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Abstract 

In this study, we address noise-induced phenomena in a system of two pulse-coupled resonate-and-fire neuron 
models as a piecewise smooth dynamical system. The model is a spiking neuron model that has second-order 
membrane dynamics with a firing threshold, and it exhibits subthreshold oscillation of membrane potential, resulting 
in the sensitivity to the timing of inputs. The pulse-coupled system shows the grazing bifurcation, a specific feature of 
a piecewise smooth dynamical system, as well as the saddle-node bifurcation. We numerically investigated mixture 
bifurcation structure of the system, leading to complex behaviors, such as burst synchronization and chaotic 
phenomena. Moreover, we found that a novel type of noise-induced order and chaos occur in the system when 
additive noise are given as a perturbation on the firing threshold. Finally, we will discuss a considerable mechanism 
of such noise-induced phenomena and the relationship to discontinuity-induced bifurcation in view of the piecewise 
smooth dynamical system theory. 
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1.  Introduction 

       Over the past 30 years, chaos in neurons has been investigated in detail [1]-[3].  For instance, chaotic 
responses have been observed in the Onchidium giant neurons as non-/autonomous systems [1]-[2] and 
the Squid giant axons as a non-autonomous system [3] at single cell level.  Furthermore, chaos in neural 
systems has been studied in both experiments and simulations at network level [4]. 

       Bifurcations of such biological chaotic systems are quite different. Near saddle-node bifurcation and 
period-doubling bifurcation have been found in physiological experiments (ex. [1]-[2]), and such 
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bifurcation structures can be analyzed by the discrete return map. More complex structures are predicted 
by numerical simulations at single cell level [3] and physical experiments at network level, which are 
essentially related with the piecewise smooth dynamical systems [5]-[6].  

       In this study, we focus on the bifurcation structure of a chaotic dynamical system that consists of two 
pulse-coupled resonate-and-fire neuron models [7]-[9] as a piecewise dynamical system. In order to 
consider the nonlinear effects of the noise on the chaotic dynamical system, we investigated the stochastic 
dynamics of the system on the discrete return map in view of discontinuity-induced bifurcation. We found 
a novel type of noise-induced phenomena in the system with specific noise and fluctuations in chaotic 
regions. Based on the results, we discuss the relationship between the noise-induced phenomena and 
physical and mathematical structures of the system as a piecewise smooth dynamical system, featured by 
the discrete return map with piecewise nonlinearity. 

2. Model and dynamics 

       Let us explain a system of pulse-coupled spiking neuron models as a chaotic dynamical system with 
discontinuous bifurcation structure. 

2.1 Resonate-and-fire neuron model 

We here consider the resonate-and-fire neuron model as a spiking neuron model [7].  This type of the 
spiking neuron model is a complex extension of the integrate-and-fire neuron model.  The dynamics the 
model are described as follows:  

                    , if  Im ,  then                                                 (1)

where  represents the state variable,  and  the parameters, and  an input. When the 
imaginary part of the state variable  exceed the firing threshold , the state variable  is reset to the 
reset value  at the moment . 

       This model has second-order membrane dynamics with a firing threshold and activity-dependent after 
firing reset to a certain value corresponding to after hyperpolarization. Due to such dynamics, the model 
exhibits subthreshold oscillation of the membrane potential, and its response is sensitive to the timing, 
strength, and direction of pulse inputs, resulting in the frequency preference and post-inhibitory rebound 
observed in biological neurons [7]. The behaviours of the resonate-and-fire neuron model are strictly 
influenced by the location of the firing threshold value and the after-firing reset value. 

2.2 Pulse-coupled system 

       We consider the system of the two pulse-coupled resonate-and-fire neuron models. The dynamics of 
the system are described as follows: 

                , ( ,       )                                       (2)

where   represents the state variable of the  j-th neuron,  the coupling strength of pulse inputs from the 
another neuron at the firing time , and  the delta function.  

       The pulse-coupled system exhibits in-phase and anti-phase synchronization [8], out-of-phase burst 
synchronization, and chaotic phenomena [9] depending on the location of the after-firing reset value in 
the complex plane [9]. Due to the activity-dependent after firing reset, the system exhibits the grazing 
bifurcation, which is known as one of the discontinuity-induced bifurcation [5], in addition to the saddle-
node bifurcation.  
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Fig. 1. Burst synchronization in two pulse-coupled resonate-and-fire neuron models. (A) 1:1 anti-phase, 

(B) 2:2 out-of-phase, and (C) 3:3 out-of-phase synchronization states.  

3. Results 

       Let us explain nonlinear phenomena in the system of the pules-coupled spiking neuron models as a 
piecewise dynamical system. In the following simulations, we set the common parameter set except  as 
follows:  , , .

3.1 Burst synchronization and chaotic phenomena 

       In the pulse-coupled system, 1:1 in-phase and 1:1 anti-phase, and N:N out-of-phase synchronization 
states can be observed. Such synchronization states depend on the coupling strength  [8]. Figure 1 
shows the anti-phase and the out-of-phase burst synchronization states of the system in different 
parameter regions. Furthermore, chaotic phenomena occur in specific parameter regions, such as shown 
in Fig. 2A ( ). 

      The global stability of the system can be analyzed by the firing time difference map (FTDM) 
constructed from the 1D discrete maps with respect to the firing time difference [8]-[9]. Figure 2B shows 
the FTDM of the pules-coupled system in a chaotic region ( ). It can be found that the Type I 
intermittency chaos occurs near the saddle-node bifurcation point.  
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Fig. 2.  Chaotic phenomena in two pulse-coupled resonate-and-fire neuron models. (A) Phase plane portraits and (B) recurrence plot 
on firing time difference map. 

       Furthermore, as well as saddle-node bifurcation, discontinuity-induced bifurcation called the grazing 
bifurcation [4] occurs in the pulse-coupled system. Figure 3 shows the bifurcation diagram with respect to 
the coupling strength  as the bifurcation parameter. The discontinuities on the discrete return map, i.e.,
FTDM, arise from the grazing bifurcation. Near the grazing bifurcation points, the orbit of the neuron is 
just tangent to the line of the firing threshold. As a result of the grazing bifurcation, the anti-phase and 
out-of-phase synchronization states become to be unstable, and other stable synchronization states will 
appear. This indicates that the pulse-coupled system can be regarded as a piecewise smooth dynamical 
system [5]. 

Fig. 3. Bifurcation diagram with respect to coupling strength as bifurcation parameter K. Bifurcations are divided into saddle-node 
bifurcations and grazing bifurcations. 
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Fig. 4. Effects of additive Gaussian white noise along (A) x-axis and (B) y-axis. In the both cases, probabilistic transition rates of 
stochastic state transition during chaotic phenomena are decreased at optimal noise intensity. 

3.2. Noise-induce nonlinear phenomena  

      We investigated the effects of noise as perturbation on the system dynamics in order to consider the 
robustness of the synchronization and chaotic phenomena. Firstly, we directly added Gaussian white 
noise into the system along x-axis and y-axis, as shown in Figs. 4A and 4B, respectively. As a result, the 
probabilistic transition rates among different states during chaotic phenomena are decreased at the 
optimal noise intensity. For instance, we set the coupling strength  and the intensity of the noise 
as  for Fig. 4A and  for Fig. 4B. However, the chaotic phenomena could not be 
completely supressed by the additive noise. The chaotic phenomena are robust against additive noise on 
the orbit of the system. 

       We further added Gaussian colored noise on the threshold as follows: 

                                                                                                                            (3) 

where  is the time constant,  Gaussian white noise, and D the intensity of the noise. We set the 
parameters as follows: ,  and 1.5 for chaotic regions, and  = 0, 100, 200, 250, 
respectively. Depending on the noise intensity, the grazing bifurcation rarely occurs in the system, 
resulting in the noise-induced order and chaos, as shown in Fig. 5. The results show that the difference of 
the effects of the noise on the orbit and the threshold in chaotic regions.  

4. Comparison with related works 

       Let us compare the noise-induced order and chaos presented here with previous ones. In general, 
noise-induced phenomena, such as stochastic resonance, coherence resonance, noise shaping, common 
noise-induced phase synchronization, and noise-induced order and chaos [10]-[12] are ubiquitously found 
in biological systems. Their constructive roles in information processing are attractive for engineered 
systems. We focus on the functional roles of the noise on neural systems in view of the noise-induced 
order and chaos. In the most fundamental case of chaos in neural systems, the period-doubling bifurcation 
can be observed well. Such bifurcation structure is robust against noise. However, near saddle-node 
bifurcation and more complex bifurcation are observed in autonomous chaotic neural systems, and the 
global stability of such systems seems to be influenced by the noise. In fact, such bifurcation structures 
are difficult to be observed in physiological experiments.  
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      Fig. 5. Noise-induced order and chaos in the pulse-coupled system with firing threshold noise. 

From the viewpoint of the piecewise smooth dynamical system theory [5], the discontinuities in the 
pulse-coupled system are quite interested because the similar discontinuities can be found in the discrete 
return map of the Onchidium giant neurons under sinusoidal current injection [2]. The discontinuities of 
these systems arise from the projection of at the least the three-dimensional dynamical systems onto the 
two-dimensional discrete return map. Chaotic phenomena of the systems can be regarded as stochastic 
transitions between separated areas in the discrete return maps. The additive noise on the chaotic discrete 
map can suppress such stochastic transitions as demonstrated in the classical types of the noise-induced 
order and chaos. In the different way, the noise on the continuous dynamical system can change the 
global stability of the discrete return map. In other words, the additive Gaussian noise to the continuous 
dynamical system does not directly act as perturbation on the discrete map as different from other 
previous works [10]-[12]. Our results demonstrate a different route of the noise-induced order and chaos.  

5. Conclusion 

In this study, we have investigated the nonlinear effects of the noise on the chaotic system of the 
two pulse-coupled resonate-and-fire neuron models in view of the piecewise smooth dynamical system 
theory. We investigated the dynamical behaviors of the system as a piecewise smooth dynamical system 
with considering the mixture bifurcation structure. Numerical simulations show that the noise on the 
firing threshold can suppress the chaotic phenomena in the system. This is because the grazing bifurcation 
rarely occurs under the noise as a perturbation and the probabilistic transition rate of the stochastic state 
transition become to be close to zero. Our results suggest the nonlinear effects of the noise on stochastic 
transitions in chaotic piecewise smooth dynamical systems. 
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