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Suppose that P is a convex polyhedron of finite volume in the hyperbolic 3-space such that
each dihedral angle is an integer (>1) submultiple of w. We show that the abelianization of any
normal torsion-free finite index subgroup of the polyhedral group associated to P is not isomorphic
to Z, the group of integers.
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1. Introduction

A polyhedron in the hyperbolic 3-space, H* ={(x+iy, z): x, y, z€R, 2> 0}, is in
this paper assumed to be a convex subset of H* of finite volume with finitely many
faces such that each dihedral angle is 7/ n for some positive integer n (>1). Polyhedra
of this type have been classified in [1]} and [12].

The polyhedral group associated to a polyhedron is defined to be the subgroup
of the orientation preserving isometries in the reflection group generated by the
reflections of H” in the planes containing the faces of the polyhedron. A polyhedral
group admits a presentation which can be easily written down from a diagram of
the polyhedron [5]. Generators are the rotations about the edges of the polyhedron,
and, in addition to the standard defining relation that a proper power of each
rotation is the trivial element, each vertex induces a relation which says that the
product of the rotations about the edges sharing the vertex is the identity of the group.

A polyhedral group is a discrete subgroup of PSL(2, C), the full group of orienta-
tion preserving isometries of H'. A torsion-free finite index (t.f.i.) subgroup of a
polyhedral group is discrete in PSL(2, C) and it gives a hyperbolic 3-manifold of
finite volume as its orbit space of the action on H*. The subgroup is isomorphic to
the fundamental group of the 3-manifold. The subgroups of polyhedral groups have
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been studied by many people [2, 4, 7, 10, 13], and the first few examples of hyperbolic
3-manifolds were discovered by studying the subgroups. If the polyhedron has an
ideal vertex, then the hyperbolic 3-manifold corresponding to a t.f.i. subgroup of
the polyhedral group is a link complement in a closed 3-manifold. The complements
of many links in the 3-sphere arise this way, and among knots the figure-eight knot
is such an example.

The figure-eight knot group is an index 12 subgroup of a tetrahedral group [10],
[12]. This seems to be the only knot group known to be contained in a polyhedral
group. Other known t.f.i. subgroups of polyhedral groups have abelian rank greater
than one, or if the rank is one, the abelianization contains a torsion part. It might
be conjectured that the figure-eight knot group is the only knot group contained in
a polyhedral group. The main theorem of this paper shows that a weaker conjecture
is true: No knot group is a normal finite index subgroup of a polyhedral group.
Thus, the figure-eight knot group is not a normal subgroup of the tetrahedral group.

Theorem. No polyhedral group contains a normal t.f.i. subgroup whose abelianization
is isomorphic to Z.

Corollary. No knot group is contained in a polyhedral group as a normal finite index
subgroup.

A knot group is torsion-free and the abelianization is isomorphic to Z. The
Corollary follows from the Theorem.

It is shown in [9] that if a polyhedral group contains a normal t.f.i. subgroup of
rank one (the rank of the abelianization), then the polyhedron is a special kind
described in the following definition.

Definition. A polyhedron P (or the associated polyhedral group G) is exceptional if
(i) P has exactly one ideal vertex and it is of type (2, 2, 2,2) and
(i) G has an index 2 subgroup, which does not contain any one of the four
standard generators (rotations of m about the edges sharing the vertex) of the
stabilizer of the ideal vertex.

Remark. The Theorem is true for the 3-dimensional Euclidean polyhedral groups,
because the arguments in [9] work for the Euclidean polyhedral groups, and no
Euclidean groups are exceptional. But the Theorem is not as interesting as in the
hyperbolic case since there are only a few Euclidean polyhedra [6].

There are four types of ideal vertices: (2,2,2,2), (2,3,6), (2,4,4) and (3,3,3)
[12], where 7 divided by an integer in the description is the dihedral angle between
two adjacent faces (faces meeting at an edge) sharing the vertex. There are four
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types of regular vertices: Type 1: (2,2, n), n>1; type 2: (2,3, 3); type 3: (2,3,4);
type 4: (2,3, 5).

To prove the Theorem, we need to show that an exceptional polyhedral group
cannot contain a normal t.f.i. subgroup whose abelianization is isomorphic to Z.
We do this by proving two propositions which contain the Theorem.

Proposition 1. If an exceptional polyhedral group contains a normal t.f.i. subgroup of
rank 1, then all the regular vertices of the polyhedron are of type 1.

Remark. If there is no exceptional polyhedron whose regular vertices are of type
1, then Proposition 1 contains the Theorem. But as the example in Fig. 1 shows,
there are many exceptional polyhedra with only type 1 regular vertices. In describing
a polyhedron or a union of its copies by a diagram, we use the following convention
in this paper. Let P be a polyhedron or a union of its copies. In all cases we consider
in this paper, the pair (P,dP) is homeomorphic to (H’,R’), where R’=
{(x+iy, 0): x, ye R} = gH>. We will call R* the complex plane or the x-y-plane. To
describe P, we draw the complex structure (faces, edges, vertices) of ¢P on the
x-y-plane after dP is identified with the plane by a homeomorphism of the pair
(P, 4P) in a convenient way. The dihedral angle of an edge can be computed by
dividing 7 by the integer assigned to the edge in the diagram. Note that a polyhedron
P is uniquely determined by the complex structure of ¢P and the dihedral angles
of P [1]. We make statements about P, while viewing P as it sits canonically (up
to isometries) in the hyperbolic 3-space or as the whole of H® after the pair (P, 9P)
is identified with (H?, R?). We will not identify the viewpoint in each case and,
actually, we will move back and forth between these two viewpoints.

Fig. 1.

The polyhedron in Fig. 1 has 8 faces, 17 edges and 11 vertices. The integers n,,
n,, ny, n, and ns may be any positive integers greater than 1, where n; is greater
than 2. The existence of the polyhedron in the hyperbolic 3-space can be easily
verified by checking the necessary and sufficient conditions given in [1]. Let K be
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the subgroup of the polyhedral group generated by the rotations of angle 2n/n;
about the edge whose dihedral angle is w/n;, 1 =i=5. Then K is an index 2 subgroup
of the polyhedral group and it does not contain the rotation of angle @ about any
one of the four edges containing the ideal vertex co. Therefore, the polyhedron is
an exceptional polyhedron with regular vertices only of type 1.

Proposition 2. Suppose that all the regular vertices of an exceptional polyhedron are
of type 1. If the polyhedral group contains a normal t.f.i. subgroup of rank 1, then the
abelianization of the subgroup contains torsion elements.

The above two propositions are proved by using heavily some of the basic
constructions and theorems from transformation group theory. To explain the main
idea, let N be a normal t.f.i. subgroup of an exceptional polyhedral group G, such
that the rank of the abelianization of N is 1. Then there exists a special index 2
subgroup K of G containing N. The quotient group K/ N acts naturally on the
orbit space H’/ N and the orbit space of this action is H*/ K. By viewing H*/ K as
the space obtained from a fundamental domain of K by identifying the faces, we
prove that H'/ K is homeomorphic to the open solid torus, S'x D? (Lemma 4). On
the other hand, H/ N is an open 3-manifold, and there exists a compact 3-manifold
Y containing H'/ N such that Y = Y —H'/ N = S'x §'. We observe that the action
of K/N on H'/N extends to an action of Y. The restriction of the extended
action of K/ N over 8Y turns out to be free (Lemma 5), and the orbit space of this
action is homeomorphic to S'xS'. It follows that K/N is an abelian group
isomorphic to Z,®Z, for some positive integers p and g (Lemma 6). This implies
that given any regular vertex v of P the stabilizer S, of v in G is either abelian or
has an index 2 abelian subgroup. Type 1 regular vertices are the only ones with this
property, thus proving Proposition 1.

The proof of Proposition 2 is done by a contradiction. Suppose that G contains
a normal t.f.i. subgroup N whose abelianization is isomorphic to Z. Proposition 1
and the related lemmas hold under the new hypothesis. In Lemma 7, we prove that
there exists an edge of P whose dihedral angle is w/n, n>2. The lemma allows us
to pick an edge E in P with the properties given in Section 3.4. From the properties,
a rotation e about E is an element of K, and e can be regarded as an element of
K/N. In Lemma 8, it is proven that the fixed point set of any non-trivial element
of K/N acting on H*/ N is homeomorphic to a circle when it is not empty. By
studying the fixed point set of e, we prove that K/ N is cyclic (Lemma 10). Using
this lemma, we show that there exists an element of K/ N such that the fixed point
set of the element contains two disjointly embedded circles in H*/ N, thus contradict-
ing Lemma 8. The details of the proof of Proposition 1 and 2 are given in the
Sections 2 and 3, respectively. Finally, it may be interesting to find more knot groups
contained in polyhedral groups as finite index subgroups or to prove that the
figure-eight knot group is the only such group.
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2. Proof of Proposition 1

Let P be an exceptional polyhedron and G the associated polyhedral group.
Suppose that G contains a normal t.f.i. subgroup N of rank 1. It is shown in the
proof of the main Theorem, Lemma [ and Lemma 2 of [9], that N is contained in
an index 2 subgroup K of G, where K does not contain any one of the standard
generators of the stabilizer of the ideal vertex of P and the rank of H/(H/K;Z)
is 1. We give a sketch of the proof given in [9] for this assertion to introduce the
notation.

G/ N can be regarded as acting on H’/ N simplicially and the orbit space of this
action is homeomorphic to H'/ G, where H'/ G is homeomorphic to the open 3-ball.
On the other hand, H,(H’/N;Z)/Tor=Z (/Tor means modulo the torsion sub-
group), since the rank of N is 1. The action of G/ N on H*/ N induces a homomorph-
ism : G/ N —>Aut(H,(H*/ N; Z)/Tor)=1Z,, and  is not a trivial homomorphism
by a theorem in Section 3 of [3]). Let I : G—> G/N 4 7, be the composition of the
quotient map with ¢ and define K = Ker(!"). From the construction, K is an index
2 subgroup of G containing N and H,(H*/K;Z)/Tor=Z.1f K contains one of the
four standard generators of the stabilizer of the ideal vertex of P, then H,(H'/K;Z) =
0 by the proof of Lemma 2 of [9]. Therefore, K does not contain any one of the
standard generators, thus proving the above assertion. [

2.1. Let A, B, C and D be the faces of P containing the ideal vertex o as in Fig. 2.
The diagram does not show all of dP. (Recall the convention for describing a
polyhedron as explained in the Introduction.) For example, the face B may contain
many more edges than the 3 edges shown in the diagram.

We denote by d the reflection of H* in D and by r the rotation of w about the
edge contained in C and D. Note that d 2 G but r e G. It is easy to see that PuU d(P)
is a fundamental domain of G and Q=Pu d(P)u r(P)u rd(P) is a fundamental
domain of K, since {1, r} is a set of right coset representatives of K in G [8]. The
second diagram in Fig. 2 describes Q, where the face C of P is contained in the

o0 o0 oo A o0

/

1P dP)
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y-z-plane and the face D is contained in the x-z-plane. Now H*/ K is homeomorphic
to Q with faces identified by elements of K. We say that a face F of Q is identified
to a face F’' by K if there exists g in K such that g(Q)n Q is a union of faces of
Q and g(F)=F'. Every face of Q is identified by K to some other face of Q. If
U is a union of faces of Q, and if U is identified with another union V of faces
by elements of K, then we say that U is identified with V by K.

Given an edge E of P with dihedral angle m/n, let o(E) be the rotation of 2w/ n
about E. The definition does not give o(E) uniquely because we could have two
distinct elements of G for o(FE) depending on the direction of the rotation, with
one the inverse of the other. It is necessary to choose the correct direction for some
of the arguments of this paper to work. To save space, we will assume that the
correct choice has been made whenever it is necessary without mentioning it. We
define E to be a negative edge if o(E)e K and a positive edge otherwise. Define
an equivalence relation ~ for the set of positive edges of P; for two positive edges
E and E’, E ~ E'’ if there exists a sequence of positive edges E,, E,, ..., E; such
that E = E,, E'=E,, and E; and E,,, meet at a regular vertex fori=1,2,..., k—1.

If E, E' and E" are edges sharing a regular vertex of P, then o(E)o(E")o(E") =1
in G [5]. Therefore, either all three edges are negative or exactly two edges are
positive since G/K =Z,. Hence an equivalence class of ~ is an open arc or is
homeomorphic to a circle, and there are exactly two open arcs in the set of all
equivalence classes. An example of the equivalence classes is given in Fig. 3.

We may assume without loss of generality that the two open arcs are horizontal
in the x-y-plane as in the figure, where the x-axis is assumed to be horizontal. Let
J be the set of equivalence classes of ~, and extend the definition of negative edges,
positive edges and ~ to the edges of Q, i.e. an edge E of Q is negative if o(E)e K
etc. Let J' be the set of equivalence classes of ~ on the set of positive edges of Q.
The following lemma is the key to the understanding of the identification of faces
of Q by K and in turn, H*/ K.

Lemma 1. Let F and F' be faces of Q meeting at an edge E. Suppose that F is identified
with d(F)(rd(F)) by an element g € K such that g = d(rd) when restricted to F. Then

(a) if E is a negative edge, then F' is identified with d(F'}(rd(F')) by an element
h e K such that h=d(rd) when restricted to F', and
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(b) if E is a positive edge, then F' is identified with rd(F')(d(F')) by an element
h'e K such that h’' = rd(d) when restricted to F'.

Proof. Suppose that F is identified with d(F) by ge K and g=d when restricted
to F. Suppose that E is a negative edge. Let h =0 (d(E))g. Since K is a normal
subgroup of G, o(d(E))=go(E)g 'e K and h e K. Now h identifies F’ with d(F’)
and h = d when restricted to F'. This claim is easily verified by studying the sectional
view of Q near E and its images as in Fig. 4, where Q is cut by a plane perpendicular
to the edge E. If we denote the dihedral angle along E by 6, then the rotation,
o(d(E)), of 26 about d(E) identifies g(F') with d(F’), thus h identifies F' with
d(F"). From the construction of h, Q n h(Q)<=a4Q and h =d when restricted to F'.
This proves the first statement (given without the parentheses) of part (a).

To prove the first statement of part (b), suppose that E is a positive edge. Let
h'=o(rd(E))rg. Then o(rd(E))=rdo(E)rd 2 K and r& K. Since K is an index 2
subgroup of G, h'e K, and h' identifies F’ with rd(F’) such that h'=rd when
restricted to F’ (refer to Fig. 4). The rest of the cases of the lemma can be shown
similarly. [

Fig. 4.

It follows from Lemma 1 that J' is symmetric in the x- and y-axes when Q is
described by the diagram in Fig. 2. Therefore, J' is completely determined by J;
J'=@Q)n(JudJyurd(Jyur(J)) (see Fig. 5). To verify this claim, let s be the
rotation of m about the common edge of the faces A and D of P. Now rs is an
element of K and it identifies the face A with rd(A). Furthermore, rs = rd when
restricted to A. Suppose that F is a face of P adjacent to A. By Lemma 1, F is
identified with d(F) or rd(F) by an element of K depending on whether the
common edge of F and A is positive or negative. It is clear by induction that each
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Fig. 5.

face F of P is cither identified to d(F) or rd (F) by K. We now make the following
observations: Let E be an edge of (4Q) P. From the above, we can derive that
there exists g e K such that g identifies E with d(E) or rd(E). Suppose that E is
identified with d(E). Then go(E)g '=0o(d(E)). Hence o(d(E))< K if and only
if o(E) e K. On the other hand, rg 'ro(rd(E))rgr=o(r(E)). Hence o(rd(E)) e K
if and only if o(r(E)) € K. If E is identified with rd (E), we can show similarly that
o(E)e K if and only if o(rd(E))e K, and o(d(E)) € K if and only if o(r(E)) € K.
Finally, for any edge E of (¢Q)n P, o(r(E))=ro(E)r. Hence o(r(E)) € K if and
only if o(E)e K. this implies that J' is symmetric in the origin ((0,0) in the
x-y-plane). Now the above observations imply that J' is symmetric in the x- and
y-axes.

2.2. We assume that 4Q is identified with the x-y-plane as in Fig.5 and let
R=4aQ—J'. If U is a component of R, then U is an open subset of the plane. The
closure of U, U, has a boundary consisting of open arcs and circles, where an open
arc or a circle is a union of edges of Q.

Definition. Let U be a component of R. If a component of aU is an open arc, then
define the union of all open arcs in #U to be the outer boundary of U and the union
of circles in aU to be the inner boundary of U. If every component of 4U is a circle,

Fig. 6.
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then there exists a largest circle in aUJ which contains the rest of the circles in its
interior. We call the maximal circle the outer boundary and the union of the rest
of the circles the inner boundary.

Figure 6 shows three components of R. U, has an open arc as the outer boundary,
and a union of two circles as the inner boundary. U, has an empty inner boundary.

Definition. Let U, and U, be two components of R. We call U, a predecessor of
U, if the outer boundary of U, and the inner boundary of U, have a common edge.

In Fig. 6, U, is a predecessor of U, and U, is a predecessor of U,. We observe
that a component has at most one predecessor. Therefore, given a component U,
there exists a unique sequence of components, U, = U, U,, ..., U, such that U,
is a predecessor of U;, l=i<k~1, and U, does not have a predecessor.

Definition. In the above notation, we call U, the maximal component associated to
U and k the depth of U. A component without a predecessor will be called a maximal
component.

It is clear from the diagram of 9Q that the faces B, d(B), r(B) and rd(B) belong
to distinct maximal components. On the other hand, the faces A and rd(A) belong
to one maximal component, and the faces d(A) and r(A) belong to another maximal
component. Hence there are at least six maximal components in R. These are denoted
by V,, Vi, V,, V4 Vi and V in Fig. 5. In addition to these maximal components,
if the face D contains negative edges, then there exist more maximal components
like V3 and V, in Fig. 5. We call this type of maximal components inessential
components. An inessential component is characterized as a maximal component
containing a negative edge of D or r(D). We partition some of the maximal
components as follows.

For any inessential component V,

VY= Vn{(x+iy): y=0}, V™ =Closure(V— V™),
Vi=Vin{(x+iy): x=0}, V5 =Closure(Vs— V1),
Vi=V.n{(x+iy): x=0}, Vo =Closure( V,— V).

The following two lemmas describe the face identification on Q by K in terms
of the components in R.

Lemma 2. Suppose that U, and U, are components of R (the components could be
the same) and F is a face of Q contained in U,. If F is identified with a face F’ in
U, by an element g € K such that g = d or rd when restricted to F, then U, is identified
with U, by elements of K such that the identification is equivalent to the one induced
by d or rd, respectively.
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Proof. If U, = F, then the lemma holds trivially. Suppose that U, # F. Then there
exists a face F} in U, such that F' and F) share a negative edge. If F is identified
with F’ by g, where g=d or rd when restricted to F, then by Lemma 1, F] is
identified with d (F}) or rd (F}), respectively, such that the identification is equivalent
to the one induced by d or rd, respectively. The proof is completed inductively
since every face in U, can be joined to F’ by a finite sequence of faces in U,, where
any two consecutive faces share a negative edge. [

Lemma 3. Suppose that U is a component of R, V is the maximal component associated
to U, and k is the depth of U.
(a) Suppose that V=V, V, or an inessential component.
(i) U is identified with d(U) by elements of K if k is odd and the identification
is equivalent to the one induced by d.
(ii) U is identified with rd(U) if k is even and the identification is equivalent
to the one induced by rd.
(b) Suppose that V= Vs or V.
(i) Uis identified with rd(U) by K if k is odd and the identification is equivalent
to the one induced by rd.
(ii) U is identified with d(U) if k is even and the identification is equivalent to
the one induced by d.

Proof. We use induction on k.

(a) Suppose that V=V, and k= 1. (The argument is similar if V= V,and k=1.)
Let t be the rotation of = about the edge common to B and C. We also use the
rotations, r and s, defined in Section 2.1. Since r£ K and tZ K, rte K. Now rt
identifies the face B with d(B) in V) and rt =d when restricted to B. By Lemma
2, V, is identified with d(V,)= V} and the identification is equivalent to the one
induced by d.

Suppose that V is an inessential component, say V;, and k=1. (The argument
is similar for any inessential component.) There exists a face F in V; such that F
and d(F) share a negative edge, say E. We may imagine that F is a face of V3 and
d(F) a face of V3 such that E is an edge along the x-axis in Fig. 5. Now o(E)
identifies F with d(F) and o(E)=d when restricted to F. Lemma 2 implies that
K identifies V, with itself, more precisely, V; with V3, and the identification is
equivalent to the one induced by d.

Suppose that (a) is true for k—1.

(i) Suppose that U has depth k and k is odd. Let U, be the predecessor of U.

Then U, is identified with rd(U,) by the induction hypothesis. There exists
a face F of U containing a positive edge E such that E is contained in the
inner boundary of U,. Let F, be the face contained in U, meeting F at the
edge E. By Lemma 1, since F, is identified with rd (F,), F is identified with
d(F) and the identification is equivalent to the one induced by d. By Lemma
2, U is identified with d(U) as described.
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(ii) If k is even, the induction step can be shown the same way as the above.

(b) The proof of case (b) is again similar. We observe that V. and V{ are
identified with V5 and V by K, respectively, since A and d(A) are identified with
rd(A) and r(A) by rs€ K, respectively. [

2.3. We now have enough information to describe H*/ K.
Lemma 4. H*/ K is homeomorphic to the open solid torus, S' x D2

Proof. According to Lemma 3, K identifies V, with V;, V, with V5, and V' with
V™ for any inessential component V, where the identification is equivalent to the
one induced by d. K also identifies V5 with V5 and Vg with V, where the
identification is equivalent to the one induced by rd. Therefore, if every component
of R is maximal, then the above completely describes the face identification of Q
and H?/ K is homeomorphic to the open solid torus. We show below that R has
only maximal components.

Suppose that not all the components of R are maximal. Then there exists a
component U, such that it is not a predecessor of other components and it has a
predecessor. Denote the predecessor of U by U,. U is homeomorphic to the
2-dimensional open disk. Suppose that U, is identified with d(U,) by elements of
K. (If U, is identified with rd(U,), the argument below still holds.) Then rd(U,)
is identified with r(U,) by elements of K, U with rd(U), and d(U) with r(O)
(Fig.7) as described in Lemma 3.

rd
d(U;) Uy
4 4
d d
\4 \
r(U) au) d(uy)
r(uy) ~ rd _
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We now slightly alter the identification of the faces of Q by K as follows. The
new identification is the same as the old one, except that U is identified with d(U)
and rd(U) with r(U), where the identification is done by d. Let M be the space
obtained from Q by the new face identification. M is an orientable 3-manifold
(topological) and H’/ K is obtained from M by a 0-surgery (orientation preserving),
where a O-surgery can be described as follows.

We first give S°x D the orientation induced from that of the standard orientation
of D'x D*. Let M be an orientable connected 3-manifold with a fixed orientation
and a be an orientation preserving embedding of $°x D into the interior of M.
Then the result of a 0-surgery on M using « is

(Closure of (M —Im(a))u D'x §?,
where the identification is done by
«|S'x S*=al|(3D") x (4 D?).

In general, if M’ is the result of a 0-surgery on M, then the rank of H,(M’, Z)
is one larger than that of H(M;Z). To see this, let M,= Closure(M —Im(a)).
Using Z-coefficients, H,(M)= H,(M,) and we have the following long exact
sequence

H,(M', Mo) > H,(My)> H,(M")> H(M', M,) > 0.
H,(M', My)=H,(D"'x S §°x §”) by excision,
H,(M’', My)=H,(D'xS* §°x§)=H'(D'x §*)=0
by Poincaré duality [11], and
H(M',My)=H*D'x§*)=Z.
The above exact sequence reduces to
0- H\(My)-> H(M')>Z-0.

Hence the rank of H;(M’') is one larger than that of H,(M).

We see inductively that H*/ K is obtained from the open solid torus by a sequence
of 0-surgeries and the sequence is not empty if not all the components in R are
maximal. But if the sequence is not empty, then the rank of H,(H’/K; Z) is greater
than 1, which contradicts our assumption that H,(H’/ K ; Z) has rank 1. This finishes
the proof of the lemma. [

Remark. The proof of Lemma 4 shows that the equivalence classes J of positive
edges of P defined in Section 2.1 consist exactly of two open arcs.

2.4. The abelianization of 7 (H?/ N)(=N) is isomorphic to H,(H’/ N;Z). Hence
the rank of H,(H*/N;Z) is 1 by the assumption. On the other hand, the rank of
H,(H/ N; Z) is greater than or equal to the number of cusps in H*/ N. Since P has
an ideal vertex, H?/ N has at least one cusp. Consequently, H*/ N has exactly one
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cusp. Therefore, H?/ N is an orientable open 3-manifold with one end homeomorphic
to S'xS'xR [12].

Let Y be a compact 3-manifold containing H'/ N as a submanifold such that
aY = Y —H?/N is homeomorpic to §' x S' (Y is a compactification of H'/ N). We
observe now that the natural action of K/ N on H?/ N extends to an action over
Y. Let H= K /N. We may write H={[a;]: a;€ K, 1 =i<n, a, =the identity of K}.
Then Q'=J,.,., @(Q) is a fundamental domain of N [8], and H?/ N can be
obtained from Q' by identifying the faces by elements of N. Topologically, Q is
homeomorphic to I x 1 x[0,1), a solid cube with no top face, where I is the unit
interval. By viewing I x I x {0} as the base of the cube, we may assume that the four
faces on the side of the cube correspond to the four faces of Q containing 0. It is
important to note that a face on the side of a4;(Q) can only be identified with a face
on the side of a,(Q) by an element on N. Thus, Y admits a rectangular decomposi-
tion consisting of n rectangles.

Given xe€ Q', let [x] be the point of H?/ N represented by x. Then for any i, j
and xe Q,[a;}([a;(x)]) = [ac(x)], where[a;] - [a;]=[a,]in H. Therefore, an element
of H leaves the R factor fixed in the end (=S'x S'xR) of H’/N. It follows that
the action of H on H*/ N extends to an action over Y. If we restrict the extended
action to dY, an element of H permutes the rectangles in the rectangular
decompositions of 9Y.

Let X be the compact solid torus. Then the orbit space of the extended action
of H on Y is homeomorphic to X such that X —9X is homeomorphic to H’/ K.
By restricting this action to 4 Y, we obtain an action of H on S§'x S' such that its
orbit space is homeomorphic to S' x S'.

Lemma 5. The action of H on dY is free.

Proof. Suppose that [h]€ H is not the identity of H and [h] fixes a point in 9Y.
Then the fixed point set of [h] in Y is a regularly embedded 1-dimensional
submanifold whose boundary is in Y since [h] can be regarded as an orientation
preserving diffeomorphism of Y. Therefore, the fixed point set of [#] in H?/ N must
contain an open arc. Let o be such an arc, and let ye f, '(a), where f,: Q'>H*/N
is the quotient map induced by the identification of the faces. Then there exist x € Q
and a;,i=1,2,..., n,suchthat y = q;(x). On the other hand, since [h]{ f,(y)) =f1(y),
there exists ge N such that gh(y)=y. Then a;'gha;(x)=x. Since a non-trivial
element of K can only fix a point in an edge of Q, x is a point of an edge. Hence
y is a point of an edge of Q'. This implies that f7'(«) must contain an interior
point of an edge containing c© since « is an open arc and Q' has only finitely many
edges. Let y be such a point in the above argument. Then x is an interior point of
an edge E of Q containing co. From the definition of Q (see Section 2.1}, there
exist g€ G and an edge E, of P containing o such that E =g,(E,). Now
gi'a;'gha,g, is an element of G, and it fixes g, '(x), an interior point of E,. It is
a standard fact that if an element of a polyhedral group fixes an interior point of
an edge E, of the polyhedron, then the element is equal to a power of the rotation,
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o(E,). In the above discussion, the order of o(E,) is 2 since the dihedral angle
along E, is w/2. Therefore, g, 'a; 'gha;g,=o(E,)e K since ghe K and K is an
index 2 normal subgroup of G (any index 2 subgroup is normal). But K cannot
contain such an element from the definition given in Section 2. [

Remark. The proof of Lemma 5 shows that f'(«) is a union of edges.

Lemma 6. K/ N is an abelian group.

Proof. By Lemma 5, we may regard H as the group of covering transformations of
the covering projection f:S'x S' ¥ §'x §'. A theorem in covering space theory
[11] implies that H is isomorphic to 7,(S' x 8")/f,(7,(S' x S")). Since 7 (S'x §') =
Z®Z, H is an abelian group. Furthermore, there exist positive integers p and g
such that K/ N=7,®7,. 0O

2.5. We now finish the proof of Proposition 1. Let v be a regular vertex of P and
S, be the stabilizer of v in G. Suppose that S, & K. Let ge S, — K. Then
S,=(8,nK)u(S,nKg)=(S,nK)u(S,nKg)g 'g
=(S,nK)u(S,nK)g.
Therefore, S, ~ K is either S, or an index 2 subgroup of S,. On the other hand,
S, K ~ N is a trivial group since S, n K is finite and N is torsion-free. Here, we
are using the fact that for any regular vertex v, S, is a finite group because it is a
so-called spherical group acting on a 2-sphere. We will see below what S, precisely
is. Therefore, S,n K =(S,n K)N/N < K/N.By Lemmaé6, S, » K is abelian. Hence
for any regular vertex v, S, is abelian or it contains an index 2 abelian subgroup.
The stabilizer S, of a regular vertex v has the following presentation.
(1) 1st type: (2,2, n), n>1,
S,={a, b; a’=b>=(ab)"=1)=D,.
(2) 2nd type: (2,3, 3),
S,=(a,b; a’=b’=(ba)’=1)=A,.
(3) 3rd type: (2,3, 4),
S,={(a,b; a*=b’=(ba)*'=1=8,.
(4) 4th type: (2,3,5),
S,=(a, b; a*=b*=(ba)’=1)= A;.
S, denotes the permutation group on n letters and A, the alternating subgroup of S,,.
It is obvious from the presentation that none of A,, S, and As is abelian or
contains an index 2 abelian subgroup. Therefore, any regular vertex of P must be

of the 1st type, and this finishes the proof of Proposition 1. We note that the dihedral
group D, (n = 3) does contain a unique index 2 abelian subgroup and D, is abelian.
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Remark. Suppose that v is a regular vertex of Q of type 1 with n>2 and let E be
the edge containing v with dihedral angle equal to «/n. Then S, is isomorphic to
D, and D, is not abelian. Therefore, the above argument shows that S, » K must
be an index 2 abelian subgroup of S,. The only index 2 abelian subgroup of S, is
the subgroup generated by o(FE), the rotation of 2w/n about E. Therefore, E is a
negative edge and the other two edges containing v are positive edges.

3. Proof of Proposition 2

We prove Proposition 2 by a contradiction. Suppose that G is an exceptional
polyhedral group associated to polyhedron P and all the regular vertices of P are
of type 1. Suppose that G contains a normal t.f.i. subgroup N and H,(N; Z) is
isomorphic to Z. Notice that all the results obtained in the last section hold under
the new hypothesis. We use the notations of the last section.

3.1. We first show that not all of the regular vertices of P are of type (2, 2, 2).
Lemma 7. There exists a negative edge in P whose dihedral angle is w/n, n> 2.

Proof. Suppose that all the regular vertices are of type (2, 2,2). Given a group H,
let # H denote the smallest number of generators for H. By the proof of Lemma 6,
K/N=7,®Z, for some positive integers p and g. From the short exact sequence
1- N-> K-> K/N->1 we obtain an exact sequence of homology groups with Z
coefficients

H(N)->H(K)»2,®Z,-0.
#H,(K)<4 since # H,(N)=1. On the other hand,
H(K)->H{(G)~>Z,~0.

Therefore, # H,(G) <35.
Suppose that P has m vertices. Then P has k =4(3m + 1) edges and a presentation
of G can be given as follows [5].

G:<glsg2,"‘agk;g%zl,lgigk,Izjalstm_l)s

where R; is a relation of the form, g,gzg, =1, and for each vertex there is one
relation of this type. The relation corresponding to the ideal vertex is redundant
[5]. This shows that H,(G) is isomorphic to the direct sum of at least (k—m+1)
copies of Z.’s. Hence #H,(G)=k—m+1=3%m+3) and ¥m+3)<5. Therefore,
m =35 or 6, since P must have at least 5 vertices.
(i) If m =35, the only possible polyhedron is given in Fig. 8.

But P cannot be a hyperbolic polyhedron [1], because two non-adjacent faces
containing c© meet a third face at angle =w/2.
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Fig. 8.

(ii) It is easy to check that there is no exceptional polyhedra with 6 vertices. This
finishes the proof of the lemma. O

3.2. We consider the natural action of H= K /N on Y, where Y is defined as in
Section 2.4.

Lemma 8. Suppose that [h]e H and [h] is not the trivial element. If [ h] fixes a point
in Y, then the fixed point set of [h] is homeomorphic to a circle.

Proof. Let S be the fixed point set of [h]. Then S is a union of circles (see the
proof of Lemma 5). Let w be a prime number dividing the order of [#]. We regard
Z, as a subgroup of the group generated by [h]. Then Z,, acts on Y and the fixed
point set of Z,, contains S.

If we use Z, coefficients for the homology groups, then rank(H,(S))<
rank(H,(Y))+rank(H,(Y)) by [3]. On the other hand, we have a homology long
exact sequence

0> H3(Y,0Y)> H,(0Y)—> Hy(Y)> Hy(Y,0Y)
> H,(3Y)~> H,(Y)~> H,\(Y,0Y)->0.

By Poincaré duality and the universal coefficient theorem [11] the above sequence
reduces to

0-272,-72,->H,(Y)>Z,->2,®Z2,->2Z,-> H,Y)->0.
The sequence implies that H,(Y)=0. Therefore, rank(H,(S))<rank(H(Y))=1

and S is homeomorphic to a circle. [

3.3. We define the quotient maps f, f;, f> and f; as in the following diagram, where
for any xe Q and i, 1= i=<n, f3(a;(x)) =x. The diagram clearly commutes. Recall
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that {a;} is defined to be a set of right cosets of N in K in Section 2.4.

Suppose that E is a negative edge of Q and let e= o (E). Since e has a finite
order, e does not belong to N. Hence we may regard the group generated by e as
a subgroup of H and it acts on Y. The fixed point set of e is non-empty and it is
homeomorphic to a circle by Lemma 8. Let S be the fixed point set of e.

Lemma 9. Under the above notation, f5'(f(S)) is a union of negative edges of Q.

Proof. From the commutativity of the above diagram, f3'(f(S))=/£(f1'(S)) and
from the remark of Section 2.4, f1'(S) is a union of edges of Q'. Hence f5'(f(S))
is a union of edges since f> maps edges to edges.

Suppose that E' is an edge in f3'(f(S)). If o(E’) has order greater than 2, then
the lemma holds trivially by the remark of Section 2.5. Suppose that o(E’) has
order 2. Then there exist a,€ K and g€ N such that for any x e E’ gea,(x) = a,(x).
Therefore, a; 'gea; = o( E’) or the trivial element of K since the order of o(E’) is
2. Recall that any element of K fixing E’ pointwise is a power of o(E’). If a; 'gea;
is the trivial element of K, then g=e~', which is not possible. Hence a; 'gea, =

og(E")e K, thus E’ is a negative edge. [

3.4. We have shown in the remark of Section 2.3 that J consists of exactly two open
arcs. We assume without loss of generality that they are horizontal as in Fig. 9.

Lemma 10. K/ N is cyclic.

Proof. We choose a smoothly embedded horizontal open arc A in dP (or the
x-y-plane) extending to oo at both ends with the following properties (see Fig. 9).
(i} A is disjoint from J and passes through the faces A and C.

(i1) A does not contain any regular vertex of P, and if it intersects an edge, then
it does so transversely.

(iii) There exists a negative edge E of P such that E cannot be joined to a point
of A by a path consisting only of points of negative edges.

We see the existence of A as follows. If there exists an open arc satisfying (i)
and (iii), then we isotop the arc slightly to make it satisfy (ii). If an edge of B or
D is negative, then any arc A satisfying (i) satisfies (iii). Suppose that B and D do
not contain any negative edges, then the dihedral angles of all edges of B and D
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Fig. 9.

are w/2 by the remark of Section 2.5. On the other hand, there exists by Lemma 7
an edge E in P whose dihedral angle is w/n, n>2. The endpoints of E are in J
again by the remark of Section 2.5. Let J, and J, be the components of J. Then both
endpoints of E must be either in J, or J,, because if not, the faces B and D intersect
a third face at a dihedral angle w/2, which is impossible for a hyperbolic polyhedron
[1]. Now we can choose A such that it satisfies (i) and is disjoint from E. There is
no path of negative edges joining E to A.

We assume that (Q, dQ) is identified with (H*, R*) as in Fig.5. Let A'=aQ N
(Aurd(A)), and W be the half plane in Q perpendicular to the x-y-plane with
A’ as its boundary. Then f;( W) is an open disk embedded in H*/ K. Furthermore,
there exists a smoothly embedded closed disk 4 in X such that 4 —a4 is f5(W).

The map f: Y - X is transverse regular to A. If not, there exists a y € Y such that
J is not transverse regular at y and y must be a fixed point of some element [h]€ H.
Then there exists an embedded circle S containing y in Y such that [h] fixes the
points of S. Now f5'(f(S)) is a union of edges (negative) in Q. The property (ii)
of A implies that 4 intersects f(.S) transversely at f(y). Therefore, the tangent space
of A at f(y) and the tangent space of f(S) at f(y) generate the tangent space of X
at f(y), which is a contradiction. By the transverse regularity theorem, f'(4) is a
2-dimensional orientable compact submanifold of Y.

We now fix two generators, u and v, of H,(9X; Z). Let v be an element represented
by the embedded circle 44 in 4X. Then v may be regarded as a meridian of 4X. To
define u, let W' be the upper half of the y-z-plane in Q in Fig. 5. Then the closure
of f3{ W) in X intersects X in a circle. We define u to be an element represented
by this circle. We may regard p as a longitude of 4X. Since f|aY is a covering
projection by Lemma 4, there exist generators a and b of H,(#Y;Z) represented by
embedded circles in Y such that f,(a) = pu and f,(b) = gv, where K/ N=2,DZ,
as in the proof of Lemma 6.

Now f ' f;,(W)) is U =i, @:( W) with the boundaries identified by elements of
N, where n=pq and {a;,1<i<n} is a set of cosets of N in K. Since each a;( W)
is non-compact, each component of f '(f;(W)) is non-compact. Hence each
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component of f'(A) must have a non-empty boundary containedinaY n f~'(4) =
f7(94), where f7'(34) is a union of p circles.

Suppose that disa component in f '(A). Then 94 consists of some of the p
circles which make up f'(84). Since f is transverse regular to 4, f induces a bundle
map from the normal bundle of £ '(4) in Y into the normal bundle of 4 in X.
Both bundles are line bundles and we may assume that f respects positive directions
of the bundles if we choose the directions properly. On the other hand, the positive
direction of the bundles restricted over the boundaries must be as in Fig. 10 if we
identify the total spaces of the normal bundles with tubular neighborhoods.

A

Fig. 10.

Suppose that the boundary of A has more than one component. Let S; and S,
be two components such that they form the boundary of a compact annulus 7T in
aY, where T does not contain any other components of 94. Let Z be the closure
of the component of Y —A4 containing T. Z is an orientable 3-manifold. Hence
there exists a consistent inward normal direction along 4Z, and we may assume that
this direction agrees with the positive direction along a copy of 4 in 9Z. But if we
translate the positive direction along S, across T to S, using the inward normal
direction of 3Z in Z, we obtain an inconsistent direction. This implies that Z is not
an orientable manifold. Therefore, each component of £ ~'(4) contains exactly one
component of f~'(dA), thus f~'(4) has p components.

Let S be the fixed point set of o(E), where E is the edge given in property (iii)
in the definition of A. Now f3'(f(S)) is a union of negative edges of Q by Lemma
9, and if f3'(f(S))n A’ #, then there must be a path in 3P from E to a point in
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A consisted of points of negative edges. But E and A are chosen such that this is
not possible. Hence f3'(f(S)) n A’ =0. Therefore, f(S)nA=0 or Snf '(A)=¢.
We choose a thin tubular neighborhood f'(4)x(—1,1) of f7'(4) in Y, such
that it does not intersect S, and f(f~'(4)x(—1, 1)) is a thin tubular neighborhood
of 4 in X, which does not intersect f3(E). Let Yo=Y —f"(4)x(—1,1). S is
contained in one of the components of Y,. By the Lefschetz duality [11], Hy(Y,) =
H(Y,3Y uf '(4)), where the homology and cohomology groups are over Z
coeflicients. From the triple (Y,3Y U f~'(4),0Y), we get a long exact sequence

>HXY,0Y)> H*(0YUuf Y (4),aY)
>H (Y, 0Y uf " (A)=H(Y,aY)=0.
H*(Y,aY)=H/(Y)=H,(N)=2Z,

H*(3Yuf '(A),0Y))=pZ (direct sum of p copies of Z) and H*Y,0Y)=Z.
Therefore, the rank of H(Y,aY U f"'(4)) is at least p and Y, has at least p
components.

Let Xo=X —f(f'(4)x(—1,1)) =f(Y,). Suppose that Y’ is a component of Y.
Y’ is a compact connected manifold and f(#Y') =dX,. We now observe that f is
an open map when restricted to Y'. Suppose that ye Y'. If y is in aY", then there
exists an open neighborhood of y, whose image under f is open in X, from the
fact that f is a covering projection on dY and is transverse regular to 4. If y is an
interior point of Y’, we can still find an open neighborhood of y, whose image
under f is open in X, since f is a quotient map induced by a finite group action.
From the observation, f(Y’) is an open subset of X,. On the other hand, f(Y") is
closed since it is a continuous image of a compact space. Hence f(Y')= X,. In
particular, f '(f5(E))~ Y'# ¢ and Y’ contains f,(a;(E)) for some i=1,2,..., n

Suppose that x€ E. Then o(E)(fia:i(x)) =o(E)[a;](fi(x))=[a;]o(E)(fi(x)) =
[a1fi{o(E)(x))=[a;]fi(x)=fi(a;(x)). (In the computation, we used the fact that
K/ N is abelian.) Hence fi(a,(E))<= S and S~ Y’ #¢. This implies that S is con-
tained in every component of Y, thus Y, has only one component. Therefore, p =1
and K/N=7, U

3.5. We now finish the proof of Proposition 2. First, observe that the endpoints of
any negative edge of P lie in J (see Section 3.4 for the definition of J). Because if
not, there must be three negative edges meeting at a vertex, and the stabilizer of
the vertex can be regarded as a subgroup of H, which implies that H is not cyclic.

Choose two negative edges E and E, of P (Fig. 11) with the following properties:

The endpoints of E are in distinct components of J,

the order of o(E,) is greater than 2, and

there is no path joining E to E, consisting only of points of negative edges.
Edges E and E, exist from the above observation and Lemma 7. Note that f;(E)
is disjoint from f5(E,) by Lemma 9.

Let S be the fixed pointsetof o(E)e H If ye Sand he H,o(E)h(y) =ho(E)(y) =
h(y). Hence h(y)e S for any y € S, thus H acts on S. Let H, be the subgroup of H
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Q

Fig. 11.

of elements fixing S pointwise. We claim that f(S)=S/H =S/(H/H,) is a circle
in X.

Suppose that it is not. Then f(S) is a compact arc and H/H, must contain an
element which reverses the orientation of S. By identifying S with the standard unit
circle in the x-y-plane, we may assume that the orientation reversing element is the
involution 7 reflecting the plane in the x-axis. On the other hand, the subgroup of
H/ H, of orientation preserving elements is generated by a rotation ¢ of the plane
about the origin in an angle 2w/ k for some integer k> 1. It is easy to check that
H/Hy=(n)®(£). If we regard the circle as {@: 0= O < 2x}/(0=27), then for any
integer i,

and
) 2im
En(O@)=¢(-0)= ~(~)+_k )

Since H/ H, is abelian,

—@~—2%= *@+2—;(1I+2n1r
for some integer n.

—dim/k =2nm. Hence 2i/k is an integer for every integer i. Hence k=1 or 2. If
k=2, then H/Hy=7,®Z,, but this is not possible since H is cyclic. If k=1, then
H/H,=1Z,. This implies that there exists h € (a(E,)) such that [h]e H,, because
the order of o(E)) is greater than 2. Let S; be the fixed point set of o(E,). S, is
disjoint from S by the choice of E and E,. Furthermore, S and S, are fixed pointwise
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by [h], which contradicts Lemma 8. We have shown that f(S) is an embedded circle
in X.

Let E'=E Ud(E). Then f(S)=f;(E’) and S=f,(U1Sigq a;(E')). Since H/ H, is
a cyclic group, say of order k, and f: S f(S) is a k-fold covering projection of a
circle onto a circle. Choose a vertical open arc A” containing E’ in 4Q (Fig. 11)
with the following properties:

The arc extends to o at both ends, does not contain vertices except for the ones
in E’, is transverse regular to the edges it intersects except for E' and is symmetric
in the x-axis.

Let W" be the plane perpendicular to the x-y-plane containing A”. Then f3( W")
is a non-compact annulus in H’/ K whose boundary is f(S) and there exists an
embedded compact annulus A" in X suchthat A’'ndX isacircleand 4’ —(A'n9X) =
[ (W"). Clearly, A’'~8X represents the homology class u of H,(dX;Z) which
generates H,(X; Z). (See Section 3.4 for the notation.)

From the construction, f is transverse regular to 4'— f(S). Hence f (A’ —£(S))
is an orientable 2-manifold. Since the closure of each component of this manifold
is obtained by identifying the boundaries of some of the a;( W"), 1=i=<gq, it has S
as a boundary component. Hence f~'(4') is a union of orientable 2-manifolds,
where they are identified along the common boundary S. Therefore, Y —f '(4) is
an orientable 3-manifold. As in the proof of Lemma 10, we can show that each
component of £ '(A’—f(5)) has exactly one boundary component. Let A’ be a
component of f'(4"—f(S)). Then 94" is an embedded circle in aY and it represents
the homology class a in H(dY; Z), where a is defined in Section 3.4. Since aus
is a cobordism between S and 85’, [S]1=[84"] in H,(Y; Z), where [ ] denotes a
homology class. Now f (IS])=+k([f(S)])=+ku since f:S-f(S) is a k-fold
covering projection and f*([aﬁ’]) = f(a) = p. Therefore, k=1, thus H/ H,is a trivial
group. This implies that every element of H fixes the points of S, in particular,
o(E,) fixes the points of S which is a contradiction. [
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