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INTRODUCTION

Let M be a compact m dimensional Riemannian manifold without
boundary. There is a natural connection induced by the metric on the
tangent bundle 7M. By using this connection, we can construct forms
in the DeRham cohomology which represent the Pontrjagin classes of
the manifold. These forms can be computed in any coordinate system
by functorial expressions in the first and second order derivatives of the
metric tensor g;; . The Pontrjagin classes give rise to local formulas in the
derivatives of the Riemannian metric which are invariantly defined, i.e.,
which are independent of the coordinate system in which they are
evaluated.

We obtain a similar representation of the Chern classes of a vector
bundle in terms of the curvature tensor associated with a connection.
We will say that a map from metrics and connections to p forms is given
by a local formula if given any coordinate system and any frame for the
bundle, we can compute it in terms of the derivatives of the metric and
of the connection. For such a map, there is a natural notion of order.
We will discuss such local formulas in the derivatives of a metric and of
a connection greater detail in Section 1.

We can construct maps from metrics and connections to p forms by
taking combinations of Chern and Pontrjagin classes. These maps will
be given by local formulas of order p. In this paper, we will show the
following theorem.

THEOREM. Let R be a map from connections and metrics to p forms which
is given by local formula of order n. If n < p, R = O while if n = p, R can
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be expressed as a combtnation of Pontrjagin classes of the metric and Chern
classes of the connection.

Such maps R arise naturally from the study of the asymptotic behavior
of the eigenvalues for an elliptic complex. We summarize as follows:
let E, and E, be smooth vector bundles over M with a smooth inner
product ( , ). Let d: I'(Ey) -~ I'(E,) be a first order elliptic differential
operator. We define the positive self-adjoint second order elliptic
operators:

D, —d*d and D, = dd*.

Let ;' denote the eigenvalues of D, and @, the corresponding eigen-
sections to E, forj = 1, 2,... . We define:

o0

f(t) X, Dz) = Z exp(_zf‘bji)(@jii @71)("6)

Jj=1

By using the techniques of pseudo-differential operators which depend
upon a complex parameter developed by Seeley [6, 7], we can show that
f is well defined for Re(f) > 0 and has an asymptotic expansion as
t = 0* of the form:

ft,x, D) ~ Z B,(x, D)) tn—m2 (B, = 0 for n odd).

n=0

The functions B,(x, ;) are smooth and can be computed functorially
in terms of the derivatives of the total symbol of the operator in any
local system. We define

B,(x, d) = B,(x, Dy} — B,(x, D,).

It is well known that it is possible to compute the index of the operator
d by the formula

, _1\0
.[M By, ) dvol = tindex(d) n = m.

n = m,

This gives a formula for computing the index of any elliptic complex by
integrating a local formula in the derivatives of the total symbol of the
operator.

For an arbitrary elliptic operator, there is no reason to expect that this
formula will agree with the formula given by the index theorem of
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Atiyah-Singer [2]. However, there are many elliptic complexes for which
the symbol of the operator depends on the orientation of M, the
Riemannian metric, and on a connection for some vector bundle E.
For such a complex, we obtain a local formula in the derivatives of the
metric and of the connection for computing the index.

If M is an orientable manifold, we can define the signature complex on
M. Let E be a complex vector bundle and let D be a Riemannian
connection on E. By using the connection D, we can define the signature
complex with coefficients in E. Let R}, denote the local formula which
describes the asymptotic behavior of the eigenvalues for this complex;
m is the dimension of the manifold and 7 is the dimension of the vector
bundle. Since the roles of the positive and negative spaces of the signature
complex are interchanged if we reverse the orientation of the manifold M,
the local formulas R}, depend upon the orientation of the coordinate
system in which they are computed. Consequently, we can view the
invariants Ry}, as giving a map from connections and metrics to m-forms.

We will define the notion of order in Section I; it will be clear by
dimensional analysis that the local formulas R}, are of order n. This
implies that R}, = 0 for n << m, while R}, can be computed in terms
of the Pontrjagin classes of M and the Chern classes of E.

Patodi has kindly pointed out that it is possible to use this result
to prove the Atiyah—Singer index theorem: From K-theory, it suffices to
prove the index theorem for the special case of the signature complex
with coefficients in a vector bundle E. Since R], ,, can be expressed in
terms of the Chern and Pontrjagin classes, there must be a certain
combination of Chern classes and Pontrjagin classes which integrate to
give the index for any such complex. Since this formula must be unique,
this proves the Atiyah-Singer index theorem for this special case and,
hence, in general.

In addition to applying this result to obtain a global theorem like the
index theorem, we can also obtain results concerning the local asymptotic
behavior of the eigenvalues for certain complexes. For the classical
elliptic complexes we will use the following notation for the invariants

B,(x, d):

P,™ for the DeRham complex;
P;:™ for the signature complex;
PP for the spin complex; and
Pi™ for the Dolbeault complex.
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By dimensional analysis, we can show that all of these local formulas
are of order # in the derivatives of the metric. Since any germ of a metric
can be imbedded in a spin manifold, in order to identify these invariants
of the metric, it suffices to restrict our attention to spin manifolds. By
using suitably chosen vector bundles, we can express the DeRham and
signature complexes in terms of the spin complex with coefficients in
the vector bundle. As was done with the signature complex, this implies
that these local formulas vanish identically for n < m, while for n = m,
they are computable in terms of the Pontrjagin classes of the metric and
the Chern classes of the bundle. Since these formulas integrate to give
the index of the complex, they are necessarily unique, and we have
obtained an identification of these invariants with the classical formulas
for computing the index.

Let M be a complex manifold. It is possible to represent the Dolbeault
complex in terms of the spin complex if the metric is Kaehler. For a
Kaehler metric, therefore, PJ™(x, metric) vanishes for n < 2m, and
P,,"(x, metric) is the Riemann-Roch invariant. Conversely, we have
shown that there exist complex metrics (which are not Kaehler) such that
P3™(x, metric) does not vanish for n > m/2 and such that P%™(x, metric)
1s not the Riemann-Roch invariant for m > 2. This result is proved by
combinatorial methods which are not of essential interest. In the last
section of this paper we present some other combinatorial results which
we have obtained.

Patodi [4, 5] has obtained many of these results for the classical
elliptic complex by studying the fundamental solution of the appropriate
heat equation. Atiyah, Bott, and Patodi have also proved an equivalent
classification theorem for local formulas of order ¢ from metrics and
connections to p forms. Their techniques of proof rely more heavily on
the results of classical invariance theory but are essentially equivalent
to the technique used in this paper. Their proof is to be published
shortly.

In this section we will describe the ring of local formulas in the
derivatives of a Riemannian metric and of a connection. First we define
these notions for germs of metrics and connections on R™; later these
notions will be extended to manifolds.

Let G be the germ of a Riemannian metric defined in a neighborhood



348 GILKEY

of 0 in R™. Let X be the canonical system of coordinates on R™. We
define g,;(G)(¥) to be the germ of a function on R™ by the formula

£:(G)#) = G(o/oX, , 6/6.X,)(x).
If w is a multiindex, we define g;/,(G)(%) by
81l GNF) = 0/0X g G)(X).

We use the notation g;;,,(G) to denote the evaluation g;;,,(G)(0). We
regard the g;;/, as variables which we evaluate on germs of metrics
on R™,

We will consider only germs of metrics G which are orthonormal at 0.
Therefore, we assume that g,(G) = §,; and we ignore the g;’s as
variables. Let #,, be the polynomial ring generated by the variables
Zijjw for 1 <4, j <m and [ w| > 0. Since the g;;,, variables are sym-
metric in ¢, j, we introduce the equivalence relation g;;/, = g/ - 2, 1s
a pure polynomial algebra over R. An element P of #,, is a local
formula which is defined on germs of Riemannian metrics on R™,

The invariants Ry’ for the signature complex with coefficients in a
vector bundle E are local formulas in the derivatives of the metric and
in the derivatives of a connection. Let E be an r dimensional vector
bundle with a smooth Hermitian inner product. We describe the ring
2,..» of local formulas in the derivatives of a connection on E as follows:
Let E be the complex r dimensional vector bundle R™ x C”, let Fr be
the canonical frame (¢ ,..., &,), and let D be the germ of a connection on
E. We define the Hermitian inner product on E so that (&, &) = §;; .
We define w;;/(D)(%) as the germ of a function on R™ by the formula:

Wi o DYE) = 8[0X " [(Vosex,es , €1))
Let 2,, , be the complex polynomial algebra generated by the variables
Wt for 1 <5t < 1 <j<m,

and w a multiindex. If Q is an element of Q,, , , we can evaluate Q(D) =
O(D)(x) in the obvious fashion.

Let Z,,., = 2., ® Z,., be the ring of local formulas in the formal
derivatives of a Riemannian metric and of a connection. We evaluate
R(G, D) = R(G, D)(0) in the obvious fashion if R is an element of
R,,.»- We define the functions, order, degree, type, and length on the



CURVATURE AND ELLIPTIC COMPLEXES 349

monomials A of this ring, as follows: Let A be a monic monomial of
R,.r - We decompose 4 = BC where Be#, and Ce 2, .. Let
B = giljl/wl “-gipjp/"),, and C - ‘wyl, e T wﬁ.ql.”]_.q/‘;” . We deﬁne

11’71

D

ord(A):Z!wi\"Fi(E@jl‘Fl)v

i=1 j=1
Ld)=p +9
t(A) = (\ wy ‘7"-) ‘i wp i* 0,'“)7

where the w; are ordered so that | w; | = | wy | > -+

v q
deg, 4 =) wfk) + ¥ &,(k) + the number of times
j=1

i=1
the index & appears in the collection

Gy rserip s Joos Ry gy Ry

We will also use the notation g/, ..., , to denote the variable formally
given by 0/0X, --- 0/0X, (g/.)- Thus, for example, if

A = grpe&remWasn »
then

ord(4) = 7, L(4) = 3, t(4) = (2,2,0,...), and deg,(4) = 5.

If Re %, , is any polynomial, then let cx(A4) be the coefficient of 4 in R.
If cx(A) # 0, then we say that 4 is a monomial of R. We can express
R = 3 cx(A)A. The functions cg(A4) are linear functions on the poly-
nomial ring #,, .. We use these functions to prove various classifying
theorems later in this paper. We say that a collection A4, ,... classifies a
subspace S of #,, . if for every R € S, cx(4;) = 0 for all these A4; implies
that R = 0. This implies that dim(.S) < the number of such 4, . The
difficulty is discovering the correct minimal number of such classifying
monomials for a given subspace.

This ring of local formulas gives maps from germs of connections and
metrics to R. The following lemma states that such a formula is completely
determined by its evaluation on connections and metrics. For technical
reasons, it is often convenient to restrict attention to Riemannian
connections.



350 GILKEY

LemMmA 1.1. Let R be a nonzero polynomial of R, .. Then there is a
germ of a Riemannian metric G and a germ of a Riemannian connection D
so that R(G, D) # 0.

Proof. We define new variables x,, and v/, :
Xstije = [Watisw — Wisira)/2 for s < t,
Votile = [Wstjje T Wegjra]/20 for s < 2.
We can express @y, and g/, in terms of these new variables:

Wstitw = Xsti/w + Wstilw for s <t
Wisilw = —Xstilw + Wstilw for s <t
Wsstjtw = Wasilw

We can express R in terms of these new variables R( Biilw» ¥stilw» Vst Jeo)-
Since R # 0, we can find real constants so that R(g}; Joo » Xotf Jo s ys,] /w) 7 0.
By Taylors theorem, we can find the germ of a metric G so that
gii1(G) = & fo We can also find the germ of a connection D so that

%35/ D) = %35, and so that y,,;,(D) = ¥3y; fo - We replace D by the
Riemannian connection (D + D*)/2; smce Xgy; J» and Voii /o are real
constants, we still have that x /(D) = %3/, and y;.(D) = 3% Jo
Clearly R(G, D) # 0.

We extend these local formulas to manifolds. If G is a Riemannian
metric on a manifold M and if D is a connection on a complex vector
bundle E, then there is no natural way to define R(G, D)(x). First, we
introduce a coordinate system for M and a frame for E.

Let F: N — M be a diffeomorphism. We pull back the metric G to N
as follows: let Y, Y, € TN, . Then

F*G(Yy, Yo)(y) = G(F, Yy, F\ Yy)(Fy).

Since F, is injective, F*G is a Riemannian metric on N. We similarly
define F*E as a complex r dimensional vector bundle over N with a
connection F*D,

We define our local formulas on manifolds using this notation. Let
M, G, E, D be as before, and let x, be a point of M. We let X be a coor-
dinate system centered at x, which is normalized with respect to the
metric at x,, i.e., G(8/0X;, 8/0X;)(%y) = 8;;. X is a local diffeomorphism
from M — R™, There is a unique germ of a metric G(G, X) on R™ such
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that X*[G(G, X)] = G near x,. If P is an element of &, , we define
P(G, X)(x) = P(G(G, X)). P generally depends upon both G and X.
We say that P is invariant if P depends only on G and is independent
of the coordinate system X. For such a P, we define P(G)(x,) as this
invariant value. The scalar curvature K is one such example. We can
express K = g15/10 — (€11/22 + £o2/11)/2 + lower order terms for a
2 dimensional manifold. For a general coordinate system, the formula is
more complicated. Since we have normalized our coordinate system, we
simplify the formula by assuming g;; = 8;; at x; .

E has a Hermitian inner product. So as not to involve the inner product
in our local formulas, we will work solely with orthonormal frames. Let
Fr be an orthonormal frame for E in a neighborhood of x,. There is a
unique connection D(X, Fr, D) so that X*D = D and X*(Fr) = Fr.
We define

(X, D, Fr)(s,) — Q(D(X, D, Fr).

In a similar fashion, we define R(X, G, D, Fr)(x,) for Re %, , .
Let F: N —> M be a diffeomorphism. Since our definitions were
completely functorial, we have the identity,

R(F*X, F*G, F*D, Fr)(y) = R(X, G, D, Fr)(Fy).

A polynomial R is said to be skew-invariant if R(X, G, D, Fr) depends
only on the orientation of the coordinate system X, on the metric G, and
on the connection D. Such a polynomial can also be regarded as an
invariantly defined map from metrics and connections to m forms.

We can construct examples of skew-invariant polynomials as follows:
let P be a Pontrjagin class mapping metrics to 4k forms and let Q be a
Chern class mapping connections to m — 4k forms. The product PQ
belongs to #,, ., and is an invariant map of order m from metrics and
connections to m forms. PQ is skew-invariant as a map to C.

Let [T, (m) denote the number of partitions of m into integers <(r and
let [T (m) = IT,, (m). The subspace of #,, , which is generated by such
products PQ has dimension = ¥, [T, ((m — 4k)/2) [T (k). We will prove
that the subspace of all skew-invariant polynomials of order m has dimen-
sion at most Y, [T, ((m — 4k)/2) TT (k). This will prove that all skew-
invariant polynomials of order m can be expressed in terms of the
Pontrjagin classes of the metric and the Chern classes of the connection.
We will also show that there are no skew-invariant polynomials of
order <Im.

Unfortunately, there are a great many more invariant polynomials
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than there are skew-invariant polynomials. We will need to impose
additional conditions on an invariant polynomial in order to obtain
similar vanishing theorems and to obtain a corresponding characterization
of the Euler class.

For technical reasons, it is much easier to work with Riemannian
connections when considering the formula R}’;. Consequently, we will
assume that a polynomial R is skew-invariant when it is evaluated on
Riemannian connections. We will prove that this implies that R is
skew-invariant when evaluated on an arbitrary connection. We will give
an alternate formulation of the notion of invariance in terms of an action
by a group on the ring %, . .

Let F be the germ of a diffeomorphism of R™ and U the germ of a
map from R™ to the unitary group U(r). We define an action F* and
U* on the ring 2,, , : let G be the germ of a Riemannian metric and D
the germ of a connection. We puli-back G and D to obtain F*G and
F*D. Let Re #,, , and let F~1 be a new coordinate system on R™, Since
F*(F-1y = X, we have the identity:

— R(F-, F*G, F*D).

The pull-back expresses G and D with respect to the new coordinate
system F-1.
Since Fy(0/0X,) = ¥, 0F JoX, 0/6X,, we compute that

2:(F*G) = F*G(e)oX, , 9/oX,) = G(F.o/oX;, F.2/eX))
=Y OF j0X0F [0X,g .
8,1t

With this in mind, we define

F*(gi;) = Y, oF JoX,(0) oF,JoX(0) g -

In a similar way we define F*(g,;,,) and F*(w,,;,,) by using the maps
d"F(0) so that if Re Z then

m.r

F*R(G, D) — R(F*G,F*D)  for all G, D.

By Lemma 1.1, this identity uniquely defines the action F*R. Since we
are only considering germs of metrics with g,(G) = 8;; , we restrict our
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attention to diffeomorphisms F such that dF(0) is an orthogonal
rotation.

Let U be the germ of a mapping from R™ — U(r). Let Fr = (¢,,..., ¢,)
be the canonical frame for R™ x C'. We define a new frame U*Fr —
(o Ué)ser. ] We express the connection matrix relative to this
new frame as follows:

w(U*Fr, D) = " Uywyy(Fr, D) U]y + dU [UT 5

From this identity, we define an action U* on 2,, , so that

m,r

T*Q(D, Fr) = Q(D, U*Fr).

We set U* = | on &, and define a corresponding action on the tensor
algebra %, , .

Lemma 1.2. Let Re R, .. Then the following conditions which define
the notion of skew-invariance are equivalent. (1) R(X, G, D, Fr){(x,) depends
only on D, G, and the orientation of X for all connections D.

(2) R(X, G, D, Fr)(x,) depends only on D, G, and the orientation of
X when D is Riemannian.

(3) U*R = R for all such U. If F is the germ of a diffeomorphism
such that dF(0) lies in O(m), then F*R = det(dF(0)) R = - R.

Proof. We restrict our attention to the case M = R™ and x, = 0
since R(X, G, D, Fr) was defined in terms of these cases. Pull-back by
F* and U* is equivalent to changing the canonical coordinate system for
R and to changing the canonical frame for R x C. Since F*R(G, D) =
R(X,F*G,F*D) = R(F, G, D)andsince U*R(G, D) = R(G, D, U*Fr),
it suffices to prove that the following three conditions are equivalent:

(1) F*R(G, D) = det(dF(0)) R(G, D) and U*R(G, D) = R(G, D)
forall F, U, G, D;

(2'y Condition (1"} for only Riemannian connections D; and

(3')y F*R = det(dF(0))R and U*R = R for all E, U. It is clear that
(3") implies (1) implies (2'). We use Lemma 1.1 to prove (2') implies (3').

The third condition expresses the notion of skew-invariance as skew-
invariance under the action of a group on the ring J’,,, .. In the next
section, we will use this lemma to show that skew-invariance implies
that the form of our local formulas are skew-invariant,
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In this section, we study polynomials which are invariant under the
action of SO(m). The results of this section are closely related to the
famous theorem of Weyl [8] on the invariants of SO(m). These results
are formally equivalent to the contraction of indices used by Atiyah,
Bott, and Patodi. We can also give another proof of Weyl’s theorem by
using these methods.

We use these results to separate variables. We will reduce the classi-
fication of all skew-invariant polynomials of order  in the tensor algebra
A, » to the corresponding classification problems for the rings &, and
2. - This decomposition is the decomposition of a polynomial into
sums of products of Pontrjagin and Chern classes.

We adopt the following notation for the generators of SO(m): let F,;
for a® + b? = | denote the linear rotation of R™ so that F};;(9/6X,) =
adloX; + b0joX; , F},;(0/0X;) = —bd[oX; + ad/0X; and F¥(0[0X}) =
0/eX,, for k £ 1,j. We compute, for example,

Frid giis) = —b[aPgisi + 2abg; ;s + bg501]
+-ala’g;i;; + 2abg;;); + b%g55,5]-

In the following lemmas, we assume that R is a polynomial which is
invariant under the action of a subgroup of SO(m). We use the fact that
the form of R is invariant—F};,;;R = R—to gain information concerning
some of the monomials which must occur in R. The triangular form
theorem, Theorem 2.2, forms the basis for our separation of variables
in the next section.

We describe in some detail the action of O(m) on £#,, . . We study the
symmetric tensor algebra on variables X, ,..., X,, to obtain a simplified
model for this action. Similar, but more complicated notation will be
used for the ring R,,, .. .

Let T be the complete tensor algebra on R™ and let S be the symmetric
tensor algebra. Let F,,;; act on T and S by sending X; — aX; + 0X;,
X; — —bX; + aX;, and X, — X for k # i, j. A basis for the algebra
S is given by the monomials X, ‘- X;, ; a corresponding basis for T is
given by strings of indices s = (4 ,..., ;). There is a natural map from
T — S given by sending s — 4, = X; -+ X;, . This map is not 1-1,
but it is subjective.

We use the action of SO(m) on T to describe the action on 5. We
compute Ffji(s) by formally replacing every 7 index of s by an ai + ¥4
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index and every j index by an —bi - aj index, and by expanding the
resulting expression. Let s;; denote the set of all strings which can be
obtained from the string s by changing ¢ — j or j — 7 indices. If # denotes
the number of i and j indices in s, then there are exactly 2" elements
of 5;; . We express

F* (S) _ z a"(s'S"i'j}bQ(S's,’i’j)(~l)r(s’s"[‘j}s'.

anij
.
8T8y

The exponent of a denotes the number of indices which were unchanged
in constructing s from s. The exponent of b denotes the number of
indices which were changed, and the exponent of (—1) denotes the
number of indices which were changed from j — 7. With this notation,

if 4= A,, then

F* (A~) — z a-p(-»‘,s'.i,j)bq(s.s'.i,f)(;1)?’(&-\",1‘,7‘)[43, .

ay¥i
EMCE

We can have 4, = A, in this decomposition for strings §; 7% 5, . The
coefficient of the monomials reflects the multiplicity with which they can
be obtained from 4 in the symmetric algebra.

We use a similar notation to describe the action of SO(m) on #,, , . Let

§=(,hshk k) and 85 = Liyiyiny--k,

F= sy 58 5005 Ry By) and Wy = Wy g kg, -

To compute Ffy;; , we formally replace every ¢ index by an ai + & index
and every j index by a —bi +- aj index. We compute:

F:bij(gs‘) — Z an(.s’,'s‘,i,j)b'I(s',s".i,j)(_l)r(j-'.f',ij)gs_/1

2w
£ ES,I']'

Fhowg) = 3 T in __y@iidg,

t'et;;

Let R be a polynomial. We decompose Ff;;(R) = ¥ aPb?R,, , , where
R, , is composed of monomials of degree p + ¢ in the indices  and j.
This decomposition is unique for the following reason: Let Fp; ;R =
S aPbR, , be another decomposition. Then ¥ a?b(R,, — R, ,) =0
for all a, b. By decomposing this sum into monomials of degree n in 7, j,
we conclude ¥,,_,,_, a?b" (R, . — R, ) = O for all n. Let ¢ = a/b; since
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we can choose ¢ arbitrarily, the identity ¥, (R, — R, ) =0
implies that R, , = R, ,. We will use this decomposition in the proof
of the following lemma.

LeEmMA 2.1. Let Re R, , be a polynomial. (1) Suppose that g,
divides some monomial of R and that F,15(R) = R for all admissible a and b.

Then there is a multuindex o' so that gy, divides some monomial of R.
(2) Suppose that degy(g;1.) — dega(g,7.) = O. Let

Ers = (0/0X,) (8)0X,)° gyt -

Suppose that Fly1,R = R and that g, , divides some monomial of R. Then
Zris.0 divides some monomial of R.

(3) Suppose that F}y ;R = R for i and j > k,. Suppose R¢ 2,, ..
Then there is a variable g,;;,, which divides some monomial of R such that
degi(gij/0) = 0 for k > ky + 2.

The use of the indices 1 and 2 in statements (1) and (2) is for notational
convenience. We are contracting various indices in this lemma. This
contraction is the formal analog of the contraction of indices in Weyl’s
theorem.

Proof. We proceeed nonconstructively and assume that (1) is false.
We decompose R into powers of g5/, :

R = Z Bﬂ'(glzhu)j'
We also decompose:

R = F;kbi,-R = }: a®h°D, 811/, + other terms not divisible by g4,/ .

By assumption gy, divides no monomial of R, and, hence, D, , = 0.
Let A be a monomial of R such that deg, 4 + deg, A = p + 1. Since
£11/. does not divide 4, we express F,,4 = aPbA’g,,,, -+ other terms.
Suppose that A’ = 0, since the exponent of b is one, we obtain the
monomial A'g,;,, by making all possible changes of one index | — 2 or
2 — 1 in the collection of strings which defines 4. Since g,,,, does not
divide 4, some variable of 4 must change to g;,/, by changing one index.
Since this variable cannot be gy, by hypothesis, it must be g5/, . If
A = (gr2/.)* 4, , then Ffy 04 = —ka?b(gy5/,)g11/.4: + other terms
divisible by a higher power of b or not divisible by g,,/,. This implies that:

z D,y =— ZjBf(g12/w)j_1 =0.
P
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This identity implies that jB; = 0, and, hence, B; = 0 for j > 0. This
contradicts the initial hypothesis and proves (1). The proof of this part
has been detailed in order to illustrate some of the ideas which are used
later. We use the exponent of b to determine the number of indices which
were changed in forming that monomial. In general, we will only be
interested in those terms with exponent one on b.

We prove (2) as follows: suppose that g, . divides some monomial
of R. Let n = r; + s; and choose r maximal so that g, ,_, also divides
some monomial of R. Let s = n — r and assume that s > 0. As before
we decompose R into powers of g, ,

R = z Bj(gv',s)j'
j
We also decompose:
R = Fi R =3 a®'D,, 8.,y + other terms.

Since by assumption g,., . ; divides no monomial of R, D, , = 0. We
proceed as before. Let 4 be a monomial of R such that F¥,,4 =
arbg, , ., A" + other terms. If 4’ £ 0, some variable of A changes to
Zri1.4.1 by altering one index. Since g,,, ., does not divide A4, and
since deg,(g;;/.) = degy(g;js.,) = 0, this variable must be g, .. Since
Fhaa(g,.) = —sba"™g, ., ., - other terms, we have the identity

0= Z Dﬁ,l = Z Sij(g—r,s)i_]'
p J

We have assumed s + 0, and, hence, B; = 0 for j > 0. This contradicts
the assumption that g, , divides some monomial of R and completes the
proof of (2).

We combine these results in the proof of (3). Since we have assumed
that Re 2, ., we can find a variable g;;,, which divides some monomial
of R. First we show that we can assume that deg;(g;;) = 0for k > &y + 1.
If both indices ¢ and j < k, + 1, then there is no need of further
argument. Suppose that 7 > &, ; let F be the coordinate permutation
taking 6/0X,; — 0/0X, ., and 8/6X, ,, — —8/0X; . Since R is invariant
under F* by assumption, F*(g,;,,) must also divide some monomial of R.
We can, therefore, assume ¢ = k, + 1. If j <C ky + 1, we are done; if
J > ky + 1, we apply 2.1-1 to show that g, ., ; .1/, must divide some
monomial of R.
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We assume that g;;/, is chosen so that deg;(g;;/.,) = 0 for & > k; + 1.
We decompose

Lijle = [ 11 (a/an)Tk}gii/w' ; degi(gij/) =0 k> kg + 1.

kgt

We apply Lemma 2.1 (2) several times to show that if » = Y 7, , then
(0]0X} +2) &5/ divides some monomial of R. This proves Lemma 2.1.

The following theorem is a generalization of upper-triangular form for
matrices. We use this theorem to separate variables to prove vanishing
theorems in the next section.

THEOREM 2.2. Let R be invariant under the action of SO(m). Then
there is a monomial A of R such that A = BC for Bin #,, C in 2,,,
and deg,(B) = 0 for k > 2L(B).

Proof. Let A be any monomial of R. We can factor 4 = BC for B
in &, , deg,B = 0 for £ > 2L(B), and L(B) maximal. Let A be chosen
from the monomials of R so that L(B,) is maximal. If Ce 2, ,, then
the theorem is proved so we can assume C¢ 2, ,. We decompose
R = BR, + monomials not divisible by B. Since deg, B =10 for
k > 2L(B), F},;;B = B for i, j > 2L(B). This implies that F},;;R, = R,
for 7, j > 2L(B). We have assumed that R, ¢ 2, . so we can apply
Lemma 2.1 (3) to find a variable g;;,,, which divides some monomial of
R, satisfying degy(g;.,) =0 for k> 2L(B) + 2 = L(g;;,.,B). This
contradicts the maximality of L(B) and proves Theorem 2.2.

3.

In Section 3 we will use Theorem 2.2 to separate variables and to
reduce the classification of skew-invariant polynomials of order <m in
the tensor algebra to the corresponding classification problem for the
algebras 2,, , and %, . We proceed as follows.

LemMmA 3.1. Let R be a skew invariant polynomial of order <m. If
R £ 0, then there is a monomial A of R so that: (1) A = BC for Be &,
and Ce 2,,,.

(2) degy(B) = 0 for k > 2L(B), deg;(C) = 0 for k < 2L(B), and
deg,(C) = 1 for k > 2L(B).
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(3) B and C consist only of second order variables.

(4) There are no nonzero skew-invariant polynomials of order <m.
If m is odd, there are no skew-invariant polynomials of order m.

Proof. Let R # 0. We can find a local system (X, G, D, Fr), D
Riemannian, such that R(X, G, D, Fr)(x,) # 0. We choose a new
coordinate system X' in which all the first order derivatives of the metric
vanish at x,. We also choose a new orthonormal frame Fr’ so that
wg (Fr', D)x,) = 0. Since R is skew-invariant, R(X', G, F', D) =
+R(X, G, Fr, D) 0. This implies that there must be a monomial of
R which contains no first order variables.

Let R, 5= 0 be the polynomial which consists of those monomials of
R which contain no first order variables. Clearly R, is invariant under the
action of SO(m). We apply Theorem 2.2 to find a monomial 4 of R,
suchthat A = BCforBe %, ,Ce 2,,,,and deg, B =0 for k£ > 2L(B).
We will show 4 will satisfy the conditions of the lemma.

Let F; denote the diffeomorphism such that

F(2/6X)) = —8/6X; and  F(8/6X,) = 0/6X, fori = j.

If A4, is any monomial of R, F;*(4,) = (—1)d*:41 4, . Since F; reverses
the orientation, /;*R = —R. This implies that the index j must occur
with odd degree in every monomial of R.

Since deg(B) = 0 for & > 2L(B), there must be m — 2L(B) indices

which occur in the monomial C. Since C€ 2, ,,

ord(C) = ¥ deg(C) = Y deg(C) = m —2L(B).
-1 i>2L(B)
Since B contains no first order variables,
LB
ord(B) = Y |w;| = 2L(B).
J=1
These two inequalities imply that
ord(R) = ord(4) = ord(B) + ord(C) > m — 2L(B) 4 2L(B) = m.

Since we assumed that ord(R) < m, all of these inequalities must in fact
be equalities. We may conclude, therefore, that ord(R) = m, ord(C) =
m — 2L{B), and ord(B) = 2L(B).

607/10/3-3
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Since B contains no first order variables and ord(B) = 2L(B), each
variable of B must be order 2. Similarly, since deg,(C) > 0 for & > 2L(B)
and Y. deg; C = ord(C) = m — 2L(B), only the indices 2L(B) + 1,...,m
can occur in C and they occur with degree 1.

We complete the proof of Lemma 3.1 by showing that C consists only
of second order variables. Suppose that C is divisible by some w,,;,,, for
|w|>1. We can express v = 0X; -+ 0/0X; for s>1. Since
deg; A = deg;, A = 1, these indices occur only in this variable of 4. Let
F denote the dlffeomorphlsm such that

F‘(&/@X,-l) = 3/3)(,~2 , F(@/@ij) = 8/8Xj1
and

F(ojoX,) = 0/0X, for ks£741,7s-

F is orientation reversing, but F*4 = A. This contradiction implies that
C consists of variables of degree <(2. By construction, C contains no
first order variables, and, hence, C consists of only second order variables.
This implies that m is even and completes the proof of Lemma 3.1.

We use this lemma to separate variables. Let & be even with 0 < & << m.
Let 2,, ., denote the ring generated by the variables w,;,, such that
deg(w,;,,) = 0 for i < k. This is the ring of local formulas in the
connection which depend only on the last m — k coordinates. There is
a natural isomorphism from 2, ,.—> 2, .. which is obtained by
renumbering the indices which refer to the coordinate system.

We regard 2, as a subalgebra of Z,. We will define
Fk: e@fm,r = 'ym ® ﬂgm,r - ‘@k @ "@m,k,r .

These maps will enable us to separate a skew-invariant polynomial R
into sums of polynomials of the form PQ where P is skew-invariant in
2., and Q is skew-invariant in 2,, , , = 2,,,,. This will express R
in terms of products of Pontrjagin and Chern classes.

We define F), as follows:

Fulgsin) = {0 if deg,(g),j,1) > O for some ¢ > k,
FASTdale (8syjyr0 € Py otherwise,

F (w ) = 30 if deg‘i(wstj/w) => 0 fOI’ some i < k’
\Ystijm) = 12045/, € Qm,k,'r = Qm—k,r otherwise.
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Let R be a skew-invariant polynomial. Let O, ,... be a basis for the
algebra 2,, ;... We decompose

F(R)y=YP,®0Q, for Pec,.

Let F be the germ of a diffecomorphism on R*. We extend F = 1 on
R™=% _Since none of the variables of 2,, ,. , involve the first & coordinates,
F*=1on 2,,.,. Since F only depends on the first & coordinates, F
commutes with F, and

FiR = +-F,F*R = +F*F,R = £) F*P, ®0,.

Since the Q; were a basis for 2,, ;. ., this implies that F*P;, = 4-P,; for
all such diffeomorphisms F. This implies by Lemma 1.2 that the P,
are skew-invariant polynomials of &, .

Let P/%,... be a basis for the skew-invariant polynomials of %, . We
obtain a new decomposition,

F(R) = Z Pr 0O/ for O*fe2, ., = vuzm-k,r .

We argue as before to show that Q/* are skew-invariant polynomials of
2,_i.r o let F be the germ of a diffeomorphism of R™* and let U be
the germ of a map from R"* — U(r). We extend these maps to R™ to
be independent of the first k coordinates. As before, F* and U* commute
with Fj. since they depend trivially on the first k coordinates. Further-
more, F* and U* = | on &, . We write

FR = LFF*U*R = F*U*F.R = Y P} @ F*U*Q}.

This implies that F*U*Q% = + Q. and that the Q/* are skew-invariant
polynomials of 2, ,. . .

Let R be a skew-invariant polynomial of order m. Suppose that
PxQKx =£ 0 for some i. Since P is a skew-invariant polynomial of Z,
and Q/F is a skew-invariant polynomial of 2,, ;. ,, we apply Lemma 3.1
to show ord(QF) >m — k and ord(P#) > k. This implies that
ord(Q*) = m — k and ord(P}*) = k.

Let f denote the direct sum of the maps F,,

m/2 m/2

f(R) = Z @sz 5 f: ‘%)m.r g Z @ (92]( ® ’Uznkzk,'r)'
k=1 k=1

Let R # 0 be a skew-invariant polynomial of order m. We apply
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Lemma 3.1 to find a monomial 4 = BC fo R such that B e %, (5 and
Ce 2, )., This implies that Fy; 5 (R) % 0. Therefore, f is injective
when restricted to the subset of skew-invariant polynomials of order m
of #,,,

We apply these results to estimate the dimension of the subspace of
skew-invariant polynomials of order m of %, , . We define:

¢(m, r) = the dimension of the subspace of skew-invariant poly-
nomials of order m of &%, , .

¢,(m) = the dimension of the subspace of skew-invariant poly-

nomials of order m of 2, .

¢(m) = the dimension of the subspace of skew-invariant poly-
nomials of order m of &, .

Since f is injective, we can estimate c(m, r) by the dimension of the
image of f. Since f maps skew-invariant polynomials to products of
skew-invariant polynomials of %, and 2,,_, , we can estimate

c(m,r) <Y c{m — 2k) c(2k).

k

In Section 4, we will aplly a slightly modified classical argument to
show that ¢,(m) <[], (m/2). In Section 5, we will show that ¢(m) = 0
unless m = O(4) and that ¢(4k) = TT (k). This will prove that

dm,r) < ¥ 153

k r

We have previously shown that there are X, [, ((m — 4k)/2) T1 (k)
linearly independent skew-invariant polynomials of order » which can
be expressed in terms of the Pontrjagin classes of the metric and Chern
classes of the connection. This proves the following clas51ﬁcat10n theorem
by a simple counting argument.

THEOREM 3.2. Let R be a skew-invariant polynomial of order n of
Ry Then R = 0 for n << m. If n = m, then R can be computed in terms
of the Pontrjagin classes of the metric and the Chern classes of the connection.

We can generalize this result to local formulas which take values in
p-forms. Let M be an m-dimensional manifold. Let I = (4 ,..., 7,) for
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1 <4 < <i,<m. Let R, be a collection of polynomials R, of
R, for | 1| = p. We define the p form

m.r

R/(X,G,D,Fry= Y R(X,G,D,Fr)dX".

{H=p

We let #7, , denote the linear space of all such local formulas R, . R, is
said to be an invariant map from connections and metrics to p forms if
R(X, G, D, Fr) is independent of X and Fr. There is a similar classi-
fication theorem for invariant elements of #%, , .

THEOREM 3.3. Let R, be an invariant map to p-forms of order n. Then
R, =0 for n <p. If n = p, then R, can be computed in terms of the
Pontrjagin classes of the metric and Chern classes of the connection.

We prove Theorem 3.3 by reducing the proof to the case p = n and
applying a counting argument similar to that used in the proof of
Theorem 3.2

There is a natural map | R, > = ¥, (R,)? mapping %5, , — #,, .. We
will use this map in the proof of the following lemma. There is a natural
notion of an action by SO(m) on %5, ...

Lemma 3.4. Let R, be invariant under the action of SO(m). Then there
is a monomial A of some R, such that A = BC for B € Py, 5y and C e 2

m.r-®

Proof. We follow the proof of Theorem 2.2. Let A be a monomial
of some R, such that 4 = BC for B e %,; (5 for L(B) maximal. We
decompose R; = BR,' 4 other terms and let R," denote the collection
R;. We will show that if R, ¢ 2,, ., then there is a variable g;;/,, which
divides some monomial of some R, such that deg,(g;.) = 0 for
k > 2L(B) + 2. This will contradict the maximality of LB and prove the
lemma.

Let G* denote the extension of a Riemannian metric G to the complete
exterior algebra. Then:

| R, 2(X, G, D, Fr) = G¥R,|X, G, D, Fr], R)[X, G, D, Fr]).

Since deg;(B) = 0 for & > 2L(B), I, is invariant under the action of
F; for i, j > 2L(B). This implies that | R, |? is invariant under
the action of Fjy;; for 7, j > 2L(B). Since | R, |2¢ 2, , by assumption,
we apply Lemma 2.1 (3) to find a variable g;;;, which divides some
monomial of | R, |2 such that deg,(g,;/,) =0 for k > 2L(B) + 2. This
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implies that the variable g,;;;, must divide some monomial of R,” and
proves the lemma.

Let R, € %7, .. We say that R, is of order n if each R, is of order .
R, # 0 implies that we can find a local system (X, G, D, Fr) such that
R, (X, G, D, Fr)(x,) # 0. We choose a new coordinate system X' so that
all the first order derivatives of the metric vanish. If R, is invariant, then
R, (X', G, D, Fr) # 0. This implies that R, must contain some monomial
which contains no first order derivatives of the metric. Let R,% consist
of those monomials of R, which have no first order derivatives of the
metric. The map R, — R,% is injective for such R, .

R0 is invariant under the action of O(m). We apply Lemma 3.4 to
find a monomial 4 = BC of some R,. Let R, be of order n. Since R,
is invariant under the coordinate map 0/0X, — —¢&/0X,, every index
of  must appear with odd degree in the monomial 4. There are at most
2L(B) + ord(C) indices which appear in the monomial 4, and, hence,
P < 2L(B) + ord(C). Since A contains no first order derivatives of the
metric, ord(B) > 2L(B), and, hence, n = ord(B) + ord(C) = p. This
implies R, = 0 for n < p.

If n = p, then all the inequalities must be equalities. Therefore, there
are exactly p indices which occur in 4 and deg,, 4 = O for £ notin I. We
can assume that [ = (1,..., p) by a permutation of the coordinate axes.
We have constructed a monomial 4 of R; such that deg, 4 = 0 for
k>p.

There is a natural injection of %, , — %, ,; we define the inverse
map F,’ by
F,'(a monomial A4) = :?4 ii ﬁig::’
We use this map to define the map f, from %, , - #,,. Let R, be
invariant of order p. We define

Fo(Ryp) = F)'(Ry).

For such an R, we have shown that there is a monomial A of R; which
belongs to %, ,. This implies that f(R,) # 0, and, hence, that f is
injective.

Let F be the germ of a diffeomorphism of R? and let U be the germ of a
map from R? — U(r). We extend F and U to R™ in the usual fashion.
Since F depends only on the first p coordinates, +F*(dX;) = dX;, and
consequently, F¥*U*(R;) = --R;. Since both F* and U* commute with



CURVATURE AND ELLIPTIC COMPLEXES 365

F,’, this implies that f,(R,) is a skew-invariant polynomial of order p
in #,, .. Because f,, is injective, we can estimate that the dimension of
the subspace of invariant polynomials of order p of #% . is bounded by
S I1,.((p — 4k)[2) TT (k). Since there are exactly this number of
linearly independent invariant maps to p forms which come from
combinations of Pontrjagin and Chern classes, this completes the proof

of Theorem 3.3.

4.

To complete the proofs of Theorems 3.2 and 3.3, it suffices to show
that ¢ (m) < T7],(m/2) and that c¢(m) <[] (m/4). In this section we
modify a classical argument to show that ¢ (m) < [], (m/2). We have
restricted our attention to orthonormal frames in order to avoid con-
sidering terms involving the metric on the vector bundle E; we must
modify the classical proof to take this into consideration.

Let w,, for | <s, t <Cr be formal variables representing the curvature
tensor. For (D, Fr), we define

w. (D, Fr)(x,) = (DDe,, ¢,) is a 2 form on M.

The w,, variables depend only on the connection D and the value of the
frame Fr at the point x, . We will also write

w(Fr, D)(xy) = w(Fr(x,), D).

Let 2;, , denote the linear subspace of all complex polynomials in the
w,, variables which are homogeneous of order m/2. If Q°€ 23, ., then
O“(Fr(x,), D) is an m form on M. If Fr(x,) is a given orthonormal basis
for the fiber E, , we can always extend Fr(x,) to a frame F(x) which is

flat to first order with respect to the connection D at x, ;
w (X, Fr, D)(xg) = 0 for all s, ¢, j.
In such a frame, we can formally set

We = z Wy AX; dX,
9.k

Let I = (4 ,..., 4,) be a collection of distinct indices 1 <i; < m. We
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define sign(f) so that dX’ = sign(l) dX, --- dX,, . If A°=w,, -
for n = m/2, we define ¢(A4) by:

H(4°) = Z sign(/) Wetrigfia " Wsptpipm_1/im *
7

w S-n. tﬂ

¢ is an injective map from 25, , — 2, . Let U be a unitary matrix.

We define
U*(wy) = Z Uggwey(U)ys

Since U is independent of coordinates, from our definition of the
action of U* on 2,, ., we have the identity

(U*Q) = U*(Q°).

Let O be a skew-invariant polynomial of order m. Let O, denote the
polynomial which consists of those monomials of Q which contain only
second order variables. The map Q — Q, is injective by Lemma 3.1.
Let A = w, 5 15, " We 14, /i, D€ 2 monomial of Qg . Let I = (iy ..., 1,,).
If J = (j1s-»Jm)y we form the monomial B = w, ; /; === w, ;5 .
Since Q is skew-invariant, the coefficients of the monomials 4 and B
are related by the formula

co(4) sign(I) = ¢o(B) sign(J)-

This relation implies that Q, lies in the image of ¢. Since ¢ is injective,
we can find a unique polynomial Q¢ of 25, , such that $(Q) = O, .

If U is a unitary matrix, then ¢(U*Q¢) = U*$(Q°) = U*Q, = Qy =
#(0Q°). This implies that U*Q° = Q°. To every skew-invariant polynomial
O of order m, we have associated such a polynomial Q¢. We will show that
¢(m) < T1, (m/2) by obtaining an estimate for the number of such
polynomials Q¢ satisfying U*Q¢ = QO° .

We reinterpret the space 2, .: let A; be a matrix. We define
wy(A) = A, and extend this to 25, , . If U¥Q® = Q¢, then U*Q4(4) =
Q(UAU) = Q4A) so Q¢ is invariant on the conjugacy classes of the
unitary group. We use this property to obtain an estimate for the
dimension of all such polynomials Q°. We first prove the following
lemma which is the analog of Lemma 1.1.

LemMa 4.1. Let Q° 5 0 be a polynomial of 2, ,. Then there is a
matrix A = A;; such that
(1) 94) # 0 and
2 A4;= —4;.
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Proof. We follow the proof of Lemma 1.1. We introduce

wy = Wy — w,)2  and vy, = [wy + w,]/20 fors < 1.
We express w,, and w,, in terms of the new variables:
Wy = Xy -+ iyst and Wy = —Xg + iyst .

We express O in terms of the new variables and write Q¢(x,, , v,;) #= O.
Let %2, and y! be real constants such that Q¢(x%,, y3,) = 0. We set
A=A, =222+ and 4,, = —xf, + 1% for s < 2.

Suppose that O £ 0 satisfies U*Q° = Q¢ for all unitary U. Let 4 be
chosen so Q°(A4) # 0 and so that 4; = —A4;;. A is skew-Hermitian,
so we can find a unitary matrix U such that UAU! is diagonal. This
implies that O° does not vanish on at least one diagonal matrix. If we
restrict the set of all such to Q¢ diagonal matrices, we obtain a symmetric
function of order m(2 in the diagonal entries. Since there are exactly
[T, (m/2) such symmetric functions, this proves that there are at
most [T, (m/2) such Q¢ and proves that ¢, (m) < [, (m/2).

5.

In this section, we will complete the proofs of Theorems 3.2 and 3.3
by showing that c¢(m) << [] (m/4). In Section 4, we proved a similar
result for the algebra 2,, by using the associated polynomial Q¢ of the
curvature tensor. Since Q¢ does not vanish on all diagonal matrices, Q¢
must have at least one monomial 4 ¢ of the form

A4, = H (wee)"™ for Zp(&) =n=mj2.

S

We can assume that p(1) > - > p(r) by permuting the indices. For
such a p, we choose A, as any monomial of ¢(4,°).

There are exactly T, (m/2) such monomials and they classify the
skew-invariant polynomials of order m. If ¢,(Q) = cy(4,), then O 0
implies that ¢,(Q) # 0 for some p. The functions ¢, form a dual basis
for the space of skew-invariant polynomials of order m of 2,, ..

We cannot apply a similar diagonalization argument to £, because
we cannot separate the frame for TM from the coordinate system. We
can, however, prove an analogous result.
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REeSULT. Let P be skew-invariant of order m. There is a monomial A
of P of the form A = g1/, *** 8nn/w, SUch that deg; A = 3 for i < n and
deg, A =1 for i = n. |w; | = 2 and there are two indices p(i) < n and
x(i) > n so that g1, = Lii/p2w -

Such a monomial 4 is said to be almost diagonal. It is characterized by
the functions p, x. We view p as a permutation of the indices 1 — »
and x as a function from the indices 1 — # to the indices # - 1 through
2n = m; we let

n
A;n,m = l—_[gii/p(i)ac(i) for such b, x.
i=1
Let ¢; be any permutation of the first # indices, and let g, be any
permutation of the last # indices. Let ¢ = ¢,¢,, and let

F0/0X;) = 0/0X ) -

It is clear that F,*(4,, ,) = Ay pg;t,q,. - We can, therefore, replace the
permutation p by any conjugate permutation and the function x by any
other function.

Let p be a permutation. We decompose p into cycles of length
(t1,...) = t(p) for t; > .... Two permutations p and p are conjugate if
and only if their cycles are the same length, i.e., #(p) = #(p). Let
t = (t,..) for 3 t; = n. We choose A4, such that the permutation
associated to A, is of this type. The monomials 4, classify the skew-
invariant polynomials in the sense that P s 0 implies that there is a
monomial 4, so ¢,(A4,) # 0. There are T (m/2) such conjugacy classes
of permutations, and, hence, ¢(m) < [] (m/2).

If E is a real vector bundle and if D is a Riemannian connection, then
the relation w, = —w,, implies that the Chern classes vanish in
dimension = O(2). In a similar way, we will show that the permutations
for such almost diagonal monomials contain only even cycles. This
implies that there are no skew-invariant polynomials of order m unless
m/2 is even, i.e., m = O(4). It also enables us to reduce the set of
classifying monomials A4, to those with only even cycles. This proves
that ¢(m) < I1 (m/4).

We establish the existence of such almost diagonal monomials
indirectly. We will show that P % 0 and P contains no almost diagonal
monomials contradicts the skew-invariance of P.

Let P be a skew-invariant polynomial of order m. We first prove an
analog of the Bianchi identities. Let B be a monomial of P. Let t = #(B)
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be the type of B. We form P, as the polynomial consisting of the mono-
mials of P of type ¢t. P, is invariant under the action of SO(m) so we
apply 2.2 to construct a monomial 4 of P, such that deg, 4 = 0 for
k > 2L(A). Since P is skew-invariant, every index must appear with odd
degree in every monomial, and, hence, 2L(A4) > m. Since L(4) = L(B),
this proves that 2L(B) = m.

If P+ 0, we can find (X, G) such that P(X, G)(x,) # 0. Let X’ be
geodetic polar coordinates centred at x,. Since P is invariant,
P(X', G)(xy) # 0. This implies that there is a monomial 4 of P which
does not vanish in geodetic polar coordinates. Let t(4) = (¢, ,..., ¢, , 0,...).
Since 27 > m, this implies that m = Y71, > Y2 = 2r. This implies
that all these inequalities must be equalities and that » = m/2 and each
t;=2.

In geodetic polar coordinates, we have the identities,

gum, G) = giom(X', G) = gnn(X', G) = 0,

gunl X'y G) = goai(X', G) = —giana( X', G)/2.

We interpret these identities quantitatively.

Lemma 5.1. Let A be a monomial of P consisting of only second order
variables. Then (1) g11/11, £12/11 , And g1/12 do not divide A;

(2) If A= gimA', B = gis124" for gi1/an and giay, not dividing
A', then cp(A) = —cp(B))2.

Proof. We could prove Lemma 5.1 by expressing P in geodetic polar
coordinates as a function of the curvature tensor R,;;,;. We then reexpress
the resulting expression in terms of the g, variables and use the
Bianchi identities to prove (1) and (2). Instead, however, we will prove
these results directly by using the invariance of P under a suitable group
of nonlinear coordinate transformations.

Let X be the canonical coordinate system of R™ and let F(X) be the
germ of a diffeomorphism

F,=X,+aX* F,=X; forj> 1.
Then we compute

F,(8/eX,) = (I + 3aX2)0/6X,, F.(0/eX)) = 86X, forj > I.
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Since g;; = O(] X |), and gy; = 1 + O(| X |}, we compute

F¥(g) = gu + 60X + O(| X ), FXgy) = g + O( X %) otherwise.
For | w | < 3, F,(0/0.X~) = 8/6X«, and, therefore,

F*gum) = &gnm + 12a
and

F*(gii/0) = 8i570 for |w| <3 otherwise.

Suppose that some monomial of P is divisible by g,,/,; - Let 4 = gl A’
be a monomial of P of type (2,...). Then F*4 = 12ajgii;; A’ + other
terms. Let B = g{7/;;4’". We decompose

F*P =Y aiP;.

Since a is arbitrary, P; = 0 for 7 > 0. Since F*4 makes a nonzero
contribution to P, there must be some other monomial 4’ of P such that
F*(4,) = ¢(A4,)aB with ¢(4,) # 0. Suppose that 4, contains a first order
variable. Then F*(g,;/.) = g/, implies that every monomial of F*4,
contains a first order variable. Therefore, 4, consists of only second
order variables. Since F* (g“ lw) = 8ijiofOr | @ | = 2 unless gw o = £11/11 »
we decompose A; = gl u4,". Then F*4, = 12akgn irdy’ + other
terms. Since F*A4, makes a nonzero contrlbutlon to ag]y /HA we conclude
that 4, = A. Thls contradiction shows that g;,/;; divides no such mono-
mial of P.

In a similar fashion we prove that g,,,,, divides no such monomial of
P. Let F be the diffeomorphism

F,=X,+aX,® and F;=2X, forj+2.
As before
F. (86X, = 8/6X, + 3aX20/0X,, F.(0/0X)) = 8/6X, forj> 1.
We compute

F*(g1a/11) = g1am + 6a,
F*(gii/0) = 8iis otherwise | w | < 3.

We argue as before to show that F*P = P implies g45/1; divides no such
monomial of P,
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We complete the proof of (1) as follows: Let F be the diffeomorphism
with
F, = X, +aX2X, F;,=2X; forj>1.
Then
F.(8/6X,) = 60X, + 2aX,X,0/6X, ,

F(6/6X,) = 8]6X, + aX%6[6X,, F(8/6X)) = 8/oX; forj > 2.
We compute

Fo(gnne) = gune + 4a, F*(g12m1) = g12m + 24,
F*(g5/.) = £ii7, Otherwise for | w | < 3.

In this case, there are two variables of order 2 which we must consider.
However, we have already shown that g,/,, divides no monomial of
type (2,...). We can argue as before to show that g, ,;, divides no such
monomial.

We complete the proof of Lemma 5.1 by using invariance under the

action of SO(m). Let

A = gumed’, B = g4, C=gumd

We set n = degy(A4) 4 degy(A4). Let F,,;, be the linear coordinate
rotation. We decompose F*P = a"1bc(P) g111,4" + other terms. Since
F*P = P; we conclude that since g/, divides no monomial of P,
¢(P) = 0. Let A4, be a monomial which makes a nonzero contribution
to ¢(P). Since gy,/,, does not divide A, , there is a variable g;;,, of 4,
which changes to gy;/1, by altering one index. Therefore, 4, = 4, B,
or C. We have already proved that C is not a monomial of P. Since
&11/02 and gy5/15 do not divide 4’ by hypothesis,

PXA) = —2anhg, A"+ and  FX(B) = —a"lbgyy A’ +

This implies 0 = —¢(P) = 2cp(A) + ¢,(B) and completes the proof of
Lemma 5.1.

For the remainder of this section, we will restrict our attention to
monomials which consist solely of second order terms. The following
lemma shows that there is a monomial of P in which m/2 indices have
been contracted. We will use this lemma to prove that there exist
almost diagonal monomials of P.
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We define the notion of touching for use in the following lemma.
We say that the index 7 touches the index j in the monomial 4 if 4 is
divisible by either the variable g;; ., or by the variable g, /;; for some
indices k and &". We say that the index 7 is contracted in A4 if ¢ touches
itself in A.

LEmMMA 5.2. Let P be as previously. Then there is a monomial A such
that (1) deg,A < 3 for all k;

(2) every index of degree 3 touches itself and exactly ome index of
degree 1;

(3) there are exactly m|2 indices of degree 1 and m[2 indices of
degree 3.

Such a monomial is said to be fully contracted.

Proof. Consider the set of all monomials 4 of Psuch that 3 (deg, 4)?
is minimal. Among all these monomials, let 4 be chosen such that the
number of indices which touch themselves in 4 is maximal. We show
A satisfies (1)-(3).

Let 7 be an index such that deg; 4 = 1. The index 7 touches an index J
in A. Suppose that deg; A = 1. Let F; be the rotation such that

F,(0/6X,) = 8/6X,, F(8/2X,) = 8/6X, and
Fi](a/aX,‘) - a/aXA. OtherWise-

Since deg;4 = deg;4 = 1, and i touches j in 4, F}(4) = A. F} maps
monomials to monomials and F}P = —P. This implies 4 is not a
monomial of P. This contradiction shows deg; 4 > 1.

Let degi(A4) + 1 = n be even, and let k;, denote the number of
indices distinct from 7 and j which touch themselves in 4. Let P, be the
polynomial consisting of those monomials B of P such that

(1) deg, B = deg; A4 for k& £ i, J;

(2) the number of indices & # 7, j which touch themselves in B
18 ky .

Py is invariant under the action of the linear rotations Fj;;; since our
defining conditions did not depend on the indices 7 and j. For such a
monomial B, deg; B 4- deg; B = n, and, hence, deg? B 4 deg;? B <
1 + (» — 1)2 This implies ¥ deg,? B < Y. deg;,? 4. Since Y deg;2 A is
minimal, these inequalities must be equalities. Therefore, 3 deg,? B is
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minimal. Since deg? B + deg? B =1 - (n — 1), we conclude that
either deg; B = 1 or deg; B = 1.

Since the index 7 touches j in A4, A is divisible by either g/, or by
g l+j - We assume the former for notational convenience and write

4= gi]’/a)A,'

We decompose Fyp;;Py = Py = a"be(Py) g;5/,4" + other terms. Since
P is skew-invariant and degy(g;;/,) 1s even, ¢(Py) = 0. Since F}};;(A4)
makes a nonzero contribution to ¢(P,), there must be at least one other
monomial B of P, which also makes a nonzero contribution. Let B # 4
be that monomial such that Ff;;(B) = a"'be(B) g,;/,4" + other terms.

Since the exponent of b is one, one variable of B changes to give
8" by altering one index ¢ — j or j — 7. In the later case, B = 4.
Therefore, B changes to g;;/,4" by changing an 7 — j. This implies that
deg; B = 3 and that B is divisible by g;;/,- . Since either deg, B = 1 or
deg; B = 1, this implies deg; B = | and n = 4. The index 7 touches
itself in B, and, consequently, there are k, 4 | indices which touch
themselves in B. This implies that &, + 1 indices touch themselves in
A and that j must touch itself in 4.

We summarize these results as follows: Let deg; 4 = 1. The index
touches an index j such that deg; 4 = 3. The index j touches itself in 4
and touches no other index in 4. Let S denote the set of indices 7 such
that deg; 4 = 1 and let T denote the complementary set. The relation
of touching gives an injective map of S - 7. This shows that
ISI<|T|=m—|S] and that | S| <<m/2. We estimate 2m =
Yedeg, A+ Yrdeg, A= |S|+3|T)=3m— 218 This implies
that m/2 < | S| and that | S|{=|7T|=m/2. The map given by
touching must be bijective. This proves every index is of degree 1 or 3
in 4 and that the indices of degree 3 touch themselves and exactly one
other index of degree 1. This proves the lemma.

We consider only fully contracted monomials for the remainder of this
section. We define the function A(A) to measure the extent to which such
monomials are almost diagonal:

k(A) = —1 if 4 is not fully contracted or if cp(4) = 0,

— 3 — few 4
=p if 4 = gll/wl gzw/w,)A ’

= 0 otherwise.

We will prove that there are monomials for which k(4) = n = m/2.
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We will complete the proof that c(m) < ] (m/4) by showing that the
permutation defined by such an A4 contains only even cycles.

LemMa 5.3.  Let A be a monomial with k(A) > —1. Then (1) Let i and
J be indices such that deg; A = 3, deg; A = 1, and i and j touch in A.
There is a unique monomial A which is formed by interchanging an i and j
index. k(A) > —1 and c,(A) + cx(A) = 0.
(2) Letd,j, r, s be indices which are not necessarily distinct. Suppose
A = gii/,sA', set Ay = gog5;4". Then k(A,) > —1 and c,(A) = cp(4,).
(3) Suppose that k(A) is maximal among all the monomials of P. Let
i > k(A). Then gy, and g,,;;; do not divide A for r + 5. If deg; 4 = 1,
then g, and g,,,; also do not divide A for r = s.

Proof Let A, be the monomial which is formed by changing the
single 7 to an ¢ 1ndex For example, if 4 = g;/,, 8/, A', then 4,
iilw Liijn, A’ Since A, is not a monomial of P, we express Fa,mP =

a®bc(P) Ay + other terms and conclude ¢(P) = 0. The only monomials
which make a contribution to c(P) are 4 and 4, and, hence, 0 = c(P)
cp(A) + cp(A). It is clear that since 4 is maximally contracted, so is 4,
and, hence, k(4) > —1.

We prove (2) by considering different cases. It is clear that 4, is
maximally contracted and we need only prove the coefficient relation.
We assume first i = j and r = 5; from Lemma 5.1 (1) r # 7. Since
k(A) > —1, deg; A" = 1 and g,;/,, » Lirfir » and g,,/;; cannot divide A'.
We apply Lemma 5.1 (2) to show cp(gigimd’) = —ca(Zirion )2 =
CP(grr/iiA,)'

Next we assume that i = j, but that » 5 s, since 4 is maximally
contracted we assume for notational convenience that deg, 4 = 3 and
deg, A = 1. Again by Lemma 5.1 (1), 7 # r and 7 # 5. We apply the
procedure of (1) to construct A = g;;/,,A" and 4, = g,,/uA such that
cp(A) + cp(A) = cp(Ay) + ¢p(A;) = 0. We apply the previous paragraph
to show that ¢,(4) = cp(4,), and, hence, c,(4) = cy(4,). The case in
which 7 ¢ j and 7 = s follows from this case.

We finally assume that ¢ 5 j, r # s; since 4 is fully contracted all these
indices are distinct. For notational convenience we assume deg, 4 = 3
and deg, 4 = 1. We construct 4 = g;;/,, A" and 4, = g,,,;A'; by
Lemma 5.2 (1) we conclude cp(4y) + ¢p(A;) = cp(A4,) + cp(4;). From
the previous paragraph, we have cp(4) = cp(4,;), and, hence, c,(4) =
cp(4,y).

We prove (3) as follows: Decompose A = BC for B = gy,/, *** &pp o,
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and p = k(A4). Suppose first that g, divides 4. Since 7 > p, g;i/.,
divides C. By a permutation of the coordinate axes, we may assume
1= p -+ | which contradicts the maximality of k(A4). We assume that
Zrejie divides 4 for r =£ 5. Since r £ 5, g,.; divides C. We write
C = g,.:C". We apply (2) to conclude that g;,,.C'B is also a fully
contracted monomial of P. This contradicts what we have just proved.

In a similar fashion, we use (1) to prove that if either g, or g,.;;
divides such a monomial A4, then g,;/., or g,.;; divides a monomial A
which also satisfies #(A) = p. This contradicts the preceding paragraph
and the lemma is proved.

We can now show that there exist almost diagonal monomials of P.
Let A be a monomial with k(A4) maximal. We assume that k(4) < n =
m/2. There must be some index ¢ > k(A4) such that ¢ touches itself in 4.
As a consequence of Lemma 5.3 (3), this variable must be of the form
&rriii - Also as a consequence of Lemma 5.3 (3), 7 << k(A4). We can assume
for notational simplicity that » = | by a permutation of coordinates.

The monomial 4 is maximally contracted, and, therefore, deg, 4 = 3.
This implies that the index | appears in one other variable. Suppose
that 4 = gy /0A4. We apply Lemma 5.3 (1) to construct
A = g1,0) /1811 /0 A’ With k(A) = k(A). This contradicts Lemma 5.3 (3),
and, therefore, g4, /58, cnA° = A.1f r == 5, we apply Lemma 5.3 (2) to
construct 4; = g11/::81,(1) /-4  such that k(A4,) = k(A). This contradicts
what we have just proved, and, therefore, 4 is of the form

A = gnignnend’

(by a permutation of the coordinate axes we can assume 7 = 2).
We take g maximal so that &(A4) is maximal and 4 is of the form

A = g11/ii8o21.20) " Baarar.eta-nA -

Since deg, A" = I, ¢ must appear in some variable of 4’. We suppose
first that 4" = g,.(»/.4y . We apply Lemma 5.3 (1) a total of ¢ times to
the pair (j, x(j)) to construct the fully contracted monomial of P

A = grewy 8@ m * Barle v -

We also apply Lemma 5.3 (2) to construct the fully contracted monomial
of P

A; = giinaw&itrzs@ " LegrwAo -

607/10/3-4
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Since k(A,;) = k(A), this contradicts Lemma 5.3 (3) and shows that 4
must be divisible by g,./0.() - By Lemma 5.3 (3), this implies 7 =
s << k(A). We can assume r = ¢ + | by a permutation of the coordinate
axes. This contradicts the maximality of ¢ and completes the proof that
there exist almost diagonal monomials

A = gll/w1 '“g'nn/wn n — m/Z

At the beginning of this section, we described a permutation of the
indices 1-# which was associated to such a monomial 4. Suppose that
this permutation has a cycle of odd length. We can assume that

A = g0 " 8ot 5m1/50() Essna A -

We assume s is odd: s > 1 by Lemma 5.1 (1). We will show that this
implies that ¢,(A4) = 0 and contradicts the fact k(4) = m/2. We apply
Lemma 5.3 (1) a total of s-times to construct

Ay = gon@m T Esatadis—1,5-1812) /ssA >

such that ¢p(A4,) = ¢p(A4). We apply Lemma 5.3 (2) a total of s times to
construct

A, = gone) ”'gss/s~1,w(s—l)gll/sx(s)Al-

Since s is odd, cp(A) = (—1)° cp(A;) = —cp(4,). Let g be the per-
mutation defined by ¢(j) = s + 1 —j and ¢(x(j)) = x(s + 1 —j) for
j <s; g(k) = k otherwise. F, is orientation preserving and F,*(4,) =
Es—1.5-1/sals) """ B11/oc @ Essiz A" = A. This implies cp(A) = —cp(4,) =
—cp(F,*A)) = —cp(A), and, hence, c¢,(4) = 0. This completes the
proof that ¢(m) = 0 unless m = O(4) and ¢(4k) = [T (k).

6.

If M is a spin manifold, we can represent the DeRham complex by
using the spin complex with coefficients in the contragredient represen-
tation. We show that P,™ = 0 for n < m and that P,™ = cE,, since we
can imbed any germ of a metric on R™ in a spin manifold. We compute
d = 1 by integrating over the classifying manifold M = S§2% X --+ X S2
This proves the classical result that [,, E,dvol = Z(M) for any
manifold M.
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The DeRham complex is functorially defined independent of an
orientation. The polynomials P, are invariant in &,; they are skew-
invariant as maps from metrics to m forms. We cannot conclude that
ord(P) << m implies P = 0 based only on the assumption that P is
invariant. We will need an additional axiom which we motivate as
follows: Let M be a spin manifold and let P be the principal SO frame
bundle for 7M. Let Q be the double covering SPIN bundle giving the
spin structure. Let p: SPIN — SO be the usual representation of
SPIN on R™ given by Clifford multiplication, p(x)y = xyx—1. For
further details on Clifford modules, the reader is referred to [I].
Then Q, x R = TM. We extend p to a representation of SPIN on
the module ClLiff(R™). There is a functorial identification of Cliff(R")

with the exterior algebra on R" which shows
0 & Clff(R™) = A(TM).
o

Since M has a Riemannian structure, we identify TM and T*M.
There are four other natural representations of SPIN on the Clifford
algebra. Let SPIN act on Cliff(R™) & C by multiplication from the left.
This representation decomposes into 2™/2 equivalent representations 4+.
We can also let SPIN act by multiplication by the inverse on the right.
Similarly, this representation decomposes into 2™/2 equivalent represen-
tations 4'+, We construct corresponding vector bundles 4+ and 4'+
from the principal bundle Q. We can use these four bundles to reconstruct
the signature and DeRham complexes.
It is clear from the definition that:

p=UrDA)RMAT DA™),
AT*M) = (4 @ A7) & (4"~ @ 4™).

and, hence,

Let e ,..., ¢, be an orthonormal basis for R™ Let ¢ =1¢, - ¢, in
Cliff(R™). Since e commutes with SPIN, we define a corresponding
element e of CLiff( TM). The choice of e or —e amounts to an orientation
on M. By definition, multiplication by e on 4+ from the left is just 41,
while multiplication by e~ on 4 from the right is also 1. Since e = 1,
we can decompose A(7T'M) into eigenspaces A+. We can also decompose
A into spaces /° which commute and anticommute with e. We compute

A=A = (4 = ) @ (4 ® A7)
Ae — A0 = (4% — A7) @ (4'F — A7),

and
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The leading symbol of the differential operator for each complex is
Clifford multiplication. By functoriality, we can express the lower order
symbol of the operator in terms of the first derivatives of the metric.
This term will vanish for geodetic polar coordinates; hence, the differ-
ential operators will agree. We compute P,™ by constdering the spin
complex (4+ — 4~) with coeflicients in the virtual bundle (4'+ — 4'-).
We apply the results from the Introduction to show that P,™(G)(x)
vanishes identically for # <m and G a spin metric. This implies
P,m =0. We conclude that P,;® can be computed in terms of the
Pontrjagin classes of M and Chern classes of (4’ — 4'~).

If we can show the the Chern classes of this virtual bundle can be
computed as Pontrjagin and Euler classes of T, then we could
express P,™ = cE,, + P,™ where P, is skew-invariant. Since both
P,» and E,, do not depend on the orientation of M, P,™ = 0 and
P,™ = cE, . This completes the proof of the result given in the
Introduction for the DeRham complex.

We must describe those elements of £, which can be defined by the
Chern classes for some functorially defined vector bundle. Let P, be a
collection of polynomials P, which takes values in p forms. We assume
that P is invariant under orientation preserving diffeomorphisms. (This
is certainly true for the Chern classes of 4’ — 4'~))

Let F: 9]0 X, — —0/¢X, . We decompose P, = P} 4 P;? for

Pl = (P, +F*P)2 and PP = (P —F*P)2.

Let P, denote the collection P,* and P, the collection P2 P, is an
invariant map from metrics to 2k forms; we can apply our previous
classification theorem to P, . However, P,? is a skew-invariant map from
metrics to 2k forms and we will need an additional property to express
the fact that P, comes from a Chern class.

Let C be a characteristic class; our model will be P, = C(4'~). Let
G, be the germ of a Riemannian metric R™-1. We give the flat metric
to the last coordinate and let G X 1 be the product metric on R™. Since
the connection defined by the metric is flat in the last coordinate, we can
define a vector bundle on R~ which pulls back to 4'~. By functoriality,
C(4’-) is the pull-back of a p form on Rm™-L This implies that if
deg,, (I) > 0, then PG, x 1) = 0. Suppose that 4 is a monomial of
such a P,. If deg,(4) = 0, then we can find a flat metric such that
PG, x 1) 3 0. This implies that deg,, (4) > 0 for all such 4. We define

P, is complete if deg,(I) > 0, cp(A) # 0 implies deg,,(4) > 0.
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Of course, if P, is invariant under the action of SO(m), we can replace
the index m by any index. If p = m, then P is complete if and only if
F;n—l(P) = O;F;I2~1 : ‘%n g ‘07;!1—1 :

‘THEOREM 6.1. Let P, be complete of order n and invariant under
orientation preserving diffeomorphisms. If n < p, then P =0. If n = p
and p < m, then P is invariant under all diffeomorphisms and can be
computed in terms of the Pontrjagin classes. If n = p = m, then we
decompose P = cE,, + P where E,, is the Euler class and P is a characteristic
class.

We combine this result with the results of Section 3 to show that the
characteristic classes of 4'* can be computed in terms of the Pontrjagin
classes and the Euler class of TM.

We can prove that the polynomials P,™ are complete without using
the spin representation by using the multiplicative property of the
DeRham complex. Let E be an elliptic complex over the manifold M
and F a complex over N. There is a natural elliptic complex E ® F over
M < N. Let f(t, x, d;) denote the asymptotic expansion for E and
f(t, &, dg) the corresponding expansion for F. Then f (¢, x, d) f (¢, ', d)
is the corresponding expansion for E ) F. This implies that

B, (x, %', dg...p) = Z B (x, dg) B,_,(x, dF).
b

Since we have given S! a homogeneous metric, | B,(x, d) = 0 implies
that B, (x, d) vanishs for the DeRham complex on S We apply the
product rule to show that P,"(G x 1) = 0 for all such G and hence the
polynomials P,* are complete.

Proof of Theorem 6.1. First we decompose P, = P,! + P,? such
that P! is invariant and P,? is skew-invariant. P, is complete implies
that both P,! and P,? are complete. We, therefore, assume P, = P2
If P + 0, then there must be a monomial 4 of some P, which consists
of only second and higher order variables. By Lemma 3.4, 4 consists of
only second order variables and # = p. If deg,,(/) > 0, then deg,(4) >0
by hypothesis. By permuting the coordinate axes, this implies that
deg,(I) > 0 implies deg,(A4) > O for any index 7. On the other hand, if
degy(I) = 0, then deg; 4 must be odd since P, is a skew-invariant map
to forms. This implies deg,(4) > 0 for all i Since deg,(4)= 0 for
k > 2L(A) = n, this implies m < n, and, hence, m = p = n.
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Let A be a monomial of P containing no first order terms. Since every
index must appear in 4, 2m = ¥ deg;, A > 2m and every index appears
with degree 2. Furthermore, 4 consists only of second order variables.
By Lemma 2.1 (1), we may assume that 4 is divisible by g;,/;,4". Since
degy 4 = 2, degy(J, k) = 0, and we can apply Lemma 2.1 (2) to conclude
that 4 can be chosen divisible by g,,/,,4". Since deg; A + deg, A = 4,
deg, A’ + deg, A" = 0. We proceed inductively to show that A =
Z11/22 " Em—1.m—1/mm MUst be a monomial of P.

This monomial classifies the subspace of all complete invariant poly-
nomials of order m. Since E,, is complete and invariant, we set

¢ = cp(r1/22 "'gm-l,m—l/mm)/‘Em(gn/zz Bt me1m)"

Since P — cE,, i1s complete and invariant and since the monomial
L11/22 *"" Emt.m—1/mm d0€S NOt appear in this polynomial, P — cE,, = 0.

7.

In this section, we present some combinatorial results concerning the
asymptotic behavior of the eigenvalues for the Laplace operator. These
results were obtained by combinatorial methods which are not of special
interest. For part of the computations, a computer program was used.
Further details are available from the author.

Let M be a smooth compact m dimensional Riemannian manifold
without boundary. Let D,™ be the Laplace operator dd* -+ d*d acting on
p forms. The operator D,™ is positive, elliptic, and self-adjoint. If u,

are the eigenvalues and 6, the eigenforms of D™, we let

f %, D) = Z exp(—u)(0; , 0;)(%).
It is well known [3, 6] that f(t, x, D,™) is well defined for Re(¢) > 0 and

has an asymptotic expansion as ¢t — 0 of the form,
f(t,x, D,m) = Y B,(x, Dymytmm2 (B, = 0 for n-odd).
n=0

The functions B, (x, D,™) depend only on the Riemannian metric of the
manifold. We use the notation P}, to denote these invariants of the
metric. In the notation of the Introduction

P =% (=1)"P,.
F 4
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It is very difficult to compute these invariants explicitly. We have,
however, been able to obtain some results along this line. Let K denote
the scalar curvature on M and let K, denote (—d*d)*~2/2K. Let d, be
the constant d, = 2%/%(1 - 3 - --- - (n + 1)). Then

P (o (" 2 (25— o () ) Kafldamyy

- lower order terms.

This result also permits us to prove that P,” = 0 for n > m and m, n
even, i.e., that there exist Riemannian metric so that the invariants
P,™(x, metric) # 0.

For a two dimensional manifold, we have computed the invariants
P, for n =0,2,4,6, 8 by using a computer program. Let K denote
the scalar curvature and let D = —d*d denote the ordinary Laplacian.
We will let DKDK denote D(K - DK) and (DK)? denote DK - DK.
With this notation, our computations were as follows:

P2, == 1/4nd,

P2, = 2K/4nd, ,

P%, = (4DK - 4K?)/4nd, ,

P2, = (6DDK - 8DKK - 12KDK + 32/3K?)/4nd, ,

P%, = (8DDDK + 12DDKK + 24DKDK + 8(DK)? + 16KDDK

-+ 40DKKK + 72KKDK + 48K%)/4nd, .

We are currently extending our computer program to cover the cases
n>8 and m > 2.
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