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Abstract

The uniformly approachable functions introduced in [Quaestiones Math. 18 (1995) 381–396]
are defined by a property stronger than continuity and weaker than uniform continuity, which is
preserved under composition. (So they give rise to a category which sits between the category of
metric spaces with all continuous functions and the category of metric spaces with all uniformly
continuous functions.) Solving a problem left open in [Rend. Istit. Mat. Univ. Trieste 25 (1993) 23–
56], we give a complete characterization of the polynomial mapsf :Rn → R which are uniformly
approachable. They coincide with the polynomial mapsf with distant fibers, i.e., such that any two
distinct fibersf−1(x) andf−1(y) are at positive distance. The same holds more generally for any
real valued function onRn whose fibers have finitely many connected components. To prove this we
show that every real valued continuous function with distant fibers on a uniformly locally connected
metric space is uniformly approachable, and any (weakly) uniformly approachable function onR

n

has “distant connected components of fibers”.
We observe that a bounded continuous functionf :Rn → R has distant fibers if and only if it is

uniformly continuous. This suggests that for a reasonable metric spaceX the uniform continuity of
a bounded continuous functionf :X → R depends only on the fibers off . We show that this is the
case whenX is connected and locally connected.

A useful tool in the study of uniformly approachable functions on domains more general than
Rn is given by the technique of “truncations” (g is a truncation off if it is locally constant where
it differs from f ). On Rn the functions with many uniformly continuous truncations coincide with
the functions with distant connected components of fibers. We improve the technique of the magic
set introduced in [Rend. Istit. Mat. Univ. Trieste 25 (1993) 23–56] and studied by M.R. Bur-
ke and K. Ciesielski showing that every continuous function with “small fibers” on a locally
arcwise connected metric spaceX has a magic setM ⊂ X (i.e., every continuousg :X → R with
g(M)⊂ f (M) is a truncation off ).  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The study of closure operators (in the sense of [19,18,20], but see also [12,8]) led
to the consideration of a class closed under composition of functions between metric
spaces (or uniform spaces) which have a property stronger than continuity and weaker
than uniform continuity. Such functions were introduced in [18, Definition 4.1] and were
called there “uniformly approachable”. Following [6, Definition 2.1] we will call them
“weakly uniformly approachable” (WUA) since in [6] the name “uniformly approachable”
(UA) has been reserved for a stronger notion.

The definition of theWUA functions is brief but quite mysterious:a functionf :X → Y

between two metric(or uniform) spaces is WUA if for every pointx ∈ X and every
subsetM ⊆ X, there exists a uniformly continuousg :X → Y such thatgx = f x and
g(M) ⊆ f (M). It is easy to see thatf must necessarily be continuous [18, Lemma 4.2].
It is also clear that a uniformly continuous functionf is WUAsince we can takeg = f .
Besides these obvious remarks, the quantification over arbitrary subsets of the space makes
it difficult to develop a proper intuition forWUA-functions. Developing such an intuition
is one of the goals of this paper. It was already proved in [6, Theorem 5.2] that each
proper functionf :Rn → R is WUA (evenUA). So theWUA functions generalize at the
same time the proper functions and the uniformly continuous ones. TheUA functions are
defined similarly to theWUA functions except thatg is required to coincide withf on
a compact setK rather than just at a pointx [6, Definition 2.1]. The motivation for this
strengthening is thatUA functions are better behaved under some kinds of unions (see [6,
Theorem 11.1]) and are somehow easier to study. We do not know whetherWUA= UA for
all functionsf :Rn → R.

The study of the uniformly approachable functions has proven to be a fruitful source of
problems both of topological and of set-theoretic character, mainly concerning the possible
behaviour of the fibers of a continuous real valued function. Some of these questions, and
in particular the first question in [6], have been proved to be independent of the axioms
ZFC of set theory [10,15]. To discuss these developments let us consider more closely
the definition ofWUA-function. At first sight,f ∈ WUA is a very weak condition onf .
Given x and M we must look for a uniformly continuous functiong with gx = f x,
which is certainly a very weak requirement ong, andg(M) ⊆ f (M). If x ∈ M, or more
generally iff x ∈ f (M), we could simply take a constant functiong with valuef x. So
the problem is whenf x /∈ f (M), which rules out the constant functionsg. Even in this
case, ifM is not chosen carefully, the inclusiong(M) ⊆ f (M) may not appear to be a
strong condition ong. However by choosingM carefully, we will see thatg(M) ⊆ f (M)

can give us quite strong restrictions ong. Before establishing this, one cannot even rule
out thatWUAcoincides with the class of all continuous functions. Actually this is indeed
the case for functions onR: every continuousf :R → R is WUA [18] and evenUA [6,
Proposition 3.5]. The first example of a non-WUA function was found by Burke [8]: he
showed that the functionf : (x, y) �→ xy from R

2 to R is notWUA. This can be witnessed
by the subsetM = ⋃

n f
−1(1/n) and the pointx = (0,0).
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From the above discussion, it is clear that the main problem in understanding theWUA
functions is how to choose the setM needed to witness that a given functionf is notWUA.
The strongest information that we can hope to deduce fromg(M) ⊆ f (M) is f = g, but
this is a bit too much:g could be a constant function. In [6], it is shown that under some
assumption on the fibers off one can construct a setM such that fromg(M) ⊆ f (M)

one can deduce thatg is a ‘truncation’ off . The notion of truncation is an important tool
introduced in [6, Definition 4.1]:g ∈ C(X) is a truncationof f ∈ C(X) if the spaceX
can be partitioned in two partsX = A ∪ B so thatg = f onA andg is constant on each
connected component ofB. Typical truncations arise when we define a function by cases:
so if we setgx = x2 for |x| < 1 andgx = 1 for |x| � 1, theng is a truncation of the
functionx2. Any functionf ∈ C(R) can be made uniformly continuous by truncating it in
various ways, as we just did for the functionx2. However onR2 there are functions, like
(x, y) �→ xy, which have no non-constant uniformly continuous truncations while some
others, likex2 + y2 have many uniformly continuous truncations. A naive conjecture is
that the ones with many uniformly continuous truncations areWUA, while the others are
not. To state it more precisely let us say that a functionf ∈ C(X) is truncation-UA(briefly
TUA) if the following holds:for every compact setK ⊆ X there is a uniformly continuous
truncationg of f which coincides withf on K. It is easy to see that(x, y) �→ xy is not
TUA. The equalityWUA= UA= TUA seems to holds for a large class of functions onRn,
so that one can naturally conjecture that it holds for all functions onRn. However very
recently [14] found an example based on the Cantor function that shows that this is not the
case (it was known that for functions on some non-separable spaces the equalityUA= TUA
is false [7]). The first important result about truncations is [6, Theorem 8.1]:Let X be a
separable topological space. Then there is a setM ⊆ X such that for everyf,g ∈C(X), if
each fiber off is countable andg(M) ⊆ f (M), theng is a truncation off . This result was
used to show that certain functions defined on certain graphs embedded inR2 are notWUA
[6, Proposition 10.1]. (Consequently any extension to the whole ofR2 of such a function
is notWUA.) One drawback of this result is that the assumption thatf has countable fibers
is very strong: it is reasonable iff is a function onR, but it cannot be satisfied iff is a
function onRn for n > 1 (however we can still try to apply the technique to the restriction
of f to a subspace). If one assumes the continuum hypothesis one can get the following
nice result where the assumptions on the fibers off have been weakened [6, Theorem 8.5]:
LetX be a separable Baire space and assume that the continuum hypothesis holds. Then
there is a subsetM ⊆ X such that for every pair of continuous nowhere constant real
valued functionsf,g on X, if g(M) ⊆ f (M) then f = g. Note that to get the strong
conclusionf = g we make an assumption also on the fibers ofg (without this assumption
we can only deduce thatg is a truncation off ). Such a setM was called amagic set
for X in [6]. (Note thatM depends only on the spaceX and not onf .) In [6] the question
whether the continuum hypothesis was necessary to prove the existence of a magic set was
left open. It was noted in [10] that setsM with the weaker property

f (M) = g(M) ⇒ f = g wheneverf andg are nowhere constant
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had been considered in [17] for entire functionsf,g : C → C, and were calledsets of range
uniqueness(briefly, SRU). The following curious question is considered in [17]: while
it is obvious that for a converging sequencean → 0 in C, the equalitiesf (an) = g(an)

(for n = 1, . . . , n, . . .) yield f = g, settingM := {an: n ∈ N}, it is not clear when
f (M) = g(M) yields f = g. In the same paper, it was shown that this occurs when
an = 1/n, but there are examples of converging sequences such that the setM fails to have
this property, i.e.,M is notSRUfor the class of the entire functions. In [10, Example 5.17],
using a result of [27], it is shown that it is consistent with ZFC to assume that there is a
separable Baire spaceX ⊆ R with no SRUfor the classC(X) of the real valued nowhere
constant continuous functions onX, so a fortiori there is no magic set forX. It was left
open whether a magic set forR could be proved to exist in Zermelo–Fraenkel set theory
(ZFC), i.e., whether the continuum hypothesis could be avoided. That this is not the case
was later shown by Ciesielski and Shelah [15].

In Section 6 of this paper, we show that the technique of the magic set can be slightly
modified to prove thatUA implies TUA for functionsf ∈ C(X) satisfying a reasonable
smallness condition on the fibers (Definition 6.2), without assuming the continuum
hypothesis. HereX is only assumed to be a locally arcwise connected separable space.

The main contribution of this paper however is that forX = R
n we can dispense with

the magic set, using completely different techniques, based on the “unicoherence” of the
topological spaceRn (see Definition 4.7 or [24]), to obtain much stronger results about
WUAandUA functions.

Let us start with the following observation (see Theorem 3.7):A bounded continuous
functionf :X → R on a “uniformly locally connected space” X, is uniformly continuous
if and only if it has “distant fibers” (DF), in the sense that any two fibersf−1(x),
f−1(y) of f are at positive distance.(Without uniform local connectedness there are
counterexamples: e.g. the arclength function on the circle minus one point.) So in particular
if two bounded functions on a uniformly locally connected space have the same fibers (in
the sense thatf−1(f x) = g−1(gx) for everyx) then one is uniformly continuous iff the
other is uniformly continuous. This last statement remains true for real valued functions
on a connected and locally connected space (Theorem 3.10), but we cannot assert in this
case that the relevant property of the fibers isDF. We will prove that for functions on a
uniformly locally connected space,DF implies UA (Theorem 3.15). Clearly, any proper
function is DF since it has compact fibers, so proper functions on a uniformly locally
connected space areUA (as already proved in [6]). The implicationDF → UA is strict,
however we can easily show that aUA function (on any space) necessarily has “distant
connected components of fibers” (DCF) in the sense that any two components of distinct
fibers are at positive distance. So

DF → UA→ DCF

for functions on a uniformly locally connected space, and we are close to a characterization
of UA-functions. For functions whose fibers have finitely many connected components, so
for instance for polynomials,DF = DCF coincide, so for such functionsDF = UA= DCF.
An example of a function which isDCF without beingDF is x �→ sin(x2).
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The treatment ofWUA functions is more complicated. For real valued functions on
X = Rn, we prove thatWUA→ DCF. So overRn we have

DF → UA→ WUA→ DCF.

Here we use the “unicoherence” [24] ofRn: every pair of closed connected sets whose
union isRn has a connected intersection. The only other properties that we use are the
uniform local connectedness and the fact that every compact set is contained in a compact
connected one.

This yields an enlightening proof of the fact that the polynomial map(x, y) �→ xy is not
WUA: it depends on the fact that it is notDCF. We can show thatDCF = TUA overRn

and (despite the counterexample of [14]) we do believe that overR
n UA is much closer to

DCF than toDF.
So far we have only considered real valued functions. However the definitions ofWUA

and UA functions can be extended in the obvious way so that they apply to arbitrary
functions between uniform spaces and in this more general setting they are studied in [13]
(focusing on complex valued functions). Even the simplest analytic perfect mappings
f : C → C, e.g.,f (z) = z2 (or any complex polynomial functions of degree greater than 1),
do not have to beWUA [13, Example 4.1]. These authors conjecture that an entire analytic
functionf : C → C is WUA if and only if f is linear [13, Conjecture 4.3].

The main problem remains the following. We know thatUA andWUA form a class of
functions between metric spaces (or uniform spaces) which is closed under composition
and thus yield a category which is intermediate between the category of continuous and the
category of uniformly continuous functions. Since the definition ofUA andWUA is highly
non-intuitive, the problem arises whether we can characterize this category in some other
way, as we tried with partial success using the properties “distant fibers” (DF) or “distant
connected components of fibers” (DCF).

This paper is entirely dedicated to one application of the uniformly approachable
functions, namely the description of the relationship between distant fibers and uniform
continuity. Further applications will be given in the forthcoming paper [7] (see also [6,18]
for applications to the theory of closure operators).

2. Definitions and preliminary results

We deal almost always with continuous functionsf :X → Y on metric spacesX,Y ,
although most definitions and results generalize immediately to the case of uniform spaces.
In most cases, we takeY = R. We write C(X,Y ) for the set of continuous functions
f :X → Y andC(X) for C(X,R). We use the abbreviation “UC” or “ u.c.” for uniformly
continuous.

Definition 2.1. We say thatf ∈ C(X,Y ) is UA (uniformly approachable), if for every
compact setK ⊆ X and every setM ⊆ X, there is aUC function g ∈ C(X,Y ) which
coincides withf on K and satisfiesg(M) ⊆ f (M). We then say thatg is a (K,M)-
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approximation off . If we require in the definition ofUA thatK consists of a single point
we obtain the weaker notionWUA(weakly UA). Clearly,UA impliesWUA.

Lemma 2.2 [13]. WUA and UA functions are closed under composition.

Corollary 2.3. If the restriction off to a subspace is not UA, thenf is not UA. Similarly
for WUA.

Proof. If f ∈ C(X) is UA andL is a subspace ofX, then the restriction off toL is given
by the composition of the inclusion mapL → X with f . We can now apply the previous
lemma together with the observation that the inclusion map isUA. Similarly for WUA. ✷

We recall Kaťetov’s theorem: ifX is a uniform space,F is a subset ofX, and [a, b]
is a compact interval ofR, then anyu.c. function f :F → [a, b] can be extended to a
u.c. functiong :X → [a, b] (see [26, p. 52]). IfX is metric the extensiong can be easily
constructed using the distance function.

Lemma 2.4 [6, Proposition 2.3(2)].If K,M ⊆ X, K is compact andK ∩ M = ∅, then
everyf ∈C(X) has a(K,M)-approximation.

Proof. SupposeK ∩ M = ∅. If M �= ∅ take any pointm ∈ M and setg1(M) = f (m),
g1(x) = f (x) for eachx ∈K. The functiong1 :K ∪M → R is uniformly continuous. Now
Katětov’s theorem allows us to extendg1 to au.c. functiong :X → R which is obviously
a (K,M)-approximation off . If M = ∅ apply Kaťetov’s theorem tof |K . ✷

3. Functions with distant fibers are UA

The distance between two subsetsof a metric space is defined as the infimum of the
distances of the pair of points taken one from the first subset and the other from the second
subset. Here we are abusing the term “distance” since the triangle inequality does not
necessarily hold.

Definition 3.1. We say thatf ∈ C(X) hasdistant fibers(DF) if any two distinct fibers
f−1(x), f−1(y) of f are at positive distance.

Any function with compact fibers isDF. So in particular any proper function isDF (f
is proper if thef -counterimage of any compact set is compact). In this section we show
that everyDF functionf ∈ C(X) is UA, providedX is uniformly locally connected[23,
3-2], i.e., for everyε > 0 there isδ > 0 such that any two points at distance< δ lie in a
connected set of diameter< ε. We actually use the following equivalent form of uniform
local connectedness.

Lemma 3.2. A metric spaceX is uniformly locally connected iff for every pair of
sequencesxn, yn in X with d(xn, yn) → 0 there exist an0 ∈ N and connected setsI (xn, yn)



A. Berarducci et al. / Topology and its Applications 121 (2002) 3–23 9

containingxn andyn for everyn � n0 in such a way that the the diameter ofI (xn, yn) tends
to zero(we write diamI (xn, yn) → 0).

Any convex subset ofRn with the usual metric is uniformly locally connected: we can
take the straight segments[xn, yn] as connecting setsI (xn, yn). An example of a space
homeomorphic toR that is not uniformly locally connected is the circle minus one point
with the metric induced byR2. Further examples of uniformly locally connected spaces
are provided by the following remark.

Remark 3.3. If X is a uniform neighbourhood retractin Rn (i.e., there isε > 0 and a
uniformly continuous retractionr :Xε → X whereXε = {y ∈ Rn | d(y,X) < ε}), thenX
is uniformly locally connected. Indeed, assumed(xn, yn) → 0 wherexn, yn ∈ X (n ∈ N).
Using the vector space structure ofRn let In be the segment joiningxn and yn. Then
diam(In) = d(xn, yn) → 0 where diam(In) is the diameter ofIn. If X is convexIn is
contained inX and we are done. In the general case, we can find 0< ε and a uniformly
continuous retractionr :Xε →X. By choosing a subsequence we can assumed(xn, yn) <

ε for everyn, so thatIn ⊆ Xε and it makes sense to consider the connected setr(In) ⊆ X.
Sincer is u.c., diam(r(In)) can be uniformly bounded in terms of diam(In).

Before provingDF → UA we introduce the auxiliary notionAP (a weakening of the
notion of proper function) and show thatDF = AP for functionsf ∈C(X) on a uniformly
locally connected spaceX.

Definition 3.4. f ∈ C(X,Y ) is AP (almost proper) if f is u.c.on thef -counterimage of
every compact set.

Note that for bounded functionsAP coincides withu.c.

Lemma 3.5. DF → AP for functionsf ∈C(X) on a uniformly locally connected spaceX.

Proof. Suppose thatf is notAP. Then there isδ > 0 and pointsxn, yn ∈ X (n ∈ N) such
that d(xn, yn) → 0, |f xn − fyn| > δ and the sequencesf (xn) andf (yn) are bounded.
By taking a subsequence we can assume thatf xn converges to somea ∈ R and fyn

converges to someb �= a. Without loss of generalitya = limn f xn < b = limn fyn. Choose
u,v ∈ R with a < u< v < b. Taking subsequences we can assumef xn < u < v < fyn for
everyn. Fix connected setsIn joining xn andyn for eachn such that diam(In) → 0. On
the connected setIn, the functionf takes a value greater thanv (atyn) and a value smaller
thanu (atxn), so it must also take the valuesu andv. Henced(f−1(u), f−1(v)) = 0 andf
is notDF. ✷
Lemma 3.6. AP → DF on every space. Consequently, AP= DF on uniformly locally
connected spaces.
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Proof. If f has two distinct non empty fibersf−1(y1) and f−1(y2) at distance zero,
thenf is notu.c. on the counterimage of any compact set containingy1, y2. ✷

Since for bounded functionsAP coincides withu.c., it follows:

Theorem 3.7. A bounded functionf ∈C(X) on a uniformly locally connected spaceX is
u.c. if and only if it is DF.

It is important in the above result that the range isR: the functionf :R → R2 defined
by f (x) = (arctanx,sinx2) is bounded and injective (soDF) but it is notu.c. The above
result may fail if theX is not uniformly locally connected: take the arclength function on
the circle minus one point.

Corollary 3.8. A bounded functionf ∈ C(Rn) with compact fibers is u.c. In particular,
every bounded injective functionf ∈ C(R) is u.c.

We say thatf andg have the same fibersif for every x we havef−1(f x) = g−1(gx),
i.e., each fiber off is a fiber ofg (possibly with a different value). Theorem 3.7 implies
that for bounded functionsf ∈ C(X) on a uniformly locally connected spaceX the fact
that f is u.c. depends only on the fibers off , i.e., if two such functions have the same
fibers, one isu.c.iff the other isu.c. We prove that this is still true replacing the hypothesis
thatX is uniformly locally connected with the assumption thatX is connected and locally
connected.

Lemma 3.9. Let X be a connected and locally connected regular space and letA,B,D

be closed subsets ofX such thatD separatesA andB (see Definition4.8). ThenA does
not separateB andD.

Proof. Choose a covering ofX by a family of connected open sets such that no set of
the family intersects bothA andD. SinceX is connected there is a finite sequence of
setsU1, . . . ,Un from the family such thatU1 intersectsA, Un intersectsB and eachUi

intersects only theUj ’s with |i − j | � 1 [23, Theorem 3-4]. Letk be the largest index such
thatUk intersectsA. SinceD separatesA andB, the unionUk ∪ Uk+1 ∪ · · · ∪ Un must
intersectD. SinceUk cannot intersect bothA andD, there isl > k with Ul intersectingD.
The setUl ∪ Ul+1 ∪ · · · ∪ Un connectsD andB and does not intersectA, soA does not
separateB andD. ✷
Theorem 3.10. Let (X,d) be a connected and locally connected metric space. Suppose
f,g ∈C(X, [0,1]) have the same fibers andf is u.c. Then alsog is u.c.

Proof. Supposeg is notu.c.Sinceg is bounded there are pointsan andbn in X (n ∈ N)

with d(an, bn) → 0 and infn g(bn) > supn g(an). Sincef is bounded we can assume
thatL = limn f (an) exists, and sincef is u.c.L = limn f (bn). Choosed ∈ X such that
infn g(bn) > g(d) > supn g(an). Sincef,g have the same fibers, ifg(d) �= g(d ′), then
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f (d) �= f (d ′). So by changingd we can further assume thatf (d) �= L. Fix n so large that
f (d) is either smaller than bothf (an) andf (bn) or larger than both, andg(d) lies between
g(an) andg(bn). Assume for instancef d < fan < f bn, the other cases being similar. The
setD = g−1(gd) separatesA = g−1(gan) andB = g−1(gbn). On the other hand the set
f−1(f an) separatesf−1(f bn) andf−1(f d). But these three sets coincide withA,B,D

in the given order, soA separatesB andD, contradicting Lemma 3.9.✷
Remark 3.11. For unbounded functions the theorem is false: take the polynomial
functionsx andx3.

Question 3.12. What spaces can be substituted for[0,1] as the range space in Theo-
rem 3.10? What about the circle?

Having provedDF = AP, it remains to proveDF → UA on uniformly locally connected
spacesX. So we need to define the relevant(K,M)-approximation of anAP function
f ∈C(X). We will take, for the desired approximation, a “truncation off ” in the sense of
the following definition.

Definition 3.13. Let f ∈ C(X) anda, b ∈ R with a � b. The (a, b)-truncationof f is
the bounded functionf(a,b) which coincides withf on thef -counterimage of[a, b], has
valuea wheneverf has value� a, and has valueb wheneverf has value� b.

Lemma 3.14. LetX be a uniformly locally connected space and letf ∈ C(X) have DF.
Then for everya < b in R, the (a, b)-truncation off has DF (and so is u.c., being a
bounded function).

Proof. Let g := f(a,b). If g is not DF, we can findu < v in R and two sequences inX
with d(xn, yn) → 0 andg(xn) = u < v = g(yn). SinceX is uniformly locally connected,
for n large enoughxn andyn are contained in a connected setIn with diam(In) → 0. Now
g(In) is connected, so it contains the whole interval[u,v]. So by replacingxn andyn with
other two pointsx ′

n andy ′
n insideIn (so as to assure thatd(x ′

n, y
′
n) still tends to zero) we

can arrange so thatu andv are different froma and fromb. But theng = f on the new
sequences, so thatf is notDF, a contradiction. ✷
Theorem 3.15. DF → UA for functionsf ∈ C(X) on a uniformly locally connected
spaceX.

Proof. LetK ⊆ X be compact andM ⊆ X. We must find a(K,M)-approximationg of f .
Let [a, b] be a compact interval containingf (K). If there are points off (M) smaller than
or equal toa, let a′ � a be such an element, otherwise leta′ = a. Similarly if there are
points off (M) greater than or equal tob, let b′ � b be such an element, otherwise let
b′ = b. Take the(a′, b′)-truncationg of f . Clearly g|K = f|K and g(M) ⊆ f (M). By
Lemma 3.14g is DF, henceu.c.(being bounded). This proves thatf is UA. ✷
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We will later prove (Theorem 6.6) that the assumption thatX is uniformly locally
connected cannot be omitted.

Remark 3.16. (a, b)-truncations were introduced in [6], where it was proved that(a, b)-
truncations of a perfect functionf : Rn → R areu.c.[6, Lemma 5.1]. It was also mentioned
there thatRn can be replaced by any uniformly locally connected metric space.

4. UA-functions have distant connected components of fibers

4.1. UA implies DCF

We have seen that ifX is uniformly locally connected, any functionf ∈ C(X) with
distant fibers isUA. The converse does not hold: any continuous function onR is WUA
[18] and evenUA [5, Proposition 3.5] but does not necessarily have distant fibers (take the
function sin(x2)). We prove however the following weak form of the converse: anyUA
function has “distant connected components of fibers”, as will be explained below.

Definition 4.1. Given f ∈ C(X) and x ∈ X. The connected component off−1(f (x))

containingx is denotedCf
x .

Definition 4.2. A functionf ∈ C(X) hasdistant connected components of fibers(DCF) if
any two components of distinct fibers are at positive distance, i.e.,C

f
a andCf

b have positive
distance wheneverf a �= f b.

Clearly DF → DCF. For a function whose fibers have finitely many connected
components,DF = DCF. In general the equality fails: takex �→ sin(x2).

Theorem 4.3. UA implies DCF for functionsf ∈C(X) on any spaceX.

Proof. If f is not DCF we can finda, b ∈ X such thatCf
a andCf

b have distance zero

andf (a) �= f (b). Consider the compact setK = {a, b} and letM = C
f
a ∪ C

f

b . If for a
contradictiong is a (K,M)-approximation off theng(M) ⊆ f (M) = {f (a), f (b)}, and
sinceCf

a andCf

b are connectedg is constant on each of these two sets. Moreover these
two constants are distinct since they coincide withf (a) andf (b) respectively (asg = f

on K). Together with the fact thatCf
a andC

f
b are at distance zero, this contradicts the

uniform continuity ofg. ✷
For instancef :R2 → R, (x, y) �→ xy is not UA since it is notDCF. Burke [8, §5]

proved thatf is not evenWUA.
So for functionsf ∈ C(X) on a uniformly locally connected spaceX we haveDF →

UA→ DCF.

Corollary 4.4. For a polynomial functionf ∈C(Rn) DF = UA= DCF.
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Proof. The fibers of a polynomial have finitely many connected components, soDF =
DCF for all polynomials. ✷

With the same proof the equalityDF = UA = DCF holds for every semialgebraic
functionsf ∈C(Rn), i.e., a function whose graph is a subset ofRn+1 definable by a finite
boolean combination of sets given by polynomial equationsp = 0 and inequalitiesp > 0.

In view of the above corollary the question arises of which polynomials haveDF.
Clearly they include the polynomialsf ∈ C(Rn) with compact fibers, but also some
other polynomials likef (x, y) = x2 which do not depend on some of the variables.
Other examples arise taking compositions with a linear automorphism ofRn. Are these
essentially all theDF polynomials?

4.2. WUA implies DCF for functions onRn

AssumingX = Rn we can strengthen the results of the previous section showing that
weakly UA functions haveDCF. We begin with Burke’s result since it illustrates in a
simple situation the basic technique that we will use in this section.

Theorem 4.5 (Burke).The functionf :R2 → R sending(x, y) to xy is not WUA.

Proof. LetHn be the connected component of the fiberf−1(1/n) contained in the positive
quadrant, letM = ⋃

n Hn, and letp = (0,0). Note thatp ∈ M \ M. We claim thatf has
no (p,M)-approximation. Suppose for a contradiction there is a uniformly continuous
g ∈ C(R2) with g(M) ⊆ f (M) andg(p) = f (p) = 0. Sincef (M) is countable, so is
g(M). It then follows thatg is constant on each of the connected setsHn. Since the various
Hn are at distance zero from each other andg is uniformly continuous,g must then be
constant on their unionM. By continuity g is constant onM and sincep ∈ M , g = 0
onM. This contradictsg(M) ⊆ f (M) since the latter set does not contain 0.✷

The next theorem says that if a functionf on a separable metric spaceX has too many
connected components of fibers at distance zero from one of them, thenf is notWUA.

Theorem 4.6. LetX be a separable metric space and suppose that there is an uncountable
setY ⊆ R and for eachy ∈ Y a connected componentCy off−1y such that for somez ∈ Y

we haved(Cy,Cz) = 0 for all y ∈ Y . Thenf is not WUA.

Proof. The idea is to find a countable subfamily{yn | n ∈ N} ⊆ Y such that the
componentsCyn will play the role of the setsHn in Burke’s proof. LetN = ⋃

y∈Y Cy .
SinceN ⊆ X andX is a separable metric space,N is separable. Hence at most countably
manyCy can be open inN . So there is someCy �= Cz which is not open inN (where
z is as in the statement of the theorem). We can then find inN a sequence of points
xn not in Cy and converging to a pointx = limn xn in Cy . Let Cyn containxn, and let
M = Cz ∪⋃

n C
yn . Suppose for a contradiction thatg ∈C(X) is a({x},M)-approximation

of f . Theng(M) ⊆ f (M) is countable, hence totally disconnected. Sog restricted to the
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connected setCz is constant, andg restricted to eachCyn is also constant. Sinceg is u.c.
and by assumptiond(Cyn,Cz) = 0, g must be constant on the whole ofM, and therefore
also on its closureM. Sincex ∈ M , g has the constant valueg(x) = f (x) on M. This
however contradicts the inclusiong(M) ⊆ f (M) sincef (x) does not belong to the latter
set. ✷

We want to weaken the assumptions of the above theorem by showing that it is enough
to require thatf has two connected components of distinct fibers at distance zero (rather
than an uncountable family). What we need is a property ofRn called “unicoherence”.

Definition 4.7 (see[24, §41, X]). A spaceU is unicoherentif it is connected and for every
pair of closed connected subspacesA,B such thatU = A ∪ B, the intersectionA ∩ B is
connected.

R2 minus one point is not unicoherent. LetS1 be the boundary of the closed unit disk
in R2. For a spaceX to be unicoherent it suffices that everyf ∈ C(X,S1) is homotopic
to a constant map (see [24, §52, II]). So every contractible space is unicoherent and in
particularRn is unicoherent. Unicoherence is equivalent to a certain connectivity property.
In order to state it we need:

Definition 4.8. Following [24, §16, V] we say that two subsets of a topological spaceS

areseparatedif the closure of each of them does not meet the other. A subsetX of a space
S separatesthe nonempty setsH andK if the complement ofX can be partitioned in two
separated sets, one of which containingH , the other containingK (see [24, §16, VI]).

If X separatesH from K, then the same remains true if we replaceX with a larger set
X′ ⊇ X disjoint fromH ∪K, and we replaceH,K with any two smaller setsH ′ ⊆ H and
K ′ ⊆ K.

Remark 4.9. If a subsetX of a spaceS separates a pointx from a pointy, then it
separates any connected subset ofS \X containingx from any connected subset ofS \X
containingy. In particular ifX separates two pointsx, y, then it intersects every connected
set containing bothx andy.

The converse holds in any connected locally connected regular topological space
[23, Theorem 3-6] but it is false in general. Consider for instance two distinct pointsa, b

in R
2 which are inL \L whereL is the subspace ofR2 consisting of the family of parallel

linesx = 1/n. Then in the spaceS = L∪ [a, b] the pointsa, b cannot be separated by any
singletonX = {x} with x ∈ (a, b) but every connected set ofS containing botha andb
meets (contains)X.

Theorem 4.10 (see [23, p. 359]).For a connected and locally connected spaceS the
following two properties are equivalent:

(1) S is unicoherent.
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(2) If A andB are disjoint closed subsets ofS andx andy are points ofS such that
neitherA nor B separatesx from y in S, thenA ∪ B does not separatex from y

in S.

We will use the unicoherence ofRn in the form given by point (2) of the above theorem.

Lemma 4.11. For a continuous functionf ∈ C(Rn) if a fiberf−1(r) separates two points
x, y ∈ Rn, then also a connected component off−1(r) separatesx fromy.

Proof. Assume that for a continuous functionf ∈ C(Rn) the fiberf−1(r) separates two
pointsx, y ∈ Rn. By a theorem of Mazurkiewicz (see [24, §49, Theorem V.3]) every closed
separatorC betweenx andy contains a closedirreducible separatorF betweenx andy,
where a separatorF betweenx andy is irreducible, if it is minimal with respect to inclusion
[24, §46, VII]. Every closed irreducible separatorF is connected: in fact, ifF = A ∪ B,
with A, B disjoint closed subsets ofF , then by the unicoherence ofRn one of the sets
A,B must separatex from y, contradicting the minimality ofF . Let G be a connected
component off−1(r) that contains a connected irreducible separatorF ⊆ f−1(r). ThenG
separatesx from y. ✷
Theorem 4.12. If f ∈ C(Rn) has two connected componentsA,B of distinct fibers at
distance zero, then it has a family, of cardinality of the continuum, of connected components
of distinct fibers at distance zero from each other and fromA andB.

Before going into the proof, notice that Theorem 4.12 would be obvious if we considered
fibers instead of connected components of fibers: iff−1(a) andf−1(b) have distance zero
(saya < b), then the fibersf−1(c) with a � c � b have distance zero from each other
(since a short segment connectingf−1(a) andf−1(b) intersects all these fibers). If one
tries to imitate this argument for the connected components of the fibers, one encounters
the following difficulty. LetA be a connected component off−1(a), letB be a connected
component off−1(b) and supposed(A,B) = 0. Given an intermediate valuea < c < b

we would like to find a connected componentC of f−1(c) at distance zero from bothA
andB. Any segment joiningA with B certainly meetsf−1(c) in some pointx, however
the connected component off−1(c) containingx is not necessarily at distance zero fromA
andB: for instancex could be a local maximum.

Proof of Theorem 4.12. Recall thatCf
x is the connected component of the fiberf−1(f x)

which contains the pointx. Suppose there arex, y ∈ Rn with f x < fy andd(Cf
x ,C

f
y ) = 0.

For eachw with f x < w < fy, the fiberf−1(w) separatesx from y. By Lemma 4.11
one connected componentCw of f−1(w) separatesx from y. ThenCw also separates
C

f
x from C

f
y by Remark 4.9. For eachε > 0 the setsCf

x ,C
f
y can be connected by a

segment of length< ε, which necessarily intersectsCw. So the members of the family
〈Cw | f x < w < fy〉 have distance zero from each other and fromC

f
x ,C

f
y . ✷
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The above theorem, combined with Theorem 4.6, shows that a function with two
connected components of distinct fibers at distance zero is notWUA. In other words we
have:

Corollary 4.13. If a functionf ∈C(Rn) is WUA, then it is DCF.

The corollary fails for functions onR minus one point (cf. Remark 7.5).

5. Truncations

Definition 5.1 [5, Definition 4.1].g ∈ C(X) is a truncationof f ∈ C(X) if g is constant
on each connected component of the set{x | f x �= gx}. We say thatg is aK-truncation
of f if it is a truncation off with g = f onK.

A special case of truncation is provided by the(a, b)-truncations of Definition 3.13.
However truncations are more general than(a, b)-truncations. Any functionf ∈ C(R)

can be made uniformly continuous by truncating it in various ways, although an(a, b)-
truncation may not suffice (excluding the constant functions). For instance the function
sin(x2) can be madeu.c. by a K-truncation (anyK) but not by a non-constant(a, b)-
truncation. OnR2 there are functions, like(x, y) �→ xy, with the property that all its
truncations (except the constant ones) are not uniformly continuous. The next definition
captures the functions with many uniformly continuous truncations.

Definition 5.2. A function f ∈ C(X) is truncation-UA(TUA) if for every compact set
K ⊆ X there is a uniformly continuous truncationg of f which coincides withf onK.

Everyf ∈ C(R) is TUA: we can truncatef so that it becomes eventually constant both
for x → ∞ and forx → −∞ (cf. [6, Proposition 3.5] where this construction is used to
show that everyf ∈C(R) is UA). We have already remarked that(x, y) �→ xy is notTUA.

We now study the behaviour of truncations in locally connected spaces.

Lemma 5.3. Let f ∈ C(X), X locally connected,g a truncation off , and letU be a
connected component of{x | f (x) �= g(x)}. Theng is constant onU andg = f on∂U .

Proof. The fact thatg is constant onU follows from the fact thatg is constant onU
and continuity. We prove the second statement. SinceX is locally connected andU is
a connected component of an open set,U is open. Hence∂U ∩ U = ∅. Let x ∈ ∂U . If
for a contradictionf (x) �= g(x), then x ∈ U1 whereU1 is a connected component of
{x | f (x) �= g(x)} different fromU . NowU1 is, as above, a connected neighborhood ofx,
so thatU ∩U1 �= ∅, contradicting the disjointness of the connected components.✷
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Recall thatCf
x is the connected component containingx of the fiberf−1(f x).

Lemma 5.4. Letf ∈ C(X) with X locally connected. Letx ∈ X and letg be a truncation
of f with g(x) = f (x). Theng = f onC

f
x (soCf

x ⊆ C
g
x ).

Proof. If for a contradiction there isy ∈ C
f
x with f (y) �= g(y), consider the connected

componentU of {u | f (u) �= g(u)} containingy. Cf
x has a pointy ∈ U and a pointx /∈ U .

SinceCf
x is connectedCf

x ∩ ∂U �= ∅. Let u ∈ C
f
x ∩ ∂U . We reach a contradiction via the

chain of equalitiesf (y) = f (u) (asy,u ∈ C
f
x ) = g(u) (asg = f on ∂U by Lemma 5.3)

= g(y) (asg is constant onU ). ✷
Definition 5.5. Givenf ∈ C(X), K ⊆ X, letKf = ⋃

x∈K C
f
x .

Let us observe thatK ⊆ Kf ⊆ f−1(f (K)) andf (K) = f (Kf ).

Corollary 5.6. Letf ∈C(X) withX locally connected. EveryK-truncationg off is also
a Kf -truncation.

So if f is notu.c.onKf , thenf has nou.c.K-truncations (note thatKf need not be
compact even whenK is compact). This can be used to show thatTUA, like UA, implies
DCF. We will later see thatTUA= DCF onRn.

Theorem 5.7. TUA implies DCF for functionsf ∈ C(X) on any locally connected
spaceX.

Proof. If f is notDCF we can finda, b ∈X such thatCf
a andCf

b have distance zero and

f (a) �= f (b). Consider the compact setK = {a, b}. ThenKf = C
f
a ∪C

f
b andf is notu.c.

onKf . Sof has noK-truncations. ✷
The two conceptsUA andTUA seem to coincide for a large class of functions, however

counterexample exists on non-separable spaces [7] (for some recent developments see
Section 8).

6. The magic set

Under suitable hypothesis and a careful choice ofM we show that a(K,M)-approx-
imation is aK-truncation. We use this to show thatDF does not implyUA (or evenWUA)
if the space is not uniformly locally connected.

Definition 6.1 [6]. We say thatM ⊆ X is amagic setfor f ∈ C(X), provided for every
g ∈ C(X) if g(M) ⊆ f (M) theng is a truncation off .



18 A. Berarducci et al. / Topology and its Applications 121 (2002) 3–23

Definition 6.2. Let X be locally arcwise connected. We say thatf ∈ C(X) hassmall
fibersif for every connected open setU ⊆ X and everyx, y ∈ U , there is an arcφ insideU
connectingx andy and such that each fiber off has at most countable intersection withφ.

Clearly if f has small fibers, thenf has nowhere dense fibers. Every non constant
polynomial function has small fibers. The proof of the following result is an adaptation of
some results in [6]. The improvement is that we do not assume here thatf has countable
fibers or that the continuum hypothesis holds.

Theorem 6.3. LetX be a locally arcwise connected topological space with|C(X)| � 2ℵ0

(e.g.,X separable). Let f ∈ C(X) have small fibers. Then there is a magic setM ⊆ X

for f .
In particular every(K,M)-approximation off is aK-truncation off .
Moreover we can chooseM disjoint from any given fiber off , and more generally for

every subsetG of R of cardinality less than the continuum, we can chooseM disjoint
fromf−1(G).

Proof. Let {gα | α < 2ℵ0} be an enumeration of allg ∈ C(X) which are not truncations
of f . We must prove that there isM ⊆ X such that for everyα < 2ℵ0, gα(M) �⊆ f (M).
We constructM ⊆ X by stages. At the stageα < 2ℵ0, we will put a new elementmα in M

which will “kill” gα . The definition ofmα ∈X is done by transfinite induction onα < 2ℵ0.
Suppose that we have already definedmβ ∈ X for eachβ < α. We need to definemα .
Consider the functiongα of our enumeration. Sincegα is not a truncation off , there is a
connected componentUα of {x | f (x) �= gα(x)}, such thatgα is non-constant onUα . The
imagegα(Uα) is a non-trivial connected set ofR, so it has the cardinality of the continuum.
Choose, if possible,mα ∈ Uα so that the following conditions hold:

• for everyγ < α, f (mα) �= gγ (mγ ) andf (mα) /∈G (1)α
• for everyγ < α, gα(mα) �= f (mγ ) (2)α
We must prove that there is an elementmα ∈ Uα with the desired properties. Let

x, y ∈ Uα be two points wheregα assumes different values. SinceX is locally connected,
Uα is open. Sincef has small fibers, there is an arcT ⊆ Uα connectingx and y and
intersecting each fiber off in countably many points. SoT intersects the setSα =
f−1(G) ∪ ⋃

γ<α f
−1(gγ (mγ )) in strictly less than 2ℵ0 points. gα(T ) is a non-trivial

connected subset ofR, so it has the cardinality 2ℵ0. Let T ′ be the set of those points
of T which are not in the setSα . Thengα(T ′) has still the cardinality of the continuum.
In particular, there is a pointz ∈ T ′ such thatgα(z) �= f (mγ ) for all γ < α. Setmα = z.
Thenmα satisfies the above conditions. This ends the construction.

LetM = {mα | α < 2ℵ0}. It is clear thatM ∩f−1(G)) = ∅. To finish the proof, it suffices
to show thatgα(mα) /∈ f (M). Suppose for a contradiction thatgα(mα) = f (mγ ). By (2)α ,
γ cannot be< α. By (1)γ (i.e.,(1) with the roles ofα andγ exchanged),α cannot be< γ .
Sincemα ∈ Uα ⊆ {x | f (x) �= gα(x)}, α cannot be equal toγ . ✷
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We know that for reasonable spacesUA is trapped betweenDF andDCF: DF → UA→
DCF. We can now shrink the gap by showingUA → TUA for reasonable functions (so
DF → UA→ TUA→ DCF for reasonable functions).

Theorem 6.4. UA → TUA for functionsf ∈ C(X) with small fibers on a spaceX
satisfying the hypothesis of Theorem6.3.

Proof. If M is a magic set forf then every(K,M)-approximation off is aK-trunca-
tion. ✷
Theorem 6.5. LetX be as in Theorem6.3and suppose thatf has small fibers and has no
non-constant u.c. truncations. Thenf is not WUA.

Proof. Let x ∈ X. Apply Theorem 6.3 choosingM disjoint from the fiber off passing
throughx. Thenf has no({x},M)-approximations. In fact ifg is such an approximation,
then on the one handg is au.c. truncation off and on the other handg is non-constant
because it satisfies the two conditionsgx = f x andg(M) ⊆ f (M) with M disjoint from
the fiber off troughx. ✷
Theorem 6.6. In the implication DF→ UA the assumption that the space is uniformly
locally connected is necessary. There are metric spaces homeomorphic toR where the
implication DF→ WUA does not hold, so a fortiori DF→ UA fails.

Proof. Let S1 ⊆ R2 be the circle andX beS1 minus a point. ThenX is homeomorphic
to R (but it is not uniformly locally connected). Letf :X → R be the arclength function.
Thenf is DF (being injective) but does not have any non-constantu.c.truncationg, hence
it is notWUA. To see this it suffices to prove that ifg is a truncation off , thengx tends to
two different limits whenx approaches the missing pointp ∈ S1 \X from the two different
sides. This follows at once from the fact the connected components of the set wheref �= g

(and whereg is constant) must have at most one boundary point due to the injectivity off

(recall thatg = f on the boundary points).✷

7. DCF = TUA on Rn

Lemma 7.1. Let f ∈ C(Rn), K ⊆ Rn a connected subset andC a connected component
of Rn \Kf (see Definition5.5). Thenf is constant on∂C.

Proof. Supposef x < fy with x, y ∈ ∂C. The pointsx and y belong to the closure
of Kf . Let F be a fiber off separatingx andy and letS be a connected component
of F separatingx andy (Lemma 4.11). ThenS intersectsC (becauseC ∪ {x} ∪ {y} is
connected) and alsoKf for the same reason. This is absurd, since ifS intersectsKf is
entirely contained there.✷
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Definition 7.2. Given a functionf ∈ C(Rn) and a connected setK ⊆ R
n, we define the

minimal K-truncationof f as the functionfK which coincides withf on Kf and on
each connected componentC of the complement ofKf assumes the constant value thatf

assumes on∂C (using Lemma 7.1).

The name “minimalK-truncation” is justified by the fact that everyK-truncation is
automatically aKf -truncation.

Theorem 7.3. Let f ∈ C(Rn) be a DCF function and letK be a compact connected set.
Then the minimalK-truncationfK of f is DF (hence also u.c., since it is bounded).

Proof. Suppose that the minimalK-truncationg of f has two fibersA = f−1(a) and
B = f−1(b) at distance zero, saya < b. Then the boundaries∂A and ∂B are also at
distance zero (asRn is uniformly locally connected) so we can find pointsan ∈ ∂A and
bn ∈ ∂B with d(an, bn) → 0. We use the following fact about the minimalK-truncation:
the boundary of every fiber ofg is contained in the closure ofKf . (If x is not in the
closure ofKf theng is locally constant aroundx so it is not in the boundary of a fiber.)
SoKf contains a pointxn arbitrarily close toan and a pointyn arbitrarily close tobn.
So we can assumed(xn, yn) → 0 and limf (xn) = a < b = lim f (yn). Now let pn be a
point ofK such that there is a connected component of a fiber off joiningpn andxn, and
similarly chooseqn ∈ K corresponding toyn ∈ Kf . SinceK is compact we can assume
thatpn converges top ∈ K andqn converges toq ∈ K. Thenp ∈ A andq ∈ B. Choose
a < c < b. By Lemma 4.11 there is a connected componentS of f−1(c) separatingp
andq , and therefore also any connected neighbourhood ofp disjoint from S from any
connected neighbourhood ofq disjoint fromS. So for all large enoughn, S separates each
pn from eachqn. Therefore for all large enoughn, S separates eachxn from eachyn (by
Remark 4.9). With the same argument we find a connected componentS′ of another fiber
of f which also separatesxn andyn for all largen. So d(S,S′) = 0 (by uniform local
connectedness, or simply becauseS andS′ meet any straight segment joiningxn andyn).
Thusf is notDCF. ✷
Corollary 7.4. DCF implies TUA for functionsf ∈ C(Rn) (and so DCF= TUA overRn

by Theorem5.7).

Proof. Assumef is DCF. Given a compact setK we must find a uniformly continuous
K-truncation off . EnlargingK, if necessary, we can assume thatK is connected. The
minimal K-truncationfK of f is DF by Theorem 7.3 and bounded (sincefK(Rn) ⊆
f (K)), so it isUC. ✷
Remark 7.5. By Corollary 4.13 and the above corollaryWUA→ TUA for functions
f ∈ C(Rn), but this implication may fail even forf ∈ C(R \ {0}): a locally constant
function onR \ {0} is WUAbut neitherDCF norTUA (unless it is constant).



A. Berarducci et al. / Topology and its Applications 121 (2002) 3–23 21

Example 7.6 [6, Proposition 10.1(iii)].DCF does not implyTUAor WUAin more general
spaces. We can find a counterexamplef ∈ C(X) whereX ⊆ R2 is a connected set which
is a uniform neighbourhood retract inR2. In fact one can takeX to be the square grid
consisting of all those points(x, y) in R2 such that eitherx or y is an integer. OnX
one can find a function with countable fibers (henceDCF) and without non-constantu.c.
truncations (hence neitherTUA norWUAby Theorem 6.5).

8. Questions

We have proved that:

Theorem 8.1. AP = DF → UA → WUA → TUA = DCF for every f ∈ C(Rn). In
particular, AP= DF = WUA= UA= TUA= DCF for everyf ∈C(Rn) whose fibers have
finitely many connected components(e.g., every polynomial functionf ).

Clearly DF �= DCF, but our results leave open the question whether we haveWUA=
UA= TUA= DCF for everyf ∈ C(Rn), more precisely:

Question 8.2.
(1) DoesTUA imply UA or at leastWUA for f ∈ C(Rn)?
(2) DoesWUA imply UA for f ∈C(Rn)? What aboutf ∈ C(R2)?

Question (2) goes back to [6, Question 6], where it was set for connected spaces. In
August 1998, a negative answer to (1) was found by Ciesielski and Dikranjan [14]. More
precisely there exists aTUA function f ∈ C(R2) that is notWUA (hence notUA). The
restriction of the functionf to an appropriate connected subsetA of R2 is WUAandTUA,
but notUA (this answers negatively [6, Question 6]).

We proved thatWUA→ DCF → TUA for f ∈ C(Rn), or more generally for functions
f ∈C(X) on a uniformly locally connected unicoherent spaceX where every compact set
is contained in a connected one. On the other hand,UA → TUA for functionsf ∈ C(X)

with small fibers on a separable spaceX, according to Theorem 6.4. Nevertheless,WUA
need not implyTUA even forf ∈ C(R \ {0}) (cf. Remark 7.5), while we have no counter-
example to disproveUA→ TUA. Hence the following question remains open:

Question 8.3. DoesUA imply TUA for functionsf ∈ C(X) on a connected and uniformly
locally connected spaceX?

If two bounded functions on a connected and locally connected space have the
same fibers then one is uniformly continuous iff the other is uniformly continuous
(Theorem 3.10). This leaves open the question to isolate the explicit property of the fibers
of bounded functions that givesu.c.Obviously, this property impliesDF, and in the case of
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uniformly locally connected spaces it coincides withDF by Theorem 3.7. Another question
is whether this “fiber-invariance” ofu.c.can be extended toUA.

Question 8.4. Supposef,g ∈ C(X) have the same fibers andf is UA. Is alsog a UA
function? Is this true for bounded functions?

A positive answer to this question may serve as a first step in finding a definite
characterization ofUA in terms of the behaviour of the fibers. Here another important point
has to be taken in consideration:UA and WUA functions are closed under composition
while DF andDCF are not. Hence it seems important to isolate a natural property of the
fibers (say a variant ofDCF) which is preserved under composition.

By Theorem 8.1DF coincides with all other properties for polynomial functions
Rn → R. This determines our next question (see also the comment at the end of
Section 4.1).

Problem 8.5. Characterize the polynomial functionsRn → R with DF.

Clearly all polynomials with compact fibers have this property. In connection with this it
was pointed out to us by F. Broglia that the polynomials with compact fibers are precisely
those that are proper functions.

Generalizing the well-knownUC spaces [1,2,4,5] we study the spacesX with the
property that every functionf ∈C(X) is UA in a forthcoming paper [7]. One can produce
examples of spaces such that it cannot be determined in Zermelo Fraenkel set theory
whether they have this property.
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