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The paper is concerned with the longest cycles in regular three- (or two-) connec- 
ted graphs. In particular, the following results are proved: (i) every 3-connected 
k-regular graph on n vertices has a cycle of length at least min(3k, n); (ii) every 
2-connected k-regular graph on n vertices, where n < 3k + 4, has a cycle of length at 
least min(3k, n). 0 1985 Academic Press, Inc. 

1. INTRODUCTION 

All graphs considered here are simple. Let c(G) denote the length of a 
longest cycle in a graph G. The following is a well-known result by Dirac. 

THEOREM A [S]. If G is a 2-connected graph on n vertices with 
minimum degree k, then c(G) 2 min(2k, n). 

By adding a regularity condition Bollobas and Hobbs proved 

THEOREM B [6]. If G is a 2-connected, k-regular graph on at most $a k 
vertices, then G is hamiltonian. 

Jackson later obtained the following, much stronger, result. 

THEOREM C [ 13. If G is a 2-connected, regular graph on at most 3k ver- 
tices, then G is hamiltonian. 

In this paper we shall prove 
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THEOREM 1. Let G be any graph with n vertices. rf 

(i) G is 2-connected and k-regular, and 

(ii) for any two disjoint subsets of vertices A and B, IAl 2 k and IBI 2 
2k -I- 4 imply that G has 3 pairwise vertex-disjoint A - B paths, then c(G) 2 
min( 3k, n). 

In Theorem 1, an A - B path is a path which has one end-vertex in A 
and the other in B and has nothing else in common with A u B. Note that 
if G is 3-connected or n < 3k + 4 then the condition (ii) is trivially satisfied 
and so we have the following two immediate consequences of Theorem 1. 

COROLLARY 1.1. Let G be a 3-connected, k-regular graph with n vertices. 
Then c(G) b min( 3k, n). 

COROLLARY 1.2. Let G be a 2-connected, k-regular graph with n vertices. 
Zf n < 3k + 4, then c(G) > min( 3k, n). 

It is clear that Theorem C is an immediate consequence of Corollary 1.2. 
The results above are almost best possible, since one can construct, in 

the way described in [7], a 3-connected, k-regular graph G with c(G) < 
3k + 5, for k even, and c(G) 6 3k + 6 for k odd. The 2-connected, k-regular 
graph with 3k + 4 vertices described in [7], which has c(G) < 2k + 4, shows 
that the condition (ii) of Theorem 1 cannot be improved when k 2 4. 

2. NOTATIONS 

For H, a subgraph of a graph G, let V(H) denote the set of vertices of H. 
For v E V(G), let NH(v) denote the set, and dH(v) the number, of neighbors 
of v in H. Further, if H is connected then, for each pair of vertices v and u 
in H, let d,Jv, u) be the minimum length (the number of edges), and 
L,(v, u) the maximum length, of a v - u path in H. In order to simplify 
notation we shall denote V(G), &(v), and dG(v) by V, N(v), and d(v), 
respectively. For A c V(G), put 

NJ= u ma 
VEA 

and let e(A) denote the number of edges in G between the vertices of A. 
For H and F, subgraphs of G, let E(H, F) denote the set, and e(H, F) the 
number, of edges in G joining vertices of H to vertices of F. (Notice, the 
subgraphs H and F can be sets of vertices.) 
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Let qlq2- qg be a path in G followed from q1 to qg. Define 

N*(ql) = {4i I 4i+ 1 E N(ql)}, N*(9,) = (4i I 4i- 1 E N(qg)}* 

For any real number r, denote by rrl the minimum integer not less than r. 

3. THE PROOFOF THEOREM 1 

If k = 2 then G is a cycle and there is nothing to prove, and so we may 
assume that k 2 3. 

Let G be a graph satisfying the conditions of Theorem 1. Choose a 
longest cycle C so that the number of components in R = G\C is minimal. 
Let cl, c2 ,..., cm, cl be the vertices in order around C, the subscripts of the 
Ci will be reduced modulo m, where m = 1 V( C)(. For A E V(C), put 

A+ = (ci+l 1 CiEA} and A-= {ci-1 I CiEA}. 

The proof is by contradiction. Hence assume that m < 3k - 1 and R # (25. 
The proof is divided into two parts: 

Part 1 

R consists of isolated vertices: For v E R, following Woodall [2] and 
Jackson [ 1 ] put YO = 0 and, for j >/ 1, put 

xj=N(Yj-lu (v}) and Yj={CiE I’(C) I Ci-lEXj and ci+l~xi}. 

Put X=uj”=l Xj and Y= Us=, Yj. Then (see [l or 21) 

(i) XE V(C) and X does not contain two consecutive vertices of C. 

(ii) Y=X+nX-, iV(Y)cXand XnY=@. 

Let Z+ = X+ \ Y and Z- = X- \ Y. We have the following results, due to 
Jackson. 

LEMMA 1 [ 1, Corollary 11. (a) 2 + and Z- are independent sets of ver- 
tices; 

(b) given CiE Z+ and cj~ Z- there do not exist neighbors bi of ci and 
bj of cj which are consecutive on C and lie in the set (cie2, ciVl,..., c~+~), 

(C) given Ci, CjE Z+ or ci, cj~ Z- there does not exsit cp E (ci+ 2, 
ci + 3 9’**9 cj- 1 > such that ci is joined to C, and cj to C, _ 1, and 

(d) for any UE R, e(u, Z’) < 1 and e(u, Z-) < 1. 
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Put y = 1 Y( and x = 1x1. Then there are x open segments of C between 
vertices of X. Let S1, S2 ,..., Sb be the sets of vertices contained in the open 
segments which contain two or more vertices. Obviously, 

b=X-y. 

PROPOSITION 1. 1 < b < k. 

Proof. Note that Yu (u} is an independent set of vertices, 
N( Y u {u} ) E X and, for all i = l,..., b, e(X, Si) b 2. We see that 

k*xbe(X, YU (u))+ i e(X, Si)bk(y+ 1)+2b, 
i=l 

implying 

k<k.x-ky-2b=b(k-2). 

Consequently, 

k 
b>->l. 

k-2 

On the other hand, 

m=X+y+ i IS,/ >x+y+2b. 
i=l 

Note that x > k and, by the assumption, m < 3k. The last inequality gives 

b< 
m-x-y 3k-k 

2 
<-=k. 1 

2 

From the proof of Proposition 1 we have found that 

k 
-<b<k. 
k-2 

This means that 

ka4. 

Put S= (JF=, Sj, Sj= [Sjl, and s = ISI = Cf= 1 Sj. Then 

m=x+y+s. 

(1) 

(2) 
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For all i= l,..., b, let Zi denote the set of vertices in Si which are adjacent 
on C to vertices of X. It is clear that Zi contains exactly two vertices, one 
belongs to Z+, the other belongs to Z-. Put 

Z= TJ Zi=Z+ UZ-a 
i=l 

LEMMA 2. e(2, S\Z) + 2e(Z) < b(s - b + 2). 

Proof. Let 

sic {cp9 cp+19---9 cq} and sj= (c,, c,+ l,“‘, c,} 

be distinct elements of (S, , S2,..., S,}, where (c,, c,} = Zi and 
{c,, c,} = zj. Put 

A = A+,) n sj, B = N( cq) n Sj, 

D = N( c,) n S,. and F= N(c,) n sj. 

By Lemma l(a), (b), c, is not joined to any elements of A- u {c,,,}, and 
thus 

However 

BEsj\(A- u (cw}). 

Hence 

A-U(C,}GS~ and IA- u (c,,,>l = IAl + 1. 

and so 

e(Zi, Sj)= IBl + IAl <Sj- 1. (3) 

Furthermore, by Lemma l(c), c, is not joined to any elements of A + and 
c, is not joined to any elements of B-. Thus 

D G (sj\(ct))\A+ and FE (sj\{Cw))\B-* 

However 

lA+lb(Al-1 and p3-I>pq-l. 



330 GENGHUA FAN 

Hence 

PI asj- l)- iA+1 <sj- IAl 
i.e., 

PI + I4 GSj 

and then 

and IFI mj- I)-- p-1 csy- pi, 

and IFl + PI 6Sj, 

e(Zi, Sj) + e(Zj, Sj) = IAl + IBJ + IDI + IFI < 2Sj. 

By the definition of 2, 

(4) 

4Z sj> = C e(Zi, Sj) 

i= 1 

Czh9 sj) + e(Zi, si> + e(Zj, Sj>. 

h # i,j 

Note that (3) holds for any i and j such that i # j. Using (3) and (4) we see 
that, for all j = l,..., b, 

e(Z, sj>< i (Sj-1)+2sj=b(sj-1)+2. 
h z i,j 

Summing these inequalities gives 

But 

$ e(z, S,)G i (b(sj-1)+2)=b(s-b)+2b. 
j=l j=l 

i e(Z, Sj) = e(Z, S\Z) + 2e(Z) , 
j=l 

and so the Iemma is proved. I 

LEMMA 3. m 2 2x + k - 2 + (k + e(X, R*) - e(Z, R*))/b, where R* = 
R\ {v). 

ProoJ It is easily seen that 

e(~z)Gk--e(X, Yu{v})-e(X,R*) 

=k*x-k(y/ l)-e(X, R*) 

=k*b-k-e(X, R*). 



LONGEST CYCLES IN GRAPHS 331 

On the other hand, 

e(X, 2) = k* IZl- e(2, S\Z) - 2e(Z) - e(Z, R*). 

Applying 121 = 2b and Lemma 2 we find that 

k * b - k - e(X, R*) b e(X, 2) > k(2b) - b(s - b + 2) - e(Z, R*). 

From this and b # 0, we obtain 

s>k+b-2+ 
k + e(X, R*) - e(Z, R*) 

b 
. 

Putting this into (2) and using b = x - y, Lemma 3 is proved. 
We show now that 

e(X, R*) 2 e(2, R*). 1% 

If R* = 0 there is nothing to prove. Hence assume that R* # 0. If (5) is 
not true then there must exist a vertex u in R* such that 

e(X, 24) < e( 2,~). (6) 

By Lemma 1 (d), e( 2, U) < 2 and so (6) gives that e( X, U) < 1, i.e., 
IN,(u) n Xl 6 1. Put 

F=N,(u)uX. 

Then 
Ir;l = l&WI + Ix1 - lJkw n Xl 

b &(u)l + k- 1. 

Since R consists of isolated vertices, u is an isolated vertex of R* and 
IN&)l = k. Thus 

IFI >2k- 1. 

The set F divides C into Ir;l open segments. Since N,(u) or X does not con- 
tain two consecutive vertices of C, and by Lemma l(d), there are only two 
ones containing no vertices in the segments above. Therefore, 

m>2lr;l-2>4k-4 

2 3k bY (0 
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This contradicts the assumption m < 3k - 1 and shows therefore that (5) is 
true. However, substituting (5) into the inequality of Lemma 3 yields 

k k 
m>,2x+k-2+;>3k-2+; 

>3k-1 by Proposition 1, 

which is a contradiction and completes the discussion of Part 1. 

Part 2 

R contains a component with two or more vertices. We first prove some 
general lemmas. 

LEMMA 4. Let H be any graph and let Q = qlq2 0 * * qs be a path in H 
such that N(q, ) E V(Q) and N(q,) G V(Q), and suppose that qh is the last 
vertex which belongs to N(ql) and qf the first vertex which belongs to N(q,). 
Denote by F the subgraph generated by V(Q), we have 

(a) If h >f then, for any qi, qiE V(Q), 

LF(qi, 4i) 2 min(d(ql h d(qg))* 

W Ifh>f then,for any qi, qjEN*(ql), 

(c) Zf H is 2- connected then, for any qi, qjE N*(ql), 

LAqi, 4i) 3 min(r$(d(q,) + d(q,) + 1 )I, d(qg))* 

(d) ZfHis2- connected then, for any qi, qj E V(H), 

LH(qi9 qj) 2 min(d(ql )9 d(qg)). 

Remark. By symmetry, there are results similar to (b) and (c) for ver- 
tices of N*(q,). 

ProoJ: In the following we suppose, without loss of generality, that 
i< j: 

(a) Let qi, qj E V(Q). We shall show that there is a qi - qj path in F 
of length at least min(d(q,), d(q,)). 

(i) j<f (or iah). Let n=max(tI t<h and qlEN(qg)). The 
existence of n follows from the fact that f < h and qf E N(q,). Then 
P=4i4i-1.“419hqh+1”‘qgqnqn-I’. * qj is a required qi- qj path since 
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V(Q) 1 V(P) 2 N(q,) u { qg }. For the case i 2 h, a similar argument gives a 
qi - qi path in F which contains N(q, ) u { qg }. 

(ii) j>f>i (orj),h>i). In this case there exists n=max{t 1 t<j 
and 4t E w&J) such that P=qiqi+l”*qnqgqs-l”‘q~ is a required qi-qi 
path since V(Q) 2 V(P) r, N(q,) u ( qg }. For the case j > h > i, a similar dis- 
cussion holds. 

(iii) f <i<j<h. Put 

B=@ if j=i+l. Note that BnN(q,)=@ then P=qiqi-l*** 
qlqhqh- 1 ***qi is a required path since lf(Q)2V(P)~N(q,)u (ql). A 
similar discussion holds for the case when B n N(q,) = 0. Thus, we may 
assume that 

Bnmldf0 and B n ml,) + 0. 

Let r=min(t ( qteBnN(q,)} and n=max(t 1 qtEBnN(q,)). If there is a 
p such that n<p<j and qpEN(qg) then P=qiqi_~*.*qlq,q,+1... 
qpqgqg- 1 .**qj is a required path since V(Q)ZV(P)ZN(~~)~ {ql}, and 
thus suppose that no such p exists, i.e., 

{4”, 4 n + 1 ,“‘, qj- 1 } n N(qg) = 0. (8) 

Choose qs E B n N(q,) so that s is as small as possible. By (8) s < n, and 
then P=q~qi_~“‘qlqnqn-~“‘qsqgqg-~...q~ is a required path since 
v(Q)2 W)=(q,)u {q& and so the proof of (a) is completed. 

(b) Let qi, qj E N*( ql). If j <f, this follows immediately from (i) of 
the proof of (a) since N*(q,)E V(Q). So suppose that j>f, and let 
n=max{t 1 t<j and qtEN(qB)}. If n>i then P=qiqiWl***qlqi+l*** 
qnqgqg- 1.. . qj is a qi- qj path in F which contains N(q,) u (qg}, and is 
therefore of length at least d(q,). This means that LF(qi, qj) 2 d(q,). If n < i 
then, by the same arguments the path P = qiqi- 1 * * * qnqn _ 1 . * * 
qfqgqg- 1. * - qj implies that LF(qi, qj) 2 4qg). 

(c) Let qi, qjE N*(ql)- If h >f then, by (b) Ln(qi, qj) >, 4q,). If h <f 
then, since H is 2-connected, and from the proof of Theorem 4.4 in [3], H 
contains a cycle of length at least d(q, ) + d(q,) + 1. This implies, as H is 
2-connected, that every two vertices of H are connected by a path of length 
at least r+(d(q,) + d(q,) + l)], and so does every two vertices of N*(ql). 

(d) Let q’, q” E V(H). If h <f then, from the proof of (c), q’ and q” 
are connected by a path of length at least r&i(q,) + d(q,) + l)], i.e., 

&Ad, 4") 2 rwkd + d(q,) + 1112 mW(q,), d(q,)). 
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If h >f then, as H is 2-connected, there are two disjoint {q’, q”} - V(Q) 
paths in H. However, by (a), every two vertices of V(Q) are connected by a 
path of length at least min(d(q,), d(q,)) whose vertices all belong to V(Q), 
and so it is not difficult to see that 

LEMMA 5. Suppose that H is any graph and C is a longest cycle in H. Let 
W be a component in H\ C with two or more vertices. If there are t 2 2 
pairwise vertex-disjoint V( W) - V(C) paths such that between every pair of 
endvertices in V(W) of the paths there is a path in W of length at least d, 
then 1 V(C)1 2 t(d+ 2). 

Proof For i= l,..., t, let Vi be the end vertices in V(W), ui the 
corresponding end vertices in V(C), of the paths. By the given conditions, 
Lw(vi, v~) > d for every pair of subscripts i and j. This means, by the 
maximality of C, that dc(ui, z+) 2 d + 2, and hence 1 V( C)l 2 t(d + 2). 1 

LEMMA 6. Suppose that H is any graph and C = c1 c2 * * * c, c1 is a longest 
cycle in H, the subscripts of the ei will be reduced module m. Let W be a 
component in H\C with at least two vertices and d, k be any integers such 
that 16 d 6 k - 2. Suppose T G V( W) such that 

(i) 1 Tl 2 max(2, d), 

(ii) e( v, C) 2 k - d for every v E T, and 

(iii) Lw(v, u) 2 d for any v, UE T, 

Assume fruther that m < 3k. Then, for every v in T, 

WV) = Nc( T) and IN,-(T)1 =k-d. 

Proof Let 

i = l,..., t. 

Note that, for all i = l,..., t, 

I Ail = e(qi, C) > k - d, (9) 

which means IAil 2 2, since d 6 k ‘- 2. Take into account t 2 2 (where 
t = 1 TI ), it is easy to see that there are at least two ordered pairs (p, n) such 
that c, is joined to one, and c, to another, of vertices of T and e( T, (c, + 1, 
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cp+2,-09 c, _ 1 } ) = 0. Furthermore, the given condition (iii) and the 
maximality of C give that 

and hence 

I{Cp+l, c/7+2,..., G-J a+ 1, 

bVZ> (J (AiUA+) +2(d+l)-2. 
i= 1 

If Ai n Aj = @ for every pair of subscripts i and j, then 

ma i jAiUAi+j +2d 
i= 1 

t2t(k-d)+2d using (9). 

If d= 1 then r&2 and 

mb4(k- 1)+2>3k. 

If d>,2 then tad, and ka4 since ddk-2. So 

mb2d(k-d)+2d>2d(k-d)+4 

=2(d-2)(k-d-2)+4k-4 (rearranging) 

24k-423k. 

In each case m 3 3k, which is contrary to hypothesis and shows that there 
are subscripts i and j such that Ain Aj # 0. Put 

X={u~v(C)l 3i#j, AinAj3u). 

Then X # 0. Let x = 1x1 and S1 , S2 ,..., S, be the sets of vertices contained 
in the open segments of C between vertices of X (define S1 = V(C)\X if 
x = 1). Since C is a longest cycle, the given condition (iii) and the definition 
of X give that 

ISi12 d+ 1 for all i = l,..., X. w  

Since m = CT= 1 ISi] + x we find that 

m2 i (d+ l)+x=x(d+2), 
i= 1 

giving 
m 3k =k 

X’d+2<d+2 - 
d+ 1 -td- 1)tk-d-2) 

d+2 ’ 
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Using 1 G d< k - 2, we obtain 

x<k-d+ 1. 

We now prove that 

x=k-d. 

If (12) is false then, by (ll), 

x<k-d- 1. 

(11) 

(12) 

(13) 

Put 

x= N,( T)\X, 
and then 

/XI= i IA,\XI 2 i IAi\X( 2 i (k-d-x) 
i= 1 i= 1 i=l 

= t(k - d - x). 

using (9), 

(14) 

In fact, T is the set of vertices of C which are joined exactly to one vertex 
of T, and X is the set of vertices of C which are joined to two or more ver- 
tices of T. Put 

cF= (Si 1 Sir\X#@y 1 <i<t}. 

Since x# 0 by (13) and (14), ISI> 1. We now show that 

mbx(d+2)+2d+2 1x1. (15) 

(a) Assume first 191 = 1. For convenience, let 9 = ( S1 }. Then all 
vertices of X lie in S1. From (9) and (13), XC IAil, and therefore 
Aif? X# 0, for all i = l,..., t. On the other hand, from the maximality of C 
and the given condition (iii), if ci E Ai n X and Cj E Ajn X, i # j, then 
d,(ci, Cj) 3 d+ 2. Hence it is not difficult to see that 

m= i lsil + IsI1 +xb f (d+ l)+ IS11 +X using (lo), 
i=2 i=2 

ax(d+2)+2d+2 1X1. 
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(b) Assume that 1912 2. By reasoning similar to that used in (a), for 
each Si e 9, 

lSil>,2(d+ 1)+2 IXnSil- 1=2d+ 1+2 IXnSiI, (16) 

m= C lSil+ C ISi1 +X 
bYiS. SiEF 

2s;F (d+ l)+ C (2d+ 1+2 IXnsil)+x 

SiEF 

by (10) and (16), 

=(L- lsq)(d+ l)+ IFI (2d+ 1)+2 181 +x (17) 

=x(d+2)+ pq d+2 1x1 

>x(d+2)+2d+2 1x1. 

In each case (15) holds. Combining (15) with (14) we have 

m>x(d+2)+2d+2t(k-d-x). 

If d = 1 then t 2 2, and thus 

m33x+2+4(k-l-x)=3k+(k-x-2) 

a3k bY (13). 

If da2 then tad, and so k>4 since d<k-2. Thus 

m>x(d+2)+2d+2d(k-d-x)=2d(k-d+ l)-x(d-2) 

Z2d(k-d+ 1)-(k-d- l)(d-2) by W), 

=(d+2)(k-d- 1)+4d (rearranging) 

>4(k-d- 1)+4d=4k-4 

b 3k. 

Each case gives that m >, 3k, contrary to hypothesis. Hence (12) is proved. 
Also, we have 

x=0. 

If X# 0 then 1912 1. Note that (17) also holds for the case 1912 1 we 
have 

m>x(d+2)+d+2=(k-d)(d+2)+d+2 bY w9 

=3k+ (d- l)(k-d-2) 

2 3k. 
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This contradiction shows that x= 0, which means that Ai E X for all 
i = I,..., t, but (9) and (12) imply that lAij 3 1x1, and so Al = A,= -a- 
= A, = X= N,(T). Hence Lemma 6 is proved. 

Let us return to the proof of Part 2. Let W be a component in R with 
two or more vertices. We consider two cases: 

Case 1. W is a block. Let Q = qlq2 * * * qg be a longest path in W 
followed from q1 to qg, chosen so that d,(ql) + ddqJ is maximal. Sup- 
pose without loss of generality that 

4&l,) 2 4&l) = d- (18) 

Let qh be the last vertex which belongs to N(ql) and qf the first vertex 
which belongs to N(q,). Note that, as Q is a longest path, Ndq,) E V(Q) 
and N&q,) E V(Q). Replacing H by W in Lemma 4, we see that the path 
Q satisfies the requirement of Lemma 4. 

Case la. d 6 k - 3. In this case we have 

PROPOSITION 2. Q is a hamilton path in W with d + 1 vertices, and 
Ndq,)=Nc(qj)Sor any qi andqj in v(Q)* 

Proox Note that, as W is a block, if d = 1 then W= Q = q1 q2 and so 
applying Lemma 6 to the set (ql, q2} we complete the proof. Thus suppose 
that d> 2, and so iV*(ql) = db 2. Note that for each qiE N*(ql) the path 
4i4i- 1 “‘414i+l” *qg has the same length as Q so d&qi) < d,(ql) = d, 
implying e(qi, C) = k - d,(qi) L k - d. Furthermore, using Lemma 4(d), 
and taking (18) into account we obtain that Lw(qi, qj) > d for every pair of 
vertices qi and qj in N*(ql ). From the above discussion, the set N*(ql ) 
satisfies the requirement of Lemma 6 and thus, putting X= N,(N*(q,)), 
and using Lemma 6 we have that, for each qi E N*(ql ), 

NC(qi) = x (19) 

and 1x1 = k - d. Let S1 , S2 ,..., Sk-d be the sets of vertices contained in the 
open egments of C between vertices of X. Then 

k-d 

m= C ISil +(k-d). 
i= 1 

If ISil > d + 2 for all i = l,..., k - d, then 

k-d 

m2 1 (d+2)+(k-d) 
i= 1 

=3k+d(k-d-3) 

b 3k, 
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contrary to hypothesis, and thus there must be some j, such that 

If d&q,) > d+ 1 then, by Lemma 4(c), Lw(qi, qj) >, d + 1 for any qi, 
qj E N*(q,), which implies that I,!$,1 >, d+ 2 for all i = l,..., k - d, contrary to 
(20). Hence d&q,) < d, giving e(q,, C) >/ k - d. Furthermore, applying 
Lemma 6 to the set N*(q,) u (qg} we obtain 

KAq,) = x (21) 

This means IS,( 2 g for all i = l,..., k - d. It follows from (20) that g < d + 2, 
but on the other hand, g > dw(ql) + 1 = d + 1. Consequently 

g=d+ 1, 

implying 

v(Q) = N*(qW tqg). (22) 

As Q is a longest path in IV, no vertex of N*(q, ) u ( qg } can be joined to 
vertices of V(W)\ V(Q), and so the connectness of W implies that Q is a 
hamiltonian path in IV. Also, combining (19), (21) with (22) we find that 
N,(q,) = X= N,( qj) for any qi, qi E V(Q). Hence the proposition is 
proved. 1 

Put X= N,( V(Q)). By Proposition 2, 1 X) = k - d and 

4X Q>= 1x1. W(Q>l = (k-d)(d+ 1). 

As defined above, let S1 , S2 ,..., Sk _ d be the sets of vertices contained in the 
open segments of C between vertices of X, and then 

k-d 

C e(X, Sj)<k IX) -e(X, Q)=k(k-d)-(k-d)(d+ 1) 
i= 1 

=(k-d)(k-d- 1). (23) 

Put Si= ISil, i = l,..., k - d. Note that, for all i = l,..., k - d, 

siag=d+l. 

Suppose that there is some j such that 

sj=d-t 1. 

582b/39/3-11 
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Replacing by Q the open segment of C which contains Sj, we obtain 
another cycle C’ of the same length as C. From the choice of C, 

f?(Sj, R) = 0, (24) 

since otherwise G\C’ has less components. As C is a longest cycle, it is 
easily checked that, for any n # j, if s, < d+ 2 then 

t?(Sj, S,) = 0; (25) 

if s, =d+3 then 
Mj, Sn) G sj, (26) 

since in this case each vertex of Sj can be joined to at most one vertex of 
S n* 

If every Si takes its minimal value d+ 1, then 

k-d k-d 

m= 1 Si+(k-d)> C (d+l)+(k-d) 

i= 1 i=l 

=3k-3+(d-1)(&d-3) 

>3k-3. 

However, by the assumption, m < 3k - 1, and so there are only the follow- 
ing two cases for values of {sl, +,..., S&-d): 

(i) There is exactly one element s, = d+ 3, and Sj = d+ 1 for every 
j#n. Then for all j#n 

e( Sj, X) = k . Sj - 2e( Sj) - e(S,, ~$J~si)-e(Sj, R) 

= k * Sj- 2e(Sj) - e(Sj, S,) by (25) and (24), 

2 ksj - sj( sj - 1) - sj since e( Sj> d (2), and by (26), 

=(d+l)(k-d-1) since sj=d+ 1, 

a 2(k - d- 1). 

Summing these inequalities yields 

k-d k-d 

C e(Sj, X)> 1 2(k-d- 1)=2(k-d- l)(k-d- 1) 
j#n i#n 

> (k - d)(k - d- 1). 

This is contrary to (23). 
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(ii) There are two elements s, and s, such that s, < d+ 2 and 
s,<d+2, and for every j#n, s,=d+ 1 and so 

e(Sj, X)=k-sj-2e(Sj)-e Sj, U Si -e(Sj, R) 

( 1,: ) . 

= ksj - 2e( Sj) by (25) and (24). 

a (d+ l)(k-d) since e(Sj) d (2) and sj=d+ 1, 

3 2(k - d). 

Summing these inequalities gives 

k-d k-d 

C e(Sj,X)>, C 2(k-d)=2(k-d)(k-d-2), 
j#n,f j#n,t 

k-d k-d 

C e(sj9 X) = C e(si, X) + e(S,, -V + e(S,, -9 

j=l j#n,t 

>2(k-d-2)(k-d)+2+2 

>(k-d)(k-d- l), 

which contradicts (23). 
In each case we obtain a contradiction, and hence the discussion of Case 

la is completed. 

Case 1 b. d > k - 2. If d = 1, this is the case discussed in Case la, where 
we did not use the condition d 6 k - 3 when d = 1. Therefore, in the 
following, we consider only the case when d 2 2 and k > 4. We shall prove 

m>2k+4. (27) 

By contradiction, suppose that m < 2k + 4. Consider the following three 
subcases: 

(i) d = k. Since G is 2-connected, there are two disjoint V( W) - V(C) 
paths in G. Using Lemma 4(d) and Lemma 5 we obtain that 

m>2(d+2)=2@+2) a contradiction. 

(ii) d= k - 1. From the choice of Q, for every 4iE N*(ql), 
d,(qi) < d = k - 1, implying IN,(qi)l > 1. Note that (N*(ql)l = k - 1 and 
d(u) < k for u E C, we find that there are at least two distinct vertices of C, 
say Ci and cj, which are respectively joined to two distinct vertices of 
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N*(ql), say Oi and tlj. If d&q,) = k then, by Lemma 4(c), L,(vi, Vj) 2 k, 
giving m 2 2(k + 2), which is a contradiction and shows that Hdqg) < k. 
Therefore we may assume that qg is joined to a vertex, say cp, of C. If 
cp e {Ci, cj>, then there are three independent edges in E( W, C), and then 
using Lemma 4(d) and Lemma 5 we have that m > 3(d+ 2) = 3(k + 1). This 
contradiction shows that cp E (ci, cj>. Put 

s, = Ici+ 19 ci+ 2,-**, cj- 1) 

Clearly 

and s2= {cj+l, cj+2,-**, ci-l}* 

IS,lbgbd+l=k (28) 

l&l bg2d+ 1 =k. 

However, by the supposition, 

IS,] + IS,1 =m-2<2k+2, 

and so we may assume, without loss of generality, that 

ISA =k and IS,1 <k-t 1. 

Then (28) gives g = k, and by reasoning similar to that used in the proof of 
Proposition 2, Q is a hamilton path in W. Therefore, analogously to the 
proof of (24) and (29, 

e(S,, R)=O and W2, W = 0, 

giving 

e(& (ci, cj))=k ISI1 -2@,)2k ISI1 - IS,( *(IS,1 - l)=k. 

On the other hand, IS,( = k and IS,/ <k + 1 imply e(N*(q,), S1 u S,) = 0, 
and therefore 

e(N*(q,h (Ci, Cj>> =e(N*(q,), V(C)) b IN*(q,)( 3 k - 1. 

Then 

e((Ciy Cj>, W<2k--e(&, {Ci, cj))-e(N*(q,), (ci, cj})~ 1, 

which is contrary to the fact that e( (ci, Cj>, S,) > 2 and completes the dis- 
cussion of (ii). 



LONGEST CYCLES IN GRAPHS 343 

(iii) d= k - 2. Applying Lemma 6 to the set N*(q,) we deduce that 
there are exactly two vertices on C, say ci and ci, which are joined to every 
vertex of N*(ql). Note that d(ci), d(cj) <k and IN*(ql)l = k - 2, it is easy 
to see that qg cannot be joined to either ci nor ci. Therefore if qg is joined 
to some vertex, say cP, of C then c, S (ci, ci}, and so there are three 
independent edges in E( IV, C). It follows from Lemma 4(d) and Lemma 5 
that m >/ 3(d+ 2) = 3k. This is impossible since m < 3k is assumed 
throughout the proof of the theorem. Hence qe is joined to no vertex on C. 
This means 

4+&3g) = k. (2% 

Applying Lemma 4(c) and the maximality of C we have that dc(ci, cj) 2 
k + 2, giving m > 2(k + 2), a contradiction. 

In each case we arrive at a contradiction, and hence (27) is proved. 
We shall now complete the discussion of Case lb by using the given con- 

dition (ii) of the theorem. Noting that if d >/ k - 1 then 1 I’( IV)1 > d + 13 k 
and if d = k - 2 then by (29) I V( W)l >/ k + 1, and taking (27) into account 
we find, by the given condition (ii) of the theorem, that G contains 3 
pairwise disjoint V(W) - V(C) paths. It follows from Lemma 4(d) and 
Lemma 5 that m 2 3(d + 2) > 3k. This is contrary to the assumption and 
completes the discussion of Case lb. 

Case 2. IV is not a block. Let H, and H2 be two end-blocks of IV 
(blocks containing only one cut-vertex), and let 

Q, =a,a2*** ag and Q2= blb2... b,s 

be longest paths in HI and HZ, respectively, such that 

h-&l) + of, and 4f#5 ) + d&f) 

as large as possible. Without loss of generality, suppose that 

and 

Let h1 be the unique cutvertex in H, and h2 in H2. Choose a vertex b’, 

b’ E N*(h)\ 1h2) 

b’ E Wf2)\ @21 

if N*(b,) # {Q, 

if N*(b,) = (h,). 
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As H2 is a edge when N*(b,) = {h2}, it is quite easy to see that 

implying 

e(b’, C) 2 k - d, . 

IJet WI= ww,\-vll) cl an contract W1 to a vertex, denoted by h*, in 
other words, add a new vertex h* to the graph G\ W, and join it to every 
vertex u E G\ W1 for which G contains a edge from u to W,. The resulting 
graph is denoted by G. It is not difficult to see that C remains a longest 
cycle in c and H, is a component in G\C. However, in the new graph G, 
h 1 has been replaced by h* and 

and so 
ec(h*, C) > e(b’, C) > k - d,, 

q&i, C) 2 k - dl for any ai E N*(a,), 

where the suffix G indicates that the underlying graph is c, for example, 
ec(ai, C) denotes the number of edges in c joining ai to vertices of C. We 
replace G, C, W, Q, and d by G, C, H, , Ql , and dl , respectively. Note that 
de(v) <k for all o E N&h*) and d,(v) = k for all u E V(G)\N,(h*), v #h*, 
we see that all arguments in Case 1 can be repeated. This completes the dis- 
cussion of Case 2, and with it the proof of Theorem 1. 

In the above proof, we used condition (ii) of Theorem 1 only in Case lb 
of Part 2. If condition (ii) is deleted, then Case lb gives that m 2 2k + 4. 
This means 

THEOREM 2 (Chen L-41). Every 2-connected, k-regular graph on n ver- 
tices has a cycle of length at least min(3k, 2k -I- 4, n). 
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