction, the k-edge-connectivity augmentation of

an initial hypergraph H0 ¼ ðV ;E0Þ corresponds to the case when pðXÞ ¼ ðk �
dH0

ðXÞÞþ ð|aXCVÞ: This set function is symmetric and positively crossing

supermodular, so Theorem 3.1 is applicable; furthermore, condition (22) concerning
p-full partitions can be considerably simplified. For a hypergraph H ¼ ðV ;EÞ; let
iHðX Þ :¼ jfeAE : eðV � XÞ ¼ 0gj; and let cðHÞ denote the number of components
of H:
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Corollary 3.2. Let H0 ¼ ðV0;E0Þ be a hypergraph, and rX2 an integer. There is an

r-uniform hypergraph H with g hyperedges such that H0 þ H is k-edge-connected if and

only if the following hold:

rgXtk �
Xt

i¼1

dH0
ðXiÞ for every subpartition fX1;y;Xtg; ð23Þ

gXk � dH0
ðX Þ for every XDV ; ð24Þ

ðr � 1ÞgXcðH0 � E0
0Þ � 1 for every E0

0DE0 for which jE0
0j ¼ k � 1: ð25Þ

Proof. Compared to Theorem 3.1 (applied on the p defined above), the only
difference is that (22) is replaced by condition (25). Its necessity follows from the fact

that the components of H0 � E0
0 form a p-full partition if cðH0 � E0

0Þ4r (if

2pcðH0 � E0
0Þpr; then the condition simply requires gX1). We prove sufficiency by

showing that if a p-full partition F ¼ fV1;y;Vlg violates (22) while conditions (23)

and (24) are satisfied, then an appropriate E0
0 violates (25). Let E0

0 be the set of

hyperedges in E0 that enter at least one member of F; and let H 0
0 :¼ ðV ;E0

0Þ: Then
dH 0

0
ðUÞpk � 1 if U is the union of some (not all) members of F; since F is p-full.

The partition F violates (22), so ðr � 1Þgol � 1pcðH0 � E0
0Þ � 1:

We claim that jE0
0j ¼ k � 1; which then implies that (25) is violated. By (23),

lk �
Pl

i¼1 dH 0
0
ðViÞ ¼ lk �

Pl
i¼1 dH0

ðViÞprgp r
r�1

ðl � 2Þp2l � 4; from whichPl
i¼1 dH 0

0
ðViÞXðk � 2Þl þ 4: This implies that jE0

0jXk � 1; and there are at least

four members of F (say V1;V2;V3;V4), for which dH 0
0
ðViÞ ¼ k � 1: We can assume

that iH 0
0
ðV1,V2ÞpiH 0

0
ðVi,VjÞ for every distinct i; jAf1; 2; 3; 4g:

If iH 0
0
ðV1,V2Þ40; then dH 0

0
ðV1,V2ÞXdH 0

0
ðV1Þ � iH 0

0
ðV1,V2Þ þ iH 0

0
ðV2,V3Þ þ

iH 0
0
ðV2,V4ÞXk; contradicting the p-fullness of F: So iH 0

0
ðV1,V2Þ ¼ 0; in which

case there are k � 1 hyperedges in E0
0 that enter each of V1; V2; and V1,V2: Suppose

that E0
0 contains a hyperedge besides these k � 1; which enters a partition member

Vi: Then dH 0
0
ðV1,ViÞXk; which would contradict the p-fullness of F: This proves

that jE0
0j ¼ k � 1: &

4. Remarks

It might be argued that Theorems 2.1 and 3.1 are not good characterizations,
since it is not possible to check in polynomial time whether a given partition is
p-full, hence it cannot be decided whether it is a deficient partition or not. If a
partition has at least one member Vi with pðViÞ ¼ 1; then its deficiency can be
checked using the characterization in Claim 2.4. But in general, deciding whether a
partition is p-full or not is NP-complete (see [2], where p-fullness was defined
differently for this reason).
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However, it is easy to see that if pðViÞX2 for every member of a deficient partition,
then at least one of the partition members violates (8) (and the partition violates (20)
in case of Theorem 3.1). This means that Theorems 2.1 and 3.1 give good co-NP
characterizations.

If an oracle is available that can maximize the set function p þ x � dH for any
modular function x and any hypergraph H; then the proof of Theorem 2.1 provides
a polynomial-time method for finding consecutive feasible splitting-off operations. It
is not immediately clear how does this guarantee a polynomial-time algorithm, since
the number of splitting-off operations can be exponential. However, a slight
modification of the method solves this problem.

Notice that there can only be a polynomial number of splitting-off operations
where meðvÞomðvÞpr � 1 for some vAV : Suppose that we are splitting off a
hyperedge e for which this is not the case, i.e. mðvÞXr for every vAV for which
eðvÞ40: Then instead of a normal splitting-off, we execute the following extended

splitting-off operation:

ð%Þ We determine the maximal m for which e can be feasibly split off m times and

meðvÞpðmðvÞ � r þ 1Þþ for every vAV :

Claim 4.1. An extended splitting-off can be executed in polynomial time. The number

of extended splitting-off operations is polynomial.

Proof. The degree restriction ensures that condition (16) is indifferent when
calculating the number of feasible splitting-off operations, since the auxiliary graph
is the same before each splitting-off. So it suffices to determine the maximal value m
for which the following hold:

meðvÞpðmðvÞ � r þ 1Þþ for every vAV ; ð26Þ

mðeðX Þ � 1ÞpmðX Þ � pðX Þ for every X entered by e; ð27Þ

mrpmðX Þ � pðX Þ if eðV � XÞ ¼ 0; ð28Þ

mp
mðVÞ

r
� pðXÞ if eðV � X Þ ¼ 0: ð29Þ

The maximal m for which (28) and (29) hold can be determined by the maximizing
oracle. As for (27), it suffices to check its validity on the family
fXDV : pðY ÞopðXÞ8YCX ; e enters Xg: This family can be determined in
polynomial time since it is laminar.

To prove that the number of extended splitting-off operations is polynomial,
observe that no set is deleted from B1 during an extended splitting-off. Indeed,
XAB1 is deleted from B1 during a normal splitting-off of a hyperedge e if there is
YCX for which pðY ÞopðXÞ and peðYÞ ¼ peðXÞ; but then eðX � YÞ40; so meðX �
YÞXr � 1; implying that meðYÞ � peðY ÞpmeðX Þ � ðr � 1Þ � peðX Þo0; which is
impossible. Since B1 is always laminar, this implies that in a sequence of consecutive
extended splitting-off operations, B1 can change only polynomially many times. It is
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easy to see that B3 also can change only polynomially many times. So it is enough to
prove that if B1 and B3 do not change, then only polynomially many consecutive
extended splittings are possible. But this follows from the fact that r � 1 nodes are
the same in the hyperedges that are split off. &

The claim implies that there is a polynomial algorithm for the degree-specified
problem. The construction of a degree specification that has the properties described
in the proof of Theorem 3.1 is also polynomial. Hence, given the appropriate oracles,
polynomial algorithms exist for the problems presented in this paper. In the case of
k-edge-connectivity augmentation, the required oracles can be realized using
network flow algorithms.

As it was indicated in Corollary 3.2, the framework studied in this paper is a
generalization of the problem of k-edge-connectivity augmentation of hypergraphs
by r-hyperedges. It is a natural question to ask whether these results could be
extended to local edge-connectivity augmentation. In a closely related problem this
extension was possible: a result of Szigeti [6] implies that if there is no restriction on
the size of the hyperedges, and the objective is to minimize the sum of the sizes of the
new hyperedges, then local edge-connectivity augmentation can be solved in
polynomial time.

Though this raised hopes that the minimum cardinality problem, i.e. the
minimization of the number of new r-hyperedges added to the initial hypergraph,
might also be tractable for local edge-connectivity augmentation, it turned out that
this problem is NP-complete. Let lHðu; vÞ denote the local edge-connectivity between
u and v in a hypergraph H; i.e.

lHðu; vÞ :¼ min
uAX ;veX

dHðXÞ:

NP-completeness was proved by Cosh, Jackson, and Király for the following special
case.

Theorem 4.2 (Cosh et al. [4]). Let H0 ¼ ðV ;E0Þ be a connected hypergraph, F a

partition of V ; and g a non-negative integer. The following problem is NP-complete:
decide whether there exists a graph G ¼ ðV ;EÞ with g edges such that lH0þGðu; vÞX2

whenever u and v are in the same member of F:
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T. Király / Journal of Combinatorial Theory, Series B 91 (2004) 185–200200


	Covering symmetric supermodular functions by uniform hypergraphs
	Introduction
	Degree-specified hypergraphs
	Hypergraphs with minimum number of hyperedges
	Remarks
	Acknowledgements
	References


