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A relational structure & is called k-homogeneous if each isomorphism between 
two k-element substructures of & extends to an automorphism of &. We show that 
if a countable poset (52, < ) is l- and 4-homogeneous, then it is k-homogeneous for 
each k E N. There are infinitely many examples of X,-categorical universal 
countable posets (0, < ) showing that here the number 4 may not be replaced by 
2 or 3. We also show that for every k E fV there are continuousiy many countable 
&categorical universal graphs which are k-homogeneous but not (k+ l)- 
homogeneous; this answers a question of R. Fraisse. 0 1991 Academic PKSS, ~nc. 

1. INTRODUCTION 

A relational structure JX! is called homogeneous by Fraisse [7] if each 
isomorphism between finite substructures of d can be extended to an 
automorphism of d. In the literature, several authors have studied 
homogeneous structures. Henson [9] and also, independently, Peretyiatkin 
[13] showed that there are 2’O non-isomorphic countable homogeneous 
binary relational structures. Lachlan and Woodrow [12] classified all 
countable homogeneous undirected graphs and proved that there are just 
countably many. Similar results were obtained by Schmerl [15] for 
countable homogeneous partially ordered sets and by Lachlan [ 111 for 
countable homogeneous tournaments. 

In this paper, we consider weaker forms of homogeneity assumptions for 
relational structures. Let k E I% We say that a relational structure JZJ is 
k-homogeneous if every isomorphism between two k-element subsets of d 
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extends to an automorphism of &, and & is k-transitive if, whenever two 
k-subsets of &’ are isomorphic, there is an automorphism of d taking one 
to the other. Hence d is homogeneous iff it is k-homogeneous for each 
k E N. Note that, contrary to the terminology for permutation groups, 
k-transitivity is weaker than k-homogeneity. 

These symmetry conditions are interesting both in themselves and 
because they yield quite complicated structures with interesting auto- 
morphism groups; for posets this was exploited in [S]. Here we examine 
the extent to which k-homogeneity implies (k + l)-homogeneity or (k + l)- 
transitivity, particularly for infinite posets and graphs. 

We call a poset universal if it embeds each finite poset. A poset (P, <) 
iscalledapentagonifP={a,b,c,d,e} witha<b<c<e,a<d<e,andd 
is incomparable with b and c. Schmerl [lS] showed that the countable 
homogeneous posets are the unique universal one and countably many 
others, none embedding the pentagon and all built in easily described ways 
from chains and antichains. 

The structure of infinite posets (Q, d ) of arbitrary cardinality which are 
k-transitive for some k 2 2 was studied in [3,4]. These partial orders were 
classified in these works. In most cases of this classification, the condition 
“(a, <) is k-transitive” was characterized in terms of the structure of 
(Q, < ). The only case missing was the one where (52, <) contains a 
pentagon. For these posets, k-homogeneity always implies (k - l)- 
homogeneity, and k-transitivity implies (k - 1 )-transitivity, provided k > 2. 
The converse question was posed in [3]. Here, we completely answer this 
question for countable posets (Q, < ). Let us call a poset (52, G ) star-dense 
if, whenever A, Bc Sz are two 2-element antichains with a < b for each 
aEA, bEB, then there exists ~~52 with a<x<b for each aEA, bEB. We 
first show: 

THEOREM 1.1. Let (52, <) be a countable poset containing the pentagon. 
The following are equivalent : 

(1) (52, < ) is 3-homogeneous and star-dense. 

(2) (Sz, <) is 4-transitive. 

(3) (52, < ) is isomorphic to the countable universal homogeneous 
poset. 

Our proof of Theorem 1.1 shows that certain small configurations of 
finite posets have i-point extensions; then a recent result of Albert and 
Burris [l] finishes the argument. As a consequence of Theorem 1.1 and the 
results of [3], we obtain, for instance: 

COROLLARY 1.2. For any countable poset (Q < ) the following are 
equivalent: 



(1) (Q < ) is l- and 4-homogeneous. 

(2) (52, 6) is l-, 2-, and 4-transitive. 

(3) (52, 6 ) is homogeneous. 

A structure d of a first order language L is called X,-categorical if any 
two countable L-structures with the same first order theory as & are, in 
fact, isomorphic. The following result shows that Theorem 1.1 is sharp, 

THEOREM 1.3. (a) There are at least N, pairwise non-isomorphic 
countable 2-homogeneous NO-categorical universal posets (52, < ) which are 
not 3-transitive. 

(b) There are at least N, pairwise non-isomorphic countable 3-homo- 
geneous &,-categorical universal posets (Sz, < ) which are not 4-transitive. 

We note that by a compactness argument each of these posets, being 
&-categorical and universal, embeds in fact each countable poset. 

Fraisst [7, p. 3141 posed the problem of whether for each n E N there 
exists a threshold s(n) such that any structure d = (A, R), where R is an 
n-ary relation on A and d is k-homogeneous for each k <s(n), is 
homogeneous. Corollary 1.2 shows that if A is restricted to be countable 
and R to be a partial order, then s =4 suffices (and is sharp by 
Theorem 1.3). Let us call a binary relational structure (A, R) a graph if R 
is irreflexive and symmetric (i.e., graphs are loopless and undirected). A 
graph is called universal if it embeds each finite graph. The following 
provides a negative solution of FraissC’s problem in general. 

THEOREM 1.4. For every k E N there are 2*” pairwise non-isomorphic 
countable &categorical universal graphs which are k-homogeneous but not 
(k + 1 )-transitive. 

Again, each of these graphs embeds each countable graph. 
Theorem 1.1 and a few consequences are proved in Section 2. In 

Section 3 we prove Theorems 1.3 and 1.4, and we conclude with some open 
problems. For the general model-theoretic background of our topic, we 
refer the reader to Sacks [14]. 

2. PROOF OF THEOREM 1.1 AND CONSEQUENCES 

In this section we wish to prove Theorem 1.1 and to derive a few conse- 
quences from it. First we introduce some notation. Let (52, <) be a poset. 
We put A(Q) = Aut(B, < ) for brevity. We say that (0, 6 ) is dense if for 
any x, y E Q with x < y there is z E Q with x < z < y. For elements a, b E Q 
we write a(1 b if a and b are incomparable, i.e., if neither a < b nor b < a 
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holds. For subsets A, BE 52 let A 11 B (A < B) denote that a 11 b (a < 6) for all 
a E A, b E B. In particular, A 1) B and A <B each imply that A and B are 
disjoint. We also write a 11 B (a < B) for {a} 11 B ({u} < B). A subset A c 52 
is called an antichain if a Ij b for all a, be A with a# b. First let us 
summarize the most important properties of k-transitive posets (a, <) 
containing the pentagon which will be relevant for us in the following. 

THEOREM 2.1 [3, Sect. 73, [4, Corollary 2.31. Let (a, < ) be an infinite 
k-transitive poset containing the pentagon, where 2 < k E N. Then: 

(a) No element of Sz is maximal or minimal, and 1;2 is dense. 

(b) For each finite subset A E B there exists x, y, z E Sz such that 
x<A<yundzllA. 

(c) Sz is m-transitive (and m-homogeneous, ifs2 is k-homogeneous) for 
each m Gk. 

(d) If Sz is 3-transitive, it is also 2-homogeneous. 

(e) If l2 is 3-transitive, A E Sz is finite, and y~sZ with A < y, then 
there is x E 52 with A <x < y. 

(f) If Sz is 2-homogeneous and a, b E IR with a II b, then there is c E Cl 
with a I( c and b < c. 

Recall that (52, < ) is star-dense iff for any two antichains A, BE Q with 
IAl = ) BI = 2 and A < B there exists x E 0 with A < x < B. We note that if 
(Q, < ) is 3-transitive and star-dense, then by Theorem 2.1, for any two 
subsets A, BGSZ with IAI, IBI ~2 and A<B there exists XEQ with 
A<x<B. 

Let (Q, <) be an infinite poset. We say that (a, <) is rich if it is 
3-transitive, if it contains the pentagon, and if, whenever (a, 6, c} c R is an 
antichain, there are x, yes2 with x < (a, b} < y and cl1 {x, y}. We first 
wish to prove the following result. 

THEOREM 2.2. Let (Sz, < ) be a rich and star-dense poset, (Q, < ) a finite 
poset, and P E Q an arbitrary subset. Then any embedding of (P, < ) into 
(0, < ) extends to an embedding of (Q, d ) into (52, < ). 

As remarked in Albert and Burris [ 1, p. 1721, this means that any rich 
and star-dense poset (Q, < ) is existentially closed. For the proof of 
Theorem 2.2 we need three lemmas. 

LEMMA 2.3. Let 52 be a rich poser. Let A, B G D be two disjoint finite 
antichains such that IAl + IBI < 3 and whenever UE A, b E B, then a < b or 
a (I b. Then there is z E Sz with z )I A and z < B. 
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Proof. By Theorem 2.1(b) we can assume that (A( + (B( = 3. 

Case 1. Let A = {a,, a*} and B= {b}. 

If b)) A, use Theorem 2.1(d)-(f) to find zi, zz E s2 such that zi< b and 
zillai (i= 1,2) and then ZEQ with {zi, z2} <z<b. Then z/A. 

If, say, a, <b, then choose by Theorem 2.1 elements s, t, U, u E 52 such 
that (s, 1, U} is an antichain, {s, U} < v, and f < v iff a2 <b. There is 
CI E A(Q) with {s, t, v}* = { a,, a2, b}. Then v’= b, and we put z = u”. 

Case 2. Let A = {a) and B= {b,, b,). 

Choose z,,zz~Qwithz,<biandziIIa(i=1,2).Ifz,dz,orz,~z,,put 
z=min{z,,z,). Now let zl((zZ. Since Q is rich, there is ZEST with 
z < { zi, z2} and z 11 a. Clearly z < B. 

LEMMA 2.4. Let Q be a rich and star-dense poset. Let A E Q and y, z E 52 
with IAl =2, A< y, and AlIz. Then there is xE.Q with A<x< y andxllz. 

Proof: Since R is rich, there is w  E D with A <w and w  ((z. As 52 is 
star-dense, there is x E Q with A < x < (w, y }. Clearly x II z. 

LEMMA 2.5, Let rZ be a rich and star-dense poset. Let v, w, x, y E Q with 
v<w,x<y,andv~~x,w~~y.Thenthereisz~SZwithx<z<yandz~~{v,w}. 

Proof. If {u, w  } 1) {x, y }, choose any z E 52 with x < z < y. Now assume 
that v < y. Choose t E Q with I 1) { u, w, y }. As 52 is rich, there is u E Q with 
u < (t, y} and u jJ w. Then also u 1) v. By Lemma 2.4, there is ZEO with 
(u, x} <z < y and z 1) v. Clearly z 1) w. Finally, if x < w, we can proceed 
dually. 

Now we can give the 

Proof of Theorem 2.2. Let A, B, CZQ be three pairwise disjoint finite 
subsets (possibly empty) such that whenever aE A, b E B, and c E C, then 
a<c, a 3 6, and c 4 b. We claim that there is XEQ with A<x<C and 
x I/ B. This implies the result by a standard construction. 

Clearly, we can assume that A and C are antichains (otherwise replace 
A by its subset of maximal elements and C by its subset of minimal 
elements). The argument for Theorem 2.2 of Albert and Burris [l] shows 
that we may also assume that either IAI, ICI < 2 and IBI < 1, or else (Al = 
1 Cl = 1, 1 BI = 2. In either case, by Lemma 2.3 there are zi, zz E Q such that 
zl<B<zz, ~1114 and zz /I C. Since 52 is star-dense, there exists y E Q with 
A<y<C. By Lemma2.4 we can find x,,x,~Q with A<x,<y<x,<C 
and x1 11 zi , x2 II z2. Now by Lemma 2.5 there exists x E R with x1 < x < x2 
and x II {z , , zz}. Then also x/I B, proving our claim. 
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Albert and Burris [ 1 ] use an argument similar to the preceding one to 
show that the theory of the countable universal homogeneous poset is 
finitely axiomatized. By Theorem 2.2, any countable poset can be 
embedded into each rich and star-dense poset. Moreover, combined with a 
standard back-and-forth argument, Theorem 2.2 shows: 

COROLLARY 2.6. Every countable rich and star-dense poset is isomorphic 
to the universal homogeneous countable poset. 

Next we wish to prove Theorem 1.1. First we note that whenever (a, < ) 
contains the pentagon and is 2-transitive, there are antichains Y, Z G Q and 
y E Q such that 1 YI = IZI = 2 and Y < y < Z. Indeed, choose two antichains 
Y,Z’sQ with IYI=IZ’I=2, and then y,z~Q with Y<y and z<Z’. 
Choose CI E A(Q) with z’ = y, and put Z = Z’” to obtain our claim. Next we 
give sufficient conditions for an infinite poset to be rich or to be star-dense. 

PROPOSITION 2.7. Let (Q, <) be an infinite poset containing the 
pentagon. 

(a) If Q is 3-homogeneous or 4transitive, it is rich. 

(b) If Q is 4transitive, it is star-dense. 

Proof: (a) Let {a, b, c} G Q be an antichain. We only show that there 
is x E Q with x < (a, b} and x II c. Choose s, t, U, u E Q with s II t, u < {s, t}, 
and v 11 {s, t, u}. If 52 is 3-homogeneous, choose c( E A(Q) with sa = a, t” = b, 
and va = c, and put x = u’. Now let 52 be 4-transitive. By Theorem 2.1 there 
are d,, d, EQ such that c < (d,, d,} and dI II a, d2 I( b. Then there is dEQ 
with c<d<{d,,d,), thus dll(a,b}. Similarly, there is WEST with v<w 
and w  I( (s, t}. Now choose PEA(Q) with {s, t, v, w}~ = {a, b, c, d}. Thus 
v8=c and wB=d. Put x=u~. 

(b) Let A, BG Sz be two antichains with IAl = IBI = 2 and A <B. As 
noted before, there are antichains Y, ZG R and y E Q such that I YI = 
IZI = 2 and Y < y < Z. Choose c( E A(R) with (Y u Z)= = A u B, and put 
x= ya. Then A<x<B. 

Next we give the 

Proof of Theorem 1.1. (1) + (3) and (2)+ (3). By (assumption and) 
Proposition 2.7, (Q, < ) is rich and star-dense. Hence (Q, G) is 
homogeneous by Corollary 2.6. 

(3) + (2) and (3) + (1). Trivial respectively immediate by Proposi- 
tion 2.7(b). 

Next we wish to derive from the preceding results a few consequences 
which sharpen the results of [3,4]. The following improves bounds 
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given in [3, Theorems 7.10, 7.111. It gives new information only in the 
uncountable case. 

COROLLARY 2.8. Let (52, d ) be an infinite poset containing the pentagon. 

(a) Zf (Q, d ) is 4transitive or 3-homogeneous and star-dense, then 
any countable poset can be embedded into (Sz, <). 

(b) Let k, n E N with k 2 in’ + in’ + 2n. If (52, < ) is k-transitive, then 
it is n-homogeneous. 

Proof: (a) Immediate by Proposition 2.7 and Theorem 2.2. 

(b) Use (a) and argue as in the proof of [3, Theorem 7.111. 

If (P, < ) and (P,, < ) are posets, A G P,, B G Pz, and cp: A + B is an 
isomorphism, then cp is called a partial isomorphism from P, into P,. Sup- 
pose that there is a system S of partial isomorphisms from P, into P, such 
that whenever cp E S and a E P, (b E PJ there is + E S which extends cp such 
that the domain (range) of $ contains a (b), respectively; then we say that 
(PI, < ) and (P2, d ) are partially isomorphic by S. An easy back-and-forth 
argument shows that any two countable partially isomorphic posets are 
isomorphic. In general, by Karp [IO], two posets are partially isomorphic 
if and only if they are LmW- equivalent. Here L = { < } is the first order 
language for posets; recall that the intinitary language L,” contains all 
atomic formulas of L and is closed under negation, quantification over 
finitely many variables, and conjunction and disjunction of arbitrary sets of 
formulas which have altogether finitely many free variables. 

We note here by the previous results that if Q is any infinite poset which 
is k-transitive for some k34, then either (Q, <) is L,o-equivalent to the 
unique countable universal homogeneous poset, or (52, < ) does not embed 
the pentagon and its structure is essentially known by results of [3]. In 
particular, the structure of all such countable orderings is completely 
known. In this way we obtain the following result. 

COROLLARY 2.9. (a) Let Q be a countable k-transitive poset, where 
4 <k E N. Then !S is m-transitive for each m > k and n-homogeneous for each 
nak+2. 

(b) For each 4 d k E N there are precisely No countable k-transitive 
posets (52, < ). All but finitely many of these posets are homogeneous. 

(c) Any countable 2- and 4-transitive poset (52, <) is 4-homogeneous. 

Proof: (a) Immediate by Theorem 1.1 and the argument for [3, 
Theorem 8.121. 
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(b), (c) These follow by elementary combinatorics from Theorem 1.1 
and [3, Theorems 4.144.16, 5.83. 

Similarly we obtain the 

Proof of Corollary 1.2. The result follows easily from Theorem 1.1 and 
[3, Theorems 4.144.16, 5.81. 

COROLLARY 2.10. (a) Let (Q, <) be k-transitive for some k > 4. Then 
Th(S;Z, <) is &-categorical. 

(b) Let (Qi, < ) be two infinite posets which are k,-transitive for some 
ki 2 4 (i= 1,2) and embed the same finite posets. Then (a,, < ) and 
(Q 2, < ) are L,o-equivalent. 

Proof (a) Apply Proposition 2.7 and Theorem 2.2 if Q contains the 
pentagon. In the other case, use [4, Theorem 4(b)]. 

(b) If 52, and 0, embed the pentagon, they are partially isomorphic 
by Proposition 2.7 and Theorem 2.2. Now let neither Q2, nor Q, contain 
the pentagon. By the argument of [3, Theorem 8.121, 52, and 52, are 
n-homogeneous for each n 2 k + 2, where k = max{k,, k2}. Hence (0,) < ) 
and (Sz,, <) are partially isomorphic by the system of all isomorphisms 
cp: A + B, where A G 52,) B c Q, are finite subsets with IA 1 = 1 B[ 2 k + 2. 
Thus in any case (Q,, <) and (Q,, <) are LmW-equivalent. 

3. PROOF OF THEOREMS 1.3 AND 1.4 

Let us first describe a general model-theoretic method due to Fraisse 
[6, 71 which allows us to construct countable homogeneous structures. Let 
L be a relational language and S a structure for L. The age of S, denoted 
d(S), is the class of all finite L-structures embeddable into S. A class W of 
L-structures is called hereditary if it is closed under taking substructures, 
and has the amalgamation property if, whenever A,, A,, BE C9 and 
fi: B + Ai (i = 0, 1) are embeddings, there exist A E $? and embeddings 
g,:A,+A (i=O, 1) such that fOgO=f,gl. 

PROPOSITION 3.1 (Fraisse [6, 71). Let G9 be a class of finite L-structures. 
Then the following are equivalent: 

(1) There exists a countable homogeneous L-structure S with 
d(S) = 97. 

(2) 5% is isomorphism-closed, hereditary, has the amalgamation 
property, and has, up to isomorphism, only countably many elements. 

Moreover, if the structure S in (1) exists, it is unique up to isomorphism. 
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Now let S be a countable L-structure. By a theorem of Engeler, Ryll- 
Nardzewski, and Svenonius (cf. Sacks [ 14]), S is &,-categorical if and only 
if Aut(S) has only finitely many orbits on unordered k-subsets of S for all 
k E N. In particular, if S is homogeneous and for each k E N there are only 
finitely many isomorphism types of k-subsets of S, then S and, in fact, any 
reduct of S (i.e., any structure consisting of the underlying set of S and just 
some of the relations of S) are &categorical. 

Let (P, d ) be a poset and A E P a finite antichain. An element x E P is 
a minimal upper bound of A if A < x and there is no y E P with A < y < x. 
For n E N, we call a minimal upper bound x of A n-recognizable if there 
exists a subset B of A with IBI <n such that x is a minimal upper bound 
of B. The idea for the proof of Theorem 1.3(a) is, in view of 
Theorem 2,1(e), to introduce a ternary relation R, which ensures that in a 
suitable 2-homogeneous poset (Q, 6 ) there are x1, x2, x3 ~52 such that 
x2 Ij xj and x1 is a minimal upper bound of {x1, x3} in (52, d ); then (Q, < ) 
cannot be 3-transitive. 

For the proof of Theorem 1.3, let us introduce two binary relations on 
the power set of a poset (P, d ). For any A, B G P, we let A 1 B if for each 
aEA there is bEB with a<b, and A 2 B if for each beB there is aEA 
with a < b. Clearly, 2 and z are reflexive and transitive. Now we first 
show: 

THEOREM 3.2. For each 3 < n E N there exists a countable 2-homogeneous 
universal &categorical poset P, in which minimal upper bounds of finite 
antichains are (n - 1)-recognizable, but not all are (n - 2)-recognizable. 

Proof. Fix 3 <n E iV. Let the first order language L, contain the binary 
relation < together with a relation R, of arity m for each 3 <m <n. Let 
& be the class of all finite L,-structure F such that (F, <) is a poset and 
the relations R, on F (3 d m < n) satisfy the following conditions for any 
x1, . . . . x, E F with F + R,(x, ,..., x,): 

(I) The elements x2, . . . . x, are pairwise incomparable, {x2, . . . . x,} < 
x1, and for all permutations rc of (2, . . . . m}, F k R,(xI, xZn, . . . . x,,). 

(II) If 3 ,< r < n and the elements u2, . . . . u, E F are pairwise in- 
comparable such that {x2, . . . . x,> 2 {u2, . . . . ur> <x1, then F + 
R,(xl, ~2, . . . . u,). 

(III) There is no UE F with {x2, . . . . x,> < u <x,. 

It is clear that ti is isomorphism-closed and hereditary. We show that 
JZ! has the amalgamation property. 

Let A,, A 1, B E & with A, n A 1 = B (in slight abuse of the amalgamation 
notation). Let A = A, u A, (set union). We wish to define an L,-structure 
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on A. First, let d be the smallest partial order on A containing the partial 
orders of A, and A,. Thus, if a,~&\Ai and u,EA,\A,, we have aO<a, 
in A iff there is b E B with a0 < b in A, and b < a, in A,. Also, for any 
x, yeAi (iG (0, l>), we have x < y in A iff x < y in Ai. Next we define the 
relations R, (3 < m < n) on A. For any xi, u2, . . . . U, E A (3 < r < m) such 
that u2. . . . . U, are pairwise incomparable let A k R,(x,, u2, . . . . u,) iff there 
are x2, . . . . x, E A (3 <s < n) and i6 (0, 1 } such that xi, x2, . . . . x, E Ai, 
(x2, .“, x,) 2 (4, ‘..,. u,} <xi in A, and Ai k R,(x,, . . . . x,). 

We claim that A E&. Let x,, . . . . x, E A (3 dm <n) with A k 
R,(x,, . . . . x,). Condition (I) is clear, and (II) is straightforward using 
transitivity of 2. To check (III), suppose that there is UE A with 

<#<xi. We may assume that there are vl, . . . . V,EA (3<t<n) 
k -;;;“,;‘, v 1, 2, . . . . vt~Ao, {v2, . . . . vt} 2 {x2, . . . . x,) in A, and A0 k 
4(x,, ~2, . . . . v,). Hence, by (III) applied to A,, we have UE A,\A,. Now 
we distinguish between two cases. 

Case 1. Assume x1 $ B, i.e., xi E A,\A,. 

Then, as u < xi, there is YE B with U< y<x, in A. Thus 
{V 2, ...I v,} < y<x, in A,,, contradicting A, /= Rt(xl, v2, . . . . v,) and (III). 

Case 2. Assume x1 E B. 

First,byuEA,\A,,therearew, ,..., w,EB(2<s<t)with(uz ,..., u,>< 
fw 2, --., ws> < U. We may assume that the elements wlr . . . . w, are pairwise 
incomparable (otherwise replace the set { w2, . . . . ws} by its subset of 
maximal elements). Also, by (III) applied to A, and since { u2, . . . . v,> is 
an antichain, we obtain s>2. Now, as A0 + Rt(xl, u2, . . . . vt), we have 
A,, k R,(xl, w2, . . . . ws), so B k R,(xl, w2, . . . . ws) and thus A, + 
R&x,, ~2, . . . . w,), contradicting the existence of U. 

This proves that A E &. Next we claim that A, and A, are substructures 
of A. So let xi, . . . . X,E A, (3 <r <n), say. Clearly A, k R,(xI, . . . . x,) 
implies that A k R,(xl, . . . . x,). Conversely, assume that A k R,(xl, . . . . x,). 
Then x2, . . . . x, are pairwise incomparable; moreover, there are v2, . . . . v, E A 
(2<t<n) and ie (0, l} such that xlrv2 ,..., ureAi, {v2 ,..., u,> 2 
(x2, *--, x,1 <Xl in A, and Ai + R,(x,, v2, . . . . v,). If i=O, clearly 
A, I= R,(x,, . . . . x,) by (II). Hence assume now that i= 1, so xi E B. 
There are pairwise incomparable elements w2, . . . . w, E B (2 <s < t) 
with {v2 ,..., u,} 2 {w2 ,..., w,> 2 {x2 ,..., x,><x, in A. Since Al + 
R,(x,, v2, . . . . v,), we get s> 2 by (III) and thus A, + R,(xl, w2, . . . . w,) by 
(II). Hence B k R,(x,, w2, . . . . ws) and so A, k R,(x,, w2, . . . . w,). This 
proves that A0 k R,(xl, . . . . x,) by (II) and hence our claim. 

Now by Proposition 3.1, there exists a unique countable homogeneous 
&-structure P, with age &(P,) = d. Clearly P, is, as a pose& 
2-homogeneous and universal. Since P, is homogeneous, by the remarks 
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following Proposition 3.1, (P n, < ) is &,-categorical. Now let A G P, be a 
finite antichain and XE P, with A <x. Assume that x is a minimal upper 
bound of B for no subset BGA with (BI <n-l. Choose yelp’,, x<y. 
There exists an automorphism f of P, with A’=A and yf=x; then 
A < xf< x, and x is not a minimal upper bound of A. Hence minimal 
upper bounds of finite antichains of P, are (n - l)-recognizable. Finally, 
there clearly exists a finite poset FE d with elements x1, . . . . x, E F such that 
F k 4(x,, . . . . x,) but x, is not a minimal upper bound of any proper sub- 
set of (x2, . . . . x,}. Since F embeds (as an &,-structure) into P,, not all 
minimal upper bounds of finite antichains of P, are (n -2)-recognizable. 

We note that the poset P, constructed above has the additional property 
that all antichains A z P, of size at most n - 1 have a complete set of 
minimal upper bounds; that is, for any y E P, with A < y there exists a 
minimal upper bound x of A with A < x < y. Hence, by Theorem 2.1 (b) 
and (e), P, is not 3-transitive. Also P, is not star-dense. 

Now the proof of Theorem 1.3(a) is immediate by Theorem 3.2 and the 
preceding remarks. 

In a vein similar to that for Theorem 3.2 we now wish to prove 
Theorem 1.3(b). The idea, in view of Theorem 1.1, is to introduce a 
quaternary relation which ensures that the required 3-homogeneous poset 
(Q, < ) is not star-dense. 

Proof of Theorem 1.3(b). We define for each 4 < n E fV a poset P, 
satisfying the assertions of Theorem 1.3(b) such that P, $ P, if n # m. Fix 
4 < n E N. Let L, be a language containing a binary relation < and a 
relation R, of arity m for each 4 <m <n. Let Jail be the class of all finite 
L,-structures F such that (F, < ) is a poset and whenever 4 <m <n and 
x1, . . . . x, E F with F + R,(x,, . . . . x,), the following conditions hold: 

(1) Xl II x2, the elements x3, . . . . x, are pairwise incomparable, 
ix 3, ..., x,> < (x1, x2), and for all permutations n of f 1,2) and $ of 
(3, . . . . m}, F I= R,(xl,, xZn, x,~, . . . . x,~). 

(II) If 4 < r < n and ul, . . . . U, E F are such that u1 11 u2, the elements 
u3, ..., U, are pairwise incomparable, and 
{%Y ~2) 2 {xl, x23, then F k R,(q, . . . . ~4,). 

(x,, . . . . xm} 2 (u3, . . . . ur} < 

(III) ThereisnouEFwith {x3,...,x,}<~<{x1,x2). 

Clearly &,, is hereditary. To check the amalgamation property, let 
A,,A,,BE&nwithA,nA,=B.PutA=A,uA,(setunion)andlet < be 
the smallest partial order on A containing the partial orders of A,, and A 1. 
Now let x 1, . . . . x, E A (4 <m <n) such that {x1, x2} and {x,, . . . . x,} are 
antichains with {x3, . . . . x,) -C (x1, x2). Then let A kR,(x,, . . . . x,) iff there 
are in (0, l}, 4<r<n, and uI, . . . . u,EA, such that Ai k R,(o,, . . . . 0,) and 



12 DROSTE AND MACPHERSON 

iv 39 -.-9 or> 2 (x3, ‘.‘, x,> < (x1, $1 2 (vl, v2} in A. With an argument 
similar to that for Theorem 3.2, it can be checked that A E &, and A,, A, 
are substructures of A. 

Now by Proposition 3.1 there exists a countable homogeneous L,- 
structure P, with age dn. As a poset, P, is 3-homogeneous, universal and 
&-categorical. Due to the relation R,, P, is not star-dense and therefore 
not 4-transitive by Proposition 2.7(b). Finally, in P, it is possible to find 
distinct elements xi, . . . . X,E P, such that {xi, x2) and (x3, . . . . x,} are 
antichains, (x3, . . . . x,,} < {x,, x,}, and for each proper subset A of 
ix 3, ---3 x,] there exists o E IF’, with A < u < {x,, x,], but there is no tl E P, 
with {x3, . . . . x,) < u < {x,, x2}. However, it is impossible to find n such 
elements in P, whenever 4 < m < n. Hence P, $ P, if IZ #m. 

Next we give an example of a countable 2-homogeneous, not 
3-homogeneous, poset (Q, <) which is star-dense. 

PROPOSITION 3.3. There exists a countable 2-homogeneous poset (Q, < ) 
which contains the pentagon and is star-dense and 3-transitive but not 
3-homogeneous. 

Proof. Let L be a language with two binary relations Q i and < z. Let 
&’ be the class of all finite L-structures F such that (F, < i) and (F, < 2) are 
each linearly ordered. Since any partial order can be extended to a linear 
order, it is easy to check that & has the amalgamation property. By 
Proposition 3.1, let (Sz , , i, < *) be the unique homogeneous countable < 
L-structure with age d. For any x, YE 52, let x d y iff x 6i y and xdz y. 
Clearly (52, <) is a star-dense poset and contains the pentagon. Now let 
a, 6, c, dEl2 such that ((a, b}, <) is isomorphic to ({c, d}, < ). We claim 
that there is a E Aut(Q, < ) with a’= c and ba = d. Using homogeneity of 
(Q, G,, .?. , < ) this is clear if a<b or if a<, b, a>,b, c<,d, c>,d. Hence 
assumenowthata<,b, a>,b, c<,d,c>,d.Since(Q, <*, <,)isalsoa 
homogeneous countable L-structure with age -c4, by the uniqueness 
property there exists a bijection a: Q + 52 such that for any x, y E 0, x <i y 
iff xac2yOL; clearly we may assume here that aa = c, b’ = d. Since 
a E Aut(Q, <), this shows that (52, <) is 2-homogeneous. Now let 
a,b,c~SZwitha<,c<,bandb<,c<,a.Then(a,b,c}isanantichainin 
(52, < ), but there is no x E $2 with x < {a, b} and x 11 c. Hence, by Proposi- 
tion 2.7(a), (Q, G) is not 3-homogeneous. The 3-transitivity is easily 
verified. 

Note that this poset (a, G) has, by construction, order dimension 2 and 
is therefore not universal. It also has the additional property (in contrast to 
the posets P, of Theorem 3.2) that no finite antichain in Q with at least 
two elements has a minimal upper bound. The following result due to 
J. Schmerl (personal communication, with a different argument) shows that 



~-H~M~GENEOU~ PO~ETS AND GRAPHS 13 

there is also a lattice which, as a poset, is 2-homogeneous and universal. By 
Theorem 2.1(e), it is clearly not 3-transitive. 

PROPOSITION 3.4 (Schmerl). There exists a countable distributive lattice 
(Q, d ) which is, as a poset, 2-homogeneous and universal. 

Proof: As is well known (cf., e.g., [S, p. 255]), the class of all dis- 
tributive lattices has the amalgamation property. Hence, by Jonsson’s 
variant of Proposition 3.1 (cf., e.g., [2, p. 213]), there exists a countable 
distributive lattice (Q, A , v ) which embeds each finite distributive lattice 
and in which any isomorphism between two finite sublattices extends to an 
automorphism of (Q, A , v ). The result follows. 

Now we turn to the proof of Theorem 1.4. Let (f, R) (or, for short, r) 
be a graph. The elements of r are also tailed vertices. Two vertices a, b E r 
are adjacent if (a, b) E R. We call (I’, R) a cycle of length n if 1 rl = n and 
there is an enumeration r= {a,, . . . . a,} such that R = {(ai, ai+ 1), 
(ai+ 1 T  a,); l~i<n}u((~,,4J, (4,4)). 

Proof of Theorem 1.4. Fix k E N. We construct for each subset SE 
N\{l, . . . . k) with k + 1 E S a graph fs satisfying the requirements of 
Theorem 1.4. We ensure that S1 # S, implies that f,, r rs.. 

Fix SG N\{ 1, . . . . k} with k + 1 E S. Let L be the language of graphs, 
together with a relation symbol R, of arity n for each n E S. Let d be the 
class of all finite L-structures F such that F is a graph and the relations R, 
of F (n E S) satisfy the following conditions for any .x1, . . . . x, E F with F k 
Mx, , . . . . x,): 

(I) The elements x,, . . . . x, are all distinct, and F + R,(xl,, . . . . x,,) 
for any permutation rz of ( 1, . . . . n >. 

(II) The induced graph on {x,, . . . . x,} is a cycle of length n. 
(III) No vertex of F is adjacent to each element of {x,, . . . . x,}. 

Clearly d is hereditary. We show that d has the amalgamation 
property. Let A,, A,, BE & with A, n A i = B. Put A = A, u A, (set union). 
Define the graph relation and the relations R, (n E S) on A to be the union 
of the corresponding relations of A, and A 1. Then, in particular, in A the 
vertices of &\A 1 are non-adjacent to those of A ,\A,. It follows that A E d 
and A,, A i are substructures of A. 

By Proposition 3.1, there exists a (unique) countable homogeneous 
L-structure I-, with age &(T,) = &. Since the only relation on r, with less 
then k + 1 distinct arguments is the graph relation, fs is, as a graph, 
k-homogeneous. Since there are two sorts of (k + 1)-cycles in r,, Ts is not 
(k + l)-transitive. It only remains to show that S, # S2 implies that 
rs, * rsy To see this, note that cycles of different lengths are pairwise 

582aj56/1-2 
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non-embeddable. Hence, if n $ S, every n-cycle in Ts has a common 
neighbor. The result follows. 

In [3] it was shown that any infinite poset (Q, <) which is k-transitive 
for each k E N is, in fact, homogeneous; it was asked for which other binary 
relational structures (52, R) a corresponding result holds. In this context, 
we note the following 

EXAMPLE 3.5. There exists a countable structure Y with finitely many 
relations such that Y is k-transitive for each k E N, but not k-homogeneous 
for any k32. 

Indeed, let S = Q v { &} and Y = (S, U, R), where U is a unary and 
R a ternary relation on S defined by U = ($1 and (x, y, z) E R iff x = $, 
y, ZE Q, and y <z in Q. Then Y has the required properties, as is easily 
checked. 

4. SOME OPEN PROBLEMS 

In view of our results, the following open questions arise. 

1. Do there exist 2u” countable 2-homogeneous but not 3-homo- 
geneous posets? Likewise for 3-homogeneous but not 4-homogeneous 
posets. (We understand that D. Saracino and C. Wood have further results 
on this.) 

2. Is every 2-homogeneous poset X,-categorical? Characterize those 
with finitely axiomatizable theories. 

3. Let n be an uncountable cardinal and 4 ,< k E N. Is there a 
k-homogeneous poset of size ,u which is not (k + 1)-homogeneous? 

By the results of [3], we may assume that all the posets mentioned in these 
questions contain the pentagon. 
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