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Abstract

We reveal an intimate connection between the quantum knot invariant for torus knotT (s, t) and the character of the minim
model M(s, t), where s and t are relatively prime integers. We show that Kashaev’s invariant, i.e., theN-colored Jones
polynomial at theN th root of unity, coincides with the Eichler integral of the character.
 2003 Published by Elsevier B.V.Open access under CC BY license.
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1. Introduction

After Jones polynomial was introduced [1], stu
ies of quantum invariants have been extensively
veloped. These quantum knot invariants are physic
interpreted as the Feynman path integral of the W
son loop with the Chern–Simons action [2]. Thoug
geometrical interpretation of the quantum invarian
still not complete. Some time ago, Kashaev define
quantum knot invariant based on the quantum dil
arithm function [3], and made a conjecture [4] th
a limit of his invariant coincides with the hyperbol
volume of the knot complement [5]. This sugge
an intimate connection between the quantum invar
and the geometry. Note that Kashaev’s invariant w
later identified with a specialization of theN -colored
Jones polynomial atq being theN th primitive root of
unity [6].
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In this Letter, we study Kashaev’s invariant〈K〉N
for the torus knotK = T (s, t), where s and t are
coprime. See Fig. 1 for a projection of some to
knots. One may think that it is insignificant fro
a view point of thevolume conjecture because the
torus knot is not hyperbolic [5]. Although, the Cher
Simons invariant is considered as an imaginary pa
the hyperbolic volume, and in fact the torus knot
supposed to have non-trivial Chern–Simons invari
We shall show that the invariant exactly coincides w
a limiting value of the Eichler integral of the charac
of the minimal modelM(s, t) with q being theN th
root of unity.

This Letter is organized as follows. In Section
we recall a modular property of the character
the minimal modelM(s, t). We define the Eichle
integral, and give an explicit form of limiting valu
thereof whenq is theN th primitive root of unity. In
Section 3 we study the colored Jones polynomial
the torus knotT (s, t). We give a formula relating th
quantum invariant with the Eichler integral. We furth
give some examples onq-series identities. Clarified
 license.
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Fig. 1. Torus knotT (s, t). From left to right, we depict trefoilT (2,3), Solomon’s seal knotT (2,5), andT (3,4), respectively.
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is a relationship between the conformal weight a
the Chern–Simons invariant of the minimal mod
Section 4 is devoted to concluding remarks.

2. Eichler integral of the character

We study the character of the minimal mod
M(s, t), where s and t are coprime integers. Th
central charge of the minimal modelM(s, t) is

(1)c(s, t) = 1− 6(s − t)2

st
,

and the irreducible highest weight representation
the Virasoro algebra is given for the conformal weig

(2)∆s,t
n,m = (nt −ms)2 − (s − t)2

4st
,

where integersm andn are

1 � n � s − 1, 1 � m� t − 1.

The number of distinct fields in the theory is

(3)D(s, t) = 1

2
(s − 1)(t − 1).

The character chs,tn,m(τ ) for an irreducible highes
weight representation of the Virasoro algebra w
above central charge and weight, is computed as [

chs,tn,m(τ ) = TrqL0− 1
24c(s,t)

= q∆
s,t
n,m− 1

24c(s,t)

(q)∞

∑
k∈Z

qstk
2

(4)× (
qk(nt−ms) − qk(nt+ms)+mn

)
,

where we setq = e2π iτ . We see that

chs,tn,m(τ ) = chs,ts−n,t−m(τ)= cht,sm,n(τ )= cht,st−m,s−n(τ ).
The character is modular covariant [9,10] as

(5)chs,tn,m(τ )=
∑
n′,m′

Sn′,m′
n,m chs,t

n′,m′(−1/τ),

where sum runs overD(s, t) distinct fields, and
a matrix is explicitly written as

Sn′,m′
n,m =

√
8

st
(−1)nm

′+mn′+1

(6)× sin

(
nn′ t

s
π

)
sin

(
mm′ s

t
π

)
.

We rewrite the character of the minimal model a

(7)chs,tn,m(τ )= Φ(n,m)(τ )

η(τ )
.

Here we have set the Dedekindη-function and
Φ(n,m)(τ ) as

η(τ)= q1/24(q)∞,

(8)Φ(n,m)(τ )=
∞∑
k=0

χ
(n,m)
2st (k)q

1
4st k

2
,

where the functionχ(n,m)
2st (k) is periodic with modulus

2st as shown in Table 1.
From the modular property of the Dedekindη-

function, we see thatΦ(n,m)(τ ) is modular with weight
1/2, and spansD(s, t) dimensional space; modularT -
andS-transformations are respectively written as

(9)Φ(n,m)(τ + 1)= e
(nt−ms)2

2st π iΦ(n,m)(τ ),

(10)Φ(n,m)(τ )=
√

i

τ

∑
n′,m′

Sn′,m′
n,m Φ(n′,m′)(−1/τ).

For the modular form with weightw ∈ Z>2, the
period is defined by use of the classical Eich
integral, which isw − 1 integrations of the modula
form with respect toτ [11]. In a case of the half
integral weight modular formΦ(n,m)(τ ), the Eichler
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Table 1

kmod 2st nt −ms nt +ms 2st − (nt +ms) 2st − (nt −ms) Others

χ
(n,m)
2st (k) 1 −1 −1 1 0
hat

n-

e

e

We

,

,

integral is thus naively defined by theq-series as [12]

(11)Φ̃(n,m)(τ ) = −1

2

∞∑
k=0

kχ
(n,m)
2st (k)q

1
4st k

2
.

A prefactor is for our convention. It can be seen t
the former is regarded as a “half-derivative” (1

2 − 1 in-
tegration) of the modular formΦ(n,m)(τ ) with respect
to τ , as was originally studied in Ref. [12]. We co
sider a limiting value of the Eichler integral̃Φ(n,m)(α)

atα ∈ Q. Applying the Mellin transformation, we hav

Φ̃(n,m)

(
M

N
+ i

y

2π

)

 −1

2

∞∑
k=0

Lω(−2k − 1, χ(n,m)
2st )

k!
(

− y

4st

)k

,

where y ↘ 0, andM, N are coprime integers. W
mean thatLω(k,χ

(n,m)
2st ) is the twistedL-function

defined by

Lω

(
k,χ

(n,m)
2st

)
=

∞∑
j=1

χ
(n,m)
2st (j )e

M
N

j2

2st π ij−k

= 1

(2stN)k

2stN∑
j=1

χ
(n,m)
2st (j )e

M
N

j2

2st π iζ

(
k,

j

2stN

)
,

where ζ(k, x) is the Hurwitz ζ function. By the
analytic continuation, limiting value atτ → M/N is
then computed as

Φ̃(n,m)(M/N)

(12)= stN

2

2stN∑
k=1

χ
(n,m)
2st (k)e

k2M
2stN π iB2

(
k

2stN

)
,

whereBk(x) is thekth Bernoulli polynomial,

text

et − 1
=

∞∑
k=0

tk

k!Bk(x),

and especiallyB2(x)= x2 − x + 1
6.
This function fulfills anearly modular property; for
N ∈ Z we have an asymptotic expansion inN → ∞,

Φ̃(n,m)(1/N)

+ (−iN)3/2
∑
n′,m′

Sn′,m′
n,m φ(n′,m′)e− (n′t−m′s)2

2st π iN

(13)

∞∑
k=0

T (n,m)(k)

k!
(

π

2st iN

)k

.

Here we have set

(14)φ(n,m) =
{
(s − n)m, if nt > ms,

n(t −m), if nt < ms,

and T -series is written in terms of theL-function
associated withχ(n,m)

2st as

T (n,m)(k)

= 1

2
(−1)k+1L(−2k − 1, χ(n,m)

2st )

(15)

= 1

2
(−1)k

(2st)2k+1

2k + 2

2st∑
j=1

χ
(n,m)
2st (j )B2k+2

(
j

2st

)
.

This can be shown as follows (see Refs. [12–15]).
define a variant of the Eichler integral

(16)Φ̂(n,m)(z)=
√

st i

8π2

∞∫
z∗

Φ(n,m)(τ )

(τ − z)3/2
dτ.

This function is defined forz in the lower half plane
z ∈ H−, while the Eichler integral̃Φ(n,m)(z) is for the
upper half plane,z ∈ H. UsingS-transformation (10)
we have

Φ̂(n,m)(z)+
(

1

iz

)3/2 ∑
n′,m′

Sn′,m′
n,m Φ̂(n′,m′)(−1/z)

(17)= r(n,m)(z;0),

where we have defined the period function

(18)r(n,m)(z;α)=
√

st i

8π2

∞∫
α

Φ(n,m)(τ )

(τ − z)3/2 dτ,
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for z ∈ H− andα ∈ Q. More generally, for

γ =
(
a b

c d

)
∈ SL(2;Z),

we have

Φ̂(n,m)(z)− 1

v(n,m)(γ )
(cz+ d)−3/2

×
∑
n′,m′

(Mγ )
n′,m′
n,m Φ̂(n′,m′)(γ (z))

(19)= r(n,m)
(
z;γ−1(∞)

)
,

where a matrixMγ andv(n,m)(γ ) are given from the
modular transformation,∑
n′,m′

(Mγ )
n′,m′
n,m Φ(n′,m′)(γ (z))

= v(n,m)(γ )
√
cz+ d Φ(n,m)(z).

When we substitute Eq. (8) into Eq. (16) and perfo
an integration term by term in a limitz → α ∈ Q, we
see that

Φ̃(n,m)(α) = Φ̂(n,m)(α).

Note that the left-hand side is given by Eq. (12)
a limit value fromH while the right-hand side is a lim
from H−. We can check forN ∈ Z that an asymptotic
expansion ofr(n,m)(1/N;0) gives a right-hand side o
Eq. (13), and that from Eq. (12) we have

Φ̃(n,m)(N + 1)= e
(nt−ms)2

2st π iΦ̃(n,m)(N),

Φ̃(n,m)(0)= φ(n,m),

which shows

Φ̃(n,m)(N) = φ(n,m)e
(nt−ms)2

2st π iN .

Combining these results we recover Eq. (13).

3. Quantum knot invariant for torus knot

We study theN -colored Jones polynomialJN(K)

for the torus knotK = T (s, t). The torus knotT (s, t)
for coprime integerss, t is the knot which wraps
around the solid torus in the longitudinal directions
times and in the meridinal directiont times. See Fig. 1
It is also represented as(σ1σ2 · · ·σs−1)

t in terms of
generatorsσj of the Artin braid group. An explicit
form of the N -colored Jones polynomial is read
[16,17]

2 sh(Nh̄/2)
JN(K)

JN(O)

= e− h̄
4 (

t
s + s

t )

(20)

×
∑
ε=±1

N−1
2∑

k=−N−1
2

εexp

(
h̄st

(
k + s + εt

2st

)2)
,

where we have set a parameterq = eh̄, and O
denotes unknot. As was shown in Ref. [6], Kashae
invariant [3,4] coincides with a specializationq →
e2π i/N of the colored Jones polynomial. As the le
hand side of Eq. (20) vanishes in this substituti
Kashaev’s invariant for the torus knot can be compu
as a derivative of the right-hand side with respect toh̄.

Here we recall the Eichler integral̃Φ(n,m)(1/N)

which was computed in Eq. (12), and especially p
attention to a case of(n,m) = (s − 1,1). Using
a property of the Gauss sum, we obtain from Eq. (1

Φ̃(s−1,1)(1/N)

= st

N
e
st
2 Nπ i+(s+t )π i

∑
ε=±1

N−1
2∑

k=−N−1
2

ε

(
k + s + εt

2st

)2

(21)× e
2π i
N st

(
k+ s+εt

2st
)2
.

As seen from Eq. (20), this expression is proportio
to the colored Jones polynomial ath̄ → 2π i/N . To
conclude Kashaev’s invariant〈K〉N for torus knotK =
T (s, t) is identified with

(22)e− (st−s−t)2
2stN π iΦ̃(s−1,1)(1/N) = 〈T (s, t)〉N .

We expect that the Eichler integrals̃Φ(n,m)(1/N)

for other cases(n,m) are related with the quantum
invariants of 3-manifolds. As a result Eq. (13) deno
an asymptotic expansion of Kashaev’s invariant
N → ∞. Note that an asymptotic behavior w
studied in Refs. [18,19] in a different manner.

In general, we can constructq-series for the Eichle
integrals based on theR-matrix [3]. We give some ex
amples below (see Fig. 1). Hereafter we use a stan
notation,

(x)k = (x;q)k =
k∏

j=1

(
1− xqj−1),
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[
k

j

]
= (q)k

(q)j (q)k−j

.

• Trefoil T (2,3),

Φ̃(1,1)(τ )≡ −1

2

∞∑
k=0

kχ
(1,1)
12 (k)qk

2/24

= q1/24
∞∑
k=0

(q)k.

This equality is Zagier’s “strange” identity [12]; thou
both expressions do not converge simultaneously,
limiting values inq being roots of unity coincide. It is
the Eichler integral of the Dedekindη-function.

• Solomon’s Seal knotT (2,5),

Φ̃(1,1)(τ )≡ −1

2

∞∑
k=0

kχ
(1,1)
20 (k)qk

2/40

= q9/40
∞∑
k=0

(q)k

k∑
j=0

qj (j+1)
[
k

j

]
,

Φ̃(1,2)(τ )≡ −1

2

∞∑
k=0

kχ
(1,2)
20 (k)qk

2/40

= q1/40
∞∑
k=0

(q)k

k+1∑
j=0

qj
2
[
k + 1
j

]
.

The equalities in above formulae have same mea
with a case of trefoil [14]. These are the Eich
integral of the Rogers–Ramanujanq-series, which is
the character of the Lee–Yang theoryM(2,5).

• Knot T (3,4),

Φ̃(1,1)(τ )

≡ −1

2

∞∑
k=0

kχ
(1,1)
24 (k)qk

2/48

= q1/48
∞∑
k=0

(q)k

(�k/2�∑
j=0

q2j2
[
k

2j

]

+
�(k+1)/2�∑

j=0

q2j2
[
k + 1

2j

])
,

Φ̃(1,2)(τ )

≡ −1

2

∞∑
k=0

kχ
(1,2)
24 (k)qk

2/48

= 2q1/12
∞∑
k=0

(
q2;q2)

k
,

Φ̃(1,3)(τ )

≡ −1

2

∞∑
k=0

kχ
(1,3)
24 (k)qk

2/48

= q25/48
∞∑
k=0

(q)k

(�(k−1)/2�∑
j=0

q2j (j+1)
[

k

2j + 1

]

+
�k/2�∑
j=0

q2j (j+1)
[
k + 1
2j + 1

])
.

These are the Eichler integral of the Slater’sq-
series [20], which is the character of the Ising mo
M(3,4).

See that infinite sums in all those expressions red
to a finite sum in a caseq → e2π i/N .

Asymptotic behavior of Kashaev’s invariant,

lim
N→∞

2π

N
log〈K〉N ,

is conjectured [4,6] to give the hyperbolic volume
the knot complementM = S3 \ K. In our case, the
torus knot is not hyperbolic. We can rather expect fr
Eqs. (13) and (22) that a value

(23)

− (nt −ms)2

st
π2 = −4π2

(
∆s,t

n,m − c(s, t)− 1

24

)
,

is related to the SU(2) Chern–Simons invariant,

CS(M)= 1

4

∫
M

Tr

(
A∧ dA+ 2

3
A∧A∧A

)
.

To see this fact, we recall that the fundamental gr
of M = S3 \ T (s, t) has a presentation

(24)π1(M)= 〈
x, y

∣∣xs = yt
〉
.

As was shown in Ref. [21], the Chern–Simons inva
ant from two SU(2) representationρ0 andρ1 of π1(M)
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69
satisfies

(25)

CS(M;ρ1)− CS(M;ρ0)= −4π2

1∫
0

β(z)α′(z)dz.

Here α(z) and β(z) are from the representationρz,
z ∈ [0,1], of the meridianµ and the longitudeλ up
to conjugation,

ρz(µ)=
(

e2π iα(z)

e−2π iα(z)

)
,

ρz(λ)=
(

e2π iβ(z)

e−2π iβ(z)

)
.

In a case of complement (24) of the torus knot,
longitudeλ and the meridianµ are respectively given
by xs andxayb, wherea, b ∈ Z satisfiesas + bt = 1.
As the longitudeλ = xs = yt is a center of group
it is sent to±1. From relations(xa)s = (xs)a and
(yb)t = (xs)b we see thatxa andyb is conjugate to

ρ
(
xa
)→

(
eπ in/s

e−π in/s

)
,

ρ
(
yb
)→

(
eπ im/t

e−π im/t

)
,

wheren,m are integers. Correspondingly we find th
a path of representation from a trivial representat
z = 0 is given by

α(z) = 1

2

(
n

s
+ m

t

)
z, β(z)= st

2

(
n

s
+ m

t

)
.

Here β(z) is constant along this path representat
since the longitude is fixed to be±1. Substituting into
Eq. (25), we get a quantity (23) as the Chern–Sim
invariant ofM modulo 2π2.

4. Concluding remarks

We have revealed intriguing properties of the ch
acter of the minimal modelM(s, t). We have shown
that Kashaev’s invariant, i.e., a specific value of theN -
colored Jones polynomial, for the torus knotT (s, t)

is regarded as the Eichler integral of the character
(n,m) = (s − 1,1) with q being theN th root of unity.
It is natural to expect that general(n,m) case is also
related to the quantum invariant of the 3-manifold.
As was shown in Ref. [15], the Eichler integr
of the affineŝu(2)m+2 character, which is modula
covariant with weight 3/2, gives Kashaev’s invarian
for torus link T (2,2m) whenq is theN th primitive
root of unity. As the torus knot and link are n
hyperbolic, we may regard the hyperbolic manifold
a (massive) deformation of the conformal field theo
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