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1. INTRODUCTION

The problem discussed in this paper has grown out of an attempt to con-
struct 2 theoretical framework which is suitable for the treatment of some
of the problems arising in the design of control systems. The fundamental
problem is to find a suitable control law, i.e., a relationship between the
observed output and the control signal. In the earlier stages of the develop-
ment of control theory it was customary to postulate a certain structure for
the control law which had a few unknown parameters to be determined.

In more recent developments, the trend is to replace this postulate by the
postulate that the purpose of the control system is to minimize a cost function
(1, 2].

The design problem is then reduced to a variational problem, whose solu-
tion will yield the control law. In this approach the control law expresses
the control signal as a function of the state variables. Hence there is no
dynamic element in the feedback. It should also be noted that with an
approach of this type there is no analytical difference between a control law
and a control schedule, or in other words, between a closed loop system and an
open loop system.

The control law being a function of the state variables implies that all
state variables must be measured. If only measurements of a few state varia-
bles are available and if the system is observable, the other state variables can
easily be reconstructed by differentiation. Hence there is no natural way to
introduce, as a limitation, the fact that only a few state variables can be
measured. Thus, the treatment of the control problem as a deterministic
variational problem is not a completely satisfactory approach.

It is clear that this inadequacy arises when disturbances are neglected.
One way to remedy this definiency is to introduce disturbances as random
functions. If the control problem is still formulated so as to minimize
functionals of the trajectories of the system, we are led to a stochastic varia-
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tional problem. Such a problem is, in general, very difficult to solve. There
is, however, one special case which can be solved: linear systems with quad-
ratic criteria. See [3-6]. This solution is the foundation of linear control
theory which is complete in the sense that many essential problems, such as
stability, sampling rate, etc., can be solved. See [7]. The solution of the linear
problem has an interesting structure. The feedback law obtained can be
considered as consisting of two parts:—the estimation of the state of the
system from the observed measurements, and the calculation of the
control variable from the estimated state. The first part is reduced to the
solution of a differential equation. The second part is simply the evaluation
of a linear function. This function can be obtained as the solution of a deter-
ministic control problem. Both the differential equation and the linear
function contain parameters which can be precomputed from the a priori
data of the problem and stored in tables. By doing this, the amount of real
time computations required in the implementation of the optimal system is
significantly reduced. It should also be noted that the linear stochastic control
theory provides an interesting approach to a class of adaptive systems: a
typical situation is the case where the disturbances have constant but unknown
averages. It is easily seen that this case is transformed to the standard linear
problem by introducing the unknown averages as new state variables. See [7].

It would indeed be interesting to pursue the same idea for stationary
systems with unknown parameters. It is easily seen that this problem can
be transformed to a nonlinear stochastic variational problem where the
unknown parameters are considered as state variables. Hence, a generaliza-
tion of the linear stochastic control problem will lead directly to a stochastic
variational problem. The solution of such a problem will provide an approach
to a theory of adaptive control systems.

In developing a theory for a stochastic variational problem it is natural to
rely on Markovian theory by making assumptions which will guarantee that
the solutions of the differential equations with random disturbances which
describe the system are Markov processes. The main reason for this approach
is that the transition probabilities of Markov processes are governed by linear
equations even if the original stochastic differential equations are highly
nonlinear.

The control problem can be stated as follows. The system is described by
a stochastic differential equation containing certain parameters, called control
variables. The trajectories of the system can be influenced by the choice
of these control variables. There is incomplete state informatian, i.e., only
a few coordinates can be observed and the measurements of these coordinates
are affected by disturbances. The performance of the system is characterized
by a functional of the trajectories. The problem is to find values of the control
variables such that the mathematical expectation of the functional is as
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small as possible, when the value of the control variable at time ¢ may depend
on all measurements prior to t. When trying to solve such a problem one is
soon faced with great mathematical difficulties. However, by quantizing
both the state and time variables of the problem formulated above, we arrive
at a problem of essentially the same structure where some of the mathematical
difficulties are eliminated. Such a problem is studied in this paper. When a
solution to the quantized problem is obtained we may return to the original
continuous problem by various limit processes. The quantized problem has,
however, a value of its own in the sense that it represents a situation which
arises when a digital computer is used to implement the optimal solution.
In such a case the quantization in time enters naturally into the problem
as sampling, and the quantization of the state variables is obtained from the
analog to digital conversion.

A precise statement of the quantized problem is given in Section II. The
solution of the problem is presented in Section II1. The solution is obtained
using Dynamic Programming, and the result is given in terms of a functional
equation. To obtain the solution, some elementary results of the theory of
conditional Markov processes are required. The functional equation obtained
is an analog of the Hamilton-Jacobi equation in classical calculus of varia-
tions. In Section III we also present an inverse result which shows that if
the basic functional equation has a solution, then the maximum exists.
This is the analog of a theorem of Caratheodory in the classical calculus of
variations [8, p. 200]. In Section IV we give some interpretations of the
results obtained. It is shown that the optimal control law can be expressed
as u = u(w, t) where w is a function of the observed outputs. The function
u = u(w, t) can be calculated a priori, without any knowledge of the actual
outputs of the system, as the solution of an associated problem with complete
state information. The function w which is a function of the observations
must obviously be calculated in real time as the outputs are observed. Dynamic
feedback is obtained through this computation. We can thus divide the prob-
lem in the same way as is done in the linear quadratic case. This division is
of great importance for the practical implementation of the solution, since
computation of the function u = u(w, t) is complicated and time consuming.
Precomputing and storing this function greatly reduces requirements for
real time computations and is a considerable simplification in the realization
of the optimal system.

In Section V we compare the solution of our problem with two associated
problems, namely, those of complete state information and of no state
information at all. The latter problems are easier to solve and the solutions
will provide bounds for the solution of our problem. The comparison will
also make it possible to associate cost with state information. This provides
an interesting connection between information theory and the theory of
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stochastic optimal control, which has not been explored. Finally, in Section VI
we present two examples,

Although the problem has arisen from study of control systems, its solu-
tion may have applications in other fields. In queuing theory, to mention one
example, it will thus be possible to treat queues so that service is made to
depend on the past status of the queue.

II. STATEMENT OF THE PROBLEM

Let {x,, t =0, 1, ...} be a Markov process with finite state space and dis-
crete time. The states are labeled by the positive integers 1, 2, ..., n. The
initial probability distribution is

P8 = Pl =1}

The row vector formed by (p,°, p.° ... ,0) is denoted by p° Let P(u, t)
be the matrix of the transition probabilities of the process. The ¢ component
of P, p;i(u, t) is defined by

Pisf(u, t) = Plx, = j | 2,y =} (2.1)
where

pifu t) =0, Epii(u’ t)y =1

The transition probabilities may depend on time ¢, and on a set of parameters
#; , ..., 4 which are combined to form a column vector u, and called control
variables or decision variables, thereby reflecting the fact that the process x,
can be influenced by the choice of these parameters. It is assumed that u(z)
for each  belongs to a closed compact set U, which is called the set of admissible
controls at fixed times, and that the transition probabilities are continuous
functions of u. Further, let {y,, =1, 2, ...} be a discrete time random
process which is related to the x process in the following way

Ve =f(x:, )
where {e,,t =1, 2, ...} is a sequence of independent random variables,
and the range of f is the integers 1, ..., m.
The realizations of the process {y;, ¢t =1, 2, ...} represents the results
of the physical measurements of the process {x;, t = 0, 1, ...} and the process

{y:, t =1, 2, ...} is therefore referred to as the output of the system or the
observable.

The function f{x, ¢), which represents the characteristics of the measuring
instruments, and the random variables {e, , £ = 1, 2, ...} are specified by

9 = Py, =j|x =1} 22

12
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where
g;; =0

291‘)‘ =1
¥

A particular realization of the process y, or equivalently a particular outcome
of the measurements is denoted by 7, , ..., 7, and these numbers are grouped
together to form the vector.

ﬂ(t) = COI (7/1 EIRARH nt) (23)

The matrix Q formed by the g¢,; : s and defined by Eq. (2.2) will thus reflect
measurement errors. Notice that Q is not necessarily a square matrix, the
number of possible output states may differ from the number of states of
the x process. When O equals the unit matrix, we have complete state informa-
tion, i.e., each measurement gives the exact state with probability one.

When controlling the process {x,, t =0, 1, ...} we want to determine u(t)
both as a function of the outputs observed up to time ¢ and as a function of
the previous control variables u(1), ..., u(t — 1). This is to be done in such
a way that the behavior of the controlled process is optimal in some sense.

Let the observed outputs up to time ¢ be y; =7, ..., ¥, = n;. The
relation between the control variable u(t), the observed outputs 7, ..., 7/,
and the previous control variables u(1), ..., u(t — 1) is expressed as

w(t) = c'(ny, ey e, (1), oy u(t), t) t=1.,N

By successive substitutions we can immediately eliminate (1), ..., u(t — 1)
from the right-hand member and we get

u(t) = C("h y e Mty t), t = 1, ey ]V (2.4)

The set of functions C = {c(n;, .., ¢, 1), t =1, ..., N} is referred to as
strategy or a control law. A control law C is admissible if ¢(z;, ..., ny, 1) € U
for all ¢ and all possible 7, . As the control law C gives a relation between the
measured outputs and the control signals it will also define feedback.

The object of controlling the process is specified in the following way.

Let g(u, x, t) be a scalar function of #, x and ¢. It is assumed that the depend-
ence on u is continuous. The function g is called the instantaneous cost
function and it gives the cost associated with the outcome x; = x and the
control u. Further, the fotal cost of the process is defined as

N
L= 2 gu(t), x, , 1) (2.5)
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The mathematical expectation of L is denoted

N N
EL = E X\ g(u(t), x,,t) =E D glcln , e, 1), %, 2)  (2.6)
t=1 t=1

where E denotes expectation with respect to the distributions of x, and y,.
We will now formulate the following problem.

P.]1 find an admissible control signal whose value at time ¢ is a function
of the outputs observed up to that time and are such that the expected value
of the total cost is minimal.

An alternative formulation is:

P.1’ find an admissible control law such that the expected value of the total
cost (L) is minimal,

Remark. 1In the statement of the problem it is postulated that u(f) is a
function of 4, , ..., n;. As u(t) is allowed to be a function of 7, this implies that
there are no delays in measurements, and that the time required to calculate
the control signal from the measurements is negligible. There will be no
essential change in the arguments if we instead postulate that «(¢) is a function
of ny, ..., 9;_s thereby allowing for a delay of the measurements and the
control computations of s units of time. The delay s may also be a function
of time. In this way we can get a hierarchy of problems.

One particular case which deserves special attention is when s(t) = ¢.
This means that  is just a function of time (and of the a priori information)
and that no measurements are used. The control function u(t) obtained in
this way is called a conirol schedule and the system obtained is called an
open loop system, as there is no feedback from the measurements. These
variations in the formulation of the problem are both of practical and theoreti-
cal interest; they give us tools to analyze the influence of delays in measure-
ments and to form estimates of minimal loss. This is of importance when
analyzing different schemes for implementing a system, and for discussions
of convergence, etc.

III. SoLurioN OF THE PROBLEM

A. Dynamic Programming

Leaving questions concerning existence and uniqueness of the solution
aside for a moment, we will now postulate that the problem has a solution,
and we will characterize this solution by a functional equation. We will
then go back to find conditions which ensure existence and uniqueness. The
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function to be minimized is the mathematical expectation of the total cost.
We will thus have to find

N
min ... min E zg(u(t), X, t) (3.1

u{l)

where expectation is taken with respect to the distributions of {x, , =0, 1, ...}
and {y,, £ =1, 2, ...} and where u(t) has to be a function of the outputs
observed up to time ¢, i.e., of 5, = ¥, ..., 5, =¥,. The technique of Dynam-
ic Programming will be used to solve the problem.

Let us first consider the situation at the last step, i.e., t = N. The outputs
Y1 = 11, -, ¥y = 7y have been observed and the problem is to determine
u(N) as a function of these. We notice that the only term of the sum in ex-
pression (3.1) for the total cost that depends on »(XV) is the last one, ie.,
g(N), xy , N). The control signal #(N) must therefore be chosen so as to
minimize the quantity.

Eg(u(N), xy, N) (3.2)

Again E denotes expectation with respect to the distributions of the pro-
cesses {¥,, t =0, 1, ..} and {y, = 1, 2, ...}. The quantity (3.2) has to be
minimized with respect to all #(N) which are functions of %, , ..., 7y . To
perform the minimization we will first rewrite (3.2) so that the dependence
of %y, ..., gy is explicit. Using the definition of conditional expectation,
we get

Eg(uv xy,N)= E I[ E g(u’ AN N)] (3.3)

7(NY | p{(N)

where E|,, denotes mathematical expectation with respect to the condi-
tional distribution of xy , given n(/N) and E, , denotes the mathematical
expectation with respect to the distribution of #(/V). The expression of the
right member of (3.3) which is within brackets, is a function only of #, 7, ...,
ny and we can thus perform the minimization. The minimal cost of the last
step is thus o
E min B g, vy, N) (3.4)
Let V' be defined by
Vi =min E g vy, N) (3:5)

We notice that V' is a function of %, , ..., 5, and N, but that the dependence
of Vy on %y, ..., ny only enters through the conditional distribution of x,
given 7(N). To emphasize this we introduce

w{N) = Play = @]y, =1, w0 v = v} (3.6)
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and
w(N) = (wy(N), wy(N), ...) 3.7
and we write
Vy = Vy(w(N)) (3.8

Summarizing our findings so far, we find that the minimal cost during the
final step is

& Va((N) (39)
We now proceed recursively to show that the minimal cost of the N — &
last steps can be written as

N
J{,ﬂf}) 3&1{1) E 2 1g(u(t), X, t) = n(kE-m Via(w(k + 1)) (3.10)
=k+
where we have introduced
N

Viel®) = mip B, - i o 28002, 0
N
= B D, gleln(t), 1), %, , 1) (3.11)
t=k

in analogy to (3.5). To obtain this result and a recursive equation for V
we will use Dynamic Programming and proceed by induction.

We assume that the statement is true for the N — £ last steps and we will
show that it is also true for the last N —— & +- 1 steps, Consider the situation
at time ¢t = k. The situation is this: the output signals y, =1, , ..., ¥ = 7%
have been observed, and the control signal (%) is to be determined. We notice
that only the last N — & terms of the cost function are affected by the choice
of u(k). The control signal u(k) must therefore be chosen so as to minimize
the sum

N
E Y, glult), %, 1) (.12)
t=k
Due to assumption (3.10) we have
N
min ... min E Ekg(u(t), x,,1)
=

= min Efg{u k), x,, k) + E Via(wk + )] (3.13)

n{k+1)
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By using hypothesis (3.10), we are thus left with only one minimization.
The control variable #(k) thus has to be chosen as a function of »,, ..., 7,
so as to minimize (3.13). To perform this minimization we rewrite (3.13)
in such a way that the dependence of (k) on 7, , ..., 7, is explicit. We get
from the definition of conditional expectation:

Elg(u(k), %, k) + E = Vig(w(k + 1))

nk+1)

= E [ B g(ulk), %, k) + E Viawk 4 1))] (3.14)

7tky gtk n€ky
= E [J o, &, By dFE n(k) + [ Vilwlk + 1) dF e | 1(8)|

where F(&, | y(k)) and F(n;,,, | n(k)) are the conditional distribution functions
of x(k) and y(k + 1), given n(k). To evaluate the last integral of (3.14), it
is necessary to exhibit explicitly the dependence of w(k + 1) on 7., . To
do this we make a digression.

B. A Recursive Equation for the Conditional Distributions

In order to obtain the relation between w(t) and %, we will express w(z) as
a function of 7 , ..., 9, in terms of a recursive equation. To do this we consider
the probability

P(ft s M1 s eeny 7]t) = P[xt = ft V1 =My oYt = nt] (3'15)
If

POy s me) 0

it follows from the multiplication rule for conditional expectations that

Plé, me | 9t — 1))
Pl It — 1))

P& I n(t) = (3.16)

But

PEL It~ 1) = 2, pEmes Ea | 7t — 1))

—1

= D P ] €yt — D)p(€a I m(t — 1) (3.17)

£
We have further

D€, me| €4y st — 1)) = PlE €y, m(t — I)P(")t [ €y Eomr s m(t — 1))
= p(€, | £0)p(ne | £1) (3.18)
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where the last equality follows from (2.2) and the fact that x(¢, w) is a Markov
process. We now get from (3.16), (3.17), and (3.18)

52 plne | E0p(€e | Er)p(€en I m(t — 1))

£, — -1 3.19
pE 1) % fz P(ns | EDp(Es | §)p(€rn ! n(t — 1)) ( )

ft t—1

Now introducing p, ¢ and w(t) from the equations (2.1), (2.2), and (3.6)

we get the following recursive equation for wy(?).

Es qiipsi(u)ws(t)
4 t + 1) = 3.20
wd ) 2, X, qusps(wyw(t) 320)
where
Neor =] (3.21)

Introduce the notation

2, w(t)) = D, gup (W t) (3.22)

Notice that z;; are all nonnegative and that a second index of 2;; refers to
the outcome of the measurement. Introduce the vector

2 = col [z, «ry 2] (3.23)
and define the norm
12 = 2,15 (3.24)
The Equation (3.20) then becomes
i, (?)
t+1) = o —=i 3.25
D= T wi) 62)

Notice that the norm || 27 || has a physical interpretation as the conditional
probability

|21 = Pyt + 1) =731 =M1, s Y = 4]

C. Results

Having obtained the desired recursive equation for w(t), we will now return
to Eq. (3.14). We get from (3.14) and (3.25)

Elg(uk), s(6), B) + | E| Via(wok + 1)

(3.26)

= B Dt i Reh) + Vi (o) i, wlo
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Hence
min . min B 3 g(u(t), x(1), £) = B [Vi(w(A)] (3.27)
where i
Vi(w(k)) = mm gEg(u i, R)yw, (k) + 2 Vi ( Ifi’((l: i"u((i))))n ) || #%(u, w(k))H:
(3.28)

The minimal cost of the V — & + 1 last steps is thus of the form (3.10)
Hence, from the assumption that the minimal cost of the last N — % steps
is of the form (3.10), it follows that the minimal cost of the last N — & 4- 1
steps is also of the same form. Further, it was shown in Section III, A that
the minimal cost of the last step has the form (3.4). We have thus completed
the induction and have achieved the desired result.

Summarizing, we get

THEOREM 1. Let the control law C° = {™(w(t), ), t = 1, ..., N} minimize
the functional (2.6) and let

Viw(k)) = Py ln(k) g ln(N) zg(u(t)’ %, 1)
= E 2 g(O@(t), 1), %, , 1) 3.11)
where
[wo(t)]: = Plx(t) = 7| n(?)] (3.6)
Then
2w, w(k))

Vidak)) = min |3, 0,4, Kio) + 2, Vi (3 550y ) 1=/ “C|

- 2 g(aw(k), k), i, R)w,(k)

D(R), k), wk)
+ 2 Ve (P By |2 (€8 ), wb)
= 2, 2/8(E((e), 1), s D) (3.28)

where
(&, ()i = 2, gupsiwlt) (322)

and

EIEDAEY
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We have thus obtained a necessary condition. We will also give a sufficient
condition.

TuroreM 2. Let the functional equation (3.28) have a solution V (w(t)),
then the problem P.1 has a solution, the control law C° minimizes the functional
(2.6), and the minimal value of (2.6) s

EV(w(1)) (3:29)

Proor: Let C = {c(y(t), t), t =1, ..., N} be an admissible control law.
Introduce

Wola(k), n(k) = 2, 2, glelnlt), 1), s tho) (3.30)

t=k

The quantity Wi (w(k), y(k)) is the expected loss over the time interval
[k, N] given that the control law C is used and given that at time & x(k)
is observed. If the control law C is used the expected cost of the last N — k&

steps is thus
£ Wilw(k), n(k)) (3.31)

)
and the value of the functional (2.6) is

EWi(a(1), m)

Notice that w(k) is a function of 5(k); it is, however, advantageous to separate
the dependence of W on w(k) and n(k) as is done in (3.30).
The function Wi (w(k), n(k)) satisfies the equation

Wilw(k), (k) = zg(C(n(k), k), i, Ryw(k)

(3.32)
g k), k), w(k A
where
ey =
We will now show that
W(w(t), 5(t)) = V{w(t)) for all ¢ (3.33)

The statement is obviously true for £ = N. We will now show by induction
that it holds for all 2.
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Assuming that (3.33) 1s true for £ =k + ], we get from (3.28) and (3.33)

Wiw(k) = 2, 8(c(a(k), k), i, by (k)

3 W (e e = D) et k) B ()

> 2,8(c(n(k), k), i, Rwk)

2(e{ng(k), k), w(R)) \, . .
3 Ve (TR By e, ) )

= Vi(w(k)) (3.34)

where the first inequality follows from the assumption (3.33) with t = %2 -+ |,
and the second inequality follows from (3.28). We have thus shown that
(3.33) with ¢ =k + 1 implies (3.34), thereby completing the induction.
Now we put k = 1 in (3.33) and take mathematical expectation with respect
to the distribution of 7, , hence

EWG(1), 1) > EV(u(1)) (339)

Further, the continuity of g(x, x, f) and p,;(u) implies that if (3.28) has a
solution V, then this solution is continuous in @, which implies that C = C°
gives equality in (3.35). Q.E.D.

IV. DiscussioN OF THE RESULTS

We will now draw some conclusions from the results of Section III. The
functional equation (3.28) can be solved a priori, knowing only the instan-
taneous cost function g(u, x, t), the transition matrix P, and the observation
matrix O, and without any knowledge of the actual values of the observed
output y. A typical element of the control law expresses the control variable
u(t) as a function of the outputs observed up to time ¢, that is

U = u("?(t)’ t) = u(w(tv ﬂ(t)), t)

Notice in particular that for the optimal control law the dependence of u
on %(t) only enters via the conditional distributions w(z). The function
u = u(w, t) is obtained directly from the solution of Eq. (3.28). This function
can thus be calculated off-line without any knowledge of the actual output
signal.
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The function @ = w(x(t), t) which expresses the conditional distributions
of the state w(t) as functions of the measured output signals 7(t), is given
recursively by the equation (3.25). This function must obviously be evaluated
in real time, as the outputs are observed.

We now observe

Lemma 1. For a control law such that u(t) = c(w(t), t) the set of conditional
probabilities {w(t); t =0, 1, 2, ...} is a Markov process. For fixed t € [0, 1, ...]
w(t) takes its values in the positive orthant in R*. The transition probabilities
of the w-process are given by

P(y, I u) = Plw(t + 1) e 'l a(t) = y] = 2, I z5w, )| (4.1)

where 2*(u, y) is given by Egs. (3.22), (3.23) and

_ 4y R(w, )
K=l e T (42)

Initially, w(0) equals p° with probability one.

Proor: For the optimal control law u(¢) is a function of w(t) and the
equation (3.25) gives

Plw(t + 1) | w(t), w(t — 1), ., w(1)] = Plw(t + 1) | w(t)]

which implies that z is a Markov process. The formula (4.1) for the transition
probability now follows from (3.25). Q.E.D.

Notice that the transition probability for the w-process has its mass concen-
trated in m points. Also, notice that as the transition probabilities (2.1)
depend on u, the w-process can be influenced by the choice of control
variables. We will now consider a variational problem relative to the w-process.

Let g(u, t) denote the vector

g(u, t) = col [g(u, i, t), ..., g(u, n, t)] (4.3)

where g(u, ¢, t) is the instantaneous cost function introduced in Section II.
Introduce the functional

E ;_; (g(u, t), w(t)) (4.4)

where (a, b) denotes the scalar product of the vectors a and b and E denotes
mathematical expectation with respect to the distribution of @(0), ..., w(V).
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Now consider the following problem:

P2 find a sequence of admissible control variables wu(z), t =1, ..., N
such that (4.4) is minimal. The value of u at time £ may depend on (0),

w(1), ..., w(t).

We have the following result:

THEOREM 3. The problems P.1 and P.2 are equivalent in the sense that if
one of the problems has a solution then the other problem also has a solution.
Furthermore, the optimal control law is

u(t) = cw(?), t)
in both cases where ¢® is given by Theorem 1.

ProoF: In problem P.2 there is complete state information and the solution
is thus well-known. See [9]. Assume that P.2 has a solution and introduce

N
Vi=minE 32 (g(u, ©), w(2)) | w(t), w(t — 1), ..., w(0) 4.5)
it )
This implies that at each time ¢ the optimal value of the control variable is a
function of @(1), ..., w(t). The minimal value of (4.4) is

v, (4.6)

E
w(l)

But w is a Markov process, hence
' N )
Ve = V() = min E | Y, (g(u, i), w(0)) | w(2)] 47)
Y=t

The Markovian property of w thus implies that the optimal control variable
u(t) is a function of w(z) only. Using the standard argument of Dynamic
Programming we obtain the following functional equation for V(w(t))

Viw(t)) = min {(g(u, £), w(t)) + E[V a(w(t + 1)) [w(®)]}  (4.8)
Hence

Viga(t) = min NgGw 1), @(t) + [ VeuG)P@(t), dyw)l  (49)

where P(x, I', u) is the transition probability of the Markov porcess
The equation (4.1) now implies that Eq. (4.9) is identical to (3.28).Hence ,
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if P.2 has a solution then (3.28) holds and Theorem 2 then implies that the
problem P.1 also has a solution. The reverse statement is proved in the same
way, using the equivalent of the Theorem 2 for problem P.2. Q.E.D.

Theorem 3 thus implies that the problem of optimal control of a Markov
process with incomplete state information can be transformed to a problem
of optimal control of a process with complete state information. Notice that
the state space of the associated process with complete state information is
the space of probability distributions over the states of the original problem.
Also, notice that the transition probability distribution of the associated
problem has its mass concentrated at most  points, where m is the number
of possible outcomes of a single measurement.

The problem of controlling a Markov process with incomplete state infor-
mation can thus be subdivided into two parts:

1. The solution of the functional equation (3.28), which is equivalent to
solving a variational problem for an associated Markov process @ with
complete state information. This will give # = u(w, t).

2. The calculation of the conditional probability distributions z0(¢) of the
states of the associated Markov process from the measured output signals y(¢).

This subdivision is a generalization of a well-known theorem for linear
systems with a quadratic loss function [3, 4, 6, 9].

In the theory of linear systems with quadratic criteria the states of the
associated problem are simply the conditional means of the original states,
while in the problem studied in this paper the states are probability distri-
butions on the state space of the original Markov process {x,, t =0, 1, ...}.

The possibility of separating the problem in this way is of great importance
for the realization of optimal systems. The fact that the first part of the
problem can be solved off-line means a great reduction of the requirements
for real time computations.

V. Bounps For OpTIMAL RETURNS

In this section we will give some bounds on the solution of the functional
equation (3.28). We will obtain these bounds by modifying the amount of
data which is available for the choice of the control variables. T'wo particular
cases will be considered, namely, the case of complete state information
and the case when control is based only on a priori information and no
measurements are used (open-loop system, control schedule). The results
will enable us to assign a value to the information which is available for making
a decision.
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A. Complete State Information

Consider the particular case when the measurements are exact, Le., the
measured output y will coincide with the state x with probability one. Hence

0=1 (5.1)

Let m denote the measured output at time k and we get
w;(k) = 8, (5.2)
with probability one. Equations (5.1), (5.2), and (3.22) now give
iy = 8iPm
21| = oy
Introducing this into (3.26) we get
nwm:QMme (5.3)

where

Sym) = min [g(, m, k) + 3 Spali)pmi)] (5:4)

In case of perfect state information V(=) is thus a linear function of w(k).
We also notice that the functional equation (5.4) is the equivalent of the
Hamilton- Jacobi equation for the following variational problem. Let x(t)
be a Markov process with the transition probability P(x). Find a control
u(t) which is a function of x(¢) such that the functional

N
E D g(u(t), %, 1)

t=1

is minimal.
This is easily verified by applying Dynamic Programming to the problem.
B. Open-Loop System

In this section we will consider the other extreme case, namely, the case
when no a posteriori state information is obtainable. We assume

¢i; = C = constant for all 7 and (5.5
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Introducing this into (3.22), (3.24), and (3.25) we get
25 = €+ 2 pal)w)

Dz;=C (5.6)

wi(t + 1) = 2, pulw)wi(t)

The conditional probabilities are thus independent of the outcome of the
measurements, which means that the measurements do not contain any
information of use for the calculation of w. Using (5.6), the equation (3.28)
reduces to

V() = min |3 glu, i, Kiwdh) + Ven@®P@)|  (57)

Notice that Eq. (5.7) is the equivalent of the Hamilton-Jacobi equation
for the following variational problem.
Consider the difference equation

w(t + 1) = w(t)P(u) (5.8)
Find an admissible control # which minimizes the functional

N

2, 2, &u(t), i, tywdt) (59)

t=1

Also, notice that as the conditional distributions of the state are independent
of the actual observations, the solution of (5.8) will give the cost associated
with the best control schedule. Compare Section II.

The functional equations (5.4) and (5.7) are considerably simpler than the
equation (3.28). We will now show that the solution of (3.28) is bounded
from below by the solution of (5.4) and from above by the solution of (5.7).

TueoREM 4. Let the solution of (3.28) by V(w) and that of (5.3), (5.4) be
V' (w) then
Vi'(w) < Vi(w) (5.10)
Proor: We will obtain the results by going through the steps of the proof
of Theorem | and using the following inequality at each step.

min | f(x,y)dy > [ min f(x, y) dy
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Consider Eqgs. (3.4) and (3.5). We get

. I A .
V(w(N)) = min M&) gu, xy), N) = hf:N) min glu, x5y , N)

— 2 Sy(@)wi(N) = V(w(N))

We will now show by induction that
Vi(w(t)) < Vfw(t))  for all ¢
Assuming that the inequality holds for t = & -+ 1 we get

Via(ew(t)) = mln{ E g(” X, 1) + Via(w(t + 1)}

2,0 w(t+1)|77(t)

> min{ E Via(w(t + 1))}

u oy \n(e)

&lu, x;, £) +

le—l)lﬂ(t)

n Jg %, 1)+ 3y Siiali)pa(w)

> E mi
Zymlt)  u
= SuDwi(k) = Vi (w(k))

and the theorem now follows by complete induction.
We also have

THEOREM 5. Let the solution of the functional equation (3.28) be V;(w(k))
and let that of (5.7) be V;/(w), then

Viw(k)) < Vi (w(k)) (5.11)
Proor: Equation (3.11) gives

Vi(w(k)) = min E ... min Zg(u(t) x(t), 1)

u(k) |np(k) u(N) |n(N)

< min ... min Eg(u(t) x(), 1)

u(k) u(N}) (k)
= min .. min 3 (2‘,g<u(t> i, ) (k) P+(w));)

= Vi/(w(k))
QED.
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The Theorems 4 and 5 thus imply that the minimal value of the loss
function is bounded by

EV,/(w(1)) < EV,((1)) < EV{(w(1) (5.12)

where the left-hand member represents the minimal cost in the case of
perfect measurements and the right-hand member represents the minimal
cost in the case of no measurements at all. The difference

BV (w(1)) — V(@) (5-13)
is thus the value of perfect state information, and the difference
E[Vy(w(1)) — Vy'(w(1))] (5.14)

is the value of incomplete state information,

VI. ExaMPLES

In this section we will consider some examples.

Example 1. Let the transition matrix be

[ —
uu liu)

P:( (6.1)

The set of admissible controls is U = [0, 1]. Further, let the observation
matrix be

Q=Qﬂq1;ﬂ 6.2)

This means that the probability of getting a correct measurement is g.
Further, let the cost functions be

1 x(d)=2 t=0

gult), 2, 1) = 0 all other cases ©-3)

This implies that the total cost equals the probability of being in state ¢ = 2
at the final step of the four step process.

13
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We get from (3.22)

Ry = unpslws = q(1 - wu)w, | ww,]

Bl = Equslws = (1 — @I(1 — w)wy -+ uw,)]

(6.4)
B = E‘Izlpszws = (1 — g)lueo, + (1 — u)w,)
Zpp = EQRPszws = gluw; + (1 — w)w,]
Consider the functional equation (3.28). We get
Viw) = w, (6.5)
Vi(w) = muin (Hizliz]_] 2t 4 Hz;:” -l 22 H) = muin (215 + 239)
(6.6)

= min [w, + ww;, — w,)} = min (w, , @,)

The minimum occurs for the strategy

u__zl w, < 0.5
0 w, >05

Now consider the next step. We get from (3.28)

Vi) = min fl 2 min (5, 25 =i 1y

= min [min (2;; , 2) -+ min (2, , 23,)]

We have four cases
L 2y > 2y B9 > Ipe
I, 2y > 29 3y < Ry
I, 2y < 2y By > 3gy

IV- 21 < 91 ST < Rog
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We find that the costs and the optimal strategies of the various cases are

I. V = min(w,, w,), u:tl Wy < Wy

0 w > w,
11 =1—9q u arbitrary
. V=g u arbitrary

0 w < w,

1V. V = min (w, , ws) u:§1 w, > w,

We find that case II is not possible when ¢ < 0.5 and that case III is not pos-
sible when g > 0.5. The minimal cost is thus

Vy(w) = min(w, , w,, %) (6.7)
where

go = min(g, | — ¢q) (6.8)

Notice that the strategy yielding the minimal cost is not unique. It is easily
verified that either strategy I or II will give the minimal cost. There are also
other strategies for which this occurs. For example

1 0<w1<q0
=3 a qg<w<l—4q, 0<ax1
0 1—g<w <1

We thus have the equivalents of conjugate points in the classical calculus
of variations. Now consider step 1. We get from Egs. (3.28) and (6.7)

Vy, = muin {min (211 , %21 » ol 2Hl) + min (255, 23 9ol 22}

We have now 9 cases

min(zy; , 2 » Joll 2 1)) min(zy,, a2, Goll 2%[)

L2y %12

II. =y 2q

L g 2l 212

IV. 2z, 229

V. 24 292

VL gl 2] 22
VIL. =z, goll 22|
VIIIL. =z, UNEA]

IX. gl 2|l goll 2*
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The minimal costs and the optimal strategies of the various cases are
I. Vi(w) = min (w, , w,)
II. Viw)=1—¢g

{owy |- Bog Wy < W,y
aw, + Pw, Wy T Wy

1. Vyw) =

where

o =1-—gq+ 949,

B =40 — 99
1V, Viw) =¢
V. Vi(w) = min (w; , w,)
_ joawy + Buw, Wy S Wy
VI V() = 304102 +Bw,  wy > ws
. __\owy -+ ,3‘102 W K Wy
VII. Vy(w) = aw, - Pw, > w,
where

o =g+ go — 94y
B = 940

o, + Pfw, W) K W

VIL V@) =00 e

where
«=1—g+499
B = q0— 49
IX. Vyw) = qq

We find that if ¢ > 0.5 cases IV, VI, and VII are not possible, and similarly
if ¢ < 0.5, cases II, III, and VIII are not possible. We find that

Vi(w) = min(w, , w, , g, + Botty , a0y + Bowy) (6.9)
where
® = 2go — qv°
Bo = 40° (6.10)

In Fig. 1 the functions ¥ (w). Vy(w), and V4(w) are graphed for ¢ = 0.8.
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We have thus obtained optimal control strategies, i.e., the optimal values
of the decision variables have been expressed as functions of the conditional
probabilities of state, w,(f). To complete the solution it is now necessary to

1.0
<V,

0.5

V3

v,
=

Yi

L

05 10

Wy

Fic. 1. Optimal returns for the four-stage process of Example 1. ¢ = 0.8.

relate the conditional probabilities of the state to the measured outputs
of the system. We get from Eq. (3.20)

wy(t)g — ult)g] + wlt) - q - u(?)
wy(t)lg + u(t)(1 — 2g)] + wy()[1 — g + u(t)(2g — 1)]
iyt +1)=1

wy(t + 1) =
wy(t)[1 — g 1+ ul(t)g — 1] + we(t)u(t)(1 — g)
wy()[1 — wu(t) + u(t)(2g — 1)] + wy(t)lg + u(t)(1 — 29)]
ify(r+1)=2
w1 — g +u(t)(g — D] + we(t) - u(t)1 —¢q)
wy(?)[g + u(t)(1 — 29)] + wo(t)[1 — ¢ + w(t)(2g — 1))
ifyt+1)=1
wy(t + 1) =

wy(t) - u(t) - g + wy(t)lg — qul?)]
wy()[1 — u(t) + u(t)(2g — )] + wy(t)[g + u(t)(1 — 29)]
i oyt 4 1) =2

which completes the solution of the problem.
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It is of interest to compare these results with those obtained in cases of
very accurate and very inaccurate measurements. In the case of complete
state information we get from Eq. (5.3) and (5.4)

Vi(w) = w,

Vy(w) = Vy(w) = V(w) =0 (6.11)

If the measurements are not used at all, that is, a control schedule is used,
we get from Eq. (5.7)

V/(w) = w,

(6.12)
Vi(w) = Vyw) = Vi(w) = min (w, , w,)
From Theorems 4 and 5 it now follows that
0 < Vi(w) < min(w, , 1 — w,) i=1273 (6.13)

An examination of Egs. (6.5), (6.6), (6.7), (6.9), (6.11), and (6.12) will also
give the cost associated with the state information. See also Fig. 1.

Example 2. As a second example we will consider a case where the set of
admissible controls is a finite discrete set. Theorems 1 and 2 still hold in this
case.

The transition matrix of the problem is given by

u pu P12 250 Do
1 0.5 0.5 0.4 0.6
2 0.5 0.5 0.7 0.3 (6.14)
3 0.8 0.2 0.4 0.6
4 0.8 0.2 0.7 0.3

The instantaneous cost function g(, «, t) is independent of ¢ and is given by

1 20 17 10 7 (6.15)
2 —5 —8 —15 —18
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The observation matrix Q is given by

(0.8 0.2) (6.16)

Q=103 o7

The transition matrix of this example is taken from the toymakers example
of Howard [10, p. 28]. Howard uses the two-state Markov process as an
idealized model for a manufacturing process. State x = 1 is associated
with the production of a successful toy and state x — 2 is associated with
the production of an unsuccessful toy. The four possible decisions represent
the following actions:

# = 1 no advertising and no research
# = 2 no advertising, but research
u = 3 advertising, but no research

# = 4 advertising and research

The payoff matrix is different from Howards example,

The inclusion of uncertainty in the state information would correspond to
the case that the manufacturer does not know whether the toy currently
being produced is going to be successful or not. The problem we consider
is to maximize the profit over four steps.

max Z\{g(xt , 1(t)) 6.17)

Theorems 1 and 2 are easily modified to handle maximization instead of
minimization. From (3.5) we get

Vy(w) = max Eg(u, x,)) = 20w,(4) — S5wy(4)

We will now proceed recursively and solve Eq. (3.28). We get from (3.22)

u 21 21 12 239

1 0.08w, + 0.32 —0.03ew, + 0.18 0.02z, + 0.08 —0.07w, + 0.42
2 —0.16w, + 0.56 0.06w, + 0.09 —0.04w, + 0.14 0.14w, + 0.21
3 0.32ew, + 0.32 —0.12w, + 0.18 0.08w, + 0.08 —0.28w, + 0.42
4 0.08w, + 0.56 —0.03w, + 0.09 0.02w,; + 0.14 —0.07w, + 0.21
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Hence, for ¢ = 3

u Eg(u 0w + 2 (HZ,”) & ]

1 27.5w1

2 20.0w, + 4.5
3 35.0w;, — 10.0
4 27.5w, — 4.5

and we get

200w, +45 @, <06

Vy(w) = max (27.5w; , 20.0w; + 4.5) = ;27.5‘101 w, > 0.6

Proceeding in the same way we get for £ = 2

®

28w+ 3V (“ = “) 12 |

27.375w, + 7.650
20.250w, + 11.775
34.500w, — 2.350
27.750w, + 1.250

P N -

hence

Vy(w) = max (27,375w, -+ 7.650, 20.250w, + 11.775)
{20.250w; 4+ 11775 @, < 0.5789
= 127.375w, + 7650  w, > 0.5789

Similarly, we get for ¢ = 1

E

28w+ 2V (uz’u) 21l

27.389w, -+ 15.092
20.222u, + 19.259
34.555w, + 4.092
27.389w, + 9.259

B W -
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hence
Vi(w) = max (27.389w; + 15.092, 20.222w, + 19.259)

_{20.222w; 4 19.259 w; < 0.5814
T {27.389w, + 15.092 w, > 0.5814

We now compare the results for the case of incomplete state information
with those obtained in the case of perfect state information and in the case
of a control schedule.

Let us first consider the case of perfect state information. The cost table
att =4 1is

1 2 3 4

x
1 20 17 10 7
2 -5 -8 —15 —18

Hence
Vw) = 20w, — Sw, = 25w, — 5

At ¢ = 3 we get from (4.4)

i 2 3 4
X
1 27.5 24.5 25 22
2 0 4.5 —~10 —55

Hence
Vs'(w) = 27.5w, + 4.5w, = 23w, + 4.5

Further, for t = 2 we find

1 36 33 329 29.9
2 8.7 12.6 —-13 2.6
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Hence
Vy'(w) = 36w, + 12.6w, = 23.4w, + 12.6
Finally for t = 1 we get

~ u
' 1 2 3 4
X
1 44.30 41.30 41.32 38.32
2 16.96 20.98 6.96 10.98

Hence
V' (w) = 44.3w, + 20.98w, = 23.32w, 4 20.98

Now consider the case of a control schedule. We get
Vi (w) = 20w, — 5w,

We get the following cost table for t = 3

u D8 i) wi + Vi(wP)
1 27.5uw,

2 20.00, + 4.5

3 35.0w, — 10

4 27.5w, — 4.5

The equation (4.1) now gives

V(w) — max (275w, , 20.0w, + 4.5) — 3;‘7)(5)2 +43 " fg:g

Similarly, we get for ¢ = 2 the following cost table

u glu, ) w; + Vi, (wP)

p

1 27w, + 7.5

2 max(19.5w, -+ 11.25, 21.0w, + 10.5)
3 max(33w, — 2.5, 36w, — 4)

4 2775w, + 1.25
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Hence

Vi (w) = max (19.5w, + 11.25, 27 0w, + 7.5)
19.5w, + 11.25 w, <05
270w, + 7.5 w, > 0.5

Finally we get for t =1

u D8, i) w; + Vin(wP)

1 265w, + 1405 o
2 19.6w, + 18.4

3 max(32.8w; + 4.05, 35.8w,; + 3.30)

4 27.7w, + 8.4

Hence
V{(w) = max (26.5w; + 14.05, 19.6w, + 18.4)
_{19.6w, + 18.4 wy, < 0.63
T 1265w, + 1405w, > 0.63

In Fig. 2 we have graphed the optimal value of the cost function for problem 2.
The shaded areas in the graph represent the bounds obtained on V(w)

.5 10

© e /::2
W
o
i
i

Fic. 2. Optimal returns for the four-stage process of Example 2. The lower
Jlimit indicates the maximum return for an open-loop system. The upper limit of the
shaded area indicates the optimal return for a system with complete state information.
Lines V; to ¥V, show maximum return for the system with incomplete state information.
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from Theorems 4 and 5. The upper limit of the shaded region is thus the
maximal gain in the case of complete state information and the lower boundary
represents the maximal gain when no measurements are made. The differ-
ence in the ordinates of the curves limiting the shaded region will thus
represent the value of having complete state information.

VII. NoTEs

The foundations of the stochastic variational calculus have essentially
been laid by Bellman [9, 11, 12], who first developed the basic tool, used in
this paper, Dynamic Programming. Bellman has strongly emphasized the
use of Markovian models for control problems; this is also done by Feldbaum
[13], Florentin [14], Kolmogorov [15], Krassovskii [16], and Pontryagin
[2, chap. VII].

The case of complete state information is extensively treated. The case
of continuous time continuous state Markov process is discussed by Fleming
[17], Florentin [14], Krassovskii [16]. The case of Markov chains with com-
plete state information is treated by Zachrisson [18-20], who considers the
game situation. Results on Markov chains are given by Bellman [9] and
Howard [10].

Apart from the linear quadratic case [3-6, 16, 21], the case of incomplete
state information is not well-known. The Theorems 1 to 5 of this paper are
believed to be new. The concept of conditional Markov processes, in partic-
ular the equation (3.19) of Section I1I, B is from Stratonovich [22].
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