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ABSTRACT It is well known that the formation of amyloid fiber may cause invertible damage to cells, although the underlying
mechanism has not been fully understood. In this article, a microscopic model considering the detailed processes of amyloid
formation and cell damage is constructed based on four simple assumptions, one of which is that cell damage is raised by olig-
omers rather than mature fibrils. By taking the maximum entropy principle, this microscopic model in the form of infinite mass-
action equations together with two reaction-convection partial differential equations (PDEs) has been greatly coarse-grained into
a macroscopic system consisting of only five ordinary differential equations (ODEs). With this simple model, the effects of pri-
mary nucleation, elongation, fragmentation, and protein and seeds concentration on amyloid formation and cell damage have
been extensively explored and compared with experiments. We hope that our results will provide new insights into the quanti-
tative linkage between amyloid formation and cell damage.
INTRODUCTION
Since the first discovery of prions by Prusiner in 1982 (1),
more than 20 different kinds of human neuron-degenerative
diseases, such as the most well-known Alzheimer’s and Par-
kinson’s diseases, have been identified to be correlated with
the abnormal accumulation of amyloid proteins and fibrils in
tissues (2). As a result, to quantify the relationship between
the processes of amyloid formation and cell damage has
become a central task in this field.

As a typical self-assembling biosystem, the study of am-
yloid fiber has a long history and has attracted broad inter-
ests. Pioneer works date back to Oosawa for his studies on
actins in the late 1950s (3). Later, the roles of conforma-
tional transition, primary nucleation, and elongation during
the formation of amyloid formation were gradually explored
and characterized (4). Hofrichter, Eaton, and Ferrone found
that surface-catalyzed secondary nucleation is crucial for
several amyloid proteins, e.g., sickle-cell hemoglobin and
IAPP20-29 (5-7). Although fragmentation as an alternative
way for secondary nucleation was already mentioned in Oo-
sawa’s famous book (8), corresponding detailed experi-
mental (9,10) and mathematical analyses (11,12) have not
been carried out until the beginning of new era. Now we
are at a stage to interpret and predict various kinetic and
thermodynamic data in real-time with high precision
(13,14), which provides a solid starting point for our current
study.

For quite a long time, mature fibrils have been taken for
granted as the major cause of cell damage, and the fiber
concentration in tissues was regarded as a key factor to
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quantify the progress of amyloidosis (12,15). In general,
the more fibrils deposit, the greater toxicity will affect
the cells. However with accumulative evidences on the
morphology, structure, and function of oligomers and fi-
brils both in vitro and in vivo (16,17), this view has
been largely changed in recent years. Now heterogeneous
oligomers are generally considered far more toxic to cells
than mature fibrils. A prominent hypothesis suggests that
in cells the exposed flexible hydrophobic surfaces of olig-
omers can mediate aberrant interactions with other pro-
teins, resulting in their functional impairment (2,18). As
a result, the toxicity of oligomers is highly correlated
with their capacity to promote aberrant protein interac-
tions and to deregulate the cytosolic stress response
(19). Another possible mechanism may be due to the
interaction between oligomers and the cell membrane.
Once oligomers bind onto the membrane, they may
dramatically change the local geometry, electricity, and
permeability of the membrane, which will lead to the
local destabilization, permeation, and even rupture of the
latter (20,21). In addition, oligomers may also form unin-
tended pores or ion-channel-like structures in the mem-
brane and thus give rise to fatal abnormal ion leakage
of the cell (22,23). For instance, Demuro observed in
Xenopus oocytes that Ab (1-42) oligomers can lead to
abnormal Ca2þ flux independent of ion-channel from 5
to 40 mer (24). Schauerte further pointed out that hexamer
is the smallest stable oligomer that can penetrate the cell
membrane, whereas 12 to 14 mer give rise to the largest
ion current (25).

In this study, we attempt to characterize the cell damage
caused by oligomers quantitatively, especially to link the
cytotoxicity with the progress of amyloid formation based
on several simple assumptions. Despite extensive studies
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on the formation of amyloid fiber, relatively limited research
has been performed on this aspect (26,27). Considering the
microscopic processes of amyloid formation and cell dam-
age, our model is formulated through a group of coupled
mass-action equations and reaction-convection equations.
By using the method of maximum entropy principle, our
derived model is greatly simplified into five macroscopic
moment-closure equations, which are ordinary differential
equations (ODEs) and easy to solve. Detailed model ana-
lyses and comparisons with experimental data are also
highlighted.

This article is organized as follows. First, we introduce
our four basic assumptions. Then we describe a general
framework of our mathematical model and our simplified
moment-closure equations. Further numerical validations
are shown in Fig. 2. The original mass-action equations
plus two reaction-convection equations and the method we
used for deriving the moment-closure equations (maximum
entropy principle) are left to the Supporting Material.
Interested readers can find all necessary details there. In
the following, our main results are separated into several
parts. With the moment-closure model, the effects of pri-
mary nucleation, elongation, fragmentation, and protein
and seeds concentration on amyloid formation and cell dam-
age are extensively explored and compared with the exper-
iments. In addition, several interesting scaling laws for
important kinetic quantities are mentioned. We address
further discussions in the end.
MATERIALS AND METHODS

The processes of amyloid formation and cell
damage are closely correlated, during which
oligomers play a key role

It is widely known that the processes of amyloid formation and cell

damage are closely correlated, but the underlying quantitative relations

have never been clarified. To solve this problem, we construct a micro-

scopic mathematical model, which relies on the following four basic

assumptions:

1) The basic procedure of amyloid formation can be well characterized

through a kinetic model, which includes primary nucleation, elongation,

and fragmentation, as well as their corresponding inverse processes.

Oligomers act as on-pathway intermediates or building blocks of fibrils;

2) Cell toxicity is mainly caused by oligomers, rather than mature fibrils

and monomers, through their binding to the cell membrane. The more

oligomers have bound, the greater damage to the cell membrane would

occur;

3) Ion concentration inside a cell can be used as an effective index to quan-

tify the cytotoxicity. Besides normal ion exchanges, the appearance of

abnormal ion leakage depends on the degrees of how the cell membrane

is damaged; and

4) Oligomer binding does not apparently influence the kinetics of amyloid

formation. In other words, in this study we neglect the consumption of

oligomers during their interactions with the cell membrane.

The first assumption points out the possible mechanisms for amyloid

formation. Based on our studies and other related works (11,12), most

observations on amyloid formation can be well interpreted by this
kind of model. The necessities of surface-catalyzed secondary nucleation

(28), thickening (29,30), protein diffusion (31), and so on are left to

future studies. In this study, for simplicity, oligomers are modeled as

on-pathway intermediates; however, in many amyloid-related diseases

cytotoxic oligomers are shown to be off-pathway aggregates, which

means conformational transition (32,33) or off-pathway polymerization

(34) should be considered as important generalizations in the next

step. The next two assumptions point out possible candidates for cyto-

toxicity. Although at a first glance, amyloidosis can be linked easily

with the deposit of fibrils, accumulative evidences in recent years

have gradually changed this view and revealed that oligomers may be

the prime pathogenic factor instead. The cytotoxicity of monomers

and fibrils are often negligible compared with that of oligomers

(35,36). In this study, we make a further assumption on the detailed

mechanism of cytotoxicity, including oligomer binding, cell membrane

damage, and ion leakage. The final cytotoxicity is quantified through

the leaked ion concentration from the inside cell. The last one assumes

that the processes of amyloid formation are independent of oligomer

binding. In other words, we neglect the consumption of oligomers dur-

ing their interactions with the cells. Although it seems to be a very

rough approximation, it works in many cases once binding does not

cause apparent loss of oligomers. As we will show, this assumption

helps us greatly to simplify the mathematical modeling and

computation.
The kinetics of amyloid formation and cell
damage both can be well modeled through a
series of chemical reactions

Based on our assumptions above, two basic procedures should be consid-

ered to model the kinetics of cell damage caused by amyloid formation:

one is the formation of oligomers and fibrils; the other is the change of

ion concentrations inside a cell, which is caused by the damage of cell

membrane through oligomer binding (see Fig. 1).

The modeling of the first procedure has been well established in the

past studies (8,11,12). Primary nucleation, elongation, and fragmentation

are generally considered as the three basic processes in this part. To be

exact, we assume that monomers first aggregate into oligomers through

primary nucleation with the critical size as nc. Then on-pathway oligo-

mers grow into mature fibrils by elongation. Once oligomers and fibrils

exceed a certain given size, they may break into two small pieces spon-

taneously. To sum up, this part is modeled through following chemical

reactions:

ncA1#
kþn

k�n
Anc ;

A1 þ Ai#
kþe

k�e
Aiþ1;

Aiþj#
kþf ði; jÞ
k�f ði; jÞ

Ai þ Aj; ði; jRncÞ

(1)

where kþn and kþe are the forward reaction rate constants for fiber pri-

mary nucleation and elongation respectively; k�n and k�e are the corre-

sponding backward ones; kþf ði; jÞ and k�f ði; jÞ are length-dependent

reaction rate constants for fiber fragmentation and association, whose

formulas are taken according to the Hill’s model (37); A1 stands for

monomers; and Ai stands for oligomers or fibrils of size i. Here oligo-

mers are modeled as on-pathway building blocks of fibrils rather

than off-pathway aggregates. They are supposed to be small aggregates

with sizes varying from nc to no and can cause cytotoxicity; whereas
Biophysical Journal 109(7) 1338–1346



FIGURE 1 An illustration of our kinetic model

with oligomer size as 3.
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fibrils have sizes larger than no and are not harmful to cells. Therefore,

we make a distinction between oligomers and fibrils based on their

respective sizes and functions rather than the morphology and reaction

rates. The above descriptions actually provide a practical rather than

precise definition of oligomers and fibrils.

In the second part of our model, we need to link the oligomer concentra-

tion with the cytotoxicity quantitatively. Indeed, the concentration of bound

oligomers on the membrane is a key determinant of the future of the cells.

But because of the lack of direct observations until now, if we want to quan-

tify the cytotoxicity, additional assumptions on what happens after oligomer

binding (or relations between the concentration of bound oligomers and

cytotoxicity) are still needed.

As many recent studies have revealed (27,38), the binding of oligo-

mers onto the cell membrane may cause the local destabilization and

permeation of the latter or form unintended pores, giving rise to

abnormal leakage of ions (especially Ca2þ) and eventually the death of

cells. According to this general picture, we denote the cells by Cðs;wÞ,
where s ¼ 0=1 and w˛½0; 1�. The first index characterizes the damaged

condition of a cell. Here for simplicity, a two-valued variable is consid-

ered, i.e., s ¼ 0 stands for the normal cellular state, and s ¼ 1 stands for

the totally damaged state. However, it is not difficult to generalize this

approach into a continuous version by taking in other intermediate

cellular states (see the Supporting Material). Different cellular states

can converge into each other through oligomer binding and unbinding,

whose reaction rate constants are given through kþb and k�b respectively,

as follows:

Cð0;wÞ#
kþ
b
ðþAiÞ

k�
b

Cð1;wÞ: i˛½nc; no�: (2)

We note that the forward process depends on the oligomer concentration,

whereas the backward one does not (because of the very weak and slow

self-healing of the membrane).

The second index w shows the normalized ion concentration inside a cell,

which can be taken as an effective quantity to measure the cell damage

caused by amyloid formation and is directly related to most popular exper-

iments on cytotoxicity. The changes of ion concentrations inside a cell can

be attributed to inward and outward ion fluxes, both of which depend not

only on the ion concentration gradient between cell and environment, but

also on the cellular state as follows:
Biophysical Journal 109(7) 1338–1346
Cðs;wÞ#
kleakðs;wÞ

kpumpðs;wÞ
Cðs;w0Þ þ ðw� w0ÞIon; (3)

where kleakðs;wÞ is the ion leakage rate because of cell membrane damage,

and kpumpðs;wÞ is the speed of ion pumps that try to maintain a constant in-

ternal ion concentration w. Here for simplicity, only linear constitutive re-

lations are considered, i.e., kpumpðs;wÞ ¼ 2kpump � ð1� wÞds;0 and

kleakðs;wÞ ¼ 2kleak � wds;1.
Moment-closure equations provide an efficient
way to quantify amyloid formation and cell
damage in replace of mass-action equations

With the chemical reactions listed in Eq. 1 in hand, it is easy to formulate

them into a system of ODEs according to the laws of mass action, whereas

Eqs. 2 and 3 together represent two additional PDEs for oligomer binding

and ion leakage. These equations together constitute the microscopic model

of our current study (Eq. S1 in the Supporting Material). However, instead

of bothering with these complicated formulas, we turn to much simpler

moment-closure equations. Interested readers may refer to the Supporting

Material for details on how to formulate mass-action equations and reac-

tion-convection equations in a microscopic way, how to derive macroscopic

moment-closure equations based on the method of maximum entropy prin-

ciple, and so on.

Following the moment-closure method introduced in our previous studies

(11,14), twomacroscopicmoments, namely the number concentration of ag-

gregates (including both oligomers and fibrils) P ¼ PN
i¼nc

½Ai� and the mass

concentration of aggregatesM ¼ PN
i¼nc

i$½Ai� are adopted to characterize the
kinetics of amyloid formation, where ½Ai� stands for the concentration of

aggregates of size i. Besides them, four additional quantities are introduced

for cell damage and ion leakage in the same way, i.e., Cþ ¼ R 1

0
½Cð0;w; tÞþ

Cð1;w; tÞ�dw, C� ¼ R 1

0
½Cð0;w; tÞ � Cð1;w; tÞ�dw, Iþ ¼ R 1

0
w½Cð0;w; tÞþ

Cð1;w; tÞ�dw; and I� ¼ R 1

0
w½Cð0;w; tÞ � Cð1;w; tÞ�dw; where Cð0;w; tÞ

and Cð1;w; tÞ stand for concentrations of normal and damaged

cells with ion concentration w at time t, respectively. It is easy to note

that CþðtÞ ¼ ctot is a constant representing the conservation of total cells.
Except for Cþ which is a constant, a self-closed system of ODEs

for the other five quantities can be derived from microscopic coupled
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mass-action equations and reaction-convection equations (Eq. S1) by

applying the moment-closure method given in the Supporting Material

as follows:8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

d

dt
P ¼ kþn ðmtot �MÞnc � k�n ð1� qÞP

þ PN
i¼ nc

PN
j¼ iþ nc

kþf ði; j � iÞð1� qÞqj� ncP

� PN
i¼ nc

PN
j¼ nc

k�f ði; jÞð1� qÞ2qiþj�2ncP2;

d

dt
M ¼ nck

þ
n ðmtot �MÞnc � nck

�
n ð1� qÞP

þ2kþe ðmtot �MÞP� 2k�e qP;

d

dt
C� ¼ �kþb Poliðctot þ C�Þ þ k�b ðctot � C�Þ;

d

dt
Iþ ¼ kpumpðctotþ C�Þ� kpumpðIþ þ I�Þ� kleakðIþ� I�Þ;

d

dt
I� ¼ kpumpðctot þ C�Þ �

�
kpump þ kþb Poli

�ðIþ þ I�Þ

þ�
kleak þ k�b

�ðIþ � I�Þ;
(4)

where qhðM � ncPÞ=½M � ðnc � 1ÞP�˛ð0; 1Þ. Polih
Pno

j¼nc
½Aj� ¼

Pno
j¼ncð1� qÞqj�ncP and Molih

Pno
j¼nc

j � ½Aj� ¼
Pno

j¼nc
j � ð1� qÞqj�ncP denote

the number and mass concentrations of oligomers respectively. The initial

conditions can be generally taken as Pð0Þ ¼ Mð0Þ ¼ 0 and

C�ð0Þ ¼ Iþð0Þ ¼ I�ð0Þ ¼ ctot in the absence of initial seeds and damaged

cells. The benefits of our fourth assumption can be clearly seen from above

formulas, which in fact allows us to decouple the processes of amyloid for-

mation from oligomer binding mathematically. In other words, amyloid for-

mation manipulates the degrees of cell damage by controlling the

concentration of oligomers, whereas oligomer binding has no feedback ef-

fect. This feature provides an additional advantage, too. For example, we

may easily include certain levels of toxicity for monomers and fibrils, which

would be a more realistic situation for Parkinson’s and Alzheimer’s, by sim-

ply replacing Poli in Eq. 4 with other quantities.

Compared with the microscopic model (Eq. S1), our new moment-

closure equations, to our knowledge, are tremendously simple. Especially

the model dimension has been reduced from infinite (actually infinite-

dimensional ODEs plus two PDEs) to just five (two for amyloid formation

plus three for cell damage and ion leakage). As a consequence, the model

computational efficiency has been improved by at least 10,000 times (from

several days to seconds), which makes Eq. 4 very suitable for the real-time

analysis of various experimental data on amyloid formation and correlated

cell damage.
FIGURE 2 Comparisons of the moment-closure equations (Eq. 4) and

microscopic model (Eq. S1) on amyloid formation and cell damage: (A)

the mass concentration of aggregates; (B) the number concentration of ag-

gregates; (C) the number and mass concentration of oligomers; and (D) the

percentage of damaged cells ½CþðtÞ � C�ðtÞ�=ð2ctotÞ and the amount of ion

leakage 1� IþðtÞ=ctot . Blue solid lines stand for solutions of Eq. S1;

whereas red dashed lines for solutions of Eq. 4. Here we set

mtot ¼ 5� 10�5M, ctot ¼ 4:3� 10�5M, kþn ¼ 0:1M�1s�1, k�n ¼ 0:001s�1,

kþe ¼ 104M�1s�1, k�e ¼ 0:1s�1, kþf ¼ 10-4s�1, k�f ¼ 8� 104M�1s�1,

kþb ¼ 104M�1s�1, k�b ¼ 10�3M�1s�1, kpump ¼ 5� 10�5M�1s�1,

kleak ¼ 1:5� 10�4M�1s�1, nc ¼ 2, no ¼ 10, and n ¼ 1. To see this figure

in color, go online.
RESULTS

The kinetic essentials of amyloid formation and
cell damage are well preserved by the moment-
closure equations

A major difference between our model and previous ones is
that there is no apparent correlation between the processes
of fiber generation and cell damage. In previous studies,
as mature fibrils are assumed to be responsible for cytotox-
icity, the processes of fiber generation and cell damage are
positively correlated. The more fibrils are formed, the
more serious damage is expected be caused to cells.
Contrarily in our model, according to our second assump-
tion that monomers and mature fibrils are unharmful to
cells, degrees of cell damage do not depend on the fiber con-
centration. Furthermore, as the oligomer concentration stays
very low during the whole process of amyloid formation
(compared to that of monomers and fibrils), the progress
of cell damage will exhibit a sensitive dependence on the ki-
netic details of amyloid formation.

Are the kinetic essentials of amyloid formation and cell
damage well preserved during our simplification procedure?
Can the moment-closure equations honestly reflect the time-
evolutionary behaviors of moments that we care about?
These questions are crucial for the validity and applicability
of our moment-closure equations. In Fig. 2, we carefully
compare the numerical solutions of our moment-closure
equations (Eq. 4) with the original coupled mass-action
equations and reaction-convection equations (Eq. S1).
Fig. 2, A and B clearly shows that except for the static solu-
tion of PðtÞ, whose difference is mainly caused by the expo-
nential fiber length distribution inappropriately assumed in
the moment-closure method (or in other words, the entropy
function we used is not so precise), both models predict very
close results. Even for the mass and number concentrations
of oligomers, which play a key role in linking the two
Biophysical Journal 109(7) 1338–1346
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processes of amyloid formation and cell damage, perfect
agreements are observed in the early and late time regions
(Fig. 2 C). The only difference lies in the middle region—
the exponential growth phase, during which the elongation
process quickly promotes most nuclei into fibrils and thus
leads to a dramatic decrease of oligomers. Despite this little
disagreement in kinetics, the predictions of the moment-
closure equations seem quite satisfactory on the concentra-
tion of damage cells and the amount of ion leakage through
the membrane (Fig. 2 D). These agreements confirm the fact
that the kinetic essentials of amyloid formation and cell
damage in our model are well preserved during our simpli-
fication procedure. Thus the moment-closure equations
provide an honest yet much efficient way to study the
time-evolutionary behaviors of the important kinetic quanti-
ties that we care about.
Primary nucleation speeds up cell damage,
whereas elongation generally suppresses it

Next we use our moment-closure equations to systemati-
cally investigate the effects of primary nucleation and elon-
gation on the processes of amyloid formation and especially
cell damage (see Figs. S2 and S3). With the increase of the
primary nucleation rate, the speeds for fibril formation, olig-
omer formation, and ion leakage (or membrane leakage)
grow at the same pace (35). This phenomenon is due to
the fact that oligomers are modeled as on-pathway aggre-
gates in the current case and primary nucleation is a direct
way to produce them. The effect of elongation seems to
be much more complicated. Roughly speaking, the elonga-
tion rate is positively correlated with the speed of fibril for-
mation, but inversely proportional to that of oligomer
formation and cell damage. Such a behavior is mainly attrib-
utable to our second assumption. If cytotoxicity is mainly
caused by fibrils, then the degree of cell damage certainly
will be positively proportional to the elongation rate. How-
ever, in our model cell damage is assumed to be caused by
oligomers rather than fibrils. As a consequence, high elon-
gation rate would suppress the generation of oligomers
and thus the degree of cell damage in the end. With a further
increase in the elongation rate, this suppression will become
less and less apparent because of the limited number of olig-
omers (39).
Fragmentation can dramatically accelerate the
formation of amyloid fiber and give rise to more
serious damage to cells

As an important way for secondary nucleation, fragmen-
tation plays a key role in the formation of breakable
filaments. Once a fibril is breakable, nuclei (including
ogligomers and short fibrils) can be much easier generated
from long mature fibrils rather than the slow way through
primary nucleation. Through such a mechanism, frag-
Biophysical Journal 109(7) 1338–1346
mentation can dramatically speed up the formation of
fibrils and on-pathway oligomers, as well as the procedure
of cell damage (see Fig. S4) (10,40). However, in the
absence of initial nuclei, the influence of fragmentation
is usually not as timely as the primary nucleation, because
fragmentation can only be dominant once the fiber
concentration exceeds certain threshold through primary
nucleation.

In the past ten years, the effects of fragmentation on am-
yloid formation and cell damage have been widely
explored in experiments. In our study, as a typical example,
we apply our model to analyze the agitation data of b2m
fibrils performed by Xue et al. (10). Under agitation, cen-
trifugal forces are exerted on fibrils, which will cause
long fibrils to break into short pieces. From the modeling
aspect, the fiber fragmentation rate grows with the increase
of agitation speed. Because in this case agitation is domi-
nated, we simply neglect the processes of primary nucle-
ation and elongation. Fig. 3 A clearly shows that the
average fiber length decreases monotonically during agita-
tion, which is a strong evident for fiber breakage. Much
detailed knowledge could be obtained through the fiber
length distribution as shown in Fig. 3 B, in which the initial
Gaussian-like distribution turns into an exponential distri-
bution and more and more samples accumulate in the re-
gion of short fibrils or oligomers with the time evolving.
Most importantly, under agitation the thus prepared fibrillar
samples easily give rise to a high efficiency in the liposome
dye release (Fig. 3 C). This result is consistent with the
general belief that oligomers and short fibrils are much
more harmful to cells than monomers and mature long
fibrils (26,27).
Protein and seeds concentration have crucial
influences on the kinetics of amyloid formation
and cell damage

It is well known that the processes of amyloid formation
and cell damage sensitively depend on the protein and
seeds concentration (41). In the current case, we further
address this point by examining the experiments per-
formed by Engel et al. (42) on the kinetics of hIAPP fibril
growth and hIAPP-induced membrane leakage. In Fig. 4,
A and B, four different cases with initial protein concen-
tration varying from 5 to 0:1 mM are studied by the
moment-closure equations. Generally speaking, high
initial protein concentration not only means short lag-
time and fast fiber growth rate, but it also will lead to
higher final concentrations of oligomers and fibrils and
large ion leakage in the static state. Although no kinetic
trace for the fibril formation is available under three low
protein concentrations (except for the half-time given in
Fig. 4 C), excellent agreements on the kinetics of fibril
fromation and normalized membrane leakage still strongly
confirm the reliability of our model. A further validation



FIGURE 3 Effects of fragmentation on b2m fi-

brils and membrane leakage: (A) the average fiber

length under agitation; (B) the fiber length distribu-

tion characterized by TM-AFM; and (C) the amount

of liposome dye release for fibrillar samples under

different agitation time. Black stars with error bars

stand for the data measured by Xue et al. (10);

whereas red dashed lines stand for solutions of

Eq. 4. Here we choose mtot ¼ 1:2� 10�5M,

ctot ¼ 4:3� 10�5M, kþf ¼ 2:6� 10�11s�1,

kþb ¼ 4� 105M�1s�1, k�b ¼ 40M�1s�1, kpump ¼
10�4M�1s�1, kleak ¼ 0:33M�1s�1, nc ¼ 2, no ¼
40, and n ¼ 3. kþn , k

�
n , k

þ
e , k

�
e , and k�f are all set to

be zero. The length of one b2m molecule (100 aa)

along the fibril long axis is estimated as 0.41 nm.

To see this figure in color, go online.
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on a complete data set of the half-time between experi-
mental data and our model predictions is available in
Fig. 4 C. Besides the initial protein concentration, the ef-
fect of seeding on ion leakage is explored through Fig. 4
D, in which 0%, 1%, 2%, and 10% hIAPP seeds have
been added independently to the system. It is clearly
seen that high concentration of seeds dramatically speeds
up the ion leakage but has little influence on the final
static values as expected.
Kinetic essentials of amyloid formation and cell
damage can be quantitatively learned from simple
scaling relations

After a qualitative description of the kinetic behaviors of
amyloid formation and cell damage, including the influ-
ences of primary nucleation, elongation, fragmentation,
and protein and seeds concentration, in this section we pur-
sue a quantitative picture. We have already shown that the
speed of amyloid formation is positively correlated with
40, n ¼ 1, and k�n ¼ k�e ¼ 0. In (D),mtot ¼ 2:5� 10�5M, kpump ¼ 10�4M�1s�1, kl
of these parameters can be learned through Fig. S1. To see this figure in color, g
the reaction rates of primary nucleation, elongation, and
fragmentation. Such a relationship can be well formulated
through the following interesting scaling laws for
the apparent fiber growth rate and the half-time for fibrilla-
tion (11):

k
fib
1=2h _M

�
t1=2

��
mtotf

h�
kþe mtot

�n�1
kþf

i1=n
;

tfib1=2fln

��
kþf

�2=n��
kþn m

nc�1
tot

��h�
kþe mtot

�n�1
kþf

i�1=n

;

(5)

where tfib
1=2 is determined by Mðtfib

1=2Þ ¼ ½Mð0Þ þMðNÞ�=2:
Whether similar relations are valid for cell damage has
not been ascertained. We explore this problem by randomly
varying the model parameters that we are most interested in:
the protein concentration mtot, the number concentration of
oligomers Poli, the reaction rate constants for oligomer
binding kþb and unbinding k�b , the ion leakage rate kleak ,
and the ion pumping rate kpump. Those reaction rate con-
stants, which are solely related to amyloid formation, will
not be changed.
FIGURE 4 Effects of protein and seeds concen-

tration on the kinetics of hIAPP fibril growth and

hIAPP-induced membrane leakage: (A) fibril mass

concentration measured by ThT fluorescence; (B)

the amount of membrane leakage under different

initial protein concentration, which are 5 mM (black

stars), 1 mM (green circles), 0:5 mM (blue crosses),

and 0:1 mM (pink triangles); (C) the half-time for

fibril formation and membrane leakage; and (D)

the amount of membrane leakage under different

concentrations of seeds, i.e., 0% (pink triangles),

1% (blue crosses), 2% (green circles), and 10%

(black stars) hIAPP seeds. Experimental data were

measured by Engel et al. (42); whereas fitted red

lines are given by Eq. 4. Here we set

ctot ¼ 4:3� 10�5M, kþn ¼ 3� 10�5M�1s�1, kþe ¼
105M�1s�1, kþf ¼ 7� 10�5s�1, k�f ¼ 108M�1s�1,

kþb ¼ 4� 105M�1s�1, k�b ¼ 40M�1s�1, kpump ¼
1:4� 10�5M�1s�1, kleak ¼ 5M�1s�1, nc ¼ 2, no ¼

eak ¼ 20M�1s�1, andMð0Þ=Pð0Þ ¼ 400. How sensitive is the fit to variations

o online.
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Through extensive numerical computations (see Fig. S5,
for details), the relations for the apparent ion leakage rate
and the half-time for ion leakage are found as follows:

kcell1=2h _Iþ
�
tcell1=2

�.
Iþð0Þfkleak

h�
kþb Poli

��1 þ c0

i�1=2

;

tcell1=2 �
�
kcell1=2

��1

;

(6)

in which Iþðtcell1=2Þ ¼ ½Iþð0Þ þ IþðNÞ�=2 and c0 is a fitting
constant. The first formula in Eq. 6 could also be replaced
by kcell
1=2fkleak½ðkþb mtotÞ�1 þ c0��1=2, but the agreement be-

comes a bit poorer. Within the parameter space we explored,

no apparent dependence of kcell
1=2 and t

cell
1=2 on k

�
b and kpump was

observed. Besides, both kcell
1=2 and tcell

1=2 were found to be inde-

pendent of the cell concentration ctot, which is consistent
with the conclusion of dimensionless analysis. But we
note that this result is only valid when linear constitutive re-
lations for ion leakage and pumping are adopted. In the

nonlinear region, kcell
1=2 and tcell

1=2 should depend on the cell

concentration ctot in general.
DISCUSSION

There are many controversies on the possible mechanisms
of cell damage caused by amyloid formation. One of repre-
sentative examples is which form of protein aggregates
should be responsible for the cytotoxicity? As we have
mentioned in the introduction, for quite a long time mature
fibrils were widely taken as the major cause, but this view
has been largely changed in the past several years. Now
oligomers are considered as the prime pathogenic factor
instead. In this study we list four representative mechanisms
(see Fig. 5), namely the speed for cell membrane damage (or
the speed for changing cells from normal to damaged state
in the current model) is directly proportional to 1) the num-
ber concentration of oligomers, 2) the mass concentration of
oligomers, 3) the number concentration of aggregates, and
4) the mass concentration of aggregates. The difference be-
tween Mechanism 1 and Mechanism 2 is based on the inter-
action way between oligomers and cell membrane. One uses
the two ends (like a pin), whereas the other takes the whole
surface (like a sticker). Mechanisms 3 and 4 are similar to
FIGURE 5 An illustration of four possible mechanisms for cell mem-

brane damage.

Biophysical Journal 109(7) 1338–1346
the first two, except that both oligomers and fibrils are toxic.
Based on our own study (mainly through dissecting Figs. 3
and 4, data not shown) and other related experiments (espe-
cially those on fiber agitation or sonication), Mechanism 4 is
usually excluded. For instance, during agitationM is usually
not affected, but cytotoxicity will be changed dramatically.
Furthermore, as oligomers generally have a narrow size dis-
tribution, it is hard to tell Mechanism 1 from Mechanism 2
by analyzing the results of mathematical models (this diffi-
culty will be left to future experiments and simulations).
Finally, in the current model we adopt Mechanism 1 and
apply it with great success, but this does not exclude the pos-
sibility of the use of Mechanism 3 for other amyloid pro-
teins. Actually both Mechanisms 1 and 3 can be included
into a unified model, in which kþb Poli or kþb P is replaced
by a comprehensive binding rate function

PN
i¼nc

kþb ðiÞ½Ai�.
Related studies are left to the future.

It should be noted that in many cases the toxic oligomers
are off-pathway aggregates rather than on-pathway precur-
sors or nuclei for fibrils. However, to not go too far away
from classical models in this area (8,11,12), as well as to
keep the model as simple as possible in the first step, we still
model toxic oligomers as on-pathway aggregates and
reserve more complicated situations to future studies.
Readers should be highly aware of this point.

In this study, a two-state model based on whether the cell
is damaged or not is constructed for simplicity. In reality, to
account for the different conditions of a cell, a number of
states are generally required to achieve a satisfactory descrip-
tion. This problem can be easily solved when a continuous
notation s˛½0; 1� is introduced in Cðs;wÞ rather than just 0
and 1. Correspondingly, the last two formulas in Eq. S1
will be replaced by a 2þ 1D convection equation. Interested
readers can find details in the Supporting Material.

The moment-closure method based on the maximum en-
tropy principle plays a key role in model reduction. Espe-
cially the entropy function that we adopted in Eq. S5
directly determines the accuracy of the reduced model. To
make the static values of PðtÞ, ½CþðtÞ � C�ðtÞ�=ð2ctotÞ,
and 1� IþðtÞ=ctot closer to their exact solutions than
what have been shown in Fig. 2, A–D, a more accurate en-
tropy function should be considered. For example, an alter-
native entropy function S ¼ kB

PN
i¼1ð½Ai�ln½Ai� � ½Ai�Þ�

kBðn� 1ÞPN
i¼1ln i� ½Ai� has been considered in our previ-

ous study (14). Another issue is related to the self-closure
of last three formulas in Eq. 4, which is based on the partic-
ular choice of linear constitutive relations as we have shown
in the Supporting Material. Once the nonlinearity of ion
leakage and ion pumping is considered, high-order moments
will be involved automatically. Under that condition, addi-
tional moment-closure methods must be introduced simi-
larly to what we have done for the mass-action equations.
Related studies are still being conducted.

In conclusion, this study examined the problem of cell
damage caused by amyloid formation. Based on four simple
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assumptions, one of which is that cell damage is raised by
oligomers rather than mature fibrils, we constructed a micro-
scopic mathematical model that consists of infinite ODEs in
the form of mass-action equations together with two reac-
tion-convection PDEs. This model then was simplified into
a macroscopic system of five ODEs by using the maximum
entropy principle. With the simplified model, the effects of
primary nucleation, elongation, fragmentation, and protein
and seeds concentration on amyloid formation and cell dam-
age were extensively explored and compared with the exper-
iments. We hope that our results can provide quantitative
insights into the roles of oligomers played during cell dam-
age, which is a prerequisite for understanding the occurrence,
progression, and deterioration of amyloid diseases.
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