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ABSTRACT 

Based on hard and soft computing, an integrated design process, called rough logic 
government, is proposed. In this process, fuzzy logic is viewed as a methodology of  a 
grand scale interpolation based on qualitative information. The design process is a 
sequence of  transformations of  mathematical models. It starts with a symbolic model 
that describes the control system in terms of  predicates in rough logic. Predicates may 
include not only the usual linguistic rules, but also some hard computing information. 
These predicates are derived from either (1) experts' experience or (2) some training data 
using rough set methodology (rules mining). The next step is a transformation of  the 
symbolic model into a fuzzy model, called a possible fuzzy worM. It is accomplished by 
replacing every symbol that represents certain real world phenomena with a membership 
function that represents the same phenomena according to a fuzzy view. In formal logic, 
the symbolic model is called a theory and the transformation an interpretation of  the 
theory. Of  course, interpretations are usually not unique. The collection of  all such 
possible fuzzy worlds is called a rough fuzzy model. It is a highly structured set, and can 

Address correspondence to Professor T. Y. Lin, Department of Mathematics and Computer 
Science, San Jose State University, San Jose, California 95192-0103. E-mail: 
tylin@cs, sj sU. ed. 

Received November 1995; accepted June 1996. 

International Journal of Approximate Reasoning 1996; 15:395-414 
© 1996 Elsevier Science Inc. 0888-613X/96/$15.00 
655 Avenue of the Americas, New York, NY 10010 PII S0888-613X(96)00076-7 



396 T.Y. Lin 

be treated as a differential geometric object. Using some inference methods, each 
possible fuzzy world is transformed into a "virtual" trajectory or integral submanifold 
which is a candidate for the solution of the unconstructed system equations. So a rough 
fuzzy model will produce a family of candidates. To verify and validate these candi- 
dates, the method of evolutionary computing is adopted. Some of these "virtual" 
objects may actually become "real world" trajectories or integral submanifolds, which 
are the design goal. Several new applications are idenafied. © 1996 Elsevier Science 
Inc. 

KEYWORDS: control, fuzz~ logic, modal logic, rough logic 

1. INTRODUCTION 

In complex systems, such as power systems, control subsystems are the 
most important and essential components. These are two approaches. One 
is the classical hard computing approach. Its modern theory is based on 
differential geometry and topology [4]. Another is fuzzy logic, a soft 
computing approach. Soft computing is a new term, coined by Lotfi A. 
Zadeh, which comprises the following subfields: fuzzy logic, rough sets, 
evolutionary computing, neural networks, and others. In this paper, we 
propose an integrated approach that combines the differential geometric 
view (hard computing) and the rough-fuzzy logic method (soft computing). 
The mathematical formalism for such an integrated structure is called the 
rough logic government. Under this formalism, fuzzy logic is a methodology 
of constructing solutions of a certain class of nonlinear control systems 
where either the system equations or their solutions are analytically 
unavailable. The methodology is a grand scale interpolation based on 
qualitative information. Interestingly, Zadeh looked at it from the other 
side and termed it data compression [10]. 

Rough logic government is formulated in terms of the model theory of 
rough logic [5]. It consists of a series of successive approximations to a 
control system. 

The first approximation is a symbolic model. Formally, it is a theory in 
rough logic; informally, it is a collection of statements about the system, 
which includes the usual linguistic rules and qualitative information, such 
as differential geometric properties of the system. In this model, each 
linguistic symbol corresponds to a real world phenomenon somewhat 
imprecisely. Such a symbolic model is derived either from experts' experi- 
ence or from training data using rough set methodology. The latter is an 
efficient methodology for extracting rules from data banks [6]. 

The second approximation is called a rough fuzzy model. The real world 
phenomena can also be viewed from fuzzy worlds, and hence they are 
describable by membership functions. So by replacing each symbol with a 
membership function, the symbolic model is transformed into a fuzzy 
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model, called a possible fuzzy world. Or course such a replacement, called 
an interpretation in formal logic, usually is not unique; no expert can be so 
precise that he can claim that his proposed interpretation is the only 
possible one. The collection of all such interpretations (possibly fuzzy 
worlds) is the second approximation, a rough fuzzy model. We should stress 
that the second approximation consists of a family of possible fuzzy worlds; 
some are correct, some are approximations, and some are inaccurate. Our 
final goal is to identify the correct one or a good approximation. In the 
classical fuzzy logic, such a transformation is accomplished by the theory of 
linguistic variables (e.g., see [12, Chapter 9]). Here we base it on the 
notion of interpretations: each symbol is interpreted by an object in the 
model of rough logic [5]. 

A rough fuzzy model is a highly structured set of membership functions. 
First, the set of all membership functions under consideration is parti- 
tioned into equivalence classes, where each class interprets one and only 
one symbol. Such a partitioned set of membership functions is called an 
approximate space [6]. Second, the set of all collections of one representa- 
tion from each equivalence class is the set of all possible interpretations of 
the symbolic model (the theory). In the language of modal logic, each 
interpretation is a possible world, so we have called it a possible fuzzy 
world. The set of all possible fuzzy worlds is the second approximation. It 
associates the control system with a family of possible fuzzy words. 

Geometrically, such a structured set can be viewed as a fiber space (of a 
very simple kind) [9, 19]. Each equivalence class is a fiber. A possible fuzzy 
world is a cross section. By taking the geometric view, an inference method 
becomes a geometric operation. It transforms a cross section into a 
"virtual" trajectory, a candidate of solutions of the system equations. The 
collection of all such candidates is the third approximation. It corresponds 
to the classical defuzzification step, we will call it a rough candidate model 
or geometrically a virtual trajectory model. 

The final approximation corresponds to the classical tuning step. It 
verifies and validates these candidates by experiments, so those candidates 
that represent the real world control system can be identified. We will 
term them a verified and validated (V & V) rough control model or a 
trajectory model to emphasize its geometric nature. Geometrically, a V & V 
model is the solution space of the differential equations (of the control 
system). It spans a differentiable manifold (with some differentiability and 
regularity assumptions). Each solution is a trajectory or an integral sub- 
manifold [4]. That is why we have referred to last two models also as the 
"virtual trajectory model" and "trajectory model." 

We believe that the geometry of rough logic government may provide us 
some new insight into the nature of fuzzy logic design. So we may have a 
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fresh and new view of the problems that are in the unexplored domains of 
classical fuzzy control theory. The goal of this paper is to give an exposi- 
tion of this mathematical formalism and identify some potential new 
applications. 

2. FUZZY LOGIC CONTROLLERS 

In spite of the success of the fuzzy logic controller (FLC), its essence, 
and hence its power and limitations, have not been properly understood. 
Many successful designs are results of good intuition and massive experi- 
ments. In these designs, the insight of experts play the most essential role. 
FLC design is very much like automated theorem proving: in proving a 
good theorem with a prover, one needs experts' knowledge, namely, 
experts have to input some helpful theorems or lemmas as "new" axioms. 
The first two steps of classical FLC design are based on experts' input, 
namely, the proposal of a symbolic model (the set of linguistic rules) and 
its conversion to a fuzzy model (assigning linguistic values to membership 
functions), In the traditional formulation, such inputs are handled by the 
notion of linguistic variables. In our new methodology, it is the "nature" 
part of the model theory of rough logic. We would like to point out here 
that though the formal theory is based on rough logic, in practice designers 
do not have to have a detailed knowledge of rough logic. Designers can 
simply describe their systems using linguistic rules and some qualitative 
statements about the systems. 

In order to give a proper context to our mathematical formalism, we 
start from the notion of mathematical modeling so that we have a clear 
and precise view of our methodology. (See Figure 1.) 

2.1. Mathematical Modeling 

What is a mathematical model? The following paragraph about mathe- 
matical models is quoted from a widely used textbook on discrete mathe- 
matics [13, Chapter 0]: 

A mathematical model is a mathematical characterization of a 
phenomena or a process... So a mathematical model has three 
essential parts: 

• a process or phenomena that is to be modeled, 
• a mathematical structure capable of expressing the important 

properties of the object to be modeled, 
• an explicit correspondence between the two. 

We would like to add a fourth point: 
• verification and validation: conducting experiments to prove that the 

proposed correspondence is indeed correct. 



Rough Logic Formalism for Fuzzy Controllers 399 

System 
dX/dt = F(t,U,X) ~ . . . . . . . . . . . . . . . . . . . .  

¥ - Fl(t,u,x) 
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Figure 1. Modeling of the systems or controllers. 

We often refer to the conclusion by simply saying that the mathematical 
model is correct. 

Given a set of differential equations, pure mathematicians have two 
approaches to this problem: one is modeling the solution directly (the 
theory of differentiable manifolds); the other is modeling the whole system 
(the theory of differential equations). In the latter, the solution space is an 
embedded "surface" in high dimensional Euclidean space. Thus in control 
theory, one can model either the systems (plant model) or the solutions 
(control functions). Classical controllers (CCs) model the systems (when 
the system equations are simple), while FLCs model the solutions directly 
(for nonlinear systems, whose system equations are often unavailable). 
FLCs skip the system modeling. The gain is that this avoids the complexity 
of system modeling; the drawback is that the correctness of the model has 
to be proved directly (verified and validated). In a CC, the verification and 
validation step is often easy, because system models are derived from laws 
of nature and principles of engineering [7, 8]. In an FLC, this is a 
painstaking step. 

2.2 .  T h r e e  F o r m a l i s m s  o f  C l a s s i c a l  F u z z y  L o g i c  

There are three formulations: the first is the classical one, the second is 
Zadeh's new fuzzy graph approach [10], and the third is our rough logic 
formalism. They are summarized in Figure 2 and discussed below. 
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STEP 1: SYMBOLIC MODELS 
(1.1) A set of linguistic rules: Such a set is proposed by domain experts. 

This is a mathematical model of the given control system using 
if-then-else rules. 

(1.2) A symbolic graph [10]: Let Symln and SymOut be two finite sets of 
input symbols and output symbols respectively. The mapping 

K: Symln ---, SymOut, 

(1.3) 

denoted by 7/= K(v), is a qualitative control function described by 
experts (if v then 77). This mapping will be called the symbolic" 
control function. Using graph notation, the graph (v, K(v)) will be 
called the symbolic graph. 77 and v are variables varying over two 
finite sets, SymIn and SymOut respectively; they are called linguis- 
tic variables. The symbolic graph is a mathematical model of the 
given control system described by two sets of symbols. Each 
symbol represents certain real world phenomena. 
A rough linguistic model: Among these three formulations, the 
rough linguistic model is most flexible. It can express any qualita- 
tive information, including geometric information, and even dif- 
ferential equations. (See next section.) 

STEP 2: 
(23) 

(2.2) 

(2.3) 

FUZZY MODELS (FUZZIFICATION) 
A set of fuzzy rules: In this step, domain experts replace each 
linguistic constant by a membership function. So the set of linguis- 
tic rules is transformed into a set of fuzzy rules. This step is called 
fuzzification. It yields a mathematical model described by fuzzy 
rules. 
A fuzzy graph: Each linguistic constant is replaced by a member- 
ship function. So the symbolic mapping becomes a mapping be- 
tween two function spaces, called a fuzzy mapping. It maps a set of 
membership functions (representing the input linguistic constants) 
to another set of membership functions (representing the output 
linguistic constants). It is a mapping of function spaces, or a graph 
on function spaces. Such a graph is called a fuzzy graph. A fuzzy 
graph is another mathematical model (of the given control system) 
described by membership functions. 
A rough fuzzy model: In the first two approaches, the models 
handle one fuzzy interpretation at a time. In the rough logic 
formalism, a rough fuzzy model handles all possible interpreta- 
tions at the same time; the model handles the solution space, not 
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just one solution. So we can discuss a differential geometric view 
of nonlinear dynamic systems in the third formulation. In other 
words, a rough fuzzy model is a differential geometric and topo- 
logical object. 

STEP 3: CANDIDATE MODELS (DEFUZZIFICATION) 
(3.1) A candidate control function: Using TVFI or Mandani's inference 

method, a set of fuzzy rules determines a potential control func- 
tion [1]. 

(3.2) A candidate control graph: Same as (3.1), except it is expressed in 
the form of a graph. 

(3.3) A rough candidate model or a virtual trajectory model: See next 
section. 

In CCs, the control function is often expressed by traditional elementary 
or special functions. From this aspect, we could regard the membership 
functions as user-defined special functions. The control function defined 
by the TVFI method is a linear combination of such membership func- 
tions. 

STEP 4: VERIFIED AND VALIDATED MODELS: THE TUNING STEP 
The final step is the tuning phase in a classical FLC. In the first two 

steps, domain experts suggest a set of linguistic rules and a set of 
interpretation. These suggestions are either (1) based on experts' observa- 
tion, experience, and intuition, or (2) derived from (maybe not very good) 
training data, so the candidate control function produced in step 3 has to 
be verified and validated by experiments. This constitutes the fourth step 
of mathematical modeling--proving the correctness of the model [see 
(2.1)]. 

(4.1) A V& V control function: If experiments show that the candidate 
control function behaves as expected, then the model is correct 
(verified and validated). The function so obtained is the control 
function--the mathematical model of the control system. If exper- 
iments do not work, then we go to step 1 and the experts will vary 
their symbolic models and interpretations. Such a loop will con- 
tinue until one finds correct solutions. 

(4.2) A V& V control graph: Same as (4.1). 
Such a repeated experiment is called tuning in classical FLCs, or 

numerical experimentation in the hard computing world. We should point 
out here that the loop involves human experts. So it is not an algorithm; it 
is a design procedure. The rough logic approach is a semiautomation of 
the procedure. 



Rough Logic Formalism for Fuzzy Controllers 403 

(4.3) A V& V rough control model or a trajectory model: In this step, 
rough logic control is quite different from standard fuzzy control; 
it uses evolutionary computing--see next section. 

3. ROUGH LOGIC GOVERNMENT 

A control system can be expressed by (e.g., [14]) 
dX 

- F(t, U,X), (1) 
dt 

Y = H(t ,  U, X). (2) 
Then from the solutions of (1), (2), one obtains the control function, 

Y = K(t ,  U), (3) 
where X, U, and Y represent respectively the state, the input, and the 
observable output variables in vector forms. 

In classical control the system is linear, so the function K can be 
explicitly expressed by elementary (or perhaps classical advanced) func- 
tions, while in modern control (both hard and soft), one utilizes nonlinear 
control, where the system functions F and H and/or  control functions K 
may not be analytically available. In the fuzzy logic approach, one attempts 
to construct the function K quantitatively, whereas in the modern differ- 
ential geometric approach, one tends to study the space of solutions K 
qualitatively. The two approaches are complementary. Rough logic govern- 
ment takes an integrated view: It views an FLC as a grand scale interpola- 
tion methodology using qualitative information to construct the solution space 
of a nonlinear dynamic system that may or may not be expressed by explicit 
differential equations. In short, rough logic government uses an FLC to 
construct the family of solutions K in the light of a differential geometric 
view of the system (Figure 1). 

Rough logic government consists of the following components: 

Group 0. Mining Control Rules 

This is a rule mining step. In many cases, some sort of initial rudimen- 
tary control data are available. We use the rough set methodology to 
extract linguistic control rules from such a set of training data [6, 26, 25]. 

Group 1. A Rough Linguistic Model 

In formal logic, a theory is a formal system plus proper axioms [2, 22]. A 
set of linguistic rules (obtained from group 0 or recommended by domain 
experts) can be regarded as a set of proper axioms in rough logic [5]. So 
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the symbolic model for rough logic approach is a theory of rough logic, 
called a rough linguistic model. It consists of a set of predicates that 
describes the control system symbolically. In practice, it is a set of 
statements including the linguistic rules and qualitative properties of the 
system. Let us set it up formally. Linguistic constants will be collected into 
two groups, input symbols and output symbols: 

InSymbol = {Sin1, Sin E . . . . .  Sini . . . . .  Sinh} , 

OutSymbol = {Soutl, Sout 2 . . . . .  Souti . . . . .  SOUtk}. 

Mathematically, these linguistic constants are elements of finite sets and 
have no special meaning. However, to domain experts these constants 
represent some real world phenomena. These two finite sets constitute the 
domains of qualitative variables. The input and output symbols will be 
used in pairs. For example, the linguistic rule 

I f x  is Sin1, then y is Sout 1 

is a predicate P(Spairl;Vpair 1) with a variable Vpair I - -(x,y)  and a 
constant Spair 1 -- (Sin1, SOUtl). Let n -- hk be the number of all possible 
constant pairs. Then 

SymbolPair = {Spairl, Spair E . . . . .  Spairi . . . . .  Spairn}, 

VariablePair = {Vpairl, Vpair 2 . . . . .  Vpairi . . . . .  Vpairn}. 

So the rule part of the proper axioms can be expressed by the following 
predicates: 

P = P(Spair 1, Spair E . . . . .  Spair i , . . . ,  Spairn; 

Vpair I , Vpair E . . . . .  Vpairi . . . . .  Vpairn), 

Q = Q(Spair 1, Spair2, . . . ,  Spair i , . . . ,  Spair~; 

Vpair 1 , Vpair E . . . . .  Vpairi . . . . .  Vpair~), 

R = R(Spairl, Spair 2 . . . . .  Spairi . . . . .  Spair n; 

Vpairl, Vpair2 . . . . .  Vpair i . . . . .  Vpair n), 

where some of the constant and variable arguments may not actually occur 
in the predicates. 

Other qualitative information, such as the geometry of the qualitative 
equations, can easily be expressed by convenient predicates. 

For simplicity from now on, we will treat linguistic constant pairs as new 
linguistic symbols, and membership function pairs as new membersh~ func- 
tions, and the universe pair as the new universe. So terms such as member- 
ship functions, and linguistic constants all will have new meanings. 
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Group 2. A Rough Fuzzy Model (a Family of Possible Fuzzy Worlds) 

As we have remarked earlier, rough logic government handles all models 
at the same time. In group 2 we handle the whole family of rough fuzzy 
worlds (defined below) that correspond to rough linguistic models in 
group 1. 

The proper axioms of rough logic are interpreted by membership func- 
tions. In other words, linguistic constants (i.e., linguistic constant pairs) are 
all replaced by membership functions (i.e., membership functions pairs); 
hence the set of proper axioms (using linguistic constants) are transformed 
to a set of. proper axioms (using membership functions.) In formal logic, 
such a replacement is called an interpretation of the theory [2, 22, 5]; using 
modal logic language, each interpretation is a possible world. So we call 
such an interpretation a possibly fuzzy world. We can view this step as a 
transformation of the rough logic of the ordinary world using linguistic 
constants to the rough logic of fuzzy world, where the "linguistic constants" 
are membership functions. Such transformations are derived from domain 
experts' observation that a linguistic constant and a membership function 
describe the same real world phenomena. 

Of course, such an observation often is not unique. Each linguistic 
constant hence may transform to a family, or even a continuous family, of 
membership functions. We will call such a family of membership functions 
a function class. The  collection of all such transformations (possible fuzzy 
worlds) will be called a roughly fuzzy mode l  In notation, the linguistic 
constant Spair; is associated with the following function class: 

F i = {fi,t,]ti varies over the index set T/}, i = 1, 2, . . . .  

Let 

L,,,,f2,,2,.. . ,  fi,t, . . . . .  f , , , ,  

be a representative vector from the function classes 

F1, F 2 . . . . .  F i . . . . .  F. .  

Then the predicates of the proper axioms (using linguistic constants) are 
transformed into the predicates using membership functions--they will be 
called fuzzy predicates: 

P = P ( f l , q , f 2 , t 2  . . . .  f~,t,, . . . .  f~,t.;V1,V2 . . . . .  V~ . . . . .  V.), 

Q = Q( f l , q , f 2 , t 2  . . . .  f~,t.;V1,V2 . . . . .  v~ . . . . .  V.), 

R = R ( U l , t l , f 2 , t 2  . . . .  f i , q  . . . . .  f n , t n ' ~ V l , V 2  . . . . .  ~ i  . . . . .  Vn)" 
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Strictly speaking, predicates are relations, and V~ are "variables" with the 
range in one of the domains of the relations [2, 22]. Note that the set of 
fuzzy predicates (relations) above is for one possible fuzzy world that 
corresponds to one set of representatives ( f l, t,, f 2, t: . . . .  f i, ti . . . . .  f n, t,). 
There is one such set in each possible fuzzy world. Recall that such a 
transformation of the predicates (using linguistic constants) to the predi- 
cates/relations (using the membership function) is an interpretation in 
rough logic. So group 2 is in essence a set of interpretations. 

Next we will examine the internal structure of the set of all membership 
functions that correspond to a fixed rough linguistic model. The families of 
function classes, each of which interprets a distinct linguistic constant, are 
mutually disjoint, because two distinct linguistic constants which represent 
two real world events c a n n o t  be interpreted by the same membership 
function. So each such a family is an equivalence class in the total space of 
membership functions under consideration. We should like to stress that 
in the classical FLC formulation, a linguistic variable is often associated 
with one particular interpretation [12]. Here, instead of linguistic constant 
is associated with any membership function of the same equivalence class. 
Such many valued interpretations are natural, because no expert's intu- 
ition can be so precise that he can pinpoint exactly one membership 
function for one linguistic constant. 

In Figure 3, each region represents a linguistic constant. A set of points 
within the region represents an equivalence class F o f  membership func- 
tions that interpret the symbol of that square. The universe U is the union 
of these disjoint equivalence classes. A heavy dot represents a selected 
representative in the region. The collection C of all such dots/representa- 
tives forms an interpretation of the theory--it  represents a possible fuzzy 
world. These terms have geometric meaning. U is the total fiber space, F 
is a fiber, and C is a cross section. The collection of linguistic constants is 
the base space B (see illustration in next section). 

Universe 

Cold Cooi 

Hot • m m / 

/ 

• 

Figure 3. Illustration of a fuzzy model. 
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Group 3. A Rough Candidate Model or a Virtual Trajectory Model 
(a Family of Candidates of Control Functions or Trajectories) 

For each possible fuzzy world, an inference method determines a func- 
tion. This function is a candidate for solutions of the unconstructed system 
equations. Geometrically, it is a candidate for a trajectory, called a virtual 
trajectory, of the system equations. So a rough fuzzy model will determine 
a family of such candidates. Geometrically, such a family is a space of 
candidates for trajectories of a nonlinear dynamic system. We will call it 
rough candidate model or virtual trajectory model. 

Group 4. A Rough V & V Model or a Trajectory Model 
(a Family of Control Functions or Trajectories 

The family in group 3 is a set of potential mathematical models for the 
control system. To show that indeed they are mathematical models of the 
control system, we need to verify and validate them by experiments. This is 
called tuning. 

Group 5. Evolutionary Tuning 

In rough logic government, there is a rough linguistic model: a family 
possible fuzzy worlds, a family of potential control functions. So the tuning 
is tedious and time consuming. Therefore, evolutionary computing is 
adopted to conduct tuning and to select a best answer. This is an expan- 
sion of the classical tuning step; our idea is similar to [18]. 

REMARK 1 There are infinitely many (candidate) solutions, so we need to 
have a strategy to select a "finite skeleton" of candidates to verify and to 
validate them. This choice is often intuitively obvious (classical FLC 
designers have used it implicitly); mathematically it involves the notion of 
neighborhoods or topology [16, 15, 17]. 

REMARK 2 As we have mentioned earlier, experts' input plays essential 
roles in FLC design. In formulating the design theory, we have to assume 
that the experts have a certain level of competence. Roughly, we have to 
assume that the set of linguistic rules and their interpretations suggested 
by experts should contain the "correct ingredients" for constructing the 
control functions. If expert's suggestion is too far from the real solutions, 
then the FLC is powerless. This is somewhat similar to theorem proving: if 
the suggested "new" axioms (helpful theorems or lemmas) have nothing to 
do with the target theorem, then the prover may not be able to produce a 
correct proof. 
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4. A SIMPLE EXAMPLE 

4.1. A Symbolic Model  

CLASSICAL APPROACH: Linguistic if-then rules 

IF temperature IS cold THEN fan_speed IS high. 

IF temperature IS cool THEN fan_speed IS medium. 

IF temperature IS warm THEN f a n _  speed IS low. 

IF temperature IS hot THEN f a n s p e e d  Is zero. 

Additional information: When the temperature increases, the fan_speed 
should increase slowly. Here "slowly" means the second derivative of the 
fan_ speed with respect to the temperature is negative. Geometrically, the 
fan_speed as a function of temperature is concave downward. This means 
that we need to choose concave downward membership functions. Such 
qualitative information is not formally formulated in classical fuzzy logic 
design, however; it is often implicit in the expert's mind. In the rough logic 
formulation, this information is part of the formal model. 

FUZZY GRAPH APPROACH All the linguistic variables or constants will 
be called symbols: 

InSymbol = cold, cool, warm, hot, 

OutSymbol = high, medium, low, zero, 

and the symbolic graph is 

v 77 = K ( v )  

cold high 
cold medium 
warm low 
hot zero 

ROUGH LOGIC APPROACH The rules can be expressed by predicates as 
follows: let P((Sini; Soutj), (x, y)) be the predicate representing the rule 
"if temperature x is Sin i then fan_speed y is S o u t / '  The proper axioms 
of the theory are the following four formulas: 

P((cold, high), (x, y)) ,  P(cool, medium, (x, y)),  

e((warm, low), (x, y)) ,  P(hot,  zero, (x, y)).  

Additional information: S(fan_ speed, temperature). 
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4.2. A Family of Possible Fuzzy Worlds 

Suppose the following interpretations are suggested by experts using the 
additional requirements S: 

Cold = Sin I -'= f l ,  Cool = Sin 2 .'= f2,  

Warm = Sin 3 :---f4, Hot  = Sin 4 -'= f4, 

High = Sout I := gl,  Medium = Sout 2 := g2, 

Low = Sout 3 := g3, Zero  = Sout 4 := g4 

(e.g., the support values are gl = 800 rpm, g2 = 500 rpm, g3 = 200, 
g4 = 0 rpm). 

CLASSICAL APPROACH 

IF temperature IS )el, THEN fan_speed Is gl- 

IF temperature Is f2, THEN fan_speed Is g2. 

IF temperature IS fa, THEN fan_speed Is g3. 

IF temperature IS f4, THEN fan_speed Is g4. 

(Experts by experience will choose concave downward membership func- 
tions; however, this is not require by the model.) 

FUZZY GRAPH APPROACH The symbolic graph is transformed to a fuzzy 
graph (v, K(v)), where each symbol is replaced by a membership function 
(a fuzzy approximation): 

v K(v) 

fx ga 
f2 g2 
f2 g3 
f4 g4 

ROUGH LOGIC APPROACH In the above two approaches, one symbol is 
interpreted by one membership function. In the rough logic formulation, a 
symbol may be interpreted by many (even a continuous family of) member- 
ship functions. Let  

Sin1 = {fltl t varies over a finite, countable, or continuum set} 

be a finite, countable, or continuous family of concave downward member- 
ship functions that interpret the linguistic constant Sin I = Cold. Similarly, 
let 

Sina = {f~[ s varies over a finite, countable, or continuum set} 
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be the possible interpretations of the linguistic constant Sin 2 = Cool. A 
continuous family of functions often possess the usual neighborhood 
system or topology. 

We can express some fuzzy predicates as follows: 

P(Cold, High): 

P(Cool, Medium): 

P(Warm, Low): 

P(Hot, Zero): 

P(f~, gl); P(f~, g]); P(f~', gl); P(f l ,  g'l); P(f~, g'l); 
P ( K ,  g'l); P(fl, g~); P(f~, g~); P(f[', g~);--. ; 
P(f2, g2); P(f~, g2); P(f;', g2); P(f2, g2); P(f~, g'2); 
P(f~', g2); P(f2, g~); P(f~, g~); P(f~', g~);--- ; 
P(f3, g3); P(f;, g3); P(f;', g3); P(f3, g;); P(f;, g'3); 

, ,  t . t , ,  . I t  , ,  . . . . ,  P(f;, g3), P(f3, g;); P(f;, g3), P(f;, g3), " 
P( f4, g4); P( f~, g4); P(f~, g4); P( f4, g~); P( f~, g'4); 

, ,  , . , , ¢  . , ,  , ,  . • • • • P( f~, g4), P(f4, g~); P( f~, g4), P( f~, g4), 

Each selection of fuzzy predicates (for example, the collection of predi- 
cates without primes) is the set of fuzzy predicates in one of the possible 
fuzzy worlds; the set of single primes is another such set for another 
possible fuzzy world, and so on. 

4.3. A Family of Candidates for Control Functions 

The geometric view is important. Let us recall the geometric names for 
various sets of rough model (see Figure 4). Let the universe U be called 
the total fiber space, an equivalence class of membership functions be a 

f ib re  (the class of 
"equivalent" membership 

Fibre Space 
functions) 

<°.-- D 
Figure 4. A fiber space representation of a fuzzy model. 
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fiber, and the collection B of all linguistic constants be the base. We can 
visualize the whole situation geometrically as follows: For each linguistic 
constant b, there is a fiber F of membership functions that sits on top of it. 
Each membership function in the fiber represents the fuzzy meaning of the 
linguistic constant. By inference methods, each cross section (a possible 
fuzzy world) will be transformed into a candidate of control function. So 
we have a family of candidates of control functions of the control system. 

4.4. A V & V Model 

Each fiber may have infinitely many membership functions, so we have 
infinitely many families of cross sections (possible fuzzy worlds). Since one 
can only conduct finitely many experiments, we have to have a strategy to 
select a finite skeleton from F. For practical applications, we can assume 
that all spaces are compact, and proceed as follows: 

1. Select a finite family of neighborhoods to cover the spaces U, B, F. 
Note that F and U are compact functions spaces, and B is a finite 
set. 

2. Select one member  from each neighborhood. The sets of such se- 
lected points are finite skeletons for U, F, and B. 

3. So we have finite number of possible fuzzy worlds or cross sections on 
the finite skeletons. 

4. By inference methods, these finitely many cross-section models can 
be transformed into finitely many candidates for control functions. 

5. By experiments, we can verify and validate these finitely many candi- 
date control functions. Geometrically the verified and validated con- 
trol functions constitute a finite skeleton of the trajectories in the 
differentiable manifold. 

6. Taking the "convex closure" of the finite skeleton, we obtain a 
candidate tubular neighborhood. If these convex closures are verified 
and validated, then we have a tubular neighborhood of solutions. 
From the differential geometric point of view, the existence of such a 
tubular neighborhood represents the existence of a set of "nice 
solutions" near the initial conditions. This is precisely the Lyapunov 
stability, if the solutions vary in a bounded space. 

4.5. A Simple Experiment 

We have conducted some experiments using LibGA [27]. We assume 
that we want the temperature be raised steadily as the first quadrant of a 
sine curve. We used 50,000 randomly selected functions as the pool for 
each symbolic constant. After 20,000 loops the answer seemed acceptable. 
We will report  more substantial results in the near future. 
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5. NEW DOMAINS OF APPLICATION 

5.1. Collective Intelligence 

The selection of a correct set of linguistic rules plays a very essential 
role in classical FLC design. One way to improve that is to invite more 
advice from domain experts. If each expert gives us a different set of 
linguistic rules, then how can we integrate these different sets of opinions 
productively? In other words, is there a methodology to select the "best" 
portion out of each expert's advice, and to combine the portions coher- 
ently? We observe that if the experts are perfect, then such a collection of 
sets of linguistic rules has to satisfy certain compatibility conditions. In 
fact, they should form an inverse limit systems [7, 8]. Based on such 
observations, we believe that we can use evolutionary computing to select 
the best components from each expert's rules, and integrate them coher- 
ently. A more detailed study will be reported in the near future. 

5.2. Integration of FLCs--Large Scale Applications 

The mechanics are similar to the last subsection. Instead of the sets of 
linguistic rules of the same FLC, we may consider the sets of linguistic 
rules from different FLC. In Section 5.1, we have a hierarchy of linguistic 
rules of the same FLC. Now we have a hierarchy of different FLCs. So the 
same procedure can be applied. This is the most important ingredient in 
large scale applications. We will report on the study of such integration in 
the near future. 

5.2. Stability Problems 

Rough logic government provides us an adequate mathematical struc- 
ture to manage tubular neighborhoods of control functions. A solution 
with given initial condition forms an integral submanifold. According to 
Lyapunov [19], the stability problem is to investigate the behavior of the 
solutions lying within a neighborhood of a given integral manifold; such a 
neighborhood is called a tubular neighborhood [20]. Findings on this 
subject will be reported in a future paper. 

6. CONCLUSIONS 

Rough logic government is in essence a mathematical model using rough 
logic to formulate the classical fuzzy control design theory. It gives to 
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informal practices a mathematical formalism. The new ingredients are rule 
mining using rough set theory in group 0 (see Section 3), evolutionary 
tuning using evolutionary computing in group 5, and the differential 
geometric view of the whole process. We will report on more serious 
applications in the near future. 
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