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INTRODUCTION

In his 1896 treatise ‘“‘Cours d’Economie Politique” [1], Pareto discussed
in the qualitative terms of values and prices the formation of a single, real-
valued optimality criterion from a number of essentially noncomparable
“elementary” real-valued criteria. It is obvious that these ‘‘clementary”
criteria can be viewed as the components of a vector-valued optimality
criterion. Since then, discussions of vector-valued optimization problems
have kept reappearing in the economics literature (see Karlin [2], Debreu [3]),
in the literature of nonlinear programming (see Kuhn and Tucker [4]) and,
more recently, in the literature of control theory (see Zadeh [5], Chang [6]).

Since a vector-valued criterion usually induces a partial ordering on the
set of alternatives, one cannot speak of ‘‘ optimal *’ solutions under a vector-
valued criterion as one can in the case of a linear ordering induced by a
scalar-valued criterion. Thus, in the case of a partial ordering, the notion
of an optimal solution is replaced by that of the set of noninferior (efficient,
minimal, nondominated) solutions, that is, the set of solutions which are
not inferior to any other solution under the partial ordering. The present
paper is devoted to developing a broad theory of necessary conditions for
characterizing noninferior points and to determining when a vector-valued
criterion problem can be treated as a family of problems with scalar-valued
criteria. The necessary conditions presented in this paper extend the results
of [13] which dealt with ordinary constrained minimization problems.

I. Necessary CONDITIONS FOR THE CANONICAL PROBLEM

Let f: Er — E?, r : En— E™ be continuously differentiable functions and
let £ be a subset of E™.

* The research reported herein was supported wholly by the National Aeronautics
and Space Administration under Grant NsG-354, Supplement 3.
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1. CanonicAL ProBLEM. Find a point £ in E® such that
2. #€f and r(%) = 0 and

3. for every x in £2 with r(x) = 0, the relation f(x) < f(£)® (component-
wise) implies that f(x) = f(%).

It can easily be shown [7] that the solutions of the canonical problem (1)
usually constitute an uncountable set of points.

Before we can obtain necessary conditions for a point £ in E™ to be a solution

to the canonical problem, we must introduce an approximation to the set
2 at x.

4. DErFINITION. A subset C(%, $2) of E™ will be called a conical approxima-
tion of the set 2 at % if

5. C(&, 2) is a convex cone, and

6. for any finite collection {x,,x, ..., x;} of linearly independent vectors
tn C(%, 2), there exist a positive scalar ¢, and a continuous map { from co
{exy ,..., €xz}, the convex hull of {ex, ,..., ex;}, with 0 < e < ¢, into Q — {£}
of the form:

{(8x) = 8x + o(dx) for all 8x € co {ex; ,..., ex3}, 0 < e < ¢,
where the function o) is such that

tim 12O _ .
T B

An important special case of a conical approximation is one where the
map { is the identity map, i.e., co {ex, ,..., ex} is contained in £ — {#} for
0 < e < ¢ . We call this special case a conical approximation the first kind.

7. THEOREM. Let % be a solution to the canonical problem and let C(%, £2)
be a conical approximation for 2 at i. Then, there exist a vector p in E? and a
vector n in E™ such that

8- [l:i < 0, 1= 1, 2;---:?:
9. (u,m) # 0, and

10. <“, a_f(x_")x> + <77, _qra(_:)_x> <0 foral xeC@ED),
where C(2, $2) is the closure of C(%, ).

* We use the following notation. For any vectors y, , y, in E*, y; < ¥, if and only
<yt fori=1,2..,0; <y if and only if 3, %y and 3, < y;; 1 < ¥s
if and only if y,* < 3t fori = 1, 2,..., p.
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ProoF. Let
1. A(F) = §yeEv1y=a-fa(—;‘)x, xe C(#, 2,
12. B#) = frekmz = 28, wec @),

o . (Of(X)  or(%) . i
13. K(%) = §ueEv % Emju = (%—x—a——x) xeCE Ol
Since the Jacobian matrices 9f(£)/0x and &r(£)/0x define linear maps,
A(%), B(#), and K(&) are convex cones in E?, E™, and E? X E™, respectively.
Clearly, K(£)C A(%) x B(%).
Let C and R be the convex cones in E? and E? X E™, respectively, defined
by

14. C={y =(0O"..,y) e E? |y < 0,1 = 1,2,..., p}, and
15. R={(y,0) e E» X E® |y e C,0 € E™}.

Examining (9) and (10), we observe that the claim of the theorem is that
the sets K(X) and R are separated in E? X E™. We now construct a proof
by contradiction.

Suppose that K(£) and R are not separated in E? X E™. We then find that
the following two statements must be true.

16. The smallest linear variety containing the union of R and K(&) is the
entire space ? X E™, and R N K(X) # ¢, the empty set.

17. The convex cone B(%) in E™, contains the origin as an interior
point and, since B(%) is a convex cone, B(X) = E™.

This follows from the fact that if 0 is not an interior point of the convex
set B(X), then by the separation theorem,? it can be separated from B(%) by a
hyperplane in E™, i.c., there exists a nonzero vector 7, in E™ such that

{ny, 2> < 0 for all 2 € B(%).

Clearly, the vector (0, 7o) in E? X E™ separates R from A(%) X B(%) and
hence from K(%) contradicting our assumption that they are not separated.

We now proceed to utilize facts (16) and (17). Since the origin in E™
belongs to the nonvoid interior of B(£) = E™ (see (17)), let us construct a
simplex 2 in B(%), with vertices 2, , 2, ,..., 2,,4; such that

18. 0 is in the interior of 2;

¢ See [8] p. 118, 2.22. Corollary to the Hahn-Banach Theorem.
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19. there exists a set of linearly independent vectors {x; , X5 ,..., Xpyq}
in C(&, §2) satisfying
or(%)
ax

20. 2, = x; for ¢+ =1,2,..,m+1,

21, (x) = x +o(x)e{2 —{£}} forall wxecof{x;,xy,. ., Xt}

where { is the map entering the definition of C(x, £2), see (4), and

22, the points y; = %(xi)x‘ areinCfori=1,2,..,m + 1.8

The existence of such a simplex is easily established. First, we construct
any simplex X' in B() with vertices 2, 2;,..., 2,,,; , which contains the
origin in its interior. This is clearly possible since B(£) = E™ by (17). Let
X1, X3 ..., X,,; be any set of points in C(%, £2) which satisfy (20}, i.e.,
z; = [or(R)jex] x;, £ = 1, 2,..., m + 1. If [of(Z)/ox]x; < O for i =1, 2,..,,
m + 1, then (22) is satisfied and we can satisfy (21) by letting x; = ex],
for some ¢ > 0, and still satisfy (18), (20), and (22). But suppose, without
loss of generality, that [8f(%)/0x] x; = 0 and [8f(%)/0x] x; < O for { =2,
3,..., m 4 1, Since by (16) K(%) N R # &, there exists a point

u = (%(?JE,O)GK(&)AR,

1e., [¢f(%)jox)x < O and [or(x)/0x]% = 0. Choose any scalar A >0 such
that [8f(#)/ox}(Ax; + (1 — A)%) <0, and let x = Ax; 4 (1 —A)# Then
the simplex X with vertices ¢A2], €2y ..., €2,,,,, satisfies conditions (I8),
(19), (20), (21), and (22) for the corresponding vectors Ax’, xg, X3 ..., Xy, q
and some ¢ > 0.

It is easy to show that (18) implies that the vectors (2, — 2p40), (22—2m41)s
<oy (2, — Zm.q) are linearly independent. Consequently, since [0r(%)/0x] is a
linear map, the vectors (x; — Xmy1)s (¥ — Xpsr)reeos (¥ — Xppr) are also
linearly independent. Let Z be the nonsingular m X m matrix whose columns
are (2, — Zpmya)s (B2 — Zmat)seor (Bm — Zmyy) and let X be the n X m matrix
whose columns are (%3 — %piy)s (X — Xmyy)reees (Fm — ¥mey)- Then z—
XZY% — &p41) + ¥ms1 i8 a continuous map from Zinto co {x; , % ,-., ¥pme1}-

Now, for 0 <a <1, let S, be a sphere in E™ with radius ap (where
p > 0), center at the origin, and contained in the interior of the simplex 2.

8 It is easy to show that (18), (20), and (22) imply that the vectors x; , £, ..., Xm41 »
are linearly independent.
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Next we define a continuous map G, from the sphere S, into E™ by
23. Gy az) = r(% + {(aXZ M2 — Zpy1) + Fpryy))
= 1(§ + aXZN(z — Zpyy) + Wppyy + (X Z7(Z — 241) + X))y

where || z || < p, az € S, , and { is the map associated with the conical approxi-
mation C(%, ). Since 7 is continuously differentiable, we can expand the
right-hand side of (23) about £ to obtain

% Gas) = r®) + & TEL(XZ(z — 5) + )

+ 0(aXZ Y% — Zpyy) + pyy)-

But r(%) = 0, [or(%)/0x]) X = Z, and [07(%)/0x] X,y = %my, - Hence, (24)
becomes

2. Gulox) = o& + o(aXZHz — i) + k).
Now, since
lim |l o(aXZ (2 — Zpnya) + WXpnay)l -0
a0 o ?
there exists for || z| = p, an &, ,0 < &y < 1, such that

26. || o(aXZ Y& — Zpmyy) + i) | < p, for all 0 <a<{& and
2l =p

By assumption, f is differentiable, hence we can expand each component
of f about £ as follows:

27, fi(E + {aXZ Nz — Zmp) + W)
s o
= f{%) + « ———-faix) [XZYz — 2myy) + Xpaa)
+ (e XZHz — Zny1) + Fmya): 1= 1,2,

Since by construction, (see (22)), [of(#)/ox]x; <O, for i =1,2,.,p
and j=1,2,.,m+ 1, and the point XZ Yz — z,,3) + Xy is in
co{Xy , Xy 5..., Xppia}, We have [Ofi(%)/0x)[XZ Yz — 2pm41) + Xmya) <0, with
i =1,2,..,p. Hence there exist &;, { = 1, 2,..., p, such that

28. fi(E 4+ AXZ N2 — 3pay) + X)) < fH(F) for all 0 <a<ay,
lz]| =p and £ =1, 2,...p.

Let a* be the minimum of {&,, &, ,.-., &,}. It now follows from Brouwer’s
fixed point theorem [9] that there exists a point a*3* such that G, *(a*s*) =0.
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Now, let x* = £ + {(a*XZ-Y(2* — 2,,44) + a*x,,,,), then
29. r(x*) = 0 (since r(x*) = G,.(a*2*) = 0), and

30. x*eQ, since (x* — %) € {(cofa*x, , a*x, ..., a¥x,,,}) C L2 — {£} by
construction.

But (28), (29), and (30) contradict the assumption that x is a solution to the
canonical problem (1). Therefore, the convex cones K(#) and R are separated
in E? x E™, i.e., there exists a nonzero vector (u, n) in E? X E™ such that

of(#) or(%) > .
31. <p, A x> +<n, Sy <0 forall xeC(#Q),
and
32. s ¥) + 41,05 =0 for all yeC.

But (31) implies that
<,L,al(xi)x> + <,7,%(;lx> <0 forall xeCED)

and (32) and (14) implies that 4 < 0, i = 1, 2,..., p. QE.D.

II. RepucTioN OF A VECTOR-VALUED CRITERION TO A FAMILY OF
ScAaLAR-VALUED CRITERIA

An examination of (9) and (10) indicates that if we had used the scalar-
valued criterion {—u, f(x)) instead of the vector-valued criterion f(x) in the
definition of the canonical problem (1), with u € E? specified by theorem (7)
for the vector-valued criterion, we would have obtained from theorem (7)
exactly the same set of necessary conditions. This observation leads us to
the following important question: can we obtain the solutions to the canonical
problem (1) by solving a family of scalar-valued criterion problems ? A partial
answer to this question is given below by theorems (38) and (41).

To simplify our exposition, we lump the constraint set 2 with the set
{x € E" ! r(x) = 0}. We shall therefore consider a subset 4 of E", a continuous
mapping f from E* into E? and introduce the following definitions.

33. DerINITION. We shall denote by P the problem of finding a point
in A such that for every x in A, the relation f(x) < f(£) (component-wise)
implies that f(x) = f(%).

34, DEerINITION. Let A be the set of all vectors A = (AL, A,..., A?) in
E? such that 37 A =1land X >0,¢ =1, 2,...,, p.
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35. DEeFINITION. Given any vector X in EP, we shall denote by P(A) the
problem of finding a point & in A such that (A, f(£)) < <A, f(x)) for all x in A.
We shall consider the following subsets of E”:

36. L ={xe A | x solves P},
37. M .= {xe A | x solves P(A) for some A e A}.

38. THEOREM. The set L contains the set M.

Proor. Suppose that # € M and # ¢ L. Then there must exist a point x’
in A such that f(x") < f(%). But for any A € 4, this implies that (A, f(x’)) <
{A, f(%)>, and hence % is not in M, which is a contradiction.

39. DerNITION. We shall say that a solution % of the problem P is regular
if there exists a closed convex neighborhood U of & such that for any ye AN U
the relation f(%) = f(y) implies & = y.

40. DErFINITION. We shall say that the problem P is regular if every
solution of P is a regular solution.

It is easy to verify that if f is convex and one of its components is strictly
convex then P is regular.

41. THEOREM. Suppose that the problem P is regular, that the performance
criterion f is convex (component-wise) and that the constraint set A is closed
and convex. Then the set L (36) is contained in the closure of the set M (37).

Proor. We shall show that for every £ €L, there exists a sequence of
points in M which converges to .

We begin by constructing a sequence which converges to an arbitrary,
but fixed, & in L. We shall then show that this sequence is in M.

Let £ be any point in L. Since we can translate the origins of E™ and E?,
we may suppose, without loss of generality, that # = 0 and that f(&) = 0.

Let U be a closed convex neighborhood of % satisfying the conditions of
definition (39), and let NC U be a compact convex neighborhood of Z.
For any positive scalar €, 0 << e << (1/p), (where p is the dimension of the
space containing the range of f(-)), let

. b4
42. Ae) = 3,\ =R W)Y X =L N2 i1, 2,,p
i=1 .

Let g be the real-valued function with domain 4 N N x A(e), defined by

43, g(A, x) == (A, f(x)>.
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Clearly, since f is convex and hence continuous, g is continuous in
AN N X Ae), furthermore, g is convex in x for fixed A and linear in A for
fixed x. Since the sets A N IV and /(e) are compact and convex, the sets

44, {xeANN|g}, x) = min g(X, nh
45, {Aed(e)lg(A, %) = max g(v, %)},

are well defined for every A € A(¢) and every #€ A N N, respectively. Ob-
viously, the sets defined in (44) and (45) are convex.

By Ky Fan’s theorem [10],® there exist a point A(e} in A(e) and a point
x(¢) in A NN such that

46. M) f(x)> = M) f(2(€))> = <A f(x(e))

for every x in 4 N N and A in A(e).
Since £ = 0 is in A N N and f(£) = 0, we have from (46):

47. Ae) flx(e))> < O
And from (46) and (47),
48. <A, f(x(€))> < 0 for every A in A(e).

Since A N N is compact, we can choose a sequence ¢, , n = |, 2,..., with
0 < ¢, < 1/p, converging to zero in such a way that the resulting sequence
of points x(e,), satisfying (46), converges, i.e.,

49. lim x(e,) = x*, x*€ AN N.

Since g(A, x) is continuous, it follows from (48) and (49) that

M flx*) <0 forall Aed,

¢ Ky FaAN’s THEOREM, Let L, , L, be two separated locally convex, topological linear
spaces, and K, , K, be two, compact convex sets in L, , L, , respectively. Let g be a real-
valued continuous function on K, x K, . If, for any x, € K, , ¥ € K, the sets

{x € Ky | g(x, y0) = max g(v, o)}
ek,

{y e K, .g(xo ’ y) = min g(x, , "))}
nekg

are convex, then

max min g(x, y) = min max glx, v).
26K, veKy veKy
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which implies that f(x*) < 0. But & is a solution to P, hence f(x*) < 0 = f(%)
implies that f(x*) = f(X). Consequently, since P is regular, x* = % =0
Thus, we have constructed a sequence, {x(e,)} which converges to £.

We shall now show that the sequence {x(e,)} contains a subsequence
{x(e,)} also converging to £, which is contained in M.

Since % is in the interior of N, there exists a positive integer n, such that
the points x(e,) € A N N belong to the interior of N for n 2 n,.

We will show that for n > n,, x(e,) is a solution to P(A(e,)), i.e., that for
n = ny, x(e,) € M. By contradiction, suppose that for n 2> n,, x(e,) is not a
solution to P(A(e,)). Then there must be 2 point &’ in 4 such that

51. {Aen), f(&)) < {A(en), f(2(€n)))-

Let x"(x) = (1 — a)x(e,) + axy, 0 < a < 1; since A is convex, x"(«)
isan 4 for0 < « < 1. But for n == ng, x(e,) is in the interior of NV and hence
there exists an a*, 0 < a* < 1 such that x"(a*) belongs to N.

Now,

52. Aen), f&"(0*))) = Alen)y f(1 — o*) (&) + ox')).

But for Me,) € A(e,), {Ae,),f(x)> is convex in x. Hence (51) and (52)
imply that

33. Aea)s f(&"(@*))) < {Men)y fx(e0))s

which contradicts (46).
Therefore, for n > n,, x(e,) is a solution to P((e,)), i.e., x(e,) is in M.
Thus, for any given % € L there exists a sequence {x(e,)} contained in M
such that x(e,) — & as n — oo. This completes our proof.

III. ApPLICATIONS TO NONLINEAR PROGRAMMING

In nonlinear programming the set £ is usually defined by a set of in-
equalities. Thus, let ¢*, i = 1, 2,..., s be continuously differentiable functions
from E™ into E'. Then 2 is defined by

54, Q={xeck|¢x) <0, i=1,2,.,sh
55. THE NONLINEAR PROGRAMMING PrOBLEM. We shall refer to the

particular case of the canonical problem (1), arising when the constraint set
£ is defined by (54), as the nonlinear programming problem.
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At each point x in £2, the index set of active constraints is defined as
56. I(x) ={i i ¢'(x) =0, 1€{l,2,.,5}}
Similarly, the index set of inactive constraints is defined as

57. Ix) = {i | ¢(x) <0, ie{l,2,..,s})

Let £ be a solution to the nonlinear programming problem. In order to
bring the additional structure of the nonlinear programming problem into
play, it is convenient to begin by allowing the following assumption, which
will subsequently be removed.

58. AsSUMPTION. There exists a vector z in E™ such that [0¢'(%)[ox] 2 < O
Jor every i€ I(%).
Under this assumption, the nonvoid set

C(, @) = fre b ﬁ%"—)x <0, iel@)|

is a conical approximation of the first kind for £ at £, and

CG Q) = iern @%‘—)x <0, iel@®).

By theorem (7) there exist vectors u in £? and 7 in E™ such that
i) p <0, i=12..,p
(i) (w,m) # 0,

£-=1
for every »
xe zer" a%i")x <0, ieI(£)$ .

And by Farkas’ lemma [11], there exist scalars pf < 0, 7 € I(£) such that

, or (x)

X
~—

59. iaf(x)i + ¥ o2 (

i=l tel(X)

Defining p* = 0 for i e I(%), we have just proved
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60. THEOREM. Let &% be a solution to the nonlinear programming problem
(55). If assumption (58) holds, then there exist scalars u', i = 1,2,..., p, 7,
j=1,2,..,mand p*, k =1, 2,..., s such that

61. p <0, t=12,..,p

62. P <0, k=1,2,.,s,

63. (w1 # 0,

64. 2”: i L&) 6f (x) Z 67’(x) i " 8q"(x 0,
and ”

69. 1:23:1 prg¥(%) = 0.

When the additional assumption (58) does not hold, we can use the follow-
ing lemma to obtain somewhat weaker necessary conditions for the nonlinear
programming problem, still involving its entire structure.

65. LemMa. Let vy, i =1,2,.., k be any k vectors in E™. If the system
66. v, x> < 0, i=12,..,k

has no solution x in E*, then there exists a nonzero vector p in E¥, with p* < 0,
i =1,2,., ksuch that 3*_, piv; = 0.

Proor. Let

X
x = Z pvi, pt < 0, not all zero;.

=]

B = jer”

We want to prove that the origin belongs to B. By contradiction, suppose
that the origin does not belong to B. Then 0 does not belong to the convex
hull of {—v,, —v,,..., —¥;} since co {~-v;, —¥,,..., —v,} is a subset of B.
But co {—v,, —v,,..., —vx} is a closed convex set in E™ not containing the
origin, Hence, by the strong separation theorem,” there exists a hyperplane
in En strictly separating the set co {—v,, —v,,..., —v;} from the origin,
i.e., there exists a nonzero vector % in E" such that

67. (%, %) >0 forevery x&co{—v,, vy, —Vi}
Hence,
68. (Zyvd <0, for i=1,2,.,k

o See Edwards [8], p. 118, 2.2.3 Corollary to the Hahn-Banach Theorem.

409/19/1-8
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which contradicts the assumption of the lemma. Therefore 0 € B, i.c., there

exists a nonzero vector j in E*, p; < 0,1 = 1,2,..., &, such that 3'%_ 5%, = 0.

Combining theorem (60), assumption (58), and lemma (65), we obtain
the following extension of the Fritz John Theorem [12].

69. THEOREM. Let £ be a solution to the nonlinear programming problem
(55). Then, there exist vectors p in E®, o in E™, and p in E* such that

<0, i=12..,p
(i) p* <0, t=12..,s,
(lll) (F’) 7 P) # 0,

. o UNE) DR &)
S L s
k

™) 3. pel(#) = 0.

i=1
The following corollaries are immediate consequences of theorem (19):

75. COROLLARY. If the gradient vectors [or'(%)/ox],..., [6r™(%)/0x] are
linearly independent; then any vectors p € E®, n€ E™, p € E*, satisfying the
conditions of theorem (69), also satisfy (1, p) # 0.

76. CoRoLLARY. If the gradient vectors [or(£)/ox]), [or¥(#)/éx],...,
[or™(%)/0x] together with the gradient vectors [0¢'(%)/0x), with ie I(%),
are linearly independent, then any vectors p€ E?, ne E™ p€ E* satisfying
the conditions of theorem (69), also satisfy p = 0.

77. CoROLLARY. If the set

0¢'(%) .
o ¥ < 0, iel(x)

g .
)er"lW—x-—O, _]—-1,2,-..,7’1,

is nonvoid and the vectors [Or\(%)[0x], [or¥(#)/0x]),..., [or™(%)[0x] are knearly
independent, then any vectors p € E?, n€ E™, p € E* satisfying the conditions
of theorem (69), also satisfy u # 0.

78. CoroLLARY. If the system

LBy co, el 2 s} — )

ariE) . _ P
—?x—x—o, ] = 1,2,-..,"1,

og(%) .
—Ex— x < 0, ke I(x),
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has a solution for some £€{l,2,...,p} and the gradient vectors [ori(%)/ox],
[0r¥(%)/0x]),..., [or™(£)/0x] are linearly independent, them any vectors p € E?,
ne E™ pe E* satisfying the conditions of theorem (69), also satisfy u' < 0.

IV. AprLicATIONS TO OPTIMAL CONTROL

79. DerFINITION. Let P be a convex cone in E*. A subset S of E* is said
to be P-directionally convex if for every z,, 23in S and 0 << A < 1, there extsts
a vector 2(A) in P such that

Az, + (1 — ) 25 + 2(A) € S.

80. REemark. Itis very easy to show that a subset S of E* is P-direction-
ally convex if and only if for any finite subset {z, , 2, ..., 2x} of S and any
scalars {A;, Ay, A} with 350 =1, &, >0, ¢ = 1, 2,..., k, there exists
a vector 2(A;, Ag,..., A} in P such that

k

Y Az + 20, A ey A €S,

i=1

On rereading theorem (7), we observe that it may be rephrased in the
following equivalent form.

81. THEOREM. Let % be any feasible solution to the canonical problem (1),
i.e., X € 2 and r(x) = 0, and let C(&, ) be a conical approximation for Q at %.
If the sets

or(x)
ox

K(%) = ,ueE” x Em . u = (af(i) x,

s x), xe C(z Q)

and
R={(3»0€E* x E" |y <0, i=1,2,.,p, 0cEm}

are not separated, then there exists a vector x* in S, with r(x*) = 0 and
f(x*) < f(&) (component-wise).

We now make one more observation.

82. THROREM. Let ' C E™ be any set with the property that if x' € £,
then there is a vector x in Q with r(x') = r(x) and f(x) < f(x'). If & s a solution
to the canonical problem (1), if & € Q' and if C(%, Q') is a conical approximation
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for Q' at &%, then there exists a vector u in EP and a vector n in E™ such that

83. W <0, i=12..,p,
84. (#sm) # 0,
and
0 b7 TR
g5, < w28, > < “8) > forall xe O, ).

Proor. The theorem claims that the cones

K'(%) = 3uEE” x Em ' © = (afa-(j)x, 62(;‘:) x), x € C(&, .Q');

and
R={(y,0)eE? x Em|y* <0 for i=1,2,.,p, OcEm}

must be separated if £ is a solution to the canonical problem (1). Suppose
that K’'(£) and R are not separated. Then by theorem (81) with £’ taking the
place of 2, there exists a x* in £’ such that r(x*) = 0 and f(x*) < f(£). But
by assumption, there must exist an £ in £ such that 7(£) = r(x*) = 0 and
f(®) < f(x*) < f(£), which contradicts the assumption that £ is a solution
to the canonical problem (1).

Now consider a dynamical system described by the difference equation

86. Xip1 — X =f‘(xi s ui) fOr i= 0, 1, 2,..., k— 1,

where x; € E* is the system state at time 7, u; € E™ is the system input at
time ¢, and f; is a function defined in E® X E™ with range in E*.

The optimal control problem is that of finding a control sequence # =
(i, 4, ,..., Bx_y) and a corresponding trajectory T = (%, %y e, &) de-
termined by (86), such that

87. 2, U;CE™, i=0,1,2,..,k—1,

88. £, CX,=X,NX;, with X;={xeE"|g(x) <0}, and Xg=
{x € E*| go(x) = 0}, where g, maps E” into E’ and ¢o maps E™ into E™,

89. £HeX, =X, NX;,with X; ={xeE"|q(x)<0} and X"
{x € E*| g,(x) = 0}, where g, maps E" into E* and g maps E* into E"‘k

90. feX, =X, X, ={xcEn|g(x) <0}, i=12mk—1

where g; maps E* into E™¢, and
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91. for every control sequence # = (u,, u, ..., u;_,) and corresponding
trajectory & = (%, ¥, ,..., X;), satisfying the conditions (87), (88), (89),
and (90), the relation Shdedxs, w) < TEg cfx;, 4;) implies that

Ao ex;, u) = T L e#; , 4;), where the ¢; map E" into E? fori = 0, 1,
2, k1.

The following assumptions will be made:

92. fori:=0,1,2,..,k — 1 and for every fixed u, in U,, the functions
fi(x;, u;) and ¢,(x;, 4;) are continuously differentiable in x; ;

93. let R={(y,0)eE? Xx E™|y€E? y<0,i=1,2,.,p,0c E™}
and let f(x, ) = (c,(x, u), fi(x, u)); then for each x in E", the sets f,(x;, U}),
i =0,1,2,.,k — 1 are R-directionally convex;

94. the functions gy(x) and g,(x) are continuously differentiable and the
corresponding Jacobian matrices [8g,(x)/0x], [0g.(x)/¢x] are of maximum
rank for every x in X and every x in X}, , respectively; and

95. foreveryx,eX,i=0,1,2,.,4%,
14 | e (1000 =0, j = 1,2, m)

is a set of linearly independent vectors.
In order to transcribe the control problem into the form of the canonical
problem, we introduce the following definitions:

96. For 1 =0, 1, 2,..., k— 1, let v; = (a;,v;) where a,ecfx;, U)
and v, e fi(x,;, Uy, ie, vef(x;, U).
97. Let
B = (Xg 5 %) yeeey X s Vo, V] yeeey Vg e

98. Let

@)=Y a.

i=0
99. Let r(3) be the function defined by
X — Xy — Yy

r(3) = | x. — xk—.l — Vg
8o(%o)
2xlxx)
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100. Let
Q ={zlx‘€X;, 1=0, 1, 2,-..,k, V.'Ef‘(xi, U‘), l=0, 1,--.,k_ 1}.

Thus, the optimal control problem is equivalent to the canonical problem
with 2, f, r, and 2 given by (97), (98), (99), and (100), respectively.
Let us define the set £’ by

101. @ ={z|xeX;, i=0,1,2,.,k
Vi ECO f;(x; , U{), 1= 0, 1, 2,..., k— l}.

We now show that the sets £2 and &' defined in (100) and (101), respectively,
satisfy the conditions stated in theorem (82). Let 2* be any point in £'.
Thenfor 1 =0, 1, 2,..., k, xf € X] and v} = Y, ;4 AV, where 3,07 =
1,A7 > 0, J* a finite set and v/ ef(x;, U,). But by assumption (93), the
sets f,(x;, U;), 1 = 0,1, 2,..., k — 1, are R-directionally convex and hence
there exists a # in £2 such that &, = ¥, §, = v}, and 4, < a}.

Now let £ be a solution to the optimal control problem. Then £ € £ and,
since £’ contains £, 2€ 2.

In the appendix we prove that the set

102. C(5, %)
v
— {52 = (3, By sy 5 4 BV 5 8V, soers BVp_y) ‘a—qg)—i—f“)ax, <0

afi(ﬁi ¥ ﬂ,) Sx.
o%; !

forall je{j|g/(%) =0} and 8v,e%

7

+ RC(¥y, co £i(%,, Uy))

is a conical approximation for the set £ at 2.

It now follows from theorem (82) that there exists 2 nonzero vector
g =(%m), PPeFE? <O, m=(—p1, —Pasr —Pr»tos k) D€ E*,
o € E® py € E'* such that

103, p° afa(:) 5, + a;(:) 52 <0 forall szeC(E ).

o DEFINITION. Given a subset A of an Euclidean space, we define the radial cone to
A at £ A to be the cone

RC#%, A) = {x|(f+ax)ed for all 0 < a < (&, x), where ¢ > 0}
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Substituting (98) and (99) into (103) we obtain

k-1 k-1
104. P°Y 8a; — Y Pisa(B%iyy — 3x; — 0))
i=0 im0

Ogo(% ogx(%
+Fo"%9‘)‘8xo -}—pk—&a%c—k)Sxk <0

for every 8z € C(2, §2').
Now, by interpreting (104) we obtain the following theorem:

105. THeOREM. If the control sequence ¥ = (8, 8, ,..., i) and the
corresponding trajectory & = (&, , % ,..., &) constitute a solution to the optimal
control problem, then there exists a vector p° € E?, p° < 0, vectors py , Py 5--» Pie
in E®, vectors Mg, Ay ., A, A, € E™, § =0, 1,..., k, vectors py€ E%, i, € E%
such that®

106. (1) (PO’ Pos P1seess Prs o » F"k) # 0,
. aiii!ﬁi ac"i",ﬁi 3,55

07, () i — puvs = prag TOL B 4 o 0B 8D 1, R

i=0, 1 k—1.

og4(%

108.  (iii) Po = --;l-o—%i—z ,
) Og(% Og(%

109. (v) pr = B0 ) )

110.  (v) Agi(%) =0, i=01,.,4

and

111. (vi) the Hamiltonian
H(x,u, p, p° 1) = {p°% ci(x, u)) + <p, fi(x, u))

satisfies the maximum principle

H(& ,d;,0,0%8) = H&,u;,p,0%1) forall uuelU;, i=0,1,...,k — 1.
PROOF.
(i) This was established in theorem (82)
(ii) Let

. aft'(‘f"i » at)

i ox

SX¢ .
Then (104) becomes

oc%; , B f (%, , 4;
Po—c%—‘)sxi +P4+1i(‘%—)3xi + Pis1 8%y — P 82, <O

8 Note that the p; and A, are row vectors.
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for every 8x; satisfying [0¢/(£,)/éx] 8x; < 0, with ¢/(%,) = 0. Applying
Farkas’ lemma [11] we obtain (107) and that Ag(%;) = 0 for i =0, I,...,
k—1.

(iii) This is seen to be merely an arbitrary but consistent definition.

(iv) and (v). We select 6z = (0,0,..., 0, 8x;, 0, 0,..., 0), with 8x, such
that [0g,7/0x] 8x, < 0 whenever ¢,/(%;) = 0. Again applying Farkas’ lemma,
we get (109) and Aq,(%,) = 0.

(vi) Fori = 0,1, 2,..., k — 1, let v; be an arbitrary point in co f(,, U,),
which is convex by construction. Then dv, = v,/ — v;isin RC(%;,cof(%,,U,))
and, choosing 8z = (0, 0,..., 0, 8v;, 0,..., 0), we find that 8z € C(2, £2'), and
hence we obtain from (104),

12. 2°8a; + i,y S0; < O.

Substituting v;" — v, for v, in (112) we obtain

113. P(a; — i, 8)) + pinalvi — fildi, 4)) < 0.
Clearly (113) also holds for every (a;, v;) € f(%;, U;). Therefore,
Poed®s, us) — cil®e, 40)) + penn(fil®i s w) — ful%, 40)) < O forall u;e U,

which completes our proof of (111).

CONCLUSION

In this paper we have concerned ourselves with two important aspects
of vector-valued criterion optimization problems. The first was that of
developing necessary conditions for the characterization of noninferior
points. The necessary conditions we have obtained do not depend on the
commonly made, but rather restrictive, convexity assumptions. The second
was that of examining the possibility of ‘“scalarization,” i.e., of reducing a
vector-valued criterion optimization problem to a family of optimization
problems with scalar-valued criteria. Since it is known that scalarization by
convex weighting of the components of the vector criterion function is
not always possible, we have exhibited the relation between the solutions
sets of certain vector-criterion problems and scalar-criteria problems derived
from then by convex weighting. Finally, we have demonstrated that our
results are of a very general nature by showing that they apply with equal
eage to a broad class of nonlinear programming problems as well as to optimal
control problems.
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Since the conditions presented in this paper are considerably more general
than hitherto available in the literature, it is hoped that they will open up
important classes of optimization problems.

APPENDIX

Al. Given a subset B of a Euclidean space, defined by inequalities,
le, B={x]|q¢(x)<0, 1 =1,2,.,m}, where the ¢' are continuously
differentiable scalar-valued functions, we define the internal cone to B at
%€ B to be the cone

A2, IC(%, B) = .x ~Gq—l(x—)x < 0 whenever ¢(%) =0, ie{l,2,.., m‘.(.
ox }

We now return to the set £’, which was defined in (101) as
A3, Q= {z = (g, Xy yeees Xy Voo Vypen VI %€ X, 1=0,1,2,.00 1,
V, € co fj(xj y Uj), ] = 0, 1, 2,-.., k - 1}.

We shall prove that the set C(£, Q') defined in (102), as shown below, is a
conical approximation for the set ' at 2 £,
A4, C(2, ) = 18z = (8xy ,..., 8%y , 8V .0, OV, y)| B, € IC(%; , XT)
for 1=0,1,.., 4,

and
SVi - é_f_,_(%_ﬂ) Sx.' € RC(Q, , CO fi(ii ’ U?.))

for 1 =0,1,...,k —1}.

AS. LemMma. The set C(z, ') is a conical approximation for the set '
at 2.

Proor. First of all it is clear that C(%, £2) is a convex cone. Now, for
7= 1,20, N, let

A6. SZj = (8x0’ yooey Sxk; ) SVO, yeeey Svk_lj)

be N linearly independent vectors in C(%, '), and let S = co {€8z,, €83,,...,
&8z} where € is a positive scalar, defined below.
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For any 8z in S we can uniquely write

M=

A7. 8z = € ), ui(82) 8z,

12

)
—

where

N
Y mi(®2) = 1, m(d3) 20, i=1,2,.,N

=1
Therefore,
N
A8. Sxf = € z #,(83) 8x,-j
=1
and
N
A9. BV‘ =€ Z /l,;(sz) SV,';'
=
But by definition:
A10. dvyy = %ﬁ)‘ 8xy + vy,

where v,; € RC(¥;, co f(%;, U)))
From (A8), (A9), and (A1Q),

(% N

All. SV" = zf—“(‘xa_fxﬁ“)‘ax{ + € Z #;(82) V,',' .
j=1

Now, let us define the positive scalar €.

(a) For f =1,2,..,N and i =0, 1,..., k, 8x; belongs to the convex
cone IC(%;, X;). Hence from (A7), 3N, 11(82)8x; is also in IC(%,, X))
for 1 =0, 1,..., k. Therefore there exist positive scalars €;,¢ =0, 1,..., &,
possible depending on 8z, , 82, ,..., 82y , such that

N
Al2. (fc, + & Y uy(52) sx..,.) eX; forall 0<¢ <é

%
=1

(b) Similarly, for ¢ =0, 1,..., &k — 1,

N
Al3. z #’(83) Vs € RC(ﬁ; , CO f((&i , U‘)),
=1
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and hence there exist positive scalars ¢;, possible depending on 8z, , 82, ,...,
3zy , such that

N
Al4. 0,‘ -l- €; Z }L,(Sz) Vs € Cco fi(&'i , Ul) forall 0 < € ~< €; .

j=1

We now define € to be minimum of the scalars €;, i =0, 1,..., k, and «;,
1=01..,k—1
From (A14), there exists a finite set 4, and scalars A,* such that

N
Al5. € Z #5(9;) vi; = Z AE(%, ue) —

i=1 «cdy

where uf€ Uy, x€ 4;,and 3, A = LA 2 0.
Combining (A15) and (All) we obtain
OF, (i , ) e e
= Tsxi + Z A%, uf) — V.

«E€A;

Al6. dv,

We can define a map { from S into £’ — {2} by

Al7. 8(2) = (Yo r Y1101 YK » Wo s Wy yeeey Wi_1)»

where

N
Al8. ¥i(82) = dx; = &Y, pi(82) 8%y, 1 =0,1,.,k,
=1
and

Al9. W‘(sz) = Z A“if‘(i‘ + Sx‘ , u"") — ‘A/‘ , 1= 0, 1,..., k—1.

acA,

From (A12), (A15), (A18), and (A19) it is clear that { maps .S into ' —{%}.
Expanding (A19) in a Taylor series about £ we find that

A20. wy(82) = ————~af‘(’;;’ %) dx; + Z A (%, u2) — ¥ + 0,(82),
€Ay
where

“ oi(az)n -0

o7 as || 8z jj — O.

Combining (A20), (A13), (A17), and (A18), we see that
{(dz) = 82 + o(82),
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where

. fo(dz)l
II};EHO |8z =0

Since { is obviously continuous, C(%, £2) is a conical approximation for

£ at 2.
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