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The g-tetrahedron algebra X; was recently introduced and has
been studied in connection with tridiagonal pairs. In this paper
we further develop this connection. Let [ denote an algebraically
closed field and let g denote a nonzero scalar in [ that is not a root
of unity. Let V denote a vector space over [K with finite positive
dimension and let A, A* denote a tridiagonal pair on V. Let {9,-}?:0,
(resp. {0,-*}14:0) denote a standard ordering of the eigenvalues of
A (resp. A*). Ito and Terwilliger have shown that when 6; = qu*d
and 6} = q?~21(0 <i<d) there exists an irreducible Xg-module
structure on V such that the ﬁq generators Xoq, X3 act as A, A* re-
spectively. In this paper we examine the case in which there exists a
nonzeroscalarcin [ such that6; = ¢*~9and 0} = ¢* =9 + cq?~%
for 0 < i< d.In this case we associate to A, A* a polynomial P in one
variable and prove the following theorem as our main result.
Theorem. The following are equivalent:

(i) There exists a Xg-module structure on V such that xo; acts as
A and x3g + cxo3 acts as A*, where xq1, X390, X23 are standard
generators for X,

(ii) P(*~2(g —q~1)™?) # 0.

Suppose (i) and (ii) hold. Then the X,;-module structure on V is
unique and irreducible.
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1. Tridiagonal pairs

We begin by recalling the notion of a tridiagonal pair [16]. Let K denote a field and let V denote a
vector space over [ with finite positive dimension. LetA : V — V denote a linear transformation and
let W denote a subspace of V. We say W is an eigenspace of A whenever W # 0 and there exists 0 € [K
such that

W = {v e V|Av = 6v}.

In this case, we call 6 an eigenvalue of A. We say A is diagonalizable whenever V is spanned by the
eigenspaces of A.

Definition 1.1 [ 16, Definition 1.1]. Let V denote a vector space over [ with finite positive dimension. By
a tridiagonal pair on V, we mean an ordered pair of linear transformationsA : V — VandA* : V — V
that satisfy the following four conditions:

(i) Each of A, A* is diagonalizable.
(ii) There exists an ordering {Vi}l‘-j:O of the eigenspaces of A such that

AV CVisi 4+ Vi+ Vi (0<i<d), (1)

whereV_; =0,Vyg41 = 0.
(iii) There exists an ordering {Vi*}f:0 of the eigenspaces of A* such that

AV CVE L4V VY, (0<i<)), (2)

where V*; = 0,V5, ; = 0.
(iv) There does not exist a subspace W of V such that AW C W,A*W C W, W # 0,W + V.

Note 1.2. According to a common notational convention A* denotes the conjugate-transpose of A. We
are not using this convention. For a tridiagonal pair A,A* the linear transformations A and A* are
arbitrary subject to (i)-(iv) above.

Tridiagonal pairs originally arose in algebraic combinatorics through the study of a combinatorial
object called a P- and Q-polynomial association scheme [16]. Since then they have appeared in many
other areas of mathematics. For instance, examples of tridiagonal pairs appear in representation theory
[2,6,8,12,21,23], the study of orthogonal polynomials and special functions [39,43,47], the theory of
partially ordered sets [38,42], and statistical mechanics [4,15,40]. The tridiagonal pairs for which the
V;, Vi all have dimension 1 are called Leonard pairs. The Leonard pairs are classified and correspond to
a family of orthogonal polynomials consisting of the g-Racah polynomials and related polynomials in
the Askey scheme [39,43]. Currently there is no classification of tridiagonal pairs; this paper is largely
motivated by the search for this classification. For further information on tridiagonal pairs and Leonard
pairs see [1,3,5,9,10,13,18,22,24-37,41, 44-46,48-50].

We now recall a few basic facts about tridiagonal pairs. Let A, A* denote a tridiagonal pair on V and
let d, § be as in Definition 1.1(ii) and (iii). By [ 16, Lemma 4.5] we have d = §; we call this common value
the diameter of A, A*. An ordering of the eigenspaces of A (resp. A*) will be called standard whenever
it satisfies (1) (resp. (2)). We comment on the uniqueness of the standard ordering. Let { Vi},d:o denote
a standard ordering of the eigenspaces of A. Then the ordering {Vd,,-}?=0 is standard and no other
ordering is standard. A similar result holds for the eigenspaces of A*. An ordering of the eigenvalues of
A (resp. A*) will be called standard whenever the corresponding ordering of the eigenspaces of A (resp.
A*) is standard. Let {9,-}?20 (resp. {91-*}?20) denote a standard ordering of the eigenvalues of A (resp.
A*). The 6;, 6" both satisfy a three term recurrence relation that has been solved in closed form [16,
Theorem 11.1, Theorem 11.2]. The following two special cases will be of interest to us. For 0 # q € K
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we call A, A* g-geometric whenever 6; = ¢* % and o = q92 for 0 < i < d. For a study of this case see
[2,3,21,23].For 0 # q € K we call A, A* g-mixed whenever there exists 0 # ¢ € KKsuchthat6; = g4
and 6 = qz’_d + ch_z' for 0 <i < d. The main result of this paper concerns the g-mixed tridiagonal
pairs. These two cases are of interest because of their connection to the g-tetrahedron algebra X,. We
discuss this connection in the next section.

2. The g-tetrahedron algebra

The g-tetrahedron algebra X, was introduced in [20] as part of the continuing investigation of
tridiagonal pairs. It is closely related to a number of well known algebras including the quantum
group Ug(sly) [20, Proposition 7.4], the Uy (sl2) loop algebra [20, Proposition 8.3], and positive part
of Uy (SAIZ) [20, Proposition 9.4]. The finite dimensional irreducible Xl;-modules are described in [20].
For further information on X, see [19]. We note that X is a g-analogue of the tetrahedron algebra X
[7,11,14,15,17].

We now fix some notation and then recall the definition of ;.

Throughout the rest of this paper [K will denote an algebraically closed field. We fix a nonzero scalar
q € [K that is not a root of 1. For an integer n > 0 we define

q¢"—q"

q—q!

We let 74 = Z /47 denote the cyclic group of order 4.

(n] 3)

Definition 2.1 [20, Definition 6.1]. Let X, denote the unital associative [K-algebra that has generators
(xjlijeZs j—i=1orj—i=2}
and the following relations:

(i) Fori,j € Z4 such thatj —i =2,
XijXji = 1.
(ii) For h,i,j € Z4 such that the pair (i — h,j — i) isone of (1,1), (1,2), (2, 1),

—1
qXijXpi — q  XpiXij

= =1 (4)
q—q
(iii) For h,i,j,k € Z4suchthati—h=j—i=k—j=1,
3., 2., X P v3
XpiXik — [BIXpiXjXni + [B1xniXjkXp; — XjiXp; = 0. (5)

We call X, the g-tetrahedron algebra. We refer to the x;; as the standard generators for X,.
Remark 2.2. Eq. (5) is called the cubic g-Serre relation.

We now recall a few basic facts about X;-modules. Let V denote a finite dimensional irreducible
X4-module. By [20, Theorem 12.3] each generator x;; of X, is diagonalizable on V. Moreover, there exist
aninteger d > 0 and ascalare € {1, —1} such that for each generator x;; the set of distinct eigenvalues
of xjj onV is {¢®")0 < n < d}. We call ¢ the type of V.

We now discuss the connection between g-geometric tridiagonal pairs and finite dimensional
irreducible X;-modules. Let V denote a vector space over K with finite positive dimension. Let A, A*
denote a g-geometric tridiagonal pair on V. Then there exists an irreducible Xl;-module structure on
V of type 1 such that A acts as xg; and A* acts as xp3. Conversely, let V denote a finite dimensional
irreducible Xg-module of type 1. Then the generators Xg1, 23 act on V as a g-geometric tridiagonal
pair [47, Theorem 34.14].
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Inspired by the above result we consider the connection between g-mixed tridiagonal pairs and
finite dimensional irreducible X;-modules. In the next section we give a detailed description of the
situation we wish to consider.

3. Assumptions and motivation
Throughout the rest of the paper we will be concerned with the following situation.

Assumption 3.1. Let V denote a vector space over K with finite positive dimension and let A, A* denote
a tridiagonal pair on V. Let {V,-}?=O (resp. {Vi*}?zo) denote a standard ordering of the eigenspaces of
A (resp. A*). For 0<i<d, let 6; (resp. 6;*) denote the eigenvalue of A (resp. A*) associated with V;

(resp. V). We assume there exists a nonzero ¢ € [K such that 6; = qu_d and 0" = qu_d + ch_Zi for
0<i<d.

To motivate our main result we make some comments.
Lemma 3.2 [16, Theorems 10.1, 11.1]. With reference to Assumption 3.1 we have

(i) A3A* — [3]A%A*A + [3]AA™A% — A*A3 = 0,
(if) A*3A — [3]A*2AA* + [3]A*AA™2 — AA*3 + c(q® — ¢ %)% (A*A — AA®) = 0.

Using (4) and (5) it can be shown that for 0 # ¢ € K the elements xg; and x3g + cx;3 of X satisfy
the relations in Lemma 3.2. Given this, it is natural to ask the following question. With reference to
Assumption 3.1 when does there exist an irreducible X,-module structure on V of type 1 such that A
acts as xg; and A* acts as x39 + cx»3? In this paper we answer this question; our main result is Theorem
5.4. In the next section we establish some notation needed to state our main result.

4. A split decomposition and its raising/lowering maps

We now recall the notion of a split decomposition of a tridiagonal pair and its corresponding raising
and lowering maps.

Definition 4.1. Let V denote a vector space over [ with finite positive dimension. By a decomposition
of V we mean a sequence {Ui}?zo consisting of nonzero subspaces of V such that V = Zf’zo U; (direct
sum). For notational convenience we set U_; := 0, Ug4+1 := 0.

Referring to Assumption 3.1 the sequences {V,-}?:0 and {Vl-*},?’:0 are both decompositions of V. We
now mention another decomposition of interest.

Lemma 4.2 [16, Theorem 4.6]. With reference to Assumption 3.1, for 0 <i < d define
U=V 4+ +VHNVi+-- + V.

Then {U,-}?’=o is a decomposition of V. Moreover, for 0 <i<d
(A* — 6/DU; C Ui—y, (A—6iDU; C Upyq, (6)
U+ +U=Vg+ -+ V', U+ +U=Vi+ -+ Vg ™)

We call {Ui}?zo the split decomposition of V corresponding to the given orderings {V,-};-jzo, {v¥ }?ZO.

Definition 4.3 [16, Definition 5.2]. With reference to Assumption 3.1 and Lemma 4.2 we define the
following. For 0 <i < d we define a linear transformation F; : V — V by
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(Fi—DU; =0,
FU;j=0 ifj#1i, (0<j<d).
In other words, F; is the projection map from V onto U;. We call F; the ith projection map corresponding
to {U; ?:O'
Definition 4.4 [16, Definition 6.1]. With reference to Assumption 3.1 and Definition 4.3 we define

d d
R=A—) 6iFn, L=A"—=) 6;F. (8)
h=0 h=0

Combining (6) and (8) we have RU; C Uj41 and LU; € U;_q for 0 <i < d. We call R (resp. L) the raising
(resp. lowering) map corresponding to {U,'}f:O.

5. The main theorem
In this section we state our main result. We begin with a few comments.

Lemma 5.1 [27, Theorem 1.3]. With reference to Assumption 3.1 and Lemma 4.2 we have dim(Up) = 1.

Definition 5.2. With reference to Definition 4.4 and Lemma 5.1 we find that for 0<i<d Up is
contained in an eigenspace for L'R"; let ¢; denote the corresponding eigenvalue.

With reference to (3) for an integer n > 0 we define
[n]!' = [n][n —1]---[1]. 9
We interpret [0]! = 1.
Definition 5.3. With reference to Assumption 3.1 and Definition 5.2 we define a polynomial P € [K[A]
(A indeterminate) by
d_qi(1=i) Gl
P = # .
i— Ll
We now state our main result.

Theorem 5.4. With reference to Assumption 3.1 the following are equivalent:

(i) There exists a Xg-module structure on V such that xo acts as A and x3g + cxp3 acts as A*.
(i) P(q*4~2(g — g~ 1) 72) =+ 0 where P is from Definition 5.3.

Suppose (i) and (ii) hold. Then the My-module structure on V is unique, irreducible, and has type 1.

6. An outline of the proof of Theorem 5.4

Our proof of Theorem 5.4 will consume the remainder of the paper from Section 7 to Section 18.
Here we sketch an overview of the argument.

We adopt Assumption 3.1. The main idea used in proving Theorem 5.4 is the following. We modify
the linear transformation A* : V — V to produce a new linear transformation A* : V. — V and we
show that A, A* is a g-geometric tridiagonal pair on V if and only if P(¢*?~2(q — g~ 1)72) # 0. Then
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we apply [23, Theorem 2.7, 21, Theorem 10.4] to A, A* to produce the X;-module structure on V as in
Theorem 5.4. The plan for the paper is as follows. In Sections 7 and 8 we present some lemmas and
definitions which will be used as tools throughout the remainder of the paper. In Section 9 we define
the linear transformation A* : V — V. We show that A* is diagonalizable on V and the set of distinct
eigenvalues of A* on V is {q%~%|0 < i < d}. In Section 10 we show that A and A* satisfy Definition 1.1(ii)
and (iii). Sections 11-17 are devoted to showing that A and A* satisfy Definition 1.1(iv) if and only if
P2 (q—qg )72 # 0. We note that the arguments given in Sections 11-17 are a modification
of the arguments from [23, Sections 7-12]. In Section 18 we show how to use [23, Theorem 2.7, 21,
Theorem 10.4] applied to the g-geometric tridiagonal pair A, A* to produce the Xl;-module structure
on V as in Theorem 5.4.

7. Some more raising/lowering maps

We now present another split decomposition for the tridiagonal pair A,A* and its corresponding
raising and lowering maps.

Definition 7.1. With reference to Assumption 3.1 and Lemma 4.2 let {W; ;1:0 denote the split decom-
position of V corresponding to the orderings {Vd_f};j:(), {Vi*}?:O. With reference to Definition 4.3 for
0 <i<d, let G; denote the ith projection map corresponding to {W,-}fzo. With reference to Definition
4.4 letr (resp. l) denote the raising (resp. lowering) map corresponding to {W,-}fzo.

We make the following three remarks in order to emphasize the similarities and differences be-
tween the two split decompositions {U,-}?:0 and { W,-}f:O.

Remark 7.2. With reference to Definition 7.1 we emphasize the following. For 0 <i < d we have
Wi= W5 +--+VHNVo+- -+ Vi)

Moreover, for0<i<d

(A" = 67 DW; S Wiy, (A — Og—iDW; S Wiy, (10)

Wot -+ Wi=Vg+- +V Wit +Wg=Vo+ -+ Vai. (1)

Remark 7.3. With reference to Definition 7.1 we emphasize that for 0 <i<d

(G —Dw; =0,
GW; =0 ifj#i, (0<j<d).

Remark 7.4. With reference to Definition 7.1 we emphasize that

d

d
r=A-— Z@d_hch. =A% — ZQ,TG}I. (12)
h=0 h=0

Moreover, for 0 <i<d,rW; € Wjyq and IW; C W;_;.

8. Some linear algebra

In this section we state some linear algebraic results that will be useful throughout the paper.
We use the following notation. Let V denote a finite dimensional vector space over K and let
X : V — V denote a linear transformation. For 6 € K we define

Vx(0) = {v € V|Xv = Ov}.
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Observe that 8 is an eigenvalue of X if and only if Vx (8) # 0, and in this case Vx () is the corresponding
eigenspace.

Lemma 8.1 [20, Lemma 11.2]. Let V denote a vector space over K with finite positive dimension. Let
X:V — VandY : V — V denote linear transformations. Then for all nonzero 0 € K the following are
equivalent:

(i) The expression gXY — q~ 'YX — (q — q~1)I vanishes on Vx(6).
(ii) (Y = 67'DVx(0) S Vx(q26).

Lemma 8.2 [20, Lemma 11.3]. Let V denote a vector space over K with finite positive dimension. Let
X:V— VandY : V — V denote linear transformations. Then for all nonzero 6 € K the following are
equivalent:

(i) The expression gXY — q~ 'YX — (q — g~ )I vanishes on Vy (6).
(i) (X — 67DV (0) S Vy(a*0).

Lemma 8.3. Let V denote a vector space over K with finite positive dimension. Let X : V — V and Y :
V — V denote linear transformations. Fix a nonzero c € K. Then for all nonzero 6 € K the following are
equivalent:

(i) The expression gXY — q~ 'YX — (q — g~ 1)(X? + cI) vanishes on Vx(6).
(i) (Y — 01 — cO™ Vg (0) C Vx(qg—26).
Proof. For v € Vx(6) we have
@XY —q 'YX — (@ —q )X+ )y =qX —q 0N (Y — 01 — o' I)v

and the result follows. [

Lemma 8.4 [20, Lemma 11.4]. Let V denote a vector space over K with finite positive dimension. Let
X:V —>VandY : V — V denote linear transformations such that

axXY —q 'YX |
q—q! '
Then for all nonzero 6 € [K,
o0 o0
> vx(@ o) =Y vy ("0 7). (13)
n=0 n=0

9. The linear transformations B and A*

Definition 9.1. With reference to Assumption 3.1 and Definition 7.1 let B : V — V denote the linear
transformation such that for 0 <i < d, W; is an eigenspace of B with eigenvalue qzl_d

Lemma 9.2. With reference to Assumption 3.1 and Definition 9.1 we have

AB — q~'BA
% =1, (14)
q—q
BA* — q~'A*B
P9 28 _pog (15)

q—q!
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Proof. Recall that {W;}%_, is a decomposition of V.. By(lO) (A — q*%1)W; € Wiy, for 0 <i<d.Using

this and Lemma 8.2 we obtain (14). By (10) (A* — g%~9 — ¢qf~ 2’I)W,4 C W_1 for 0 <i < d. Using this
and Lemma 8.3 we obtain (15). [

Definition 9.3. With reference to Assumption 3.1 and Definition 9.1 let A* : V — V denote the fol-
lowing linear transformation:

A* = ¢ 1(A* — B).

Lemma 9.4. With reference to Definitions 7.1 and 9.3 we have

A* = ¢2DwW; C Wi, (0<i<d).

Proof. Let i be given. Recall that W; is an eigenspace for B with eigenvalue qu_d. We have

@A* — ¢ DW= ¢ 1A* — g% — g™ ¥ DW;  (by Definition 9.3)
C W1 (by(10)). O

Lemma 9.5. With reference to Definitions 9.1 and 9.3 we have
qBA* — g 'A*B

——— =1 (16)
q—q

Proof. Immediate from Lemmas 8.1 and 9.4.

Lemma 9.6. With reference to Definition 9.3 the following holds. A* is diagonalizable with eigenvalues
{qd 2’}”’ o- Moreover, for 0 <i < d, the dimension of the eigenspace ofA* associated with g9t is equal to
the dimension of W;.

Proof. We start by displaying the eigenvalues of A*. Notice that the scalars qd_Zi(O <i<d) aredistinct
since q is not a root of unity. Using Lemma 9.4 we see that, with respect to an appropnate basis
for V A*is represented by a upper triangular matrix that has dlagonal entries g%, q% 2, ..., q~¢, with
qd appearing dim(W;) times for 0 < i< d.Hencefor0 <i<d q ~2lisaroot of the characterlstlc poly-
nomial of A* with multiplicity dim(W;). It remains to show that A*is diagonalizable. To do this we

show that the minimal polynomlal of A* has distinct roots. Recall that {Wl} _o isadecomposition of V.
Using Lemma 9.4 we find that [T, (A* — ¢4~21)V = 0. By this and since qd 2i(0 < i< d) are distinct

we see that the minimal polynomial of A* has distinct roots. We conclude that A* is diagonalizable
and the result follows. [

Definition 9.7. With reference to Definition 9.3 and Lemma 9.6, for 0<i<d we let V;* denote the
eigenspace for A* with eigenvalue ¢%~2, For notational convenience we set Vﬁl =0, \7(}" 1 :=0.We
observe that {Vi*}?zo is a decomposition of V.

10. The linear transformations A, A* satisfy the cubic g-Serre relations
Lemma 10.1. With reference to Assumption 3.1 and Definition 9.3 we have

(i) A*A* — [3]A%A*A + [3]AA*A? — A*A% = 0,
(if) A*3A — [3]A*2AA* + [3]A*AA*2 — AA*® = 0.
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Proof. By Definition 9.3 we have A* = cA* + B. Substitute this into Lemma 3.2(i) and (ii) and simplify
the result using (14) and (16). [

Lemma 10.2. With reference to Assumption 3.1, Definition 9.3, and Definition 9.7 we have

(i) A*V; C Vi + Vi + Vign, 0<i<d,
(i) AV} €V, + V4 V7, 0<i<d.

Proof. Immediate from Lemma 10.1 and [20, Lemma 11.1]. O

Remark 10.3. Recall that in order to prove Theorem 5.4 we need to show that A, A*isa g-geometric
tridiagonal pair on V if and only if P(q2?—2(q — g~ 1)~ 2) # 0(see Theorem 17. 2) Combining Assump-
tion 3.1, Lemma 9.6, and Lemma 10.2 we have that A, A* satisfy Definition 1.1(i)-(iii). Sections 11-17
are devoted to showing that A, A* satisfy Definition 1.1(iv) if and only if P(q2% _2 G@—qghH? #+ 0(see
Theorem 17.1).

11. The linear transformation K

Definition 11.1. With reference to Assumption 3.1 and Lemma 4.2 let K : V —> V denote the linear
transformation such that for 0 <i < d, U; is an eigenspace of K with eigenvalue g%

Remark 11.2. Combining (6) and Definition 11.1 we have

A—KVU; C U (0<i<d), (17)
(A* —K —cK MU; C Uiy (0<i<d). (18)

The goal for the remainder of this section is to prove a number of relations between the linear
transformations A, A*, B, K, K~! which will be used in Section 13.

Lemma 11.3. With reference to Assumption 3.1 and Definition 11.1 we have
gk 1A — g lAk!
a—q!
gKA* — g 1A*K
q—q!

=1, (19)
=K*+dl. (20)

Proof. Recall that {Ul —o s adecomposition of V. Combining Definition 11.1, (17), and Lemma 8.1 we
obtain (19). Combmmg Definition 11.1, (18), and Lemma 8.3 we obtain (20). [l

Lemma 11.4. With reference to Lemma 4.2, Definitions 9.1, and 11.1 we have

(B—K)U; CU_; (0<i<d), (21)

(A* —=B— K™ ")U; C U, (0<i<d). (22)
Proof. First we show (21). Using Lemma 8.1 and (14) we have

B—q"%pV; C Vil (0<i<d). (23)
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We have

(B—K)Uj= (B— ¢#~U; (by Definition 11.1)
CB-¢" DU+ +Up
=B-¢"DWo+ -+ W) (by(7),(11))
C Wp—+---+ W;_1 (byDefinition 9.1)
=Up+---+U—-1 (by(7),(11))

and also

(B—K)U; = (B — ¢*~¢1U; (by Definition 11.1)
C B DU+- +Uy)
=B—¢"MNWVi+-+Va) (by (7))
CVier+--+ Vg (by(23))
=U_1+---+Ug (by (7).
Using this and since {U,-}?:0 is a decomposition of V we have (21). Combining (18) and (21) we obtain
(22). O
Lemma 11.5. With reference to Definitions 9.1 and 11.1 we have
qBK™' —q'K7'B

= L. (24)
q—q

Proof. Recall that {U,-}?=0 is a decomposition of V. Combining Lemma 8.2 and (21) we obtain (24). [

Lemma 11.6. With reference to Assumption 3.1, Definitions 9.1 and 11.1 for an integer j > 1 we have
¢dB—KY(A* —K—cK™ V) —qd@A* —K—cK "B —K)

: : = (B — Kyt
¢—q B

(25)

dA—KYB—K)—q/B—K)A-K) _

¢ —q7 B

Proof. First we show (25) by induction on j. Multiplying out the left hand side of (25) withj = 1 and

simplifying the result using (15), (20), and (24) we obtain the right hand side of (25) with j = 1. To
prove (25) for j > 2 note that (25) is equivalent to

B-—KYA* —K—ckK Y=g A —K—ck HYB-KY + ¢ —q7)B - Ky

This is shown by a routine induction argument using the j = 1 case. We now show (26) by induction
on j. Multiplying out the left hand side of (26) with j = 1 and simplifying the result using (14), (19),
and (24) we obtain the right hand side of (26) with j = 1. Note that (19) is equivalent to

(A—K)K = q %K(A — K). (27)

—(@®7¥K> = DA —-KY . (26)

To prove (26) for j > 2 note that (26) is equivalent to

B—K)A—KY=q¢?(A—KY(B—K)
+ 7@ - g K — 7P D@A— Ky

This is shown by a routine induction argument using the j = 1 case and (27). [
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12. The projections E;, E;“

Definition 12.1. With reference to Assumption 3.1 and Definition 9.7 we define the following linear
transformations.

(i) For 0 <i<d, we let E; denote the linear transformation on V satisfying both

(Ei —DV; =0,
EVi=0 ifj#i (0<j<d).

(ii) For0<i<d, we let E;“ denote the linear transformation on V satisfying both
(E — DV =0,
Ez*V,* =0 ifj#i, (0<j<d).
In other words, E; (resp. E{“) is the projection map from V onto V; (resp. ‘71'*)-

Lemma 12.2. With reference to Assumption 3.1, Definitions 9.3, and 12.1, for 0 <i < d we have

A—qgF 9
E= ] 5 (28)
0sicd q21 d _q21 d
J#i
~ A* — g8
E=1T1] 55— (29)
! 0icd qd—21 _ qd—2}
J#i

Proof. Concerning (28), let E{ denote the expression on the right in that line. Using Assumption 3.1 we
find (Ef —I)V; = 0and E}V; = 0 (0<j<d, j # i). By this and Definition 12.1(i) we find E; = E/. We
have now proved (28). The proof of (29) is similar. []

Lemma 12.3. With reference to Assumption 3.1, Remark 7.3, and Definition 12.1(i) the following holds for
0 <i<d: The linear transformations

Wi—i = Vi Vi = Wy_;
w— Ew v — Gy_iv

are bijections, and moreover, they are inverses.

Proof. It suffices to show G4_;E; — I vanishes on W,;_; and E;G4_; — I vanishes on V;. We will use the
following notation. Recall by (11) that for 0<j<d, Wy_j + - -- + Wy = Vo + - - - + V}; let Z; denote
this common sum. We set Z_; = 0. By the constructionZ; = Wy_; + Z;_1 (direct sum)and Z; = V; +
Zi—1 (direct sum). Also (I — G4—;)Z; = Zj—1 and (I — E;)Z; = Z;j—1. We now show G4_;E; — I vanishes
on Wy_;. Pickw € Wy_;.Using Gq—;E; — I = (Gg—;j — DE; + E; — I and our preliminary comments we
routinely find (Gq—iE; — Dw € Z;_1. But (G4—;E; — )w € Wy_; by construction and Wy_; N Zi_1 =
0 so (Gg—iE; — Dw = 0. We now show E;G4_; — I vanishes on V;. Pick v € V;. Using E;G4_;j — I =
(E; — DGg—i + G4—; — I and our preliminary comments we routinely find (E;G4—; — I)v € Z;_4. But
(EiGg—; — v € V; by construction and V; N Z;_; = 0 so (EiGg—;j — I)v = 0. We have now shown
G4—iE; — I vanishes on W;_; and E;G4—; — I vanishes on V;. Consequently the given maps are inverses.
Each of these maps has an inverse and is therefore a bijection. []

13. How Ej',‘ ,E4, P are related

The goal of this section is to prove the following theorem which will be used in the proof of Theorem
17.1.
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Theorem 13.1. With reference to Assumption 3.1, Lemma 4.2, Definitions 5.3 and 12.1, for u € Uy we have
EyEqu = c "0 2(q — ¢ ) D (30)

Before we prove Theorem 13.1 we develop some notation and prove some preliminary lemmas.
With reference to (9) for integers n, m with n > 0 and 0 < m < n we define

'n] [

Lm| "~ [m]'[n —m]! (1)

Lemma 13.2. For integersn,m withn>1and 0 <m<n — 1 we have
m—1 an—17_ m[n
e ] =) e

:?n_ 1} +q" [',;1__11] =q" [nm} . (33)

Proof. Immediate from (3), (9) and (31). [

The following two lemmas provide key formulas to be used in the proof of Theorem 13.1.

Lemma 13.3. With reference to Assumption 3.1, Definitions 9.1 and 11.1 for an integer i > 0 we have

(A*—B—ck V) = Z( 1Yg [ } (A* — K — ck~ 7B — kY. (34)

Jj=0

Proof. We prove (34) by induction on i. For i = 0 both sides of (34) equal I. Now let i > 1. Abbreviate
A=A*—K—cK 'and I' = B — K. We have

(A*—B—ck V) = (A* —B—ck H ' A-T)

M

( 1yq¥ [l_ ]A’—J (A — 1) (by induction)

|
-

(—1yqi [i ; 1] AT A — P (by (25))

_-
Il
- O

=3 (<1yg [i B 1] A
< j
i

i—ji i—1 i—j j
+ Y (~1Yq L 1]A I

J:

~.
Il

1

=3 1)qu‘1'['] AP by 32)). O

j=0

Lemma 13.4. Fix an integer i > 1. With reference to Definition 11.1, for integers (1, v > 0, define a polyno-
mial f,., € K[K?] by fup = T, (K2 — q%=25-2v])_ With reference to Assumption 3.1 and Definition
9.1 for 1 <j <iwe have
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. o ; . .
B-KYA-K) = Z th_,-Jthi []h] fnj(A— K)"B —Kky" (35)
h=0
where My;j = (h/2)(3h — 1) + hj — 3hi 4 2ij and Ny; = m [h]!(q — g~ I

Proof. Before we prove (35) we have a comment. Observe that (24) is equivalent to
(B — K)K = ¢’K(B — K). (36)

To prove (35) we let i be given and use induction onj. Forj = 1 (35) is equivalent to (26). Now letj > 2.
Abbreviate A = A — K and I' = B — K. We have
A =rri—tA
i1 ji—1 o
=T th"‘"'_lNh'i [ I :|ch_1 AT pi—h=1 (by induction)
h=0

j—1 .
o h—2i —1 i—h ~i—h—
— Z th,l,]q h 2,Nh,i |:.] I ]q4hch+]FAl h]'v] h—1 (by (36))
h=0

i1 .
= > ¢"miigh Ny, [] h ]ch+1q2' MAZRPII by (26))
h=0

j—1 .
+ Zth+l'1th+] JNh«l»]'i [] I i|fhj+] (K2 _qZI 2h 21) Al h ]I—v] h—1
h=0

j—1 .
N -1 . o
=T qMh g Ny [] ; ]fh—u+1 (K2 — g2=2=2hpy pi~h pi=h
h=0

J .
S h—i —1 i i i
+ Z th,u qh JNI“, |:]h_ 1] frotji1 (KZ _q21 ZhI) Al—h pi=h
h=1

J : Lo . .
= 3 @ Ny 3] frorgir (2 = 2D A7 PR by (32, 33)
h=0

i ; L
— Z th,ij Nh,i |:;1i| ch’ Al—h F]_h, 0
h=0

We are now ready to prove Theorem 13.1.

Proof of Theorem 13.1. Let u € Uy. Using Definition 9.3 and Lemma 12.2 we have

d d—1
~ _ 42 1 _ _7i i
EgEqu=c"q"" (q— ¢ )1 7? [TA* = B—cq" D [T(A - ¢#“Du.
j=0

j=1
(37)

Applying Definition 11.1, (17), and (22) to (37) we have
EEu=c 9" (q—q ") 2 [d]12 (A" —B—ck ) (A— K)u. (38)

We now express the right hand side of (38) in terms of the maps R, L from Definition 4.4. By (21)
we have (B — K)u = 0. Using Definition 4.3, (8), and Definition 11.1 we have R=A — K and L =
A* — K — K~ 1. Using Lemma 13.3, Lemma 13.4, and the previous two sentences we have
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d -1 ) .
—B—cK —K)u = i L K°—q DR u
(A* —])L‘l (A )Cl C] d—j ( 2 2d—2$—2]) d—j (39)
j=0 s=0
o o T2 - L
where G = (—1)/ qU/2G+1D Zd][,'] Ul (@ —q Y.

Using Definition 4.4 we have R*Ju e Ug—jfor 0 <j < d.So by Definition 11.1 (K% — g24—4Rd—iy =
0. Using this on the right hand side of (39) and simplifying the result we have

d
@ —B—ck N A-K)u= g7 [d?[d -2 (q—qg HY 14T R0, (40)
=0

Changing the index of summation in (40) by letting j = d — t, using Definition 5.2, and simplifying
the result we have

(A* =B —ck H%A — K)u
d
—d? _ _ _ _ 1. —
=q" " [d?@-qa H*Y ¢ (@ @ - g )T g
t=0

Combining the previous line with (38) and using Definition 5.3 we obtain (30). [
14. The raising/lowering maps revisited

In this section we prove a number of relations between r, [ from Definition 7.1 and B from Definition
9.1. These relations will help to motivate the next section.

Lemma 14.1. With reference to Assumption 3.1, Definitions 7.1, and 9.1 we have

()r=A-B"",
(iiy | = A* —B—cB~ L.

Proof. (i) Recall by Assumption 3.1 that 6; = g%~ for 0 <i < d. Using Remark 7.3 and Definition 9.1
we find Z?:o 04—iG; = B~!. Using this and (12) we obtain the desired result.
(ii) Similar to (i). I

Lemma 14.2. With reference to Definitions 7.1 and 9.1 we have

(i) Br = ¢°rB,
(if) Bl = q~2IB.

Proof. (i) Recall by Definition 7.1 that {W,-}f:0 is a decomposition of V. So it suffices to show Br — g*rB
vanishes on W; for 0 <i < d. Letibe given and let w € W;. Using Remark 7.4 and Definition 9.1 we find
rw is an eigenvector for B with eigenvalue g2t2~4. From this we find (Br — ¢*rB)w = 0 and the result
follows.

(ii) Similar to (i). I

Lemma 14.3. With reference to Definitions 7.1 and 9.1 we have

(i) 31— [31r3lr + [3]rir% — I3 = q_4 (q— q_1)3 [3]'r2B~2,
@ity 1 — [3]Irl? + [31Prl — Br =q % (q — ¢~ )3 [3]! B 2.
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Proof. By Lemma 14.1 we have A = r + B~ and A* = [ 4+ B + cB™'. Substituting these into Lemma
3.2(i) and (ii) and simplifying using Lemma 14.2 we obtain the desired result. []

15. The algebra A, ()

Motivated by Lemmas 14.2 and 14.3 we define an algebra A (). We find a spanning set for Ag(c)
that will be used in the proof of Lemma 16.6 in the next section.

Definition 15.1. Fix a scalar o € K. Let Aj(r) denote the unital associative [<-algebra defined by
generators x, y,z,z~ ! subject to the relations

1

zl'=1=z"z (41)
X = qzxz, (42)
7y =q %z, (43)
x3y — [3]x2yx + [3]xyx2 — yx3 =ax’z7?, (44)
X’ — Blyy® + By —y’x = az %)% (45)

Note 15.2. In the case o = 0 we note that the algebra A;(0) is the algebra 5 from [6, Definition 1.10].
The algebra Ag () is a special case of a more general algebra called the augmented tridiagonal algebra
developed by T. Ito and P. Terwilliger.

Before we display a spanning set for A; (o) we have a number of preliminary comments.
For the moment we view x, y as formal symbols and let F denote the free unital associative K-algebra
onx,y.

Definition 15.3. By awordin F we mean an element of F of the formaja; - - - a, wherenis anonnegative
integer and a; € {x,y} for 1 <i<n.We call n the length of a1a; - - - a,. We interpret the word of length
0 as the identity element of F. We say this word is trivial. Observe F = Y 52 ; F, (direct sum) where F,
denotes the subspace of F spanned by all the words of length n. Moreover, F,Fry = Fyym.

Definition 15.4. Leta;a; - - - a; denoteawordinF. Observe there exists a unique sequence (iy, ia, . . . , is)
of positive integers such that aja; - - - a, is one of x'1y"2x'3 - . . ys or x'1y2x"3 . . . x5 or y'1x2y" . . . X or
yxR2ys ...yl We call the sequence (i, iy, . . ., is) the signature of a;a; - - - ay.

Example 15.5. Each of the words yx*y?x, xy*x%y has signature (1,2,2, 1).

Definition 15.6. Let aa; - - - a, denote a word in F and let (iy,is,...,i;) denote the corresponding
signature. We say aiay - - - a, is reducible whenever there exists an integer (2 <7 <s — 1) such that
ip—1>1y < iyg1. We say aword in F is irreducible whenever it is not reducible.

Example 15.7. Aword in F of length less than 4 is irreducible. The only reducible words in F of length 4 are
xyx? and yxy?.

In the following lemma we give a necessary and sufficient condition for a given nontrivial word in
F to be irreducible.

Lemma 15.8. Let aja; - - - a, denote a nontrivial word in F and let (i1, i3, . . . , is) denote the corresponding
signature. Then the following are equivalent:
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(i) The word aiay - - - ay, is irreducible.
(ii) There exists an integer t(1 < t <s) such that

i1 <ip <+ <ipZipg) Zipga = 251 >s.
Proof. Immediate from Definition 15.6. [

For the moment we view x,y,z,z~ ! as formal symbols and let F denote the free unital associative
[K-algebra on x,y,z,z~!. We identify F with the subalgebra of 7 generated by x, y.
We now view A4 (o) as a vector space over [ and display a spanning set.

Theorem 15.9. Let 7 : F — Ag(«) denote the canonical quotient map. Consider the following elements
inF:

WZi, w is an irreducible word inF, j e Z.

Then Aq (o) is spanned by the images of the above elements under 7.
To prove Theorem 15.9 we will need the following two lemmas and definition.

Lemma 15.10. Let 2 denote the subspace of F spanned by all the irreducible words. Let A denote the two
sided ideal of F generated by

X’y — B1%yx + [Blxyx® — yx°, (46)
xy® — [3lyxy? + [Blyxy — yx. (47)

For an integer n >0 let 2, = 2 N F, and A, = A N Fy. Then the following (i)-(iv) hold:

(i) F = 2 + A (direct sum),
(it) 2 = Y72 $2q (direct sum),
(iiiy A = Y52, An (direct sum),
(iv) Ey = 2, + A, (direct sum) 0 <n < o0.

Proof. (i) View the [K-algebra F/ A as a vector space over [K. By [18, Theorem 2.29] F/ A has a basis
consisting of the images of the irreducible words in F under the canonical quotient map F — F/A.
The result follows immediately from this.

(ii) The words in F form a basis for F.

(iii) The generators (46) and (47) of A are in F4.

(iv) Recall F = Y52 ; F; (direct sum). Combining this with (i)-(iii) above we obtain the desired
result. [

Lemma 15.11. We have A,, = 0 for n < 3. Also
T(An) € 7(Fppz™?) n>4 (48)

where w : F — Ag(a) is the canonical quotient map.

Proof. The first assertion follows since the generators (46) and (47) of A are in F4. For n > 4 we have
by construction that

An= ) F Xy — BICyx + Blyx® — yx) F
i
+ YRy — By + Bl xy — v’ F
i
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where each sum is over all nonnegative integers i,j such that i +j = n — 4. Applying & and using
(42)-(45) we have

m(An) = Y w(EXFEZ )+ n(Fy Fz7?) (49)
ij ij
where each sum is over all nonnegative integers i,j such that i + j = n — 4. For all such i,j we have
F; x? F;C FppandF % Fj € F,—,. Simplifying (49) using this we obtain (48). O

Definition 15.12. By a word in 7 we mean an element of F of the form aja; - - - a, where n is a
nonnegative integer and a; € {x,y,z,z~ '} for 1<i<n. By the (x,y)-length of aja, - - - a, we mean
the number of x’s plus the number of y’s in aqa; - - - a;.

We are now ready to prove Theorem 15.9.

Proof of Theorem 15.9. Abbreviate
S= Span{n(wzj) | wis an irreducible word in F and j € Z}.

We show S = Ag(«). Since F is spanned by its words and since 7w : F — Ag(«) is surjective it suffices
to show that S contains the image under v of every word in F. By a counterexample we mean a word in
F whose image under 7 is not contained in S. We assume there exists a counterexample and obtain a
contradiction. Among all counterexamples let v denote a counterexample with minimal (x, y)-length.
Let t denote the (x, y)-length of v. Using (41)-(43) we may assume without loss that v = v'Z where v’
isaword in F; and j € Z. Recall every word in F of length less than 4 is irreducible. By construction v
is reducible and so t > 4. By Lemma 15.10(iv) there exists @ € £2; and A € A; suchthatVv' = @ + A.
Now v = @z + A7 so

T(v) = 7(w?) + 7 (A7). (50)

By construction o is alinear combination of irreducible words so (w) € S.Wenow show () e
S.ByLemma 15.11 and since A € A; we have w (AZ) € m (Fi—, Z~2).Everyword in F;_, Z % has (x, y)-
length t — 2 and is therefore not a counterexample by the minimality assumption. Hence the image
under 7t of every word in F;_» 272 is contained in S. Since F,_ 722 is spanned by its words we have
7 (Fr—p Z272%) C S.Therefore r (AZ) € S.We have now shownn(w7) € Sandw (A7) € Ssomw(v) € S
by (50). This is a contradiction and the result follows. []

16. A result concerning (A,ﬁ*)-submodules of V

Referring to Assumption 3.1 and Definition 9.3 let W denote an irreducible (A, A*)-submodule of
V. The goal of this section is to prove V; C W (see Lemma 16.7). This fact will be used in the proof of
Theorem 17.1.

We note that the arguments given in this section are a modification of the arguments from [23,
Section 11].

Definition 16.1. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible
(A, A*)-submodule of V. Observe that W is the direct sum of the nonzero spaces among {E,-W}?:0
where E; is from Definition 12.1(i). We define

t = max{i|0<i<d EW +# 0}.
We call t the endpoint of W.

Lemma 16.2. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible (Aﬁ*)—
submodule of V and let t denote the endpoint of W. Then dim(E;W) = 1.

Proof. By construction W is an irreducible (A, A*) module. Using this, Lemma 9.6, and Lemma 10.2
we find that A|w, A* |w is a g-geometric tridiagonal pair on W. Let s denote the diameter of A|y, A* |w.
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Note that {Es_,‘W}Zs_t is a standard ordering of the eigenspaces of A|w . Applying [23, Theorem 9.1]

i=s—t

to Alw, A*|w we find dim(E,W) = 1. O

Lemma 16.3. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible (A, A*)-
submodule of V and let t denote the endpoint of W. With reference to Definition 12.1(i) and Definition 7.1
pick v € E;W and write u = G4_¢v. Then lu = 0 where l is the linear transformation from (12).

Proof. Observe u € Wy_; by Remark 7.3. We assume d — t > 1; otherwise [u = 0 since Wy = 0. Ob-
serve lu € Wy_¢_1 by Remark 7.4. In order to show Iu = 0 we show lu € Wy_¢ + - - - + Wy. Using
Lemma 14.1(ii) and Definition 9.3 we have ¢!l = A* — B~!. Thus

c =A% —B W+ c lu—v). (51)
We are going to show that each of the three terms on the rightin (51)is contained in Wy_; + - - - + Wj.
By the definition of t we have W = EgW + --- + EEW so W C Vg + - - - + V¢ in view of Definition
12.1(i). By this and (11) we find W C Wy + - - - + Wy. By construction v € W so A*v € W. By
these comments A*v € Wy_; + - - - + Wy. We mentioned v € W so v € Wy_; + - - - + Wjy. Each of
{Wi}d_,_, is an eigenspace for B~! so B~1v € Wy_; + - - - + Wq. Since v € Wy_¢ + - - - + Wy and
since u = Gg_v we find u —v € Wy_spq + -+ Wg. Now ¢ H(u —v) € Wy + -+ - + Wy_1 so
c U —v) € Wy_; + - - - + W,. We have now shown that each of the three terms on the right in
(51) is contained in Wy_¢ + - - - + Wy. Therefore lu € Wy_¢ + - - - + Wy. Recall lu € Wy_;_1. By this
and since {Wi}?:0 is a decomposition of V we find lu = 0. [

Lemma 16.4. With reference to Definitions 7.1 and 12.1(i) for 0 <i < d the action of E; on Wy_; coincides
with
i h

hX:%) (qzi—d _ qzi—d—Z)(qzi—d _ qzi—d—4) .. (qzi—d _ qzi—d—zh)

where r is the linear transformation from (12).

Proof. Pick w € Wy_;. We find E;w. By (11) and since E;w € V; we find Ew € Wy_; + - - - + Wy. Con-
sequently there exist wy € W;(d — i <s <d) such that Ejw = Zg:d—i ws. By (10) and Remark 7.4 we
have for 0 <j < d that r acts on W as A — q%~%I. Using this and since (A — g*~9I)E; = 0 we find

0= (A — qu_dI> Eiw

— (A_qzi—d1> Xd: Wy

s=d—i

— Xd: (r + qd—25 _ qzi—d) Ws.
=d—

s i

Rearranging the terms above we find 0 = Y9_, 41 W; Where
wy=rwe 1+ (@7 =@ Dws [@—i+1<s<d).

Since w, € W; for d — i + 1 <s<d and since {W;}" is a decomposition of V we find w, = 0 for
d — i+ 1<s<d. Consequently

ws = (@ — ¢ ) hwey (d—i+1<5<d).

By Lemma 12.3 and since wg—; = G4—;Ejw we find wg_; = w. From these comments we obtain the
desired result. [
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Lemma 16.5. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible (A, Z*)-
submodule of V and let t denote the endpoint of W. With reference to Definition 12.1(i) and Definition 7.1
pick v € E;W and write u = Gg—v. Then

I'ru € Span(u) (0<i<t) (52)

where 1, are the linear transformations from (12).

Proof. We may assume v # 0; otherwise the result is trivial. Define
Ai — (A* _ q2t—d1)(2* _ q2t—d—21) L (A* _ qzt—d—2i+21). (53)

Since A; is a polynomial in A* we find AW C W. In particular A;jv € W so E;A;v € E;W. The vec-
tor v spans E;W by Lemma 16.2 so there exists m; € K such that E;A;v = m;v. By this and since
E;v = v we find E;(A; — mil)v = 0. Now (A; — ml)v € EgW + - - - 4+ E,_1W in view of Definition
16.1.Observe EgW + - - - + E,_1W C Vg + - - - + V;_1 where the V; are from Assumption 3.1. By these
comments and (11) we find (A; — m;l)v € Wg—_r41 + - - - + Wy. Consequently Gg—¢(A; — m;l)v = 0.
Recall Gg_v = u so

Gg—tAjv = m;u. (54)

We now evaluate Gg_;A;v. Observe v = E;u by Lemma 12.3 and since u = G4—;v. By Lemma 16.4
there exist nonzero scalars y, € K(0<h<t) such that v = Zﬁ:o yhrhu. For 0 < h <t we compute
Gd_tAirhu. Keep in mind ru e Wq_t+n by Remark 7.4. First assume h < i. Using Lemma 9.4 and
(53) we find Air"u is contained in Wy—tgn—i—+ -+ Wy_t_150 G4t Air"u = 0. Next assume h = i.
Using Lemma 14.1(ii) and Definition 9.3 we have ¢~ = A* — B~' and so ¢~ 'l|w; = (A* — ¢~ 1)y,
(0 <j <d). Using this and (53) we find (A; — ¢~'I')riu is contained in Wa—t41 + -+ - + Wy_¢4i. By
this and since c~liriu € Wy_; we find Gg_;Ajr'u = ¢~ 'I'riu. Next assume h > i. Using Lemma 9.4
and (53) we find A,-rhu is contained in Wy_¢yp—; + - - - + Wy_¢4p. By this and since h > i we find
Gd_tAirhu = 0. By these comments we find Gg_; Ajv = yic_iliriu. Combining this and (54) we obtain
(52). O

Lemma 16.6. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible (A,Z*)-
submodule of V and let t denote the endpoint of W. Then t = d. Moreover, the following holds. With
reference to Definition 12.1(i) and Definition 7.1 pick a nonzerov € EqW and write u = Ggv. Letr, [ be the
linear transformations from (12). Then V is spanned by the vectors of the form

M2ty
where iy, iy, . . ., iy ranges over all sequences such that n is a nonnegative even integer, and i1, i, . . . , iy are

integers satisfying 0 <iy <ip < --- < ip <d.

Proof. Lettisthe endpoint of W.Pickanonzerov € E;W and writeu = Gy_;v.Observe0 #* u € Wy_;
by Lemma 12.3. By Lemma 16.3 and Remark 7.4,

=0, rlu=o. (55)
By Lemma 16.5,

I'f'u € Span(u) (0<i<t). (56)
Let W’ denote the subspace of V spanned by all vectors of the form

[rpi2piapia .. piny (57)
where iy, iy, . . ., i, ranges over all sequences such that n is a nonnegative even integer, and iy, i3, . . ., iy

are integers satisfying 0<i; < ip < -+ < iy <t.Observe u € W’ so W’ # 0. In order to show t = d
we show W' = Vand W C Wy_; + - - - + Wy. We now show W’ = V. To do this we show that W’ is
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invariant under each of A, A*. Recallu € Wy_; so u is an eigenvector for Band B~!. Recall the [K-algebra
Aq(a) from Definition 15.1. By Lemma 14.2 and Lemma 14.3 there exists an Aq(«)-module structure
onVwithe = g *(q — ¢ 1)3[3]! wherex,y,z,z~ ' actasr, [, B, B~ respectively. With respect to this
Aq(cr)-module structure we have W' = A (e)u in view of Lemma 15.8, Theorem 15.9 and (55), (56). It
follows that W/ is invariant under each of r, I, B, B~ . By Lemma 141 A=r+ B landA* =1+B+
cB~1. Using this we have that W’ is invariant under each of A, A*. Since A, A* is a tridiagonal pair on V
we have W' = V. We now show W' C Wy_; + - - - + Wy. By Remark 7.4 the vector (57) is contained
in Wy_¢4i wherei = Y)_; ih(—l)h. From the construction 0 <i<t so Wd,pri C Wyt +---+ W,y
Therefore the vector (57)is containedin Wy_; + - - - + WysoW’ € Wy_; + - - - + Wy We have shown

W =Vand W C Wy_¢ + --- + Wy. Since {W,} _o is a decomposition of V we find t = d and the
result follows. [

Lemma 16.7. With reference to Assumption 3.1 and Definition 9.3 let W denote an irreducible (A,E*)-
submodule of V. Then Vg C W.

Proof. Recall by Lemma 16.6 that the endpoint of W is d. So E;W + 0 by Definition 16.1. We have Uy =
W by (7),(11) and so dim(Wp) = 1 by Lemma 5.1. Using this and Lemma 12.3 we find dim(Vy) = 1.
We have 0 # EqW C V450 EgW = V4. But EJW € Wby (28)so Vg C W. O

17. A, A* is a tridiagonal pair

In this section we show A, A* is a g-geometric tridiagonal pair of V if and only if P(qzd—z(q —
q~1)™2) # 0. The proof of this depends on the following lemma.

Lemma 17.1. With reference to Assumption 3.1, Definitions 5.3, and 9.3 the following are equivalent:

(i) Visirreducible as an (A,K*)-module.

(ii) P(¢*72(q—q~ ")) # 0.

Proof. (i) = (ii) We assume P(q°?~2(q — g~ ')™%) = 0 and derive a contradiction. Define

Xi= Vi +V)NVi_ +-+ V) (1<i<d)
where the V; are from Assumption 3.1 and the \7* are from Definition 9.7. Further define X = X; +

- 4+ X4. We will show that X is an (A A)- submodule of Vand X # V,X # 0. We first show AX C X.

For 1 <i<dwehave (A — ¢¥~4]) ZJ V= Z]d i+1 ¥ by Assumption 3.1 and (A — g2y Zjd d—it1
V* C Zd dei V* by Lemma 10.2(ii). By these comments

A—DX S X1 (1<i<d—1) (A—q'DXy=0
and it follows AX C X. We now show A*X C X. For 1<i<d we have (A* — ¢%~472]) Zf:i Vi =
Zf:i_l V; by Lemma 10.2(i) and (A* — g?—d=2]) Zjd:d—iﬂ V]* C Zf:dfprz V]* by Definition 9.7. By
these comments

A* —7972Dx; S X 2<i<d—1) A —q DX, =0
and it follows A*X C X. We have now shown that X is an (A,Z*)-submodule of V.We now show X # V.
For1<i<dwehaveX; CVi+---4+Vys0X; S Vi +--- 4 Vg Itfollows X € V; + --- 4+ V; and so
X # V.We now show X = 0.To do this we display a nonzero vector in Xy. Pick a nonzero vector u € Up.
Applying Theorem 13.1 we find EOEdu = 0. Write v = Equ and notice v € Vg. By (7) and (11) we find
Up = Wy and so v # 0 by Lemma 12.3. Observe Eov =0sov € V1 + -+ Vd by Definition 12.1(ii).
From these comments v € Xg. We have displayed a nonzero vector v contamed inXy. Of course Xy C X

s0 X #* 0. We have now shown that X is an (4, A*) submodule of V and X # V, X # 0. This contradicts
our assumption that V is irreducible as an (4, A*) module. We conclude P(qu 2g—qg H™ +o0.
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(ii) = (i) Let W denote an irreducible (A, Z*)-submodule of V. We show W = V. To do this we
show W is invariant under each of A, A*. By construction W is invariant under A. In order to show W
is invariant under A* we show W is invariant under B. We define W ={w e W|Bw € W}and show
W = W.Using(14) we find AW € W.Using(16)we find A*W C W.We now show W = 0.Let0 # v €
V4. By Lemma 16.7 v € W. Combining (7) and (11) we find Uy = Wj. Using this and Lemma 12.3 (with
i = d) we have that E; : Uy — Vj is a bijection. So there exists a nonzero u € Uy such that Equ = v.
Using Theorem 13.1 we find E&v = q2d0-d)—dp(2d=2(g _ g=1)=2)y, Since P(@*2(g—qH™?)
and u are both nonzero we find Egv # 0. Using (29) and since v e W we have Ejv € W. Using Lemma
9.4 and Lemma 9.6 we find V§ = Wp. Hence Ejv € W and so Ejv € W. By these comments we find
W = 0. We have now shown W is nonzero and invariant under each of A, A*. Therefore W = W since
W is an irreducible (A, A*) module. We have now shown W is invariant under B. By construction W
is invariant under A*. So by Definition 9.3 W is invariant under A*. We now know that W is nonzero
and invariant under each of A, A*. Since A, A* is a tridiagonal pair on V we find W = V and the result
follows. [J

Lemma 17.2. With reference to Assumption 3.1, Definitions 5.3, and 9.3 the following holds. AA* is a
g-geometric tridiagonal pair on V if and only if P(q2%2(q — g~ 1)~2) #+ 0.

Proof. Immediate from Assumption 3.1, Lemmas 9.6, 10.2, and 17.1. [

18. The proof of Theorem 5.4

In this section we give a proof of our main result by providing the required action of X; on V.

Proof of Theorem 5.4. (i) = (ii) By [20 Theorem 12.3] the action of x3p on V is diagonalizable
and the set of distinct eigenvalues is {q 410<i<d}. For 0<i<d let X; denote the eigenspace of
x30 corresponding to the eigenvalue g% . First we show x3o acts on V as B from Definition 9.1. By
Definition 2.1 gxg1x30 — g~ 'x30X01 = (q — g~ )l and so we have (xg; — ¢4 2 1)X; C Xi;1 for0<i<d
in view of Lemma 8.2. Using Definition 2.1 we find qx3o(x30 + cx23) — q (%30 + cx23)x30 = (q —
q ) (3, + D) and so (x30 + cXa3 — ¥ 79 — cq?2)X; C X;—1 for 0<i<d in view of Lemma 8.3.
Recall by construction xg; acts as A and x3g + cx»3 acts as A*. Using these comments and [16, Theorem
4.6] (with V; replaced by Vy_j) we find X; = (Vg +--- + V*) N (Vo + - - - + V) for 0 <i < d. Using
this and Remark 7.2 we find X; = W; for 0 <i<d. In view of Definition 9.1 we have now shown
X30 acts on V as B. Using this and Definition 9.3 we find x,3 acts as A*. By [20, Theorem 10.3, 24,
Theorem 2.7] we find A, A* is a g-geometric tridiagonal pair of V. So P(¢**~2(q — q~')™%) # 0 by
Lemma 17.2. -

(ii)= (i) By Lemma 17.2 A, A* is a g-geometric tridiagonal pair on V. Using this, [23, Theorem 2.7, 21,
Theorem 10.4] there exists a unique irreducible Xg-module structure on V such that xo; acts as A and
X3 acts as A*. 1t remains to show that X30 + €x23 acts as A*. To do this we show x3q acts on V as B from
Definition 9.1. By [20, Theorem 12.3] the action of X3 on V is diagonalizable and the set of distinct
eigenvalues is {qu_d |0<i<d}. For 0<i<d let X; denote the eigenspace of x3¢ corresponding to
the eigenvalue g%, Using [20, Theorem 16.4] we find X; = W+ 4+VHN Vo + -+ Vi)
for 0 <i<d. Recall by Definition 9.1 that for 0<i<d,W; is the eigenspace of B with eigenvalue
tf‘_d. We show X; = W; for 0<i<d. Combining Lemmas 8.4 and (16) we find Wo + --- + W; =
V§+ -4+ Vi for0<i<d.Usingthisand (11)wefind Vg +--- + V¥ = V5 + .- + V¥ for0<i<d.
Using this and Remark 7.2 we find X; = W; for 0 <i<d. We have now shown x3g acts on V as B.
Recall by construction x,3 acts as A*. Therefore by Definition 9.3 x3g + cx»3 acts as A* and the result
follows. [

For the sake of completeness we now make a few comments regarding the X;-module structure
on V given in Theorem 5.4.
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Lemma 18.1. With reference to Assumption 3.1, Theorem 5.4, and Definition 9.7 the following holds. For

each generator x;; of Xy and for 0 <n < d the eigenspace of x;j corresponding to the eigenvalue qZ”_d is

given as follows.

Generator Eigenspace corresponding to eigenvalue qz”_d
Xo1 Vi

X2 i

X30 Vg + -+ V)N Vot + Van)

X12 V4 VDN Vgon + -+ V)

X31 Vg +-+VD)N Vet + Vo)

X13 W+ 4+ V)N (Vaen + -+ Vi)
X20 Vg 4+ VDN (Vo + -+ Va—n)
Xo2 W+ +VHN Vo + -+ V)

Proof. The first row of the table follows immediately from Theorem 5.4. In the proof of Theorem 5.4
we showed x»3 acts on V as A*. Using this we immediately obtain the second row of the table. The
remaining six rows of the table follow from the first two rows and [20, Theorem 16.4]. [l

Lemma 18.2. With reference to Assumption 3.1 and the X,-module structure on V given in Theorem 5.4
the following holds.

(i) x30 actson V as B.
(i) xp3 actson V as A*.
(iii) x37 actsonV as K.
(iv) xy3 actson V as K~ 1.

where B, A*, K are from Definitions 9.1, 9.3, and 11.1, respectively.

Proof. (i) and (ii): These were shown in the proof of Theorem 5.4. )

(iii) and (iv): Recall for 0 < i < d that U; is the eigenspace for K corresponding to the eigenvalue qz'_d.
In the proof of Theorem 5.4 we showed for 0 <i<d that V§ + - - - + V{" = Vg + - - - + V. Using this
and Lemma4.2 we find U; = (V§ + -+ - + V) N (V; + - - - + V) for 0 <i < d. The result now follows
from rows five and six of the table in Lemma 18.1. [
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