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Abstract

The Chern—Simons-like theories of gravity (CSLTG) are formulated at first order formalism. In this for-
malism, the derivation of the entropy of a black hole on bifurcation surface, as a quasi-local conserved
charge is problematic. In this paper we overcome these problems by considering the concept of total vari-
ation and the Lorentz—Lie derivative. We firstly find an expression for the ADT conserved current in the
context of the CSLTG which is based on the concept of the Killing vector fields. Then, we generalize it to
be conserved for all diffeomorphism generators. Thus, we can extract an oft-shell conserved charge for any
vector field which generates a diffeomorphism. The formalism presented here is based on the concept of
quasi-local conserved charges which are off-shell. The charges can be calculated on any codimension two
space-like surface surrounding a black hole and the results are independent of the chosen surface. By using
the off-shell quasi-local conserved charge, we investigate the Virasoro algebra and find a formula to calcu-
late the central extension term. We apply the formalism to the BTZ black hole solution in the context of the
Einstein gravity and the Generalized massive gravity, then we find the eigenvalues of their Virasoro gener-
ators as well as the corresponding central charges. Eventually, we calculate the entropy of the BTZ black
hole by the Cardy formula and we show that the result exactly matches the one obtained by the concept of
the off-shell conserved charges.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

As is well known, the concept of conserved charges of gravity theories is related to the con-
cept of the Noether charges corresponding to the Killing vectors which are admitted by solutions
of a theory. There are several approaches to obtain the mass and angular momentum of black
holes solutions of different gravity theories [[—15]. According to the Arnowitt, Deser, and Mis-
ner method (ADM method) [2] one can obtain the conserved charges of an asymptotically flat
spacetime solution of a general theory of relativity, but this is not a covariant method. The ADM
method has been extended to include asymptotically AdS spacetime solution of Einstein grav-
ity [1]. Deser and Tekin have extended this approach. By this extension one can calculate the
energy of asymptotically dS or AdS solutions in higher curvature gravity models and also in
a topologically massive gravity model (TMG) [3]. This method is a covariant formalism; it is
known as the Abbott—Deser—Tekin (ADT) formalism. Another method is the Brown—York ap-
proach [4] which is based on a quasi-local concept, but this approach also is not covariant. The
authors of [7] have computed the ADT charges for a solution of TMG linearized about an arbi-
trary background and have applied the result to evaluate the mass and angular momentum of the
non-asymptotically flat, non-asymptotically AdS black hole solution (ACL black hole) of TMG.

A general definition of conserved charges in general relativity and other theories of gravity
has been proposed in [16]. In the metric formalism of gravity for the covariant theories defined
by a Lagrangian n-form L, Wald has shown that the entropy of black holes is the Noether charge
associated with the horizon-generating Killing vector field evaluated at the bifurcation surface.
Tachikawa extended the Wald approach to include non-covariant theories [17]. Hence, regard-
ing this extension one can calculate the black hole entropy as a Noether charge in the context
of non-covariant theories as well. But it is clear now that the derivation of the classical Wald
formula for entropy is problematic in the first order formalism using the spin connection. In the
first order formalism, the expression of conserved charges are proportional to the Killing vector
field £. It is clear that £ must be zero on the bifurcation surface when we calculate the entropy
of black hole, because £ is the horizon-generating Killing vector field which is zero on the bi-
furcation surface. It seems disappointing at the first glance because it appears that the entropy
will be zero, but it is not true. On the other hand there is a class of gravitational theories in
(2 4+ 1)-dimension (e.g. Topological massive gravity (TMG) [18], New massive gravity (NMG)
[19], Generalized Massive Gravity (GMG) [20], Minimal massive gravity (MMG) [21], Zewi-
dreibein gravity (ZDG) [22], Generalized minimal massive gravity (GMMG) [23], etc.) which
are well-known as the Chern—Simons-like theories of gravity (CSLTG) [24], and can be written
in the first order formalism. The authors of [25] have shown that in approaching the bifurcation
surface, the spin-connection diverges in a way that the spin-connection interior product in & re-
mains finite ensuring that there is no problem. Recently we have extended this formalism in the
on-shell case, to the Lorentz-diffeomorphism non-covariant theories [27]. Here we would like to
extend this formalism to the off-shell case in the framework of CSLTG. We derive the conserved
charge formula by a new method and explicitly compute conserved charges in some models.

The authors of [5] have obtained the quasi-local conserved charges for black holes in any
diffeomorphically invariant theory of gravity. By considering an appropriate variation of the
metric, they have established a one-to-one correspondence between the ADT approach and
the linear Noether expressions.! They have extended this work to a theory of gravity contain-

U'n quasi-local approach [5,6], the Killing vector field £ is defined not only in the asymptotical part of space, but
also in any other points of the space-time. For example see equation (33) below, where ¥ is an arbitrary space-like
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ing a gravitational Chern—Simons term in [6], and have computed the off-shell potential and
quasi-local conserved charges of some black holes in TMG. We have obtained the quasi-local
conserved charges of Lorentz-diffeomorphism covariant theories of gravity in the first order for-
malism, in paper [26]. But there are theories which are not Lorentz-diffeomorphism covariant.
In previous paper [27] by introducing the total variation of a quantity due to the infinitesimal
Lorentz-diffeomorphism transformation, we have obtained the conserved charges in the Lorentz-
diffeomorphism non-covariant theories. The proposed formalism in [27] is for on-shell case. As
we have mentioned above, we are going to generalize the proposed formalism to the off-shell
case. We try to find an expression for the ADT conserved current which is off-shell conserved
for a given Killing vector field. We generalize off-shell conserved current J4p7 to make sure
that it is conserved for any diffeomorphism generator &. For this purpose, we follow the method
presented in [28] in which the authors took advantage of the metric formalism. J4pr is off-shell
conserved if £ is a Killing vector field. We will show that one can introduce the generalized ADT
current J4 p7 which is off-shell conserved for an arbitrary diffeomorphism generator &. Then,
we can find the generalized ADT conserved charge by virtue of the Poincare lemma, such that
J, ADpT =d o) Apt- We will fix the ambiguity in definition of the generalized ADT conserved cur-
rent by considering the phase space analysis. Then we try to obtain the central extension term,
C("g“,f, Sf), for the algebra of the conserved charges in the context of the CSLTG. We apply our
formalism to the Finstein gravity in the presence of negative cosmological constant, and also
to the GMG. We will find the central charges of dual CFT of the BTZ black hole solutions of
mentioned gravity theories. Then by obtaining the eigenvalues of the Virasoro generators, lff,
and using the Cardy formula we will obtain the Bekenstein—Hawking entropy of the BTZ black
hole, as well as the energy and the angular-momentum of the BTZ solution of GMG. By using
the Killing vectors corresponding to the mentioned quantities we will obtain energy, angular-
momentum and entropy of the BTZ black hole solution of GMG again which exactly coincide
with previous results.

2. Generalized conserved current

In this section, we are going to find an off-shell conserved current and corresponding con-
served charge of the Chern—Simons-like theories of gravity. We generalize this conserved current
so that it corresponds to an arbitrary diffeomorphism rather than a diffeomorphism which is gen-
erated by a Killing vector field.

The Lagrangian 3-form of the Chern—Simons-like theories of gravity (CSLTG) is given
by [24]

1 1
L= igrsa’ -da’® + gfma’ -a’ xa. €))

In the above Lagrangian a"“ = a" dx" are Lorentz vector valued one-forms where, r =
1,..., N and a indices refer to flavor and Lorentz indices, respectively. We should mention
that, here, the wedge products of Lorentz-vector valued one-form fields are implicit. Also, g, is
a symmetric constant metric on the flavor space and f, is a totally symmetric “flavor tensor”,
which are interpreted as the coupling constants. We use a 3D-vector algebra notation for Lorentz

codimension-two surface. As can be seen in Eq. (22), J4pT is conserved current when & is a Killing vector field in any
point of space-time. In this case 8ga” =8¢ Er =0, 50 dJspT =0.
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vectors in which contractions with 1,, and £**¢ are denoted by dots and crosses, respectively.”

We know that a”® is a collection of the dreibein e“, the dualized spin-connection w?, the auxil-
iary field %) =e“,h", and so on. It is worth mention that for all interesting CSLTG we have

fwrx =8rs [29].
The total variation of a"* due to a diffeomorphism generator £ is [27]

Sga"™ = Lea"™ — S(rudxg, 2)

which is caused by a combination of variations due to the diffeomorphism and the infinitesimal
Lorentz gauge transformation. In the above expression £¢ denotes the Lie-Lorentz derivative
(L-L derivative) which is defined by [25]

Le A" = £ AT A AT A AT 3)

where £¢ denotes the ordinary Lie derivative along & and kgb generates the Lorentz gauge trans-

formations SO (n — 1, 1). In general, Agb is a general function of space-time coordinates and

of the diffeomorphism generator §. Also, ¢ is defined as x{ = %S“bckg" and §; denotes the

ordinary Kronecker delta. It should be noted that ¢ is linear in term of &. Presence of the extra
term, —4, d Xg’ in (2) may cause the Lagrangian (1) not be invariant under a general Lorentz-
diffeomorphism transformation.

The variation of the Lagrangian (1) is given by

8L=26a"-E,+d®(a,sa), €]
where
1
E, " =gda’ + Efrst(as xa")*, (5
so that £,.% = 0 are the equations of motion, and
1
O(a, da) = Egrs&zr -a’, (6)

is the surface term. By virtue of (2), the total variation of the Lagrangian due to diffeomorphism
generator £ can be written as

¢l = LeL +dye, @)
where V¢ is given by
1
Ve = 58wrdxs - d'. ®)

Now, by considering that the variation in (4) is the total variation generated by & and using (7),
we will have

dJ =(igw — x¢) - (DEy +a" x Epr)

, , 9
+iga" - DEy —igDa" - E. —igR - E,,
where, we define J as follows:
J(E)=0(a,é¢a) —igL —Ye +iga” - E, — xg - E,. (10)

2 Here we consider the notation used in [24].
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In the above equations ig, D and R = dw + %a) X @ are interior product, exterior covariant
derivative and the curvature 2-form, respectively. Also, the prime on r indicates that the sum is
run over all the flavor indices except w.

We expect that the last line in (9) can be rewritten as

iea” - DEy —izDa" - Ey —igR - E,=i¢d - X, (a). (11)
The Bianchi identities can be expressed as following identities
DE,+d" x E; =0, X, (@) =0. (12)

To clarify this, one can consider the Einstein gravity with the cosmological term in which we
have

ar:{evw}v 8ew = —1, Seww =—1, Seee = A (13)

In this theory, the Bianchi identities introduced in (12) reduce to the ordinary Bianchi identities
respectively

DT =R x e, DR =0. (14)

Due to the Bianchi identities (12), J(£) is a closed form and, by the Poincare lemma, it can be
written as J(§) =d K (§).
Now, we take an arbitrary variation over J in (10) then we obtain

d (81((5) —1:0(a, 3a)) =080(a, d¢a) — LeO(a, da) — 5y

+38a" it E, +iga -SE, — x¢ - SEq. (15)

On the one hand, the total variation of the surface term ®(a, da) is given by

3:0(a, da) = L¢O(a, da) + g, (16)
where

Hg:%gwrdxg -8a”. (17)
On the other hand, the symplectic current is defined as

Q(a, d1a,82a) =610(a, 62a) — 620 (a, 51a). (18)
Using the equations (8), (16), (17), and (18), the equation (15) can be rewritten as

d (61((5) —1:0(a, Sa)) =Q(a,da,b¢a) +8a" -igEr +iza" - SE, — xz - S E,. (19)

Since the symplectic current is linear in dga, when & is a Killing vector field the symplectic
current vanishes. So, in the manner of the papers [5,6], we can consider the ADT conserved
current and the ADT conserved charge as’

Japr =8a” -igEr+i§ar “0E, — xg - OE, 20)

and

3 Regarding Eq. (20), in fact we have proposed this equation following from Eq. (5) in [5] (see also [6,7,15]). In the
another term, Eq. (20) in our paper is first-order analog of Eq. (5) in [5], which has been written in metric formalism.
Eq. (21) comes from Eqgs. (19), (20) easily. Also from Eq. (22) it is clear that when & is Killing vector field in any given
point of space time, the current J4 pr is conserved current.
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Qapr(da,§) =68K(§) —izO(a, éa), 2L

respectively. The last term in (20) helps us to define a covariant conserved current and conse-
quently a covariant conserved charge.

As we know, J4pr and Q4 pr are off-shell conserved current and off-shell conserved charge,
respectively, only when £ is a Killing vector field. Now, we try to generalize J4 pr such that it is
not only off-shell conserved but it becomes conserved for any diffeomorphism generator & rather
than a Killing vector field diffeomorphism generator. For this purpose, we follow the method
presented in the paper [28] which has been written in the metric formalism. To this end, we take
an exterior derivative form J4pr (20) and we find following relation

dJapr =8¢a’ -8E, —8a”" - 8: E,, 22)

which is first order analog of Eq. (2.6) in [28]. From the above equation, it is obvious that Japr
is conserved off-shell if £ be a Killing vector field. The right hand side of the above equation can
be rewritten as an exact form

8¢a" - SE, —8a" - 8¢ Er = —d (grs8¢a” - 8a°) = —d Ta. (23)
Thus, we can introduce the generalized ADT current as

Japr = Tapt + I, 24)

so that d.J, apt = 0 and hence, it is off-shell conserved for an arbitrary diffeomorphism genera-
tor £. In this way, we can find the generalized ADT conserved charge by virtue of the Poincare
lemma, J, ADT =d 0 Apt(8a,§). It is obvious that (24) reduces to the ordinary ADT conserved
current when £ is a Killing vector field.

3. Comparison with the covariant phase space analysis
We know that the variation of the Lagrangian 3-form (1) is given by (4). So, by taking another
variation from (4), and demanding 618 L = 6,81 L and §18,a” = §281a", we will have
dQ(a,d1a,8a) =81a" -5 E, —8a" - 81 E,, (25)

where 2 (a, 81a, §2a) is the symplectic current which is defined by (18). It is clear that the sym-
plectic current is conserved when a” and da” satisfy the equations of motion and the linearized
equations of motion respectively. If we take 6; =6 and §, = ¢ then d2 will given by

dQ(a,8a,8¢a) =8a" - 8¢ E, — 8za” - SE, =dJa, (26)
in the last equality we have used (23), so

JIn=R(a,da,8:a) +dZ(a,da,d:a). 27
Using Eq. (6) and definition of symplectic current (18), we obtain

Q(a,8a,¢a) = grs8:a” - 8a’. (28)

By substituting (28) into (27) and comparing the obtained result with the last equality in (23), we
find that Z(a, da, éga) can be chosen to be zero. In this way, the generalized ADT current will
have the following form

Japr = Japr + Q(a, 8a, 8¢a). (29)



M.R. Setare, H. Adami / Nuclear Physics B 909 (2016) 345-359 351

From this equation, we easily see that, if & is a Killing vector field then the generalized ADT
current is reduced to the ordinary one and, if the equations of motion and the linearized equations
of motion both are satisfied then the ADT current is reduced to the symplectic current, as we
expected.

4. Conserved charges

In the previous sections, we generalized the ADT conserved current of the CSLTG so that it
is conserved for a general diffeomorphism generator &. In this section, using the concept of the
generalized ADT conserved charge, we extract a general formula for the conserved charges. As
we know, the generalized ADT current is conserved off-shell and for any diffeomorphism gen-
erator &, dJopr = 0. Then, by virtue of the Poincare lemma, we can introduce the generalized
ADT conserved charge QADT such that, jADT = dQADT(éa £). By comparing (19), (20) and
(29), we deduce that

Qapr(8a,§) = 8K () — igO(a, da). (30)
On the other hand, one can read off K (§) from (10) as

K(é)— 8rsigd @ = gusxs @, 3D
s0, by substituting (31) into (30), we find that the generalized ADT conserved charge is given by

Ounr(8a,&) = (grsiza” — gusxs) - 8a°. (32)

Now, we can define the conserved charge perturbation for the diffeomorphism generator £ as
follows:

3Q¢&)= C/ Qupr(8a, &) = C/ (grsiea” — gusxz) - 8a*, (33)
b b

where X is an arbitrary space-like codimension two surface and c is just a normalization factor.

For obtaining the conserved charges of a black hole solution, we can take an integration from

(33) over the one-parameter path on the solution space [5] so we have

1

0@ =c / ds / Sapr(s18). (34)
0

It should be noted that (33) is an off-shell conserved charge perturbation for an arbitrary dif-
feomorphism generator &. Presence of xz in (33) is due to the Lorentz gauge transformation.
In absence of this term the conserved charge is proportional to £. Now to obtain entropy as a
conserved charge, we should consider X as a bifurcation surface, then we should put £ =0,
which leads to a zero value for entropy. But as it is clear from Eq. (46) below, x¢ is proportional
to V&Y, so the presence of this term gives us a correct value for the entropy of black hole.
Therefore, using the definition of total variation we could overcome the mentioned problem.

5. Virasoro algebra and the central term

Using the result of the previous section, we can obtain the central charges of the CSLTG. So
in this section we find the central extension term for these theories form which one can read off
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the central charges. We know that, two copies of the classical centerless Virasoro algebra, which
is known as the Witt algebra, is given by

[£5, 5 1=i(n —m)EL,,, [, 671=0, (35)

where Emi (m € Z) are the vector fields and the square brackets denote the Lie bracket.

The central extension term C(Snf, éni) is given by the following equation [30]

[QED), Q(ED = QUET, X + C(EX, £5). (36)

Since the conserved charge (33) is linear in &, then

QEE, EX) =itn —m)Q(EL L), (37)

on the other hand, we know that

[QED), QEN] =820, (38)

thus, the central extension term will be obtained from the following equation

CELED) =8, 0D —i(n —m) Q) (39)

Since for a black hole solution, the integration surface ¥ can be taken as an arbitrary
(z, r)-constant surface then, the obtained result will be same for any choice of the integration
surface, at the spatial infinity [30,31] or at the near horizon region [32,33]. So, we can take X at
spatial infinity without losing the generality and we are confident that the obtained result holds
on the near horizon.

Now, at the spatial infinity, we can rewrite the conserved charge as follows:

= (gnsiza - : 40
Q) =—¢— (8rsiza” — gusxe) - 8a°, (40)
o0

where quantities are calculated on the background and a*® denotes deviation of the 1-form valued
fields form background one. In the above expression (and from now on) we take the normaliza-
tion factor as ¢ = —ﬁ. In the left hand side of (40) we are dropped § in front of Q because,
what we calculate in the right hand side is exactly the conserved charge (one can deduce this

from (34) and the concept of the spatial infinity). Now, from (40) and (33), we have

1 . ,
Q) =—g—= (grsicza” — gusxgs ) - 8a', (41)

[e]

and
8.+ QD) = b iora” — +)-8.2a’ (42)
Sm n - 87TG grs Sn gwngn Sm .
o

Then, by substituting these results in (39), we will find an expression for the central extension
term and consequently we can read off the central charges of the considered theory.
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6. Examples

In this section, we apply the obtained results in the previous section on the Einstein gravity
with the negative cosmological constant and on the Generalized Massive Gravity for the BTZ
black hole solution. We will see that this method is easier and more clear than other methods
which were proposed until now. At first, we derive some useful equations.

The AdS3 metric is given by

2

12
ds? = —23di* + —dr? +r2dg?, (43)
r

so, we can write down the dreibein as follows:

o R
el = Cdt, e = —dr, e® =rdo. (44)

! T
We will take these as the background dreibein. As we know, the following vector fields satisfy
the Witt algebra [34]

1 .+ 1?n? . 1’n?
gni _ 5emx [1 (1 - ﬁ) 0y —inrod, £ (1 + ﬁ) 8¢:| , (45)

where xT =1/1 + ¢.
If we demand that §ge® = 0 when £ is Killing, we find the following expression for xg [27,25]

1 1 ‘
X =izo — Esabce”b(ich)v + Es“bcebuegv“g”. (46)

Since the following examples are torsion-free so we will have

. |
g’ = xoa = i;(én ). (47)

On the other hand, the total variation of dreibein and the spin-connection along the diffeomor-
phism generator £ are [25]

1
556‘1# = Eeavi‘,g:guv, Sga)a = igRa + D(iga)a — )(g). 48)
For the AdS3 spacetime we have R = — #e x e so we find that
NS D iln® .+
t t nx
Sgpety  pdgrely =—— e,
. 1 .
r r —
ez y £ YSSI%e $=0, (49)
A N 1,3
é 1 6 iln”

Now, as mentioned above, we take AdS3 as the background spacetime and then we consider the
following examples.
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6.1. Einstein gravity with the negative cosmological constant

The Lagrangian 3-form of the Einstein gravity with the negative cosmological constant is
given by

1
Lg=—e-R— —e¢-exe, 50
E o2 (50)
so0, the non-zero components of the flavor metric are g.,, = gwe = —1. Then, using Eq. (47) the

conserved charge (41) for Einstein gravity takes the following form

1
0rE) = o lim /(é e (aw¢ilae ¢,)d¢ (51)

On the other hand the connections corresponding to the two SO (2, 1) gauge groups can be de-
fined as [35]

1
(A = + Ye“, (52)

so, (51) can be written as

QE@i)— oG im / (&) - 8A%,do. (53)

For BTZ black hole spacetime [36], at spatial infinity we will have

2 2 A
_ P V+ +rz P ¢ ryr—
Sead) =0, S’y =— T Sa)rd, =0, Sw 6=, (54)
By substituting (45) and (54) into (53) we will find the following result
'+ +r 2
— | Sm.0- 55
Qr(&,) = 16G< ] ) m.0 (35
In a similar way, for this theory, (42) will reduce to
S O () = o lim / (E5) 5.2 A%,dg. (56)
Then using Eq. (42) and (49), the above equation reduces to the following expression
N 3
85+ QE(§) = == Omtn.0- (57)

Now, by substituting (55) and (57) into (39) we will find the following expression for the central
extension term in the considered theory

[ 3 ry Fro 2
Ce(&y.&F )—l% n —( ; n | Sm+n,0- (58)
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Although this result is in agreement with previous results (for instance, see [37]) but to obtain
the usual n dependence, that is n(n? — 1), it is sufficient to make a shift on Q by a constant [38].
Thus, by considering Q(£5) = L and {Q(£), Q(§F)} =i[LE, L], (36) becomes

C
[LE L =(n—mLE,, + l—jztn(n2 — D8mn.0, (59)

where ¢4 = % are the central charges, and L,‘l—L are generators of the Virasoro algebra. So the

algebra among the conserved charges is isomorphic to two copies of the Virasoro algebra.
6.2. Generalized massive gravity

In the Generalized massive gravity (GMG), there are four flavors of one-form, a® =
{e, w, h, f} and the non-zero components of the flavor metric are [24]

1 1
8ew = —O, 8en =1, of = ——5> Bow = —- (60)
m 128

By solving the corresponding equations of motion one can find the following expressions for the
auxiliary fields

1
e =——8% ——C°, 4 =—5 (61)

TSR g2 e " w

where S, and C,,,, are the 3D Schouten tensor and the Cotton tensor, respectively. So, we can
obtain for the AdS3; background

1 1
R = — 2lz(exe)“ S“:—ﬁe“, c’=0,
| | (62)
a __ a a_ _~ ,a
a2t f=3p¢
One can show that (40) have the following form for this model
4 1 1
Ocmc @) =0 =+ i t55 Qr(E)
. 27 | (63)
+
+ Pl hm d¢(8h”¢ + ﬁa ‘;)(gn u
0
Since the 3D Schouten tensor is given by Sy, =Ry — %gﬂuR then we have
1 3
38w = aRu.v - ZguvaR + 22 =5068uv, (64)
where
1
R =3 (08810 — Vi Vi (g% 8g0p) + VA V,8800 + VA Vidgau)
(65)

2
SR =—0(g"8g4p) + V* V"8, + l—z(g“ﬂSgaﬁ),

also, we know that the Cotton tensor is defined as C*, = ¢, VQSZ“ so we can show that its

variation is 8C*, = €,*? V6 5" s For the BTZ black hole solution at the spatial infinity we have
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2 2 20,2 2
ri+r rar_ I“(ry +r2)
S =~ B1p === Sgr=—"73— (66)
then, sC* 0= ssH 0= 0. Therefore, for the BTZ solution, (63) will reduce to
+ 1 1 +
Qcmac(§,) = m t o Qk(&,) (67)

which shows that the conserved charges of BTZ solution of GMG are simply a constant time the
conserved charge of BTZ solution of Einstein gravity. In a similar way, for GMG model, we can
show that (42) can be simplify as

+ 1 1 +
8exQcmc(§,) =0 % ul t o 8= QE(§;)
2 (63)

1
lim [ dp@geh”y & — 80 ) D

+ 871G r—>oo
0

One can show that 85#1“4, =5+ f’; =0, so (68) can be rewritten as

8+ Qoma (E7) = (a + % + 1212) =Qp(ED). (69)
Now, by substituting (67) and (69) into (39), we find that
Comc & 60) = (o + % + 2m1212) CreEns &), (70)
s0, we can easily read off the central charges of the General Massive Gravity as follows:
3 1 1
Ci=E<6im+W>- 7D

This result is in agreement with what was found in [20]. We can read of the eigenvalues of the
Virasoro generators L,jf from (67) as

l 1 1 ry Fro 2
F=— o+ — 8n.0- 72
" T 16G (G T 2m212> ( I ) n0 (72)

The eigenvalues of the Virasoro generators L,jf are related to the energy E and the angular mo-
mentum j of the BTZ black hole by the following equations respectively

1 1 \ri+r2 2rr
E=1"'4f +1y + - T 73
U Tho) =35 [( +2m212) 12 ul3 (73)

1 1\ 2rpr—  ri+r?
=1 - 1) = — - _F . 74
J o ~l) =55 |:<U+2m212> / Mz 74)

Also, we can calculate the entropy of the considered black hole solution by the Cardy formula
[39,40] (see also [34])

c_ l_
S=2m ‘/ (75)
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then using Eqgs. (71), (72), we will have

s=2 P - (76)
=—|lo+—5)r+ ——|.
2G w22 )t

Now, we try to find out the energy, the angular momentum and the entropy of the BTZ black hole
from conserved charge formula (34) by the corresponding vector fields. To this end, we suppose
that s =0 and s = 1 correspond to the AdS3 background and the BTZ black hole spacetime,
respectively. Thus, for the General Massive Gravity (33) takes following form

1
W) £at+ m Da] -0y, (77

2
1 1
30E¢) = 372G deo |:<0+ 5
0

where the integration runs over a circle of arbitrary radii also. In the above equation £¢ and E¢
are given by

]

1
E9 =" &, @ = _Eeaxe*ﬂ”wgv. (78)

The energy, angular momentum and the entropy of the BTZ black hole correspond to the follow-
ing Killing vectors respectively

4
£y =01, §(jy = —0y, £s) = 7(@ +Qpdy), (79)

2 2
where Qg = lrr__+ is the angular velocity of horizon and k = r;’zri‘ is the surface gravity. By
substituting these Killing vectors into (77) and making an integration over a one-parameter path
on the solution space, we will find (73), (74) and (76) exactly. It is easy to show that these results

satisfy the first law of black hole mechanics.
7. Conclusion

In this paper we have considered the Chern—Simons-like theories of gravity (CSLTG) in the
context of the first order formalism. We have studied the problem of defining off-shell conserved
charges in the framework of the CSLTG. In order to obtain the ADT current, we used the formal-
ism presented in [27]. We know that the ADT current is an off-shell current and has defined by
the virtue of the Killing vector fields. We have generalized the ADT current such that it is con-
served for any diffeomorphism generator vector fields. We have fixed the ambiguity in definition
of the generalized ADT conserved current by considering the phase space analysis. Form this
generalized ADT conserved current, in section 4, we read off the conserved charge associated
with a diffeomorphism generator vector field & by Eq. (34) and its perturbation by Eq. (33). We
have shown that the perturbation of the conserved charge is off-shell and is conserved for any
diffeomorphism generator & . On the other hand, since these conserved charges are quasi-local so
we can consider the asymptotic symmetries as well as near horizon symmetries to obtain central
extension term for any black hole solution. In section 5, we have considered a set of vector fields
which satisfy the Witt algebra and have found a general expression for the central extension term
at spatial infinity (see Eqgs. (39), (41) and (42)). Since the quasi-local conserved charge pertur-
bation (33) is independent of the integration surface and is conserved for any diffeomorphism
generator &, then the one we found by Eq. (34) holds near horizon. In section 6, we have applied
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the method to the Einstein gravity with negative cosmological constant and the Generalized Mas-
sive Gravity as examples. For these examples, we have calculated the central extension term and,
through it, we read off the central charges and the eigenvalues of the Virasoro algebra generators
for the BTZ black hole solution. We have obtained the entropy of the BTZ black hole (76) by
using the Cardy formula. Also we have calculated the energy (73) and the angular momentum
(74) of this black hole using the eigenvalues of the Virasoro algebra generators. Eventually, we
have shown that the formula (34) gives the same results.
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