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Abstract

We show that correlators of local operators in four-dimensional free scalar field theory can be expressed
in terms of amplitudes in a two-dimensional topological field theory (TFT,). We describe the state space
of the TFT», which has SO(4, 2) as a global symmetry, and includes both positive and negative energy rep-
resentations. Invariant amplitudes in the TFT, correspond to surfaces interpolating from multiple circles to
the vacuum. They are constructed from SO(4, 2) invariant linear maps from the tensor product of the state
spaces to complex numbers. When appropriate states labeled by 4D-spacetime coordinates are inserted at
the circles, the TFT, amplitudes become correlators of the four-dimensional CFT4. The TFT, structure
includes an associative algebra, related to crossing in the 4D-CFT, with a non-degenerate pairing related
to the CFT inner product in the CFT4. In the free-field case, the TFT,/CFTy4 correspondence can largely
be understood as realization of free quantum field theory as a categorified form of classical invariant the-
ory for appropriate SO(4, 2) representations. We discuss the prospects of going beyond free fields in this
framework.
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1. Introduction

In this paper we develop a new perspective on correlators of four-dimensional conformal
field theory using two-dimensional topological field theory. We are primarily concerned with the
correlators of local operators in CFT4 on R3:! (or the Wick-rotated R4), where the space of states
forms representations of the conformal group SO(4, 2). The explicit calculations in the paper will
start from the simplest CFT4, namely the free scalar field. We will outline how elements of the
discussion generalize in various related free theories, and we will also see that many key elements
in the discussion would be sensible for interacting theories. The symmetry SO(4, 2) plays the role
of a global symmetry in the TFT5.

The space of local operators of the CFT4 will determine the state space of the TFT,. In a
TFT,, we associate a state space WV with a circle, and tensor products W®* with a disjoint union
of k circles. In G-invariant TFT», the state space is a linear representation of G. Here the state
space W is a linear representation of G = SO(4, 2). TFT; associates, to an interpolating surface
(cobordism) from k circles to the vacuum, an SO(4, 2) invariant multi-linear map from Wek
with complex numbers. For the case of the free scalar field, we will specify this map explicitly.
There are two basic ingredients that go into this map. One is the fact that the 2-point function of
the elementary field ¢ of scalar field theory can be viewed as a generator for the matrix elements
of the SO(4, 2) invariant map from V; ® V_ — C. Here V, is the basic positive energy (lowest
weight) representation of SO(4, 2) formed by ¢ and its derivatives, while V_ is the dual negative
energy (highest weight) representation. The other ingredient that goes in the construction of the
map from W® — C is the combinatorics of Wick contractions. Using this invariant map, we
can compute the k-point correlation functions of arbitrary composite operators. For the general
background on TFT,, including careful definition of orientations, of ingoing versus outgoing
boundaries and of cobordisms and their equivalences, we found [1] to be a very useful reference.

Section 2 starts with the motivations from AdS/CFT leading to this work. It has recently been
found that the combinatoric part of extremal correlators, notably three-point functions, of half-
BPS operators can be expressed in terms of 2d TFTs built from lattice gauge theories where
permutation groups play the role of gauge groups [2-6]. These belong to the class of theories
considered by Dijkgraaf and Witten [7], and form examples of TFTs obeying the axioms stated
by Atiyah [8]. This naturally raises the question of whether the full spacetime-dependent corre-
lators, not just the combinatoric part, can be understood using an appropriate TFT,. Since the
spacetime dependences of three-point correlators are completely determined by the invariance
of the theory under the conformal group SO(4, 2), the right TFT, has to have a global SO(4, 2)
invariance. The notion of TFT, with a global G-invariance has been explained in [9]. One sub-
tlety we have to deal with is that standard TFT,’s have finite-dimensional state spaces. This
requirement of finite dimensionality follows from the way the axioms are set up, and physically
relates to the fact that the TFT,’s have amplitudes corresponding to surfaces of arbitrary genus.
To allow infinite-dimensional state spaces, we restrict to genus zero surfaces, so we have a genus
zero TFT,, which involve a genus zero subset of the equations and algebraic structures entering
finite TFT,’s. We describe this genus zero subset of equations and corresponding geometry of
two-dimensional cobordisms. Key among these properties are the existence of a product, cor-
responding to the 3-holed sphere with two ingoing and one outgoing boundary. This product is
associative. Another key property is the existence of a non-degenerate pairing W ® W — C,
which has to be SO(4, 2) invariant. The student of perturbative QFT is familiar with the fact that
zero-dimensional Gaussian integrals provide a brilliant toy model to learn about QFT. Here the
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Gaussian integration model is used to provide what is arguably the simplest example of TFT»,
having infinite-dimensional state space, associativity and non-degeneracy.

Section 3 describes how the basic two-point function of the elementary scalar in free scalar
quantum field theory is understood in terms of SO(4, 2) invariants. Let V be the irreducible
representation of SO(4, 2), with states of positive scaling dimensions (positive energy in radial
quantization), consisting of the field ¢ and its derivatives, with the equations of motion set to
zero. V_ is the conjugate representation. There is no SO(4, 2) invariant in the tensor product
Vi ® V., but there is an SO(4, 2) invariant bilinear map 7: V4 ® V_ — C. 7 is extended to
an invariant map from 77: V ® V — C, where V = V; @ V_. This bilinear invariant plays a
crucial role, so we study some of its properties. We describe the invariant explicitly by exploiting
SU(2) x SU(2) and SL(2) subalgebras of SO(4, 2). The SO(4, 2) invariance is neatly expressed
as a set of partial differential equations obeyed by the generator of matrix elements of 7. Some
additional representation theoretic constructions are described, notably a map p : V4 — V_,
which is related to an automorphism of the so(4, 2) Lie algebra. By using 7, p, we can construct
an inner product g on V, and on V_. The positivity of g is related to unitarity of the CFT. The
invariance of 7 is important in giving a TFT, interpretation of the 2-point function in terms of an
SO(4, 2) invariant map. These ideas can be understood in a simple toy model. Consider the spin
half representation of SU(2), denoted V. A problem in classical invariant theory is to count the

number of times the trivial (one-dimensional) representation C appears in the Clebsch—Gordan
decomposition of various tensor powers. If we take Vi ® V1 it appears once. A more refined
2 2

question is to describe the form of this state, which is

11 ® 1 1 1 1 ® 11 (L.1)
272 27 2 27 2 2’2 '
We are using the usual notation for SU(2) reps where states in an irrep are labeled by |j, m >
with J3 = m and quadratic Casimir equal to j(j + 1). Now if we let x1213 ® x%h act on this
invariant state, we get back the state with a factor.
RL (1.2)
X2 X

Egs. (1.1), (1.2) are equivalent ways to describe the form of the invariant state in Vi ® V.

In the application to the TFT, construction of CFTy4 correlators, these xj, x; are replaczed by 22
spacetime coordinates, and we are describing the invariant representation C in V; ® V_. The
precise description of the invariant state in this way is a refinement of the counting of invariants.
In this sense, this is a categorification of invariant theory and the TFT, construction of free field
correlators involves a categorification of invariant theory for certain representations of SO(4, 2).

Section 4 describes the state space WV of the TFT, corresponding to the free field CFTj.
Loosely speaking WV contains states corresponding to all the composite operators in free field
theory. The slight surprise is thatitis V = V4 @ V_, rather than V. or V_ alone which enters the
construction of W. This is related to the fact mentioned above that there is an SO(4, 2) invariant
in V4 ® V_ butnotin V. ® V4, so a construction of CFT4 correlators from SO(4, 2) invariants
in TFT, has to involve both V4 and V_ in the construction of the TFT, state space. We have

oo
W= W
n=0

W, = Sym(V*®") (1.3)
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The n = 0 subspace Wy = C. The n-fold symmetric product arises because of the bosonic statis-
tics of the free scalar. TFT, involves assigning SO(4, 2) invariant maps to interpolating surfaces
(cobordisms) from disjoint unions of circles to the vacuum. We describe such an invariant map
from W® — C for any k > 0. It is constructed from the basic invariant 7, several copies of
which are tensored according to Wick contraction combinatorics of QFT. We identify the basic
field as a linear superposition of states, labeled by position x € R*, living in V. and V_,

Px)=dT(x)+ & (x) (1.4)

with x’ related to x by inversion. Using tensor products of this field, we have states corresponding
to composite fields living in W, for all n. Choosing coordinates xi, x2, ..., x;x for the compos-
ite fields thus defined, using tensor products and applying the invariant map, we get arbitrary
correlators of composite fields at non-coincident points.

In Section 5 we focus attention on the 2-point functions of arbitrary composite operators,
viewed from the TFT, perspective. This is the amplitude for two circles going to the vacuum,
denoted 1 : W ® W — C. We show that the non-degeneracy equation is satisfied, i.e. there is
an inverse 1 of 7. This equation corresponds to the fact that we can glue a cylinder with two
incoming boundaries to one with two outgoing boundaries, along one boundary from each, to
give a cylinder with one in and one out boundary (see Fig. 2). There is no gluing along two
boundaries to produce a torus, which would give infinity because of the infinite dimensionality
of the state spaces. This restriction is clear at the level of equations, but subtle at the level of
rigorous category theoretic axiomatics. These subtleties are discussed in Section 9. The approach
we take in the bulk of the paper is to define TFT; in terms of this restricted set of genus zero
equations.

In Section 6, we discuss 3-point functions and the operator product expansion. The relation
between the two is provided by the inverse of 1 discussed in Section 5. The amplitude for 3
circles to vacuum is the 3-point function. The amplitude for 2 circles to one circle is the OPE.
The amplitude for one circle to two is the co-product.

In Section 7, we discuss crossing and associativity. We explicitly prove the crossing prop-
erty of the 4-point amplitude of TFT;. This is related, using the non-degeneracy condition, to
associativity, and also to what is sometimes called the Frobenius equation or the nabla—delta
equation.

Section 8 looks at a basic problem in free scalar field theory, which is the enumeration of
primary fields according to SO(4, 2) representation and multiplicity. We find that TFT;’s with
infinite-dimensional state spaces, of the kind described in Section 2, play a role in the counting
and lead to explicit new results for the case of three primary fields. This shows that the notion of
genus zero TFT,’s, with infinite-dimensional state spaces which we have identified, is integral to
the architecture of CFTs — not just to the whole CFT, but also to how the whole CFT is assembled
from simpler parts. We hope to return to this theme by considering the construction of primary
fields in the future. This would be another application of the counting to construction philosophy
which finds various applications in the study of BPS states, integrability of giant graviton fluc-
tuations and quiver combinatorics [10,11,6]. It is worth elaborating on counting to construction
in this free scalar field setting. In the context of a free O(N) vector model, the decomposition
of the tensor product of the singleton representation (associated with the free scalar field) with
itself into irreducible representations, as described in the Flato—Fronsdal theorem [12], is the
kinematics underlying the higher spin holography [13—15]. The relevance of the tensor product
of the singleton with itself follows from the fact that to form O (NN) singlets in the vector model,
one has to contract a product of two scalars. In the case of the matrix CFT, since we can take
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the product of an arbitrary number of matrices and trace to get a scalar, we need a more general
version of the Flato—Fronsdal theorem which considers the tensor product of an arbitrary number
of singleton representations. The generalized theorem will play a central role in the kinematics
underlying the holography of the free matrix CFT. Section 8 represents a concrete framework
within which this generalized Flato—Fronsdal theorem can be tackled.

Section 9 discusses outstanding problems and future directions. In particular, Section 9.4 con-
siders generalized free fields, where the irrep V. is replaced by a more general irrep of SO(4, 2).
In this more general setup, we can still construct an SO(4, 2) invariant TFT, as defined in Sec-
tion 2. However, there is an additional condition related to having a local stress tensor that is
not satisfied in the case of generalized free fields. We outline how this additional stress tensor
condition can be expressed in terms of the SO(4, 2)-invariant TFT, data.

The TFT; construction we have developed with SO(4,2) can be repeated after replacing
SO(4,2) with other groups. If we consider SO(d, 2), we can relate CFTs in d dimensions to
TFT,. We can also consider a compact group G. This will give G-invariant TFT>’s. A unique
invariant map 77 : V ® V — C can be defined for any finite-dimensional representation V of
G which contains, with unit multiplicity, the trivial irrep in the tensor product decomposition
V ® V. V can be an irreducible representation if that irrep is self-dual, or it can be a direct sum
of some irreducible representation V. with its dual V_. We can define the state space

W =P Sym(ve") (1.5)
n=0

The amplitudes Cy, .. 4, can be defined using tensor products of the elementary 7 as in Sec-
tion 4. Since the proofs of non-degeneracy in Section 5 and of associativity in Section 7 are
purely combinatoric, they will continue to hold in this more general setup. It would be interest-
ing to investigate applications of this general construction and to find path integral constructions
which give rise to these TFT3’s.

It is worth noting here that connections between 4D quantum field theories and two-dimen-
sional topological field theories, in diverse incarnations, have been a fruitful area of research.
superconformal indices of 4D theories have been related to 2D TFT [16]. In such applications
the 2D surface has a physical origin as the surface that a 6D theory has to be compactified on to
arrive at the 4D theory. Another way to related 4D QFT to 2D TFT is to twist the 4D theory so it
becomes topological and then consider the 4D theory on a product of Riemann surfaces [17]. It is
instructive to compare the present construction with these precedents. We have a 4D theory, and
we are looking at local correlators, with non-trivial spacetime dependences. There is no dimen-
sional reduction and the 2D surface arises as a geometrical device to encode, via its cobordism
equivalences, the crossing and non-degeneracy properties of the 4D conformal field theory. The
spacetime coordinates of local operators have become labels of states in the state space WV asso-
ciated boundary circles of the 2D surface. This is somewhat like string theory where spacetime
momenta become labels of vertex operators inserted at points on the worldsheet. The observables
do not depend on worldsheet metric, because we integrate out the worldsheet metrics, hence the
topological nature. In this sense, our construction has some analogies to the twistor string pro-
posal for N =4 SYM [18].

It is also useful to consider the results of the present work in light of the general phenomenon
of dualities in string and field theory. For instance T-duality in string theory is constructive and,
for toroidal backgrounds, technically very simple: it exchanges the momentum and winding
modes of string excitations. At the same time it has a conceptually very important aspect: it
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exchanges small and large sizes. Strong-weak dualities allow the computation of the strongly
coupled theory in terms of its weakly coupled dual, but in most cases the explicit construction of
the map is not known. The present CFT4/TFT, correspondence is constructive, so in this sense,
more like T-duality than S-duality. The construction encodes both the structure of the local op-
erator and the spacetime coordinates in the choice of boundary data. The conceptually intriguing
part is that the four spacetime coordinates of local operators are simply labels of states at the
boundaries of the surfaces in two dimensions. So spacetime as a stage for propagating fields has
disappeared in the TFT; picture. This can be viewed as a form of spacetime emergence, admit-
tedly only in the context of free CFT4 at this stage, but this is a proof of principle that spacetime
emergence (as opposed to just emergence of space) is possible in the world of dualities.

2. Genus zero TFT, equations
2.1. Motivations and strategy

The approach to correlators of CFT4 we develop here, is motivated by studies of extremal
correlators of half-BPS operators in A = 4 super Yang—Mills theory with U (N) gauge group.
The half-BPS states correspond to multi-traces of an N x N complex matrix Z. For every positive
integer n, these are gauge invariant observables which can be constructed using permutations
o€,

Os(0)=2;  (x)- (x) 2.1

The correlators can be written as [2-0]

(01 (x1) O, (x2)) = x2|2” Z Z Z 8(o{oy03)N (2.2)

(T] el GZETZ 03ESy

’(l) ‘()

T is the conjugacy class of the permutation 7. 7 is the conjugacy class of the permutation o7.
Co; is the number of cycles in the permutation 3. The combinatoric part of the correlator is
constructed from a quantity Ztgr,(s,) (71, T2, 73) which is a function of 3 conjugacy classes

Z1r1,(5,) (T, T2, T3) = Z Z Z (o1070%) (2.3)

(21 ET2 026T2 0’3€T3

This 2D topological field theory is an example from the class of TFT;’s associated with finite
groups H (here S,), which were first discussed by Dijkgraaf and Witten [7]. For closed Rie-
mann surfaces, this sums over homomorphisms from the fundamental group of the surface to the
group H. For manifolds with boundary, we sum over homomorphisms subject to a condition that
the boundary group elements are restricted to some conjugacy classes. In the above case, we have
the partition function on a 3-holed sphere, with 77, 7>, T3 being the three specified conjugacy
classes at the boundaries.

Given that the combinatoric part has an elegant TFT, description, it is natural to ask if the
same is true for the spacetime-dependent part of the correlator (2.2). This is known to be de-
termined by the conformal group SO(4, 2). The simplest setup to investigate this question is to
consider ordinary (non-matrix) free scalar field theory. The main result of this paper is to describe
this as an SO(4, 2)-invariant TFT,. We return to matrix scalar field theories briefly in Section 9.3
and outline how the SO(4, 2) and §,, appear in the TFT; description in that case.
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B — Cae
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Fig. 1. Basic building blocks and corresponding cobordisms.

A TFT, associates a vector space ¥V with a circle and tensor products of VW with disjoint
unions of circles. Cobordisms are associated to homomorphisms between tensor products of the
vector spaces. From a physical point of view, once we have chosen a basis, there is discrete
data: structure constants C 4 pc and a bilinear pairing n4 p (Fig. 1), which obey some consistency
conditions. These consistency conditions correspond to equivalences between different ways to
construct cobordisms. They include, importantly, a non-degeneracy condition and an associativ-
ity condition.

A variation on the above is associated with theories with global symmetry group G. Then W
is a representation of G. The homomorphisms o, , : W®ki s Wk are G-equivariant, that is
for any g € G the homomorphism and g action commute ok, x, © & = & © Pk, .k,- SO the vector
space of states VV, whose basis states are labeled by A, B, ..., form a representation of a group G
(or its Lie algebra, when G is a Lie group). The data n4p and C4pc, are equivariant maps to the
trivial representation C, equivalently they are G-invariant maps. This notion of TFT, with global
symmetry group G is mentioned in [9] prior to developing TFT, with local G- symmetry, where
the geometrical category involves circles with G-bundles and the cobordisms involve surfaces
equipped with G-bundles.

2.2. Genus zero restriction and infinite-dimensional state spaces

The standard axiomatic approach to TFT2 [ 1] requires the state spaces to be finite-dimensional
and includes finite amplitudes for surfaces of arbitrary genus. The first observation is that there is
a well-defined subset, which we may call the genus zero subset of the TFT> equations, which do
not involve summing over states in a (stringy) loop. These genus zero equations consist of a rich
algebraic system including an associative product, non-degeneracy, unit, co-unit and co-product.
These equations allow solutions involving infinite-dimensional state spaces. So the n4p, Capc
are infinite-dimensional arrays of numbers, with A, B, ... running over an infinite discrete set of
states. We will first write down some of these genus zero equations, and then show that there are
simple non-trivial solutions, which we will call toy model solutions. The first toy model can be
viewed as quantum field theory reduced to zero dimension and consists of Gaussian integration.
A second toy model is related to SU(2) tensor product multiplicities, which has applications in
counting primary fields in CFT4, as we will see in Section 8.

In subsequent sections we will show how these equations — with an appropriate choice of state
space — provide a realization of free scalar field CFT4 as a TFT,. The equations obeyed by these
structure constants have geometrical analogues in terms of equivalences of cobordisms (see [1]
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A
~AB
= B _
B
A
~BC c
LS = 3y

Fig. 2. The non-degeneracy equation and cobordisms.

for the geometrical definitions and the equations, and a physics presentation in [19]). We write
the key genus zero equations.

e Non-degeneracy. The 2-point function 43 has an inverse 745

napit¢ =8¢ (2.4)

7748 corresponds to the cobordism from vacuum to two circles, while the identity on the

RHS corresponds to the cylinder. Corresponding to (2.4) is the relation between cobordisms
in Fig. 2. In the case of finite-dimensional state spaces, we also have 14 BﬁBA = Dimension,
which is closely related to non-degeneracy. This is a genus one cobordism from vacuum to
vacuum which is excluded from our genus zero subset of equations.

e G invariance. There invariance under a group G, which can be finite or a Lie group. In case
of a Lie group, the invariance can be expressed in terms of the Lie algebra. For an element
L in the Lie algebra of G, we have

ﬁﬁ/CA/BC + ﬁg/CAB’C + Cg Capc =0
LAnap+ LY nap =0 (2.5)

In our application to CFTy4, G is SO(4, 2). In the toy model of Section 2.5, G is trivial.
e Using the inverse 7 of 7, the 3-to-vacuum amplitude C4 ¢ can be related to a 2-to-1 ampli-
tude, which is the structure constant of an algebra.

CBp=Capci? (2.6)

In the applications to free field theory, this structure constant will be related to the operator
product expansion, while C4p¢ will be related to 3-point correlators. As a relation between
cobordisms, this is shown in Fig. 3. Note that we might imagine associating one-dimensional
pictures to such data, i.e. in this case a trivalent graph, and describing the equations in terms
of relations between graphs. However a trivalent graph is not a manifold. Indeed in one
dimension, cobordisms exist from one set of points to another only if the numbers of points
are both even or both odd [1]. Here we keep as closely as possible to the standard topological
field theory framework of cobordisms, hence two dimensions are naturally selected as the
right geometrization of the equations.

e Using 7, we can also relate the 3-to-vacuum amplitude C4pc to a 1-to-2 amplitude, which
is called a co-product (Fig. 4).
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A
A
B = D
B
D
~CD D
CABC n = C/-\B

Fig. 3. Relating correlator to product.

CRE = CppciiPPiCE 2.7

The figure corresponding to this is Fig. 3.
Symmetry relations:

Capc =Cpac=Cacs (2.8)
Associativity:
CipCPc =CEcCEa (2.9)

This corresponds to the fact that the two different gluings shown in Fig. 5 give equivalent
cobordisms.
Crossing:

CEBCgDnEF = Cgcch’?EF (2.10)
Using the non-degeneracy equation, this is equivalent to associativity, which we elaborate
on in Section 2.4. We also show there the equivalence to the Frobenius relation.
G-invariance conditions for 742 and CgB follow from the previous equations (2.5):

LAGYE 4 LB 748 =0

LS+ L5 Sy — £5C55 =0 (2.11)

In the context of the TFT,/CFTy4 construction in Section 3, we will use an automorphism
p of G to define an inner product g on the state space. The relation is of the form g(-,-) =
n(p(-),-). We can impose a unitarity constraint on the TFT, by requiring positivity of this
inner product.

Higher point correlators can be constructed from three-point correlators, e.g.

Capcp =ChgChenrp (2.12)

There is a similar construction for n-point correlators.

We will show that all these equations have realizations in the context of discrete data un-

derlying correlators of CFT4. These same equations are also realized by simpler toy-models.
One of them is Gaussian integration. Another is related to SU(2) fusions and has applications in
the counting of primary fields. Both of these toy models have infinite-dimensional state spaces.
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G
;¢

Fig. 4. Relating correlator to co-product.

A

A - o

Fig. 5. Associativity and crossing.

TFT, defined by these equations thus contains the discrete structure of CFT4 as well as the re-
lated toy models. We will take these equations for C4pc, n4p as our definition of TFT; — they are
essentially genus zero restrictions of standard TFT, equations. We have not given an axiomatic
definition of the kind that exists for the case of usual TFT; (corresponding to Frobenius algebras)
where all the possible gluings of the basic 1, C, 17 are allowed, higher genus surfaces are included
and state spaces are constrained to be finite-dimensional. Finding the right axiomatic framework
for the equations presented here is an interesting problem, which we discuss in Section 9.1.

2.3. Equations related to the properties of the vacuum state

As mentioned in the introduction and described in detail in Section 4, the state space WV in the
case of the TFT; construction of CFTy is graded by the degree of the symmetric tensors

W= Wa. Wy =Sym(V®") (2.13)
n=0

The pairing n: W ® W — C is diagonal in the grading in the sense that
N(Was Win) X 8n.m (2.14)

The case n =m = 1 is the case of the basic pairing, denoted 7). The case n = m = 2 and higher
corresponds to sums over all possible Wick contractions between composite fields, which are
quadratic in ¢, etc. The explicit formulae for n > 1 are in later sections. To describe the degree
zero or vacuum sector introduce the state ¢ so that Wy = Ce@ . That is, a general state in W)
is ae® for some complex number a. This is the one-dimensional representation of SO(4, 2). We
define

1(e©, e®) = oo = 1 (2.15)
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Then bilinearity requires that
n(a1e®, a2e®) = aja; (2.16)

Let us define the co-unit. This a homomorphism € : W — C. It corresponds to the cobordism
from circle to vacuum. We define

e(ae® +eV 4@ 4. ) =a (2.17)

It just picks up the coefficient of the vector in the trivial representation. Since this is a projector
to the trivial irrep of SO(4, 2), it is SO(4, 2) equivariant. If we denote e4 the general basis vectors
of W (say a basis that diagonalizes the CFT inner product — which can be constructed by group
theory) and we denote A = 0 the vector ¢© . then we have

€A Z(SA,() (2.18)

Then we have the unit, which is a map € : C — W. Pictorially it is the map from vacuum to
circle.

c1) =0 (2.19)
We define €4 as the coefficient of the A’th basis vector in €(1). Then we can write

=540 (2.20)
And

eaéd=1 (2.21)

This means that the S? partition function of the TFT,, which is obtained by gluing the vacuum-
to-circle amplitude, with the circle-to-vacuum amplitude is 1.

The definition of C4pp for general degree states is given later in terms of Wick-contractions.
Letting D be a degree zero state amounts to only having contractions between A, B. It follows
that we will have

CABO="14AB (2.22)
When both B, D are degree zero states,
Caoo=€4=2540 (2.23)

With these definitions, the equations corresponding to capping off an incoming circle or an out-
going circle hold.

If we have 3 circles going to vacuum, and cap off one circle, then we get just the amplitude
for 2 circles going to vacuum.

Capc€€ =Capcdco=Capo=1nas (2.24)

The figure for this equation is Fig. 6.
For 7, it makes sense to define

740 =680 (2.25)
Then the equation

napit¢ =8¢ (2.26)
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A
A
B —_—
B
C
~C
CABC €7 =My,

Fig. 6. Capping 3-point correlator.

°S

~BC
n e.=¢

T]AB C A

Fig. 7. Capping the snake cylinder equation.

AR

Fig. 8. The Frobenius relation.

becomes in the case C =0,

142 =napdp0="n40=23840 (2.27)
which is consistent with the definition (2.25). We can write this as
napi®Cec = ea (2.28)

The cobordism equivalence corresponding to this equation is Fig. 7.
2.4. Associativity and crossing equations

Here we use the non-degeneracy property (2.4) to show that associativity, crossing and Frobe-
nius equations are equivalent. The Frobenius relation is given in Fig. 8.
The crossing equation is

ChClpner = CheChpner (2.29)

Using the 7 to lower indices
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C&pner =Ccpe = Cecp =nerCép (2.30)

The symmetry of C follows because we have a CFT of bosons and is an algebraic property of the
Wick contraction map acting on W ® W ® WW. We can do the same steps on the RHS and arrive
at

CEcCeaD 2.31)
Now raise the D index on both side using 7 and we get the associativity equation is
chy,cl.=ck.ck, (2.32)

We also have the Frobenius equation [ 1] (sometimes called the nabla—delta equals delta—nabla
relation), which can demonstrated using the existence of the inverse 7. Start from the nabla—delta
equation

chpclP =ckPct, (2.33)
and lower the C, D indices to obtain

ClpCrep =CarpCEe (2.34)
The RHS can be rearranged using the symmetry of C_ as follows

CaepChe=CapeChe=CkpCege (2.35)

This proves that the crossing equation implies both associativity and the equality of nabla—delta
and delta—nabla. This last equation is called the Frobenius relation. These manipulations use the
inverse of 7, without ever encountering 743748 which diverges.

2.5. Toy model: Gaussian integration

Our toy model employs the ring of polynomials in one variable. The states of the model are
defined by

¢p =:x" 1= L (2.36)
It is straight forward to introduce an inner product on this space of states
fdxe_x2/2 dx o x™

[dxe=~/2

This inner product will play the role of the bilinear pairing of the TFT. Carrying out the integral
above, we find

&nm = (PnlPm) = Snymn! (2.38)

Since gy, is clearly invertible, we have proved that this model has a non-degeneracy equation.
Now, define the TFT structure constants by

Cm,ng,ng = (¢n1¢n2¢n3> (2~39)

where

(2.37)

&nm = (Gn|Pm) =

2
fdxe XT/2 M M2 3L

D Gsny - b, ) = TR (2.40)
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Again, carrying out the integral we find

n n
Cuymyny = 3 8(n3,my +n3 — 2k)k!< k‘) ( k2>n3! (2.41)

k=0

The structure constants C, give a product and we can get a co-product from C, é’c

V(pa @ ¢p) = Cope
Apa) = C¥¢p @ e (2.42)

The integral expression for C,p prove that the structure constants are symmetric. The above
structure constants and bilinear pairing will define a TFT; provided the crossing equation

1
(Pny By By b)) = Z Cryngm Cns,na, mm = chl ms.mCogmom — (2.43)

holds. Since the numerical values of the structure constants are given in (2.41), it is straightfor-
ward to verify (2.43) by plugging numbers in (e.g. with the help of Mathematica). More generally,
it is clear that the crossing equation follows from the fact that the two expressions in (2.43) are
two ways of calculating the integral (2.40). Thus, this model does indeed define a TFT.

A simple generalization of the above model, is to consider a Gaussian Hermitian matrix
model. The natural analog of the observables above are parametrized by [n, o], where n is a
positive integer and o is a permutation in S,

— ll . in
¢[" o] = la(l) Xia(n) :
—e 2 5 Tr(fy dX)X” X
lo(1) lo(n)
d d
= =2 T &0 Te(0 X©) (2.44)

Again, a natural inner product on this set of states (d X is the usual U (N) invariant measure for
Hermitian matrices)

dee_%Tr(Xz) (Tr(c X®™) :: Tr(z X®™) :
fdx o~ 2 Tr(x?)

gives us the bilinear pairing of the TFT. Carrying out the integral above, we find

(Pinoll @) =8m Y, D Y S(ofoo3)N s (2.46)

O'1€T1 O'2€T2 03€S)

<¢[n,a]|¢[m,t]) =

(2.45)

T1 is the conjugacy class of the permutation o. 7> is the conjugacy class of the permutation 7.
Co, is the number of cycles in the permutation o3. This model again has a non-degeneracy
equation. Note however, the pairing (2.46) is not diagonal in this permutation basis. This will
obscure the associativity of the model, although it could be verified by explicit computations.
A simpler description is obtained by changing basis with a Fourier transform on the symmetric

group

1
O, R = ] Z XR(O)Pn,0

oes,

——ZxR<a> X[ (2.47)

! la(n)
og€eSy
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Above R I n is a Young diagram with n boxes and x g (o) is a character of the symmetric group.
Our states are now the Schur polynomials for which the pairing is diagonal

(1n.R1|P1m.51) = SRS fR (2.48)
with fg the product of the factors of Young diagram R [4]. The TFT structure constants are now

Cin,R1Im,S11p,T1 = (B, RIPIm, $191p,T1) (2.49)
where

_1 2
fdMe 2 Ti(M )¢[n1>R1] T ¢[”p~RP]
fdMeiéTr(Mz)

(P1ni,Ri1" - Plny,Rp1) =

The crossing equation

(P11, R11PIna, R PIns, R31Plns, Ra1)
ni+np 1

= Y > Ciup.Rilina.Ralip. RICIns. Rsl.ns. Rel.[p.R]

p=lni—na2| R Ix
ni+n3 1
= Z ZC[n.,R1],[m,Ra],[p,R]C[m,Ru,[nz,Rz],[p,R]— (2.50)
_ fr
p=lni—n3| R

will hold because, again, the two expressions appearing above are two ways of calculating the
integral needed to evaluate the right hand side. The product takes the form

Piny,R11* Blng. k) = Y C(1,n2, k. Ri, Roy Ry 5 R2)@lny 4y 2k, Rywi Rl (2.51)
k

where C(n1,n2, k, Ry, Ry, Ry %k Ry) € Z is acombinatoric factor. We have defined a star-product
labeled by k. In this Fourier basis of Young diagrams, the k = 0 product is given by Littlewood—
Richardson coefficients. In the original permutation basis this is the outer product which takes
01 € Sp,, 02 €Sy, to give (01 002) € Sy, X Sy, € Sp;+n,. For the case, n1 =ny and k =nj =noy,
the product is the ordinary product of permutations. The intermediate cases correspond to prod-
ucts where one permutation acts on a set of n; integers, the second on a subset of n, integers,
where the sets overlap over k elements. This structure is readily derived using diagrammatic
tensor space techniques [20,21].

2.6. Zero area YM2: An example of infinite-dimensional state spaces and restricted amplitudes

In the above discussions and in most of the paper, we focus on examples where TFT, with
infinite-dimensional state spaces arise, with a restriction to genus zero. There are also examples
where infinite-dimensional state spaces arise, and infinities are avoided by restricting to surfaces
of genus greater than one. The partition function of YM2 on a surface of genus G with area A
[22], with g%M setto 1, 1s

Zym2(G, A) = ) (Dim R)* 20~ 4CH) (2.52)
R

where the sum is over irreps R of the gauge group, Dim R is the dimension of the representation
R, C3(R) is the quadratic Casimir. In the zero area limit, we have
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Zyma(G, A=0) = Z(Dim R)>%¢ (2.53)
R

This diverges for G =0, 1 for a Lie group, e.g. SU(N), since there are infinitely many irreps
with arbitrarily large dimensions. However the partition function is well defined for G > 1. The
A =0 limit is interesting as a topological limit, from the point of view of the moduli space of flat
SU(N) connections [23] and also from the large N expansion and gauge—string duality [24,25].

3. Basic CFT4 2-point function as an invariant map in TFT,

In free massless scalar field theory in four dimensions, all the correlators of composite lo-
cal operators inserted at distinct points, can be obtained from the basic 2-point function of the
elementary field

(Do) = =G (x1,%2) (3.1)

(x1 —x2)?
nw

% . . 4 1(+/ [R5
where x|, x, are points in R”. If we transform ¢(x2) — ¢'(x;) where x/, = < we encounter

1
(1)) = 2 — =F / 2
o' ()= e el = = o D) (1. x5) (3.2)

In this section we will show that this quantity encodes the way the one-dimensional representa-
tion C appears inside the tensor product V4 ® V_. The representation V. is the irrep of SO(4, 2)
where the lowest energy state has dimension D = 1, corresponding to the state ¢ of CFT4, and
the other states correspond to derivatives of ¢, or equivalently to strings of P, acting on the
lowest weight state. We use energy/dimension/weight interchangeably in this paper, since we are
working with radial quantization. Its conjugate is V_ which is the representation with highest
weight (energy) having D = —1 and where states are generated by K.

We start by describing the properties of the bilinear SO(4, 2) invariant map 7 : V4 ® V_ — C.
A Lie algebra element L € so(4, 2) acts on the tensor product as

LRT+1QL=AL) (3.3)

The complex number field is the one-dimensional representation where the Lie algebra acts as
zero. An equivariant map 7 to C obeys

A(L) o fi =7 o AL) (3.4)

The LHS is zero because C is the trivial irrep, and the expanding the RHS gives

n(Lvy,v2) + (v, Lv2) =0 (3.5)

This equivariance property exactly fits the definition of what is required in TFT; with SO(4, 2)
as global symmetry.

The requirement that this map is SO(4, 2) invariant fixes it up to an overall constant. Equiva-
lently the decomposition of the tensor product V; ® V_ in terms of irreducible representations
contains a unique copy of the trivial one-dimensional representation C, where the Lie algebra
elements act as zero. The states in V. are of the form

C;I“mu,, Pyy - Py v" (3.6)
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where the C/ are symmetric traceless tensors. We will introduce (Euclidean) spacetime coordi-
nates x* to keep track of these states. We can think of x* as a way to describe the states in V¢
via a continuous variable as opposed to a discrete variable. Analogously for V_ we have states
obtained by acting with K, and the variable x’ is the continuous variable. We will show that
the invariant map 7, described in this spacetime basis is the 2-point function F(x1, x}). Further,
in the spacetime basis, there are a simple set of differential equations expressing the SO(4, 2)
invariance of 7. Finally, using  and a map p : V4 — V_ we are able to define an inner product
on V4 and on V_. This is a map from Vi x Vi to C which is sesquilinear. The inner product
obtained in this way is the usual one which is used, for example, to study the bounds unitarity
places on operator dimensions [26].

3.1. Flat space quantization and radial quantization

Start from the so(4, 2) algebra (we use g = diag(—, —, +, ..., +))

[Sun,Spol=gnPSmo +8mMoSNP — 8MPSNO — ENOSMP 3.7
The indices M, N, ...runover {—1,0, 1, ..., d}. Note that the structure constants are all real and
the generators are all antihermittian S, = —Syn. We can write this algebra in two different

ways, which make different subgroups manifest. For useful background material see [27] and
Section 2.1.2 of [28].

3.1.1. Manifest so(3, 1) x so(1, 1) subgroup
This rewriting is relevant for quantization of the theory on R* or R3!. Each equal time slice
is a copy of 3-dimensional Euclidean space, R3. Identify

M, = Sy, D'=S_14
P;/L:SM,*I + Su.ds KL =Su,-1—Sud (3.8)
with u €{0, 1, ...,d — 1}. From the anti-hermiticity of the Sy;ys we find
(ML) = =M. (D) =D
¥ T
(P)' ==P..  (K,)' =-K, (3.9)

i.e. all of the generators have pure imaginary eigenvalues. The algebra obeyed by these generators
is

[M éc ] guﬂMua + 8va ;Lﬁ - g/sz‘/;,g - gvﬁMLa

(M}, D] = (D' P l==P [P K ]=K]

[M;w’ ] gva/ _gll«PPI:’ [M;wv K, ] gvpK;/L _gupK;

[Ky» Pi]=2M}, — 28, D' (3.10)

Notice that the M;/w generate SO(3, 1) and D’ generates SO(1, 1).

3.1.2. Manifest so(4) x so(2) subgroup
This rewriting is relevant for the radial quantization. Equal “time slices” are three-spheres, S°.
Identify
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Mpg = Spq, D=iS_10

Pp=S8p_1+iSpo, K,=8,_1—iSp0 (3.11)
with p € {1, ..., d}. Notice that from the anti-hermitticity of the Sy;n’s we find

(Mpg)' ==Mpg,  (D)'=D

(P =—K,, (K =-P, (3.12)

Thus, D will have real eigenvalues and M, will have purely imaginary eigenvalues. The algebra
obeyed by these generators is

[Mpg, Mys] =8qrMps +8psMyr — 8gs Mpr — 8pr Mys

[Mp,, D] =0, [D, Pyl= Py, [D,K,l=—-K,

[Mpg, Pr1="084rPp—8pr Py, (Mpy, K ]1=04Kp —6pr Ky

[Kp, Pyl =2Mp4 — 28,4 D (3.13)
Clearly then, M, generate the SO(4) subgroup, while D generates the SO(2) subgroup.

3.2. Invariant pairing

We will use the writing of so(4, 2) which makes the so(4) x so(2) subalgebra manifest. We
want to consider two different so(4, 2) representations V; and V_. V, is built on the lowest
weight state v which obeys

Dvt =dvT, Mpqv+ =0 (3.14)

The remaining states in this irrep are constructed by acting with traceless combinations of Pps
on v™. A convenient way to describe this is to write

v =l Py Pyt (3.15)

1Pl

where the tensor C [I,] » is symmetric traceless in the pi,..., p; indices. The index I runs
over the states in the SO(4) irrep (%, %). We will often trade I for SU(2) x SU(2) state labels

(mp,mg).
V'~ is built on the highest weight state v~ which obeys

Dv™ = —dv~, Mpsv~ =0 (3.16)

The remaining states in this irrep are constructed by acting with traceless combinations of K ,’s
on v~ . The representations that we consider most of the time are relevant for the description of a
free massless bosonic scalar field in 4 dimensions, in which case we set d = 1. For the remainder
of this section, we will setd = 1.

The invariant pairing is 7 : V4 ® V_ — C. Concretely

NP + J =\ _
"(Cp1~-pz Ppy - Ppv ’qu"-q// Ky - Kg,v ) = fl,mL,mR:l’m/L,m/R (3.17)

On the right hand side we have traded I for (my,mg) and J for (m’L, m’R). In the next section
we will prove that the requirement of so(4, 2) invariance determines fj ,,, m: I'm), m', UP 1O an
overall constant. A convenient way of summarizing the action of 7 is in terms of the tensors

Tpipspoaiar-an = ﬁ(PPI Pp, -+ Pp, v, Kg Kgy -+ anv_) (3.18)
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which are themselves nicely summarized as

(4]

a a n— 21 21 7121 (}’l — l)'n‘
Ty | [7%5 =201 Y (1 (x ) Y e G
a=1 1=0 ! !

To evaluate (3.18), we can use the so(4, 2) invariance of the pairing to shift (say) P,’s from the
left slot to the right slot. The action of P, on the state in the right slot is then easily computed by
using the so(4, 2) algebra as well as the fact that P, annihilates v™. In the next section, this logic
will be applied also to SU(2) x SU(2) and SL(2) sub-algebras, to derive an explicit formula for
Jtmp mg: Ul . A straight forward computation now gives

Fle) =ile e H)
- 1
= T,,.. 'dayPa
nX:(:) Pl Pnsq1 qn}:[ly X (n1)2
~ Ul 21 (n—D!
_ n " 2] B
—rgz g( 1) X y | } — 20122

1
= T (3.20)

For a closely related discussion, see Section 3 of [29].

3.2.1. Description of pairing in terms of SU(2) x SU(2) and SL(2) subalgebras

The requirement of so(4, 2) invariance determines f; ,,,, . I'm), m’, UP to an overall constant.
This is most easily demonstrated by requiring that 7 is invariant under s/(2) and su(2) x su(2)
subalgebras. We will prove that the 7 obtained in this way enjoys the full so(4, 2) invariance.

The complete set of states of V. can be obtained by acting with elements of the s/(2) and
su(2) x su(2) subalgebras on v, and the complete set of states of V_ can be obtained by acting
with elements of the s/(2) and su(2) x su(2) algebras on v™. This can be seen by considering the
SO(4,2) character in Eq. (B.5) for V... The coefficient of s9*! in this character

e¢]

X 5. x,3) = Y s g (O xg (9) (3:21)
q=0
is x4 (x) x4 (y). This implies that the states of scaling dimension g + 1 fill out a multiplet of
spin (jL, jr) = (%, %). This complete multiplet can be generated by applying SU(2) x SU(2)
rotations to (H,)?v™, which shows that we do indeed generate the complete set of states in V.
by acting with the s/(2) and su(2) x su(2) subalgebras on v*. A similar argument shows that
we generate the complete set of states of dimension —g — 1 in V_ by acting with elements of
su(2) x su(2) on (H_)4v~.
Invariance under s/(2) and su(2) x su(2) leads to

fl,mL,mR;l’,m’L,m’R = fl(SL(Q'))me (SU(Z))me (SU(z))(Sl,l’(smL 7m/L8mR —m'y (3.22)

We will demonstrate how invariance under si/(2) fixes f;(SL(2)). The demonstrations for
S, SU2)) and f,,,(SU(2)) are very similar.
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The subalgebra that we study is described in detail in Appendix A. The two su(2) algebras
have raising and lowering operators given by JiR and Ji, while the raising and lowering opera-
tors of s/(2) are Hy. In terms of these generators, the pairing 7 is

A((IF)R (TE)PE D, (JR)PR(IE) L (H) 0)
=80, Sl S F) 42 1) (3.23)

To demonstrate how s/(2) invariance fixes f, 511(2), consider the positive discrete series irrep V.

of 51(2) and the negative discrete series irrep V_
Vi =Span{H\v": H.v" =0, H3v" =dv"}
V.= Span{Hﬂv_ tHiv™ =0, H3v™ =—dv} (3.24)

Note that Vi are subspaces of the irreducible SO(4, 2) representations Vi that we introduced
above. Invariance of the pairing 7(H j_v+, H"v™) under H; gives

AHDA(H v, H v7) = f(HsH ot B v™) + f(H o, HsHE )
=(d+D—(d+1)a(H ot H ) (3.25)
which shows it vanishes unless / =/’, so that
A(HL VT, H 0T = £ P8 (3.26)
Then we have

AH_)H(H v, H v™) = f(H-H vt H 0™ + f(HLv™, HI )

=841 (Zi(—zi +ad) f2 + f”@)) (3.27)
i=0
which gives
P =10+d -0, (3.28)
This is solved by
fe = (329)

d—1)!

A very similar argument requiring invariance under su(2), shows that

@) _ (_qyp l!p!

Tip (= p)!

(3.30)

3.2.2. so(4,2) invariance of the pairing

To obtain the pairing 7 we have required invariance under the s/(2) and su(2) x su(2) algebras.
In this section we will show that the pairing we have obtained enjoys the bigger so(4, 2) invari-
ance. The requirement of so(4, 2) invariance translates into a set of partial differential equations
for F(x,y"). The demonstration then amounts to showing the F(x, y’) does indeed obey these
partial differential equations.
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Recall that
F(x, y/) — ﬁ(e—ix~Pv+’ eiy’~Kv—)

To start, we will consider invariance under dilatations. Towards this end, note that

o0 .
) —ix - P)" 9 .
D™ Pyt = Z(n + 1)7( ix- F) vh=(x-—+1)e Pyt
n! ax
n=0
and
et T n
. - K d L
Dely‘KU—Z_Z(n_i_l)uv—:_ y/_+1 ezy‘Kv_
n! ay’
n=0
Thus, the statement of invariance under dilatations
AD)i(e ™ Put, e KyT) =0
is equivalent to the differential equation

a !/ a /!
X-——=y - -— |F(x,y)=0
( dx y ay/> ( y )
It is straightforward to check that the function given in (3.20) obeys this equation.
Next, some algebra shows that

Pp(y' - K)"v™ =ntn = D[ K)y, = () Kp] (=i’ K)' o™

+iy,n(n+ D)(—iy - K)n_lv_
which implies
7 _ . 8 . 2 8 . iy —
Py Kym = —|:21y;7y’ "y —i(y) — +21y;,:|e” Ky

ay),

It is also clear that

P e—ix-Pv+ —i 9 e—ix»Pv+
P ax?
Consequently, the statement

A(Pp)ﬁ(e_ix‘Pv+, eiy/‘Kv_) =0

is equivalent to the differential equation

[ 2y ()

. .7 A
" oxr 3y’ dy _ZZy”}F(x’y)_O

/

P

Again, this equation is obeyed by (3.20).
Finally, note that

My (iy' - K)"v™ = in(y,Kq — v, Kp) iy - K)o
and

My (—ix - PY"vt = —in(x, Py — x4 Pp)(—ix - P)" v+

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Consequently, the statement

A(Mpq)ﬁ(e—ix-Pv+7ejy/.Kv—) =0 (343)
is equivalent to the differential equation
a a , 0 , 0 ,
POl e - F(x,y)=0 3.44
[xp iy, ax, ey ay;j (x.) (3.44)

This equation is again obeyed by (3.20), which completes the demonstration of so(4, 2) invari-
ance.

3.3. Invariant pairing to Inner product via twist map p

In this section we define an inner product g : V1 x V4 — C. Since we have the invariant map
n:Vy x V_ — C, if we introduce a map p : V4 — V_ we can construct an inner product by
composing p and 7. We will choose the map p so that the inner product obtained is the usual
inner product of the CFT used to test unitarity. The positivity of this inner product is what puts
constraints on dimensions of fields. For example, a scalar should not have dimension lower than
1, as first proved by Mack [26]. 7] is the building block of SO(4, 2) invariant maps, which can be
used to construct correlators. The p map gives the relation between 7 and g, and is related to an
automorphism.

The map p : V4 — V_ is given by

p(Puy Puy -+ Puv) =Ky - Ky v~ (3.45)
This map obeys the conditions

p(Lavi) = —L]p(v1) (3.46)
for any v;. The dagger of the generators is given in (3.12). We also define

p(Avi) =21"p(v1) (3.47)
for complex scalars A. The inner product is now given by

g1, v2) =A(p(v1). v2) (3.48)

This construction of a sesquilinear inner product from a bilinear pairing appears in the context
of 3-dimensional TFT in [30]. Consistency is guaranteed by checking that g(vi, vp) has the
properties of the inner product

g(vr, v2) = (g(v2, v1))"

g1, Avp) = Ag(vi, v2)

gy, v2) = A"g(v1, v2) (3.49)

To see the last two of these,
g(v1, Avp) = ij(p(v1), Av2) = Afi(p(v1), v2) = Ag(v1, v2)
gvr, v2) =A(p(v), v2) =H(A*p (1), v2) =A*g (v, v2) (3.50)

We have used the bilinearity of 7 and the definition p(Av) = A*p(v). To see the symmetry con-
sider
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g(A1Py, - Pyvt 0Py, - Py 0T
=AfAf (K, - K, v™s Py o Pyv™)
:)\T)\ZTII,T) 3.51)

and

g(AaPy -+ Py vt A Py Py v
=MMA(Ky, - Ky, v, Py Py,v™
=0T (3.52)
The explicit formulae (3.19) show that Tj; ; = T5 ; and T;ta = Ty 5. This proves g(vi, v2) =
(g(v2, v1))*.
It is also useful to note that

g(Lavi,v2) =n(p(Lav1), v2) = —n(LLp(W1), v2)

=n(p1), Liva) = g(v1, Liv2) (3.53)

This explains why this inner product has the usual hermiticity property. Finally we observe that
the map o (L,) = —L’jz used above is an automorphism of the Lie algebra

[a(La), a(Lp)] = —a([La. Lb]) (3.54)

4. State space, amplitudes, and correlators in the TFT,

In Section 3 we have made use of two representations V4 and V_. This has allowed us to
describe the two-point function of the basic field of free scalar field theory in four dimensions
in terms of the invariant irrep C of SO(4, 2) appearing in the tensor product V; ® V_. In this
section we will consider a larger state space WV, which will allow us to extend our discussion to
arbitrary correlation functions in CFTy.

The state space VWV is a vector space

W=Wo®V ®Sym(V®?) @ Sym(V®) @ --- (4.1)
where

Wo=C

V=Vi®V_ 4.2)

V. is again the lowest weight representation obtained by acting with some £ in the enveloping
algebra of so(4,2) on the lowest weight state v*. The plus in £ indicates that this is the sub-
algebra generated by the P,,’s. V_ is a lowest weight representation obtained by acting with £
(products of K,’s) on the highest weight state v™. Our field is represented by the following sum
of statesin V; @ V_

(p(x) — %(eiP-xv+ + (x/)2p(eiP.x/v+)) _ %(eip'xv"' + (x/)ze_iK'x/v_)
=0T (x) + & (x) (4.3)

where a primed coordinate is always related to the unprimed coordinate by inversion
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=" (4.4)

This is a key equation translating between fields in CFT4 and the states in TFT,. The explicit
(x")? multiplying the second term is needed to ensure that both terms have the same scaling
dimension. If v has dimension d we would have

1 : ’
Dy(x) = ﬁ( iP-x ++( ) ( iP-x v-‘r)) 4.5)

We will demonstrate that the TFT; correctly computes arbitrary CFT4 correlation functions.
Our demonstration will build up from the basic two-point function in a series of steps. Let us
denote by (p(x1)@(x2)...¢(x2t))cFr, the usual 4D CFT free field correlator. We are using the
hatted notation for the usual quantum field to distinguish from the sum of states in V4 & V_
which we use as the foundational equation in our TFT; approach (4.3). We want to show that

(‘P(xl)(p(x2)~-¢(x2k))CFT4 = (¢ ()C]) R ® ¢(x2k))TFT2 (46)

We have already described the two-point function as the SO(4, 2) invariant. To extend this
idea to arbitrary correlation functions, we need a bilinear so(4, 2)-invariant map

n:wWeWw-—C 4.7
The basic building block for this map will be

Ay Vi®V_—>C (4.8)
which is the map 7], described in Section 3. It is used to define

ot :V_.®V,—>C 4.9)
by symmetry as

it (v v3) = A (07 07) (4.10)
We may write

it =i_o00 (4.11)
where 0 : V. ® V_ — V_ ® V. is the twist map. On V we can define

:VeV—>C (4.12)
by the direct sum

=i ® iy (4.13)

It is useful to think of this 7 as a block off-diagonal matrix. In Section 3 we have given a formula
for #j,+p-, in the basis where a®™ =1, p;, prand b~ =1', g1, qr, as

. SLQ2) ,SUQ) 7SUQ
Wpropritarar =01 £l @ Fal @818, pebarar (4.14)

Next, suppose we have a 4-point function. The TFT, computes this correlator by mapping the
tensor product

D(x1) @ P(x2) @ P(x3) ® P(xa) (4.15)

to a number. This is accomplished with the map
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n:VeveveVv—-=_C (4.16)
defined by n = 71273 + 7137%* 4+ 714723, We are using the products of the basic map (4.13) on
V ®V toproduceamapon V® V ® V ® V. The details of how we do this are fixed so that we

reproduce the combinatorics of Wick’s theorem. This action gives

((p ()Cl) R ® (p(x4)>TFT2
= (AP AP +71497) (@ () ® D (x2) ® P (x3) ® P (x4))

1 1 1 1 1 1
= EZG(X1,X2)§2G(X3,X4) + EZG(M,)Q)EZG(X&M) + EZG(XI»XZ)_ZG(XSJM)
(4.17)

The % for each 7'/ comes from multiplying the two factors of % appearing in (4.3). The factor of

2 comes from adding the (@7 (x1), @~ (x2)) = G(x1, x2) and (P~ (x1), DT (x2)) = G(x1, x2)
— where @1 (x) and @~ (x) live in V. and V_. This is in perfect agreement with the usual free
field computation

(DO (2P (x3)9(x0)) g,
=G (x1,x2)G(x3,x4) + G(x1, x3) G (x2, x4) + G(x1, x4) G (x2, x3) (4.18)

In general, to construct the map 1 : V®%* — C we sum over % pairings which can be

parametrized by choosing i1 < i --- <ir and i < j1,i2 < jo2,...,ix < jk. The pairings are

(1, j0) - (ks Ji) (4.19)

These are determined by permutations ¢ with n cycles of length 2, which form a conjugacy
class denoted as [2¥] of Sy, so we may write {i7, j}, which is a set of k pairs (i, j) uniquely
determined by o. Here we start with the state

()@ - @D (xy) € VX (4.20)
and then act with the SO(4, 2) invariant map

k
> (Hﬁi’aj’o) 421

oe[2k] \I=1
Thus

k
(¢>(x1)~--¢>(X2k))TFTZ= Z (Hﬁi’(rjf>¢(X1)®m®¢(xzk)
1 \I=1

o2k

k
S T] %ZG(xiln,xj]n)

oel2k] I=1

k
Y [16Gig.xip (4.22)

sel2t] I=1

The % comes from the normalization factors and the two from the H#(@+, @) and H(®~, @ ™).
This is the correct CFT4 correlator.
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Consider next correlators of descendents of ¢(x). Our TFT, proposal is to insert the deriva-
tives of the basic @ from (4.3)

iCb(x) =L (ipeiPryt + 2x, ol (e v) _iﬂ(x/)z (Pyel "% v+
dxtt VAN o« P OxH P\l
1 : o o
= 5 el 2 () i) B (P ™))
(4.23)
where I/ appearing in

ax"” 1 2xPxy 1 2
e Gl SN o

is the local Lorentz transformation for an inversion.

In CFTy, correlators of descendents follow by taking the appropriate derivatives of the Green’s
functions. The TFT, applies the map (4.21) after the derivatives of @ (x) have been taken. The
equality of the TFT, and CFT4 computations follows because taking derivatives of (4.20) and
then applying (4.21) is the same as computing the pairings and then doing the derivatives. These
commute because things like xf b ~xf SPy, -+ Py vt aslive in V4 ® Clxi], the tensor product
of the SO(4,2) irrep with the function space C[x]. The different orders of taking derivatives
commute because 7 acts on the Vi ® V_ whereas the derivatives act on the C[x;] ® C[x;] and
operators acting on different tensor factors commute.

As an example consider

N0, @ (y), 3, @ (x)) = %ﬁ(iPueiP'var, 2x, 1) (x/)2p(eip'x/v+))

(2y, Ip(y')Q,o(e"P'y,vJ“), iPye't o)
+ —f]((y/)4lﬁp(i PpeiP'y,U+), ineiP'xv+) (4.25)

Lets discuss the evaluation of the first term on the RHS. Use the so(4, 2) invariance of 7} to move

the P,, from the first slot to the second slot. After evaluating the p map in the second slot, we have

to evaluate P, acting on e 'K 'y~ This can be done using the so(4, 2) algebra, as explained in

Section 3.2.2. Evaluating all four terms in this way, it is now simple to find

7(0,@(y), 0,@(x))
19 9 (x")? 19 9 (y)?
- an—“ AxV 1 =2y x' 4+ y2(x)2 §8y—“8x" 1 -2y - x+x2(y)?
a 9 1
T ax ayk x — P

(4.26)

which confirms the argument given earlier that taking derivatives with respect to the spacetime
coordinates commutes with the evaluation of 7, so that the CFT4 correlator for scalars with
derivatives is reproduced by the TFT, construction.
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To complete the discussion, consider correlators involving powers of the elementary field.

(" Ce1) - @™ (i) ), (4.27)
The starting point to get this on the TFT; side is
D" (x) QP (x2) ® -+ ® P (xx) € Sym(VE) @ - - ® Sym(VE™) (4.28)

We need ny +ny + - -+ + nx = 2M to be even for a non-zero correlator. To this we apply a sum
of products of #’s, schematically written as

SOTT7Y (4.29)

The sum is over all pairings of 2M objects, avoiding cases where (i, j) belong to the same subset
of ny or ny, etc., integers. To write a more explicit version of (4.29) note that the pairings we are
summing over correspond to permutations in the conjugacy class [2M] in the symmetric group
Som, but are not in the subgroup S,, x S, x -+ x S,, = S;. Hence the invariant map is

M
> I (430)
oe2M1e$yy =1

o ¢S

For each 7 factor there is a % x 2G(x;, x;) as before. In this way we again see that the TFT,
correctly computes the CFT4 correlator

(0" D) ™ @) epr, = D [ [G i)
=S [Iie" @ o™ - @ o™ (xp)

= (@™ (x)) - @™ () )y e, 431)
One can also consider applying derivatives in each of the xi, ..., xx. Again the TFT; proposal is
to apply the derivatives to the state (4.28) which gives, schematically
> 177 (0s @ i), 0, @ (x)) (4.32)
which is equal to
D T 0w, (@), 2 (x)) (4.33)

by using the argument given above.
5. Non-degeneracy of the invariant pairing

For V = V; @ V_, we have described an invariant pairing 77: V ® V — C.

(v, v2) =0 (5.1
if vy, vy are both in V. or both in V_. We can explicitly describe the pairing using SU(2) x SU(2)
and SL(2) sub-algebras.

Using the states

Ul_t—[’L»pR — (Jf)PR (J_ﬁ)PL (H+)lv+

U e = ()R )P (52)



R. de Mello Koch, S. Ramgoolam / Nuclear Physics B 890 (2015) 302-349 329

we have
A+ — Y- + su2) psu(2) 51(2)
n(vlvl’bPR’ vl’,p’L,p’R) - n(vl’,p’L,p/R’ vlvPLvPR) fl PL fl PR f PL Py I’R Pk 61 o (53
The f factors are given earlier in Section 3.2.1.
There is an inverse 7 which obeys
ﬁ(va, Up) = fab
~bc
A(vp, ve) =1
~ =bc c
Nabll =36, (5.4)
In the (SL(2), SU(2) x SU(2)) basis, we can describe 7:] explicitly.
Z0o+ + _
n(vIVPLVPR’ vl/,p’L,p’R) =0
n(vl_PLpr’ vlT,p’L,p}e) =0
X — _ X — +
77( ZI’L PR’ l’ pL pR)) _n(vl PL.PR’ Ul/ p/ p/R)
_ su(2) m(2) sl(2)
= () ) ) S o (5.5)
For the space W given in (4.1) we define n
n(vi,v2) =0 (5.6)
if vy, vy belong to Sym(V®"1) and Sym(V ®"2) for n| # n,. Define
1
€a; O 0 €, = ! Z €a,) ® - @ eayyy = Psymea; @ -+ ® oey, 5.7
" res,
The projector Pyy,, = % Y ooe s, 0 is the projector for the symmetric part.
For fixed n, define
Nay,....an;b1,...bp = 7’)(€a. 0€q,0+-+0€q,,€p O-+-0 ebn) (5.8)

by the equation

Naroosnibr.. Z]_[na, bt (5.9)

oeS,i=1

There is an inverse, 77, which obeys

napit€ =85 (5.10)

where these capital indices run over the states in VV. Choose a basis running over the degree n of
the symmetric tensor product Sym(V®"), and for each n, we run over states Vg, O+ 0Vq,. We
define

n(v, v2) =0 (5.11)

for vy € Sym(V®) Cc W, v, € Sym(V®"2) C W with n| # ny. And for vy, vy in the same
symmetric power,
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- - 1 ~h . =
n(vbl 0+ 0Up,, Vs O+ 0 vC”) = nbl“'bnscl"'cn — ; anlvca(l) e nb”"ﬂ(’l) (512)

With these definitions both 7, ﬁ are block-diagonal, with blocks labeled by the degree of the
symmetric tensors.
The non-trivial part of the check of the inverse property, in each block, involves showing

~D1,....by;C1,.eciCn Co(l) C (')
Nasenibr b 10 - Z 8- 8ay " (5.13)

(reS,,

This expresses the fact the LHS is non-zero only when the symmetric part of e,, ®@ €4, - - - @ eq,
is identical to the symmetric part of e;; ® - - - ® e, . The proof is a simple calculation.

~b1,...,bp;c1,..., cn o ~b;,c
nal ----- anle"'bnn : " Z Hnuo{(l) b Z 1_[ PO

OtGSnl 1 IBgSn, 1
(n!)Z g ll_!nad(t) bi n D = (ny)Z azf; 11}5258
nv)2 2’; l_! 8 = Z H gt (5.14)
a,B i= o

In the last step we use the invariance of the sum over S, under group multiplication. The final
answer on the right is the matrix element of the identity operator on symmetric tensors.

There is a physical way to understand the non-degeneracy we have just described. Let us
define the vector space VT+ spanned by states of the form

Py, - Py vt (5.15)

This corresponds to local operators 9y, - - - 0, ¢ in CFT. Similarly we have the dual representa-
tion V.~ spanned by

T (5.16)

The map 7 can be defined to act on vector space V;r ® V. Using the SO(4, 2) algebra as well
as the SO(4, 2) invariance of 7, it is straight forward to demonstrate that

n(PuPuvt, KoKgv™) =0 (5.17)

This shows that P, P,v™" is a degenerate state for the invariant pairing. It is also a degenerate
state for the inner product g defined in terms of n in Section 3.3. This is a purely represen-
tation theoretic fact related to the possibility of imposing the equation of motion 9,0,¢ =0
in a way consistent with SO(4,2). The P, P,v™ state, together with all of its descendants, are
null. We can quotient VTJr by the null states to get V., : the space V, is the vector space made
from states obtained by acting with symmetric traceless products of P’s, i.e. products of the

form C L Ll Py, -+ Py,. This corresponds to the derivatives of the elementary scalar ¢, with

the equation of motion imposed. The 2-point function F(xy, x}) derived from the path integral
obeys the property axi‘ BX{L F =0, related to the fact that equations of motion are satisfied by the
quantum field, inside correlators, as operator equations. From the representation theory point of
view, when we work with V, the equation of motion has already been imposed. We then take
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V =V, @ V_ to get a self-dual object which has a non-degenerate SO(4, 2) pairing. In this
section we considered W = @D, 2, Sym(V®") and demonstrated that the non-degenerate bilin-
ear pairing on V extends to this space. From the physical point of view, this is not surprising.
We know that once we have accounted for the equations of motion on the basic field ¢, the
construction of composite fields has no further source of null states, than the ones that come
from the equations of motion on each elementary field. It is nevertheless useful to exhibit this
directly as a fact in representation theory, since the non-degeneracy is a crucial ingredient in the
SO(4, 2)-invariant TFT),.

6. Three-point functions and OPE

In Section 4 we have described a state space VW (with discrete basis e4) and shown how
to construct a multi-linear map from the tensor product W®* to the complex numbers C using
tensor products of the basic invariant map 7 according to Wick combinatorics. Insertions of states
in W corresponding to composite scalar field operators, labeled by positions x1, x2, ..., Xk, gives
the k-point functions of free 4D scalar field theory. In particular there are C4pc which give the
3-point function. In TFT, we can form C g p=Cas DﬁD € which gives a product structure to W,
iec.camap WRW — W.

Given any state e4 @ ep in W ® W we have a state C E gep in W. This state has the property
that the 3-point function of e4 ® ep with any ec is just the two-point function n(C /I_f BED, €C).
Indeed

n(CRgep,ec) = CRyn(ep, ec) = Caprii®Pnpc = CaprdE = Capc (6.1)

This is the TFT2 expression of a familiar construction in CFT, the operator product expansion
(OPE). For any two local operators at spacetime positions x; and xz, the OPE expresses their
product as a sum of local operators at x where x may be x1, x or even the midpoint xl;xz,
according the convention adopted. In conformal field theories this expansion is a convergent
expansion [29] and it provides a powerful approach for understanding the correlation functions
in the theory. The three-point function for operators located at positions x1, x and x3 is reduced
to the computation of a sum of two-point functions, after the OPE is used to take the product of
two of the operators in the correlator.

To make this link between product in TFT, and operator product in CFT4 explicit, recall that

the basic field ¢ (x) corresponds to the following state

D)= DF(x) + @ (1) = Put 4 (x) e Ky (6.2)

in the state space W of the TFT,. The composite field ¢*(x) of QFT corresponds to the ten-
sor product @ (x) ® ®(x) € Sym(V®?). More generally any local operator corresponds to an
expansion of the form

O1(x) = O (x)ea (6.3)

for e4 running over a discrete basis in V. Given the way the C4p¢ are constructed from tensor
products of 7 (Egs. (4.21), (4.30)) we see that we may write the operator product of O;(x;) and
O3(x7) in the TFT; language as a sum of the form (1 +7 4+ 7 ® 7 + - - -) acting on

Ot (x1)OF (x)es ® ep (6.4)

We are organizing the product by the number of Wick contractions between the first two opera-
tors. The first term in the sum corresponds to the 3-point function (O (x1)O2(x2)O3(x3)) for an
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O3(x3) that receives only contribution from terms having no Wick contractions between the first
two operators. This is followed by terms with one or more Wick contractions. Hence the first
term is the ordinary tensor product, while the subsequent terms involve the application of the
invariant map 7 which acts on V4 and V= factors from O; and O,. The symmetric role played
by positive and negative energy representations in the TFT, construction of CFT4 naturally leads
to the correct form of the OPE.

Let us make the discussion even more concrete by taking O and O; to correspond to the
quadratic composite field 2. Here we will have

+aB+a% P i B e +iB e i) (@) @ @(x)
® (D (x2) ® P (x2)))

=(@2(x1) ®@ P(x1)) ® (@ (x2) ® P(x2)) + 5P (x1) ® P (x2) +

4
(x1 — x2) (x1 — x2)*
In this expression we have not chosen whether to expand the RHS around x; or x; or the
mid-point. That is a subsequent choice that can be made and the above state in WV expanded
accordingly.

7. CFT crossing and associativity

The OPE is associative. Since the OPE can be used to construct correlation functions, asso-
ciativity of the OPE implies relations among the CFT correlators, namely crossing symmetry. It
is known that crossing symmetry implies strict constraints on operator dimensions and OPE co-
efficients (or equivalently, on the C g g of TFT?). In this section we give a combinatoric proof of
crossing in the TFT; framework. The reader will expect this to work since the TFT, framework
has already been shown to reproduce correlators of the free CFTy. It is however useful to give an
explicit proof without appealing to the path integral of the free CFT4. It allows us to see that it
continues to work for generalizations where SO(4, 2) is replaced by any G and V by any space
with a unique invariantin V. Q V.

The correlator is constructed by applying contraction maps to Sym(V®") ® Sym(V®"2) ®
Sym(V &™) ® Sym(V®"4). Define the sets

S1={1,2,...,n1}

So={n1+1,...,n1 +ns}

Ss={ni+ny+1,...,n +ny+ns3}

Sa={ni+n2+n3+1,....,n1 +na+n3+ns} (7.1)

To compute the correlator, use the contraction maps [[7“/). Each /) acts on the V ® V where
the first V is located in the i’th slot and the second in the j’th slot of

y O +n2+n3+na) (7.2)
There are W of these contractions in the product, and no pair involves two elements

from the same subset S,,.
We can parametrize the sum over contractions by decomposing the sets S, as

S1=812US13U S14
8o =821 U S23 US4
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S3=2531US32U 834
S4 =841 U S42 U Sy3 (7.3)
For a pair of sets U, V of same cardinality |U| = |V |, we define the contractor

U]

cUv= Y A (7.4)

oeSym(V) k=1

where Sym(V) is the symmetric group of all permutations of the set V. So the correlator is
computed by applying the map

Z C512:521 0513, 531 (514,541 523,532 (524, Sa2 (534,543 (7.5)
Si;

The sum runs over all possible decompositions (7.3).

When we compute the correlator by using the OPE in the (12)(34) channel, we first choose
subsets S12, S21 and S34, S43 and then do the corresponding contractions. Then we do the con-
tractions between (S \ S12) U (S2 \ S21) and (83 \ S34) U (S84 \ S43). So we are applying the
map

Z 512521 534,843 0 (S1\S12)U($2\521), (S3\S34)U(S2\S43) (7.6)

812,821,834,543
We will show that

CS1\S12)U(82\521), (53\534)U(S4\ Sa3)

_ Z C513:531 514,541 (0523, 532 (- 524, 542 (7.7)
$13,531,814,541, 523,532,824, S42

The correlator computed using the OPE in the (12)(34) channel (7.6) can be obtained from the
original expression for the correlator (7.5) by simply reordering sums. To see why (7.7) is true,
we consider (7.6) and find that CS12:521 CS34:583 ipcludes a sum over Sym(S21) x Sym(S43) and
CSN\S12)U(52\521).(53\534)U(S4\S43) ipcludes a sum over Sym(S2 \ $21) x Sym(Ss \ S43). The sum
in (7.6) is a sum over the cosets S>/(Sym(S21) x Sym(S2 \ S21)) and S3/(Sym(S43) x Sym(Ss \
S43)). Putting these sums together, we reconstruct the sum in (7.5).

Although we have written C5-7 in terms of sums over permutations above, we can also write
it without permutations but using lists and give another proof of (7.7). Let LS be a list constructed
from the set S. A set does not know about any ordering. Let |S| be the cardinality of S. Then
|S|! is the number of lists constructed from S, with list size |S|. Let Lg be a fixed list, with some
fixed chosen ordering of the elements. We can write

ST =3 "5(Lg. LT)5(1S).1T1) -
LT

By definition, the delta function on the lists pairs the first from Lg with the first from L7, second
with second, etc. In what follows the delta on the cardinalities is often suppressed. Let us define
U=(S1\S12)U(S2\ S21) and V = (53 \ S34) U (S4 \ S43). We can write the LHS of (7.7) as

clV=>"s(Ly. L) (7.9)
LY

Now a pairing §(LY, L") determines
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Fig. 9. crossing argument with V.

e A subset S13 of (87 \ S12) and a subset S31 of S35\ S34 which are contracted with each other.

e The order in Lg picks an ordered list Lg” from S;3. The sum over L" includes a sum over
all ordered lists L3 in S3;.

e Similarly Sy4, S41 are determined as in Fig. 9. Lg” and LS4 are also determined.

e Likewise S>3, S3» and LgB, L532,

o Likewise Sy4, S4o and ng4, LS,

We conclude that

CU’V: Z Z Z 5(Lgl3,LS3l)

813,531,514, 841 523,532,534, 842 1531, 1541 1532 543

X 8(Lgl4’LS4|)8(L(§23’L32)8(L(§24’LS42)

_ Z 513531 0514541 (0523, 532 (524 Sa2 (7.10)
813,831,514, 841,523,532, 524, S42

which is the desired identity (7.7). See Fig. 9 for a graphical representation of the discussion.

Computing the correlator by using the OPE in the (14)(23) channel, we first choose subsets
S14, S41 and S32, S»3 and then do the corresponding contractions. Then we do the contractions
between (57 \ S14) U (2 \ $23) and (S3 \ S32) U (S1 \ S41). For this channel we are applying the
map

Z C 514541 0532,523 0 (S1\S14)U(S2\823), (31 S32)U(S4\Sa1) (7.11)
S14,541,832,523
with
C1\S14)U(52\523), (53\534)U(S4\ Sa3)
— Z C513:531 (512,521 (543,534 (2524, Sa2 (7.12)

$13,531,534,543, 521,512, 524, S42
The equality between (7.6) and (7.11) follows simply by swapping the orders of summation.
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8. Counting of primaries

A rather basic question about free scalar field theory is to enumerate the SO(4, 2) irreducible
representations appearing among the composite fields made out of n = 2,3, ... fundamental
fields. For example, we need these multiplicities to compute the spectrum of primary operators
in the CFTj4. This question amounts to decomposing, into irreducible representations, the tensor
product Sym(Vf’”), where Vi = Dy1,0,0) in the notation of [31]. The three integer labels in
Dyy, j, ,jr1 are the dimension and two Lorentz spins.

We have seen simple examples of TFT, in Section 2, arising from 1-variable Gaussian inte-
gration, as well as from matrix integration. In this section we will introduce a simple TFT, that
organizes the counting of primaries. Our results give a formula for the multiplicities of irreducible
representations of SO(4, 2) in the tensor product Vf’".

Some key results that are needed to reproduce the results of this section have been collected
in Appendix B.

8.1. Results on tensor products
It is known that [32]

Dr100) ® Drioo) = Appoo) + Z Dy itk (8.1)

k=

where Ay j,  jz is another class of irreducible representation of SO(4, 2), see [31] for more de-
tails. For n = 3, we have, using results in [31], or alternatively by manipulating characters,

o o
®3
D [100] Z Z A[k1+k 43, 1‘1*"2 A];kz]
k1=0 k=0
o o
+kzl kZlAk‘+k2+3 bolghaot kith) + ‘A[k 3, Btk Bislg ooty (8.2)
1=1 ko=

For n =4, we get

o0

>
Dy Al ot 44 12 0k Mtk gl
ky,k2,k3=0

+ Z Z i +ho+ks+4, 2 05 Brlgh el
ki,kr=1 k3=

A (8.3)

ki +h-Hhs 4. kl 1 k2 1®k3 k1+k2® !

This is an easy application of the previously derived formula for Vf_m along with Eq. (4.7) of [31].
For general n, we have

o0

®n+1) _
D = E )
100 A[Yl+1+k1+~~'+k",kl;k2®k73®"'®l\2 /\|+k2®k3® ®kn]
ki,....kn=0
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+ Z Z I+ 14k 4, S @2 e B el Mtk g b g0l
ki ko=1 k3. ky=

+A

(8.4)

14k +thn, L2 0 G 00k Ml 2 o B w0l

8.2. TFT; for counting primaries

Consider an algebra of polynomials in variables X ; where j € {0,1/2,1,...}. The structure
constants are given by the fusion rules of SU(2)
le X]Z N/]nX
J1t+j2
= > X (8.5)
J=lj1—j2l
Aj=I1
This is the large k limit of the fusion rule algebra in the SU(2) WZW model. Call this algebra
Ay . Introduce the pairing

(Xji. Xjp) =6 j (8.6)

Given the above structure constants and the pairing, we have associativity equations such as
Ja
Z Jij2 m Z i1isNii &.7)

Now, take a second copy of this algebra, generated by Y;. Introduce the algebra of power series
in s with rational coefficients, called Q[s]. A pairing on Q[s] is given by

5%, 5"2) = 8,1, (8.8)

In summary, we have an algebra A;, ® A, ® Q[s] which is associative and has a non-degenerate
pairing. Thus, we have defined a TFT, of the kind we described in Section 2. Let us call this
the SU(2) x SU(2)-fusion-TFT,. Computations of the SU(2) fusion multiplicities can be easily
programmed in Mathematica.

We will now explain how this TFT; can be used to compute the multiplicities of the primaries
in the CFTy. The character xv, (s, x, y) is obtained by computing try, X with X = Ay y’3
In computing this trace, the null state associated with the equation of motion for the free mass-
less boson, together with all of its descendents, are subtracted. The character of VO is then
xv, (s",x", y"). Since the fundamental field of our CFT is a boson, taking a product of n copies
gives Sym(Vf’"). The character Xsym(VE™) (s, x, y) can be computed as the trace of a symmetrizer

acting on V®" which leads to

1
Ksymven) (60 = 13 D tryen (X¥'0)

‘oeS,
1 " e
== 3 [Tl (s x5 (8.9)
" ses, i=l

In the last line, C; (o) is the number of cycles of length i in the permutation o. Using the formula
(B.4) from Appendix B, we can express the characters v, (s*, x*, y') in terms of x, (x) x . (),
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which can be replaced by X j, Y, . The result is then simplified using the product (8.5) and written
as a sum of characters of SO(4, 2) irreducible representations. We will illustrate the procedure
for n =3 in the next subsection.

Finally, the characters useful for understanding the tensor product decomposition are

Atajrjr1(, %, ¥) = 5% x5, () xjg () P (s, X, ¥)
Dia,jijr1(s: X, ¥) = sV (0 (0 ) = s X120 Xjg—1/2(0) P (5, x, y)

xv, (s'.x', y") = Dprooy(s. x, y) = s(1 — s*) P(s, x, y) (8.10)
where
» _ 1
(s, x,y) = (1 — sx 129172 (1 — sx1/2y=172)(1 — sx—12y1/2)(1 — sx—1/2y=1/2)
o
= D Mg Xy (8.11)
p.q=0

8.3. Symmetrized tensor products and primaries in free field theory

In this section we will focus on the case n = 3. A simple application of (8.9) gives

1
XSym(V®3) = 8((XV+(S9 X, y))3 + 3XV+(S7 X, y)XV+ (S2, )CZ, y2)
+2xv, (5%, %%, %)) (8.12)

The first term above can be simplified using (8.2). For the second and third terms we use the
formula (B.4) in Appendix B.2 for xv, (s",x", y"). In view of (8.10), to identify the sum of
characters we obtain we need to have an overall factor of P (s, x,y) appearing. One way to
achieve this is to introduce the inverse of P (s, x, y)

Q=(1+s4)—s(1+52)X%Y%+s2(X1+Y1), P(s,x,y)0 =1 (8.13)

An overall factor of P (s, x, y) can now be arranged by including a factor of Q. For more details
see Appendix B.2. With this motivation, consider the following state of the TFT

Xn=QXn (8.14)

where
o0 o0

00 00 00
Xn = s" "l Z <an/2—n11 - Z an/Z—nh—l) Z (an/2—nlz - Z an/2—nlz—l)
7=0 1,=0

[1=0 1,=0 1,=0

This state is obtained by replacing SU(2) characters xj, (x) xjr (v) = X, Y}, in xv, (s", x", y").
It is straight forward to compute x, in Mathematica, with the result
o

Xo= Y "X YGCoktik (8.15)
k,ki,kr=0

The coefficients of Cy x k, k, give the multiplicities of SO(4, 2) irreducible representations in
V@1 By computing these numbers explicitly we could for example, derive the results of Sec-
tion 8.1.
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We now specialize to the case n = 3. For fixed k, at least one of k or k3 in (8.15) is equal to %
Also, x, is symmetric under exchange of X and Y. With these properties in mind, it is useful to
introduce the operation S defined by

SXaYb:(XaYb+XbYa)_(SabXaYb (8.16)

S acts on A, ® Ay, ® Q[s]. In terms of S we can write

o o0 l
xsyms(v)(s,x, y) = (PS3S)<Z quXq/qu/zl(\\%J — \‘gJ + A(u, v)>> (8.17)

g=0 =0

where 1 is the residue of ¢ modulo 6, v is the residue of / modulo 6 and

A, ) =8 (W) =8 —1) =8 —5)) +8(u —2)(8(v) +8(v — 4) — §(v — 5))
+8(n—=3) (W) +8(v—=3)) +8(u—H(EW) +8(w —4) +8(v —2))
F8( =50 +8(0W—3)+8w—1) +5(v —4)) (8.18)

where we have used the Kronecker delta §(x) which is 1 if x = 0 and zero otherwise.
9. Discussion and future directions
9.1. Genus zero TFT»: equations in search of axioms

We have given a set of genus zero equations which form part of a truncation of the usual
finite-dimensional TFT, equations. These include a product, co-product, unit, co-unit, associa-
tivity and crossing. This construction is realized in ordinary Gaussian integrals, and also as an
SO(4,2)-covariant TFT,> which reproduces the correlators and OPE of 4D CFT. It is a genus
zero system because of the infinite dimensionality of the state space. A torus amplitude would
diverge.

An obvious open problem is to find the axiomatic framework which accommodates this
truncated TFT, system of equations and which therefore admits solutions in terms of infi-
nite-dimensional state spaces. The usual definitions of TFT, and Frobenius algebras force the
state spaces to be finite-dimensional and naturally include amplitudes for all genera.

Infinite dimensionality of the state spaces JV implies some accompanying subtleties. We
avoided these issues by focusing attention on a discrete basis, which can be chosen to have
nice properties, such as diagonalizing the CFT4 inner product. We gave the equations in
terms of arrays of numbers Capc, nap, 7°? with indices labeling this basis set. Going be-
yond this somewhat basis-dependent approach, requires being more careful about specifying
what sorts of linear combinations we have in mind when we talk of the vector space V. As
a first step let us consider defining as the vector space WV of finite linear combinations of
the specified basis set. Since the basis set has an infinite number of elements, this is an infi-
nite-dimensional space. For W ® W, we also consider finite linear combinations F ABo) Qep.
Acting on these 7 is obviously well defined. For generic infinite sums, it would not be well de-
fined. Similarly we can work with FA14» ep, e, ®--- @ ey,, with F having only finitely
many nonzero entries, as our definition of WW®", Then the map from W®" — C is well de-
fined.
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Now consider the amplitude for vacuum going to two circles. Using the discrete data ;742 we
can build

ﬁABeA(X)eB 9.1)
But this is an infinite linear combination. So we are not getting a map from C - W ® W,
as we might have expected. The infinite dimensionality has thus entered in a crucial way here.
Indeed this is expected. If the amplitude for vacuum to 2 circles exists, and 2 circles to vacuum
exists, then if we stick with a category theory framework, we can compose these two and get
a torus, which looks like it cannot be anything but infinite (hence ill-defined) in the case of
infinite-dimensional state spaces.

So we conclude that we cannot make sense of the amplitude for the vacuum going to 2 circles
in terms of a map C — W ® W. However, we found good uses of 7748 in our system of equations,
e.g. in relating crossing to associativity. How can we modify the axiomatic framework so as to
associate some sort of algebraic data with the picture of vacuum going to 2 circles?

One sensible possibility would be to associate specified finite-dimensional subspaces of W
with one of the two outgoing circles corresponding to 742, We could think of this as placing a
subspace defect on one of the circles. The effect is to restrict one of the indices of 745, to run
over a specified subset of the basis vectors in W. If we do that to one of the outgoing circles,
the torus amplitude is no longer infinite, but depends on the dimension of the chosen subspace.
In general, for an amplitude Cf:";"z’ff’i A, corresponding to n incoming circles and m outgoing
circles, we would restrict m — 1 of the outgoing circles with subspace defects.

There are generalizations of TFT; as a functor from the geometrical category of cobordisms
to a more general target category which replaces the category of vector spaces (e.g. chain com-
plexes) [9]. The target category we need here would be the one where an object is not a vector
space, but rather a vector space along with some class of its subspaces. In our applications the
vector space would be VW and we would also allow its subspaces. So a circle can be associated
with W or to some subspace thereof.

Subspace defects can be considered even in TFTs with finite-dimensional state spaces. They
may have interesting combinatoric applications. For the case of 2D TFTs based on lattice con-
structions with a gauge group G, natural observables to consider, with some similarity to sub-
space defects, include those where the holonomy of a specified boundary is in a subgroup H C G.
Amplitudes including such observables have applications in counting Feynman graphs and BPS
states of quiver theories [33,6].

We believe there is an interesting story with the space of finite linear combinations, with
the inclusion of subspace defects. Even if that were solved, there would remain another layer
of subtleties involved in giving a complete axiomatic framework for CFTy, based on the TFT»
picture developed here. This is because states of interest in computing correlators, namely the
@ (x) (Eq. (4.3)) used to construct CFTy4 correlators, are actually infinite linear combinations!
Careful treatment of these issues gets into the subject of topological vector spaces. This can be
a subtle subject, e.g. how to define tensor products, see for example [34]. The right definition
of “tensor product” in our case, would have to take into account the fact that if we insert @ (x)
at one circle and again the same @ (x) at another circle ( with the same x ), then the amplitude
is not well-defined. As pragmatic physicists, we can be content with a description of the TFT,
in terms of genus-restricted version of the usual TFT, equations, and this is the point of view
we have taken in most of the paper. However, solving the problem of finding the right axiomatic
framework for the current TFT;, formulation of CFT4 would give an interesting mathematical
perspective on AdS/CFT.
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9.2. Correlators and Clebsch—Gordan coefficients

We have written
Px)=dT )+ @ (x) =Pt + (x’)2e_iK'xlv_ 9.2)

Correlators of the type (@ (x1)® (xz)@z(xg)) involve Wick contractions between the operator at
x1 and x with the operator x3. This is an invariant in V[T,O,O] ® V[T,O,O] ® Viz.0.05- Equivalently
they are SO(4, 2)-covariant homomorphisms from V[T,O,O] ® V[Jlio’o] — V[JZF’O’O]. This means that
the correlators
1
(x1 — x2)?(x1 — x3)?
can be used to generate the matrix elements of this homomorphism, i.e. the Clebsch—Gordan
coefficients, which are often of interest as special functions. As far as we are aware, this QFT
connection has not been used to develop explicit formulae for SO(4, 2) Clebsch—Gordan coeffi-
cients in the discrete basis. This would be an interesting exercise.
Similar remarks apply to correlators such as (@"1(x1)®"2(x3) - @ (x; )P T2tk
(xx+1)) which will generate the Clebsch—Gordan coefficients for coupling V[:l’o’o] ® V[IZ,O,O] ®

9.3)

@ V[:k,o,()] — V*¥[ny +ny + -+ 4 ng, 0, 0]. By inserting more general primary fields we can
get Clebsch—Gordan coefficients involving more general irreps of SO(4, 2).

9.3. Further examples of CFT4/TFT,

Let us recap, from Section 2.5, that for the case of the Gaussian integration model, we have a
state space

o0
W=WeW&--=PW, ©.4)
n=0

At each level we have a 1-dimensional space, isomorphic to C. W, corresponds to ¢". The
product is given by Gaussian integration. For the free scalar field in four dimensions, we had
W, = Sym(V®"), where V = V, @ V_. For Gaussian Hermitian Matrix model, let us work at
large N, we have Wy = C. At level n, we have a vector space of dimension p(n), the number of
partitions of N. The basis vectors can be taken to be the multi-traces

()P (rd?)” .. (o)™ 9.5)
The numbers p; fori € {1, ..., n} determine a partition of n, i.e. n = Zi ip;. We may write
W, =Cr® (9.6)

The product is obtained from matrix integration. If can be written neatly in terms of permutations
in S,. We won’t make that explicit here.

For the 4D CFT of a free hermitian matrix field @, in the large N limit, we have for W,, a
direct sum over partitions p. For each p

SymP! (V) ® Sym” (Cyc?(V)) ® Sym” (Cyc" (V) = (X) Sym” (Cyc' (V) 9.7)

i=1
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The Cyc! (V) is defined as the projection of V®' to the subspace invariant under cyclic permuta-
tions of the i factors. Sym” (W) is the subspace of W®” invariant under symmetric group Sp,.

If we want to do this at finite N, we can use the technology from [35]. The primaries in
a scalar field theory are obtained from €;-,Sym V" where Vi = Dy 0,0 For the matrix
scalar theory, we need to consider (V4 ® Vy ® Vy)®" and project to invariants of U (timesN)
and S,,. We can use the following decompositions

4,2 n
v =P Vi’ evi®vaa,

A A
V}?ﬂ — @ V}g](N) ® Vlkgn
R
Ve =P vV e v (9.8)
S

In the first line we are decomposing Vf’" in terms of irreps of SO(4,2) and the commuting
Su. The vector space V4 4, is the space of multiplicities for given irreps of SO(4,2) and ;.
U (N) invariance forces R = S. §,, invariants requires that Vx ® Vg ® V4, contains the trivial
irrep of S,. The multiplicity C(R, R, A) of this trivial irrep. appears in the construction of the
operators.

Let us outline some problems related to the above models and obvious, but interesting, gener-
alizations:

e For the free scalar or hermitian matrix CFTy4, write the products CgB and corresponding
associativity equations explicitly.

e For the extremal correlators of the complex one-matrix model, the description of the state
space will follow much the same steps as above for the matrix scalar field. This is relevant
to the half-BPS sector in AdS/CFT. The explicit formulae for the invariant maps leading to
correlators will need to take into account that the correlators involve insertion of multiple
holomorphic operators and a single anti-holomorphic operators.

e Develop the CFT4/TFT, of free Maxwell gauge fields, including TFT, construction of the
correlators of E- and B-fields. Extend this to free non-abelian gauge fields and free fermionic
fields. These steps would provide the foundation for approaching perturbative N = 4 super-
Yang-Mills theory as a TFT,. We give more discussion of going beyond free fields in
Section 9.5.

e Conversely, the TFT, construction we have developed with SO(4, 2) can be modified by re-
placing SO(4, 2) with a compact group G. Any finite-dimensional irreducible representation
V of G which contains the trivial irrep in the tensor product decomposition V ® V, will
allow the definition of an invariant map 77: V ® V — C. Then we can define the state space

W =P Sym(v®") (9.9)
n=0

and the amplitudes Cy, ... 4, can be defined using tensor products of the elementary 7. This
will give G-invariant TFT,’s. Do these constructions have a realization in terms of a path
integral?
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9.4. Generalized free fields and the stress tensor condition

Our reformulation of the free scalar field CFT4 in terms of TFT, has started from the rep-
resentation V1 = Va—y j, =0, jz=0 and the dual V™~ = (V)*, has constructed V =V d V™,
and then built the state space W = @2020 Sym(V®"). There is a basic SO(4, 2) invariant map
n:V ® V — C which leads to the 2-point function. Multilinear SO(4, 2) invariant maps cor-
responding to the cobordism between k circles and the vacuum in TFT,, are constructed from
Wek _ C, using tensor products of the basic invariant 7. These include, for the case k =2, a
bilinear invariant pairing n : WW ® W — C with n4p in some convenient discrete basis e4 of W.
For the amplitude for 3 circles to vacuum, we have C4pc.-

Given this reformulation, it is very natural to ask if all SO(4, 2) invariant TFT,’s lead to
some CFT4. A key result of this section is to construct examples of SO(4, 2) invariant TFT,’s
that do not correspond to a CFT4. Our discussion was motivated by recent activity aimed at
solving the constraints imposed by crossing symmetry [36-38]. By understanding the crossing
symmetry constraints one may hope to understand and completely characterize the space of all
possible CFTs. In this section we will consider the problem of solving the constraints imposed
by crossing, in the framework of our novel approach to CFTj.

The construction of new solutions might begin by replacing V* @ V~ above with V =
Va,jir © VA, ik Since any discrete series lowest weight irrep (having positive energy) has
a dual highest weight irrep (having negative energy) such that Vi j, j, ® V. i contains a
unique copy of the identity representation, we know that we will have a unique 7,5 as matrix
elements of V ® V — C. Aside from this replacement, the construction of W, n, C proceeds as
before. This is a generalized free field construction, which, as we will explain, gives an SO(4, 2)
covariant TFT,. Further conditions can be imposed, such as unitarity and existence of a stress
tensor, which can be reasonably considered necessary for these to be proper CFT4.

To describe 745 explicitly, we need a simple generalization of the analysis of Section 3. For
simplicity we will discuss the case with j;, jg = 0. The generalization to jr, jr # 0 is straight
forward. Start from

1, p
By(x) = — (P vt + (¢) p (e P vT)) (9.10)
V2
where now we have
DvT =dvT, Dv” = —dv, Myt =My =0 9.11)
Again consider the tensor
TP1P2"'P;M11112“'!111 = n(PPI PPZ e Pan+’ K(Il K(IZ e K(Inv_) (912)

Using nothing but the so(4, 2) algebra and the so(4, 2) invariance of the pairing n, we find

n
/9a 4 P
Tpl“‘Pn,ql“"ln Hy “xre

a=1
[%] 21 21 (n _l_ 1 +d)'n‘
— BRI 21| .7 T 9.13

Thus,
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— ’ '/./—
le tyKU)

F(x.y')

ne

> 1
2_: P ‘I"Hquaxpa (n!)?
o

2.2

< n2l ap 2 (m—=I—=1—d)!
B Z ] |y| d—1)! 122])
n=0 I=0 d— Dl(n —20)12%1
1
- 9.14
(1—2x-y’+x2y’2)d ( )
and
N2d
1

0(®a(x), Ba(y) = ) _ 015

(1=2x-y' +x2y'2) " |x — y|*
The C4pc are constructed from tensor products of the elementary n’s as before. With these
choices, it is now clear that the argument demonstrating crossing from Section 7 goes through
without modification, so that we have indeed obtained a new TFT> and hence a new solution to
the crossing constraints.

We will want to place additional constraints on this solution. For example we can ask for
a unitary TFT,. We have explained how to define an inner product g : V ® V — C, which is
sesquilinear and hermitian. This extends to an inner product on YV which coincides with the CFT
inner product. If we require that this inner product on the TFT, state space is non-degenerate
with strictly positive eigenvalues, then we have the usual restriction of unitarity in CFT4, which
leads to constraints on dimensions of fields. For example, for a scalar (where j, jrg = 0) we
have A > 1.

Another natural constraint is to require that the theory contains a stress tensor. For the free
scalar field which has A =1, Sym(V®2) contains a local stress tensor, for which Va j, i, =
Var,1.

An interesting case to consider is where the basic free field is itself the representation V4 j 1.
Now V has the right SO(4, 2) transformation properties to be a stress tensor. There is a Ty,
which is treated as an elementary field in this generalized free field construction. We want to
know whether we can make sense of

PM=/TM0(x)d4x
[Py, 0]=0,0 (9.16)

in our TFT, approach to this generalized free field system. To define P, along the lines of the
first equation, we would need to define some sum over states in the representation V=Vt @V,
This would give P, as a state in W. So P, = PAe A where ey4 is a set of basis vectors for WW.

There is a corresponding operator (PM)C = PACCB in the endomorphisms of W. The state O is

a general state in W, i.e. O = O“e, and there is a corresponding operator (@)g =04 CSB. The
LHS can be written as

(PSO)E — (OS5 (P)2 9.17)
The RHS of the second equation is another well defined state in J, so we can consider (8;?’))';; =

(0 OAC g 5- The question is whether there is a good definition of P, i.e. whether the description
as a sum above can be made precise enough to prove that the equality
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POSO)E - (O (PHE = 3,008 (9.18)

holds for arbitrary O.

Since we do not have a Lagrangian for this prospective new generalized free field CFT, we
have to formulate the requirement of existence of a good stress tensor along the algebraic lines
outlined here. Although this has been instructive as an exercise in using the new TFT language,
the above construction does not work, as we now explain. The argument we employ appeared
recently in the context of CFTy in [39]. Our structure constants C 4 pc are symmetric. By looking
at the dimensions of fields, it is clear that the energy momentum tensor does not appear in the
product of the field with itself. Equivalently, the field will not appear in the product of the energy
momentum tensor with the field which contradicts (9.18). This contradiction rules out gener-
alized free fields in CFTy unless they have a dimension A = d—gz. Although the generalized
free field theories are not CFTs, our discussion makes it clear what they are: they are SO(d, 2)
covariant TFT5’s.

9.5. Beyond free fields

We highlight here some key ingredients in the connection between CFT4 and TFT;, we have
developed, which will continue to hold beyond the setup of free fields that we have described
explicitly here.

e The description of the state space in terms of discrete series representations of SO(4, 2). The
description of the two-point function of operators in terms of an invariant pairing between
positive and negative energy representations. This is necessitated simply by the fact that there
is no SO(4, 2) invariant in the tensor product of two positive energy representations.

e The relation of the bilinear invariant pairing n4p to a sesquilinear positive definite inner
product, via a map p between positive and negative energy representations.

e The non-degeneracy of the pairing, i.e. existence of 748, and its relation to non-degeneracy
of the Zamolodchikov metric.

e The OPE and C§; = CappiiPC.

e Relation between crossing and associativity.

One element which needs to be worked out in a case by case basis, is the explicit construction
of the correlators in terms of representation theoretic data as we have done for the free field case.
Here we have developed the construction by expressing the usual Wick contraction rules of free
field theory in terms of applications of a tensor product of elementary invariant pairings.

A very interesting problem is to develop this beyond free fields to perturbative CFTs, e.g.
N =4 supersymmetric Yang-Mills theory. Elucidating the role of regularization and renormal-
ization in this TFT, framework will be a fascinating problem. There is good reason to believe that
this problem will have an elegant solution. This expectation comes from the fact that one-loop
N =4 SYM has been formulated using representation theory of PSU(2,2|4) via the formal-
ism of the one-loop dilatation operator [40,41] and this approach is also known to generalize to
higher loops[42]. The key elements of the link to TFT; have been aspects of SO(4, 2) represen-
tation theory. In the case of N'=4 SYM we would expect a PSU(2, 2|4)-invariant TFT5.

Perturbative CFT4 correlators are constructed by inserting local operators in the path integral
and expanding the interaction terms, which are interaction vertices integrated over spacetime.
The computation involves two steps: the first being the calculation of an integrand by doing
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Wick contractions involving the inserted operators as well as the interaction vertices. These are
free field Wick contractions, which have been interpreted in terms of TFT;. The next step is
the computation of spacetime integrals. A key question is whether this step can be incorpo-
rated in the framework of SO(4, 2) invariant TFT,, where a correlator is calculated by evaluating
SO(4, 2) equivariant maps between specified states at the boundaries. Very interestingly some re-
cent mathematical developments starting from a completely different perspective have arrived at
an interpretation of integrals in perturbative QFT suggestive of the type of TFT, considered here
[43,44]. The motivations of these papers stem from the idea of applying quarternionic analysis to
four-dimensional quantum field theory, much in the way that complex analysis is a powerful tool
in two-dimensional CFT. Conformal integrals have been written in terms of SO(4, 2)-equivariant
maps p : V2 ® V4 — V4 ® V. —precisely the structure needed for SO(4, 2) invariant TFT2. With
a view to an SO(4, 2)-invariant-TFT, interpretation for general CFTs beyond the ones accessible
as perturbations from free fields, it is also worth noting that these same conformal integrals have
played a key role in the analysis of conformal blocks [45]. These recent developments provide
good grounds to believe that the TFT; perspective developed here has the potential to go beyond
free fields. This is a fascinating topic for future research.
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Appendix A. sl(2) and su(2) x su(2) subalgebras of so(4, 2)
In this appendix we will describe the s/(2) and su(2) x su(2) subalgebras of so(4,2) that

were used in Section 3.2.1 to construct the invariant pairing 7. In terms of the generators of
Section 3.1.2, introduce

K=K +iK>, P=P —iP, (A.1)
which obey
[K, P]=—4D +4iMy, (M1, K]=—iK, [M21, P1=iP (A2)
Consequently
H=D—iMy
P
Hy=—

2
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H_ =—
2

obey the standard SL(2, R) relations
[Hy, H=Hs,  [H;, Hyl=2H,,

(A3)

[Hy, H.]= —2H_ (A4)

Consider now the SU(2) x SU(2) subgroup. The generators of the left and right SU(2) sub-

groups are
J{ = —i(Miy + M3y)
JE = —%((MB — Mag) +i(Mis+ M)
JE = %((MB — Mas) —i(M1s+ M»3))
JF = —i(Myy — M3s)

1 .
Jf = 5(—(M13 + May) +i(Mis — M3))

1
JR = E((M13 + May) +i(Mis — M23))

(AS)

One way to understand this formulae is to realize M;; = xi% —X j% and then convert to
J 1

complex variables
Z1=X1 +ix
22 =x3+1ix4
70 = X3 — X4
21 =x1 —ix2

These complex coordinates have (J3L, J3R ) charges

21— (L, Dzo— (1, -1z = (-1, Dz1 = (—=1,-1)

It is straightforward to find
[J{, P —iP]=—(P —iP,)
[/, Ki+iKa] = (K1 +iK2)
[, P —iP)]|=—(P —iPy)
[/, K1 +iK2] = (K1 +iK2)

(A.6)

(A7)

(A.8)

Thus the state (P)'vT is a lowest weight state with (J3L, J3R) = (-1, —1) and the state (K)llv_

has (J£, I =, 1.

Appendix B. Useful formulae for deriving counting of primaries

The results given in the appendix are needed to carry out the counting arguments given in
Section 8. In the first section we derive a formula for the character y«(x") which naturally
2

appears when we consider the character of Vf”. In the second section of this appendix, we derive
a number of identities useful for decomposing the character of Vf’" into a sum of characters of

SO(4,2) irreps.
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B.1. Character evaluated at x"

The character for spin j is

X)) =xl 4 xl 7o g

Xt xi=3
=— 7 (B.1)
X2 —x"2
Thus, we find
" nk n(k—2) _ nk=2) ok
X%(x)=x2 +_x 2 -|-+_x 2 +_x 2
nk n(k—=2) _ n(k=2) _nk
X2 4+x"2 +---4x 2 +x2 1 _1
-( 1 Jet a7ty
X2 —x 2
Lk/2] L(k—1)/2]
= D X @ — D @) (B.2)
1=0,1,... 1=0,1,...
To obtain the last line, multiply the numerator out and collect terms.
B.2. Inverse of P in terms of characters and reduction to SU(2) fusion multiplicities
Using the formulas for Xy (x™) derived in the first section of this appendix, we find
2np+
P(s", ZS”” "y (") xg (0)
p-q=0
o
Z X3 (")xg (07)
o0 lg/2] Lg—1)/2]
-y [ > s 3 o)
q= 1=0,1,. 1=0,1,...
Lg/2] l(g—1)/2]
[ Z PTG ) S O (y)} (B.3)
=0,1 1=0,1,...
Thus,
XV, (Sn’xn’ yn) — P(Sn,x”, yn)sn(l _ s2n)
00 lg/2] Lg—1)/2]
:Sn anq|: Z X%*Yll(x)_ Z X%*Vll*] (.x):|
q=0 1=0,1,... 1=0,1,...
la/2] Lg—1)/2]
x [ YooxeoamM— Y Xq;n“(y)} (B.4)
1=0,1,... 1=0,1,...

It is useful to consider the special case
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xv,(s,x,y)=P(s,x,y)s(1 — s2)

o
=s(1=5%) Y s (@xg ()
p.q=0

D sy (xg ) (B.5)
q=0

which contains useful information about the states that appear in V..
We also need an identity which rewrites xv, (s",x", y") as SU(2) characters multiplied by
P(s,x, y); these can very easily be translated into Aj. . .;s. Towards this end, note that

= P(s,x,y)(l _le/zyl/z)(l _sxl/zy—l/Z)(l _sx—1/2y1/2)(1 _sx—l/Zy—l/Z)
= P2 )[1+s" =5 (1452 03 @xy ) +5* (@) + ()] (B.6)

With these formulae in hand, we can write any of the characters in terms of sums of
Xjr (X)X jr (y) P, the coefficients being determined by computing some SU(2) fusion multiplici-
ties. These fusion multiplicity computations are programmed in Mathematica to yield the results
we have given above.
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