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Abstract

We discuss our conjecture for simply laced Lie algebras level two string functions of mark one fun-
damental weights and prove it for the SO(2r) algebra. To prove our conjecture we introduce g-diagrams
and examine the diagrammatic interpretations of known identities by Euler, Cauchy, Heine, Jacobi and
Ramanujan. Interestingly, the diagrammatic approach implies these identities are related in the sense that
they represent the first few terms in an infinite series of diagrammatic identities. Furthermore, these dia-
grammatic identities entail all the identities needed to prove our conjecture as well as generalise it to all
SO(2r) level two string functions. As such, our main objective is proving these series of diagrammatic iden-
tities thus extending the works mentioned and establishing our conjecture for the SO(2r) level two string
functions.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Over time, physics and mathematics have developed a fruitful interchanging relationship.
A prominent example is the fascinating connection between characters of CFT, RSOS models
and number theory [1-6]. This connection was first noted by Baxter [7] in his work regarding
the Hard Hexagon model where he found that the local state probability is governed by a one-
dimensional configuration sum. Interestingly, in the appropriate regime, this one-dimensional
sum corresponded on the one hand to the sum side of the famous Roger Ramanujan identity [8],
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while on the other, to characters of a fixed point CFT. This relationship was considerably further
developed in later works [9,10] and leads to the conjecture that ¢ sum identities exist for every
CFT that appears as a fixed point for some RSOS model in some regime, and vice versa.

Our research focuses on parafermionic conformal field theories associated with Lie algebras
Ref. [11] which were analogously developed in mathematics as Z-algebras [12]. These theories
are described by cosets of the type,

G,
U
where G, is any Lie algebra of rank r and level /. Furthermore, denote the simple roots of G, by
«; and the fundamental weights by w; where i = 1, ..., r. The fields in the theory are labelled
by a pair of weights (A, A), where A is a dominant highest weight (DHW) of G, atlevel [ and A
is an element of the weight lattice of G,. Additionally, for a non-zero field, these weights follow
the selection rule,

H(Gy)

(1.1)

A—r=8, (1.2)

where 8 = > B;«; belongs to the root lattice of G, denoted Mg, i.e. integer ;. The dimension
of these fields, up to an integer, is given by

pa_ (A A+20)  (A—p)
YT 21

where g denotes the dual Coxeter number while p = w; is the Weyl vector. Note, that some-
what unconventionally we denote the dimension by A and S as this will prove more convenient.
The characters of the coset theory encompass the descendent structure for the different primary
fields. These characters, denoted by H (Gr)fg\, produce the G, string functions' which are of
central importance in the study of Lie algebras and are the main interest of our recent papers.
More specifically, for level two simply laced Lie algebras, exact expressions for all characters
were found in Ref. [13] via the ladder coset construction. In addition, a conjectured expression
for H(G r)/‘;, for some cases of A, was given and verified numerically. Furthermore, in recent
work by Gepner [14], a generalisation for all Lie algebras at any level was given and verified
numerically.

This paper is devoted to proving our conjecture for the characters of H(SO(2r)) at level two.
Let us recall the conjecture for H (G,)fg\ where G, is any simply laced Lie algebras at level
two [13]. Define the G, root,

mod 1, (1.3)

Q=8 mod2Mg, (1.4)

where M denotes the root lattice of G, and Q = ) Q;«; such that Q; =0, 1. Additionally, we
introduce the ¢ Pochhammer symbol

n—1
[1(1 —agh n>0
=0
(a,q)n=11 n=0, (1.5)

—n—1

[T 1/0—aqg™ """ n<0
=0

1 When multiplied by an appropriate eta function factor.
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which we will often abbreviate (a, ¢), = (a),.
Our conjecture for the characters associated with A zero or a fundamental weight of mark” 1
is given by

N A o qb2/4—bA/2
H(G)} =q~% g (1.6)
e éo @by - @b,
h,-=Qll- mod 2
where b = Y b;«; is a root, we sum over by, by, ..., b, even or odd according to the restriction

b; = Q; mod 2 and d 3 is some dimension which we do not specify for now. Indeed, for A =0,
this has been a long standing conjecture [5] dating back to 1993 where it was originally motivated
by TBA considerations. As discussed in [ 13] our conjecture encapsulates all previous conjectures
as well as providing new ones.

Our main objective here is to prove our conjecture for the SO(2r) algebra at level 2. As
shown, in Ref. [13], the H(SO(2r)) coset theory at level two is equivalent to a Z, orbifolded
theory of r — 1 bosons moving on a «/EMSU(r) lattice. The characters of such a theory, are well
known and are given in Section 4. As such, combined with our expression (1.6), they provide
an infinite number of conjectured ¢ sums identities. The appearance of such identities highlights
the underlying connection between characters of CFT and number theory and proving them is
the main objective of this paper.

To prove these identities we first present g-diagrams. Viewed from number theory perspective,
their study will highlight a connection between some well known identities as well as provide
an interesting interpretation of the simply laced Lie algebras level 2 string functions as dia-
grammatic extensions of these famous works. These extended identities enable us to prove the
mentioned identities as well as find similar identities for any DHW character. Thus, extending
our expressions to all characters of the H(SO(2r)) coset theory and providing a vast number of
new identities.

2. g-diagrams

In the introduction we have described our conjectured identities for the SO(2r) string func-
tions. How could one go about proving such identities? The purpose of this section is to introduce
g-diagrams as a general tool for the proof of such identities. As usual with diagrammatic nota-
tions, at first sight they might seem as nothing but an elegant way of writing long sums. Indeed,
often diagrammatic notations are only as good as the intuition they provide. Such intuition arises
from the following two observations. First, g-diagrams can be shown to possess symmetries
which could be realised as Weyl symmetries. This statement will be made explicit in the next
section. Second, the diagrammatic rules which arise trivially from our conjecture can be used
to describe the classical identities of Euler, Cauchy, Ramanujan, Jacobi, Heine and more [15].
Beautifully, the diagrammatic expressions imply these identities, discovered by different math-
ematician years apart, are related. More specifically, they represent only the first terms of some
infinite series of such identities. Following this diagrammatic intuition, to be discussed in Sec-
tion 4, the rest of our paper is devoted to proving these infinite series of identities thus extending
the works mentioned. Finally, we will find that the conjectured identities for the SO(2r) string
functions of fundamental weights of mark one are the simplest case of these new identities.

2 The mark of wj, denoted q;, is defined by a; = 6w; where 6 is the highest root of G;.
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Moreover, all the SO(2r) string functions are given by our new identities thus, generalising our
results.

Let us start by introducing g-diagrams, recall our conjecture for the level two string functions
of any simply laced Lie algebras denoted G, eq. (1.6). To identify the diagrammatic rules needed
to describe H/y write the g power explicitly,

1 « 1 ¢
2 > biGijbj—EZbiAi (2.1)
ij=1 i=1

where G;; is the Cartan matrix of G, represented via its Dynkin diagram. Using the G, Dynkin
diagram we introduce a set of diagrammatic rules. First, assign for each node at the Dynkin
diagram some “momenta” b; such that i corresponds to the number of the node. In addition,
assign a momenta A; for each external line connected to the i ’th node. Next, we prescribe a set
of diagrammatic rules,

, ik
i. for each node = Z—
(@),
ii. for each internal line connecting the i’th and j’th nodes = g ~%i%i/?
iii. for each external line of momenta A; connected to the i’th node =g¢

iv. sum over all nodes momenta = ) %(1 + (= 1DbitQiy

—Aibi)2

where, for now, let us consider A = Y A;w; any weight with integer Dynkin labels greater or
equal to zero while Q = )" Q;; is any root vector of G,. Using this notation, our conjecture
for the G, level 2 string functions is simply given by the corresponding Dynkin diagram and two
vectors O and A. For example, consider the g-diagrams corresponding to the SO(2r) Dynkin
diagram,

Dy (A, Q)= O—0O (A, Q) 2.2

where we denote the g-diagrams corresponding to G, by G, (A, Q) and label the nodes. Then,
the diagram contains r nodes, A is a G, weight specifying an assortment of external legs which
we do not draw for now and Q is a root of G, specifying parity restrictions on the summation.
Following our diagrammatic rules these diagrams are given by

o q%(b%_blh2+b§+~-+b3_2—br—2(l7r—1+br)+bf_1+bf—b1A1—4..—hrAr)
D, (A, Q) = , (2.3)
' ;) @D @Dy - (@,
b,-=Qli mod 2

so the conjecture for the characters is simply H (SO(2r))3 = ng D, (A, Q). Let us highlight a
few features that will prove helpful when calculating g-diagrams. First, obviously one is free
to start by summing over any of the nodes momenta as this corresponds to summing over b;
for some chosen i. However, once a certain node has been chosen all the lines connected to it
must be taken into account as they carry a b; dependence. Thus, summing over a certain node
corresponds to replacing the sub-diagram containing this node and all lines connected to it by it’s
solution. The sums remaining are then given by the resulting diagram along with the solution for
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the chosen node. Indeed, it should be clear that the root Q and weight A associated with some
diagram are always vectors of length equal to the number of nodes in the diagram. To clarify
this remark, let us formally introduce the one node diagram connected to an arbitrary number of
lines [,

by

Ni(b, . 0i) = 4, C b (00 2.4)

where b! = le_:ll bj + A; denotes the connected lines momenta. Next, as a simple example,
consider the D3(A, Q) diagram:

(Q.0)

00 q%(b%fb1<bz+b3>+b§+b§fblAlszAszsA,z)

= > (2.5)

e (@)b1 (@)1, (@b
bi=0; mod 2

where Q = (Q1, 02, 03) and A = (A1, Az, A3z). If we formally sum over the sub-diagram con-
taining only the third node with external lines carrying momenta b1 and A3 we find,

i q%(bf—b1b2+b§—b1A|—b2A2) b,

N3(b1, Az, Q3) = ‘<>(Q, A)N3 (b1, Az, O3)
powr (@b, (@b, O
bi=0; mod 2

(2.6)

where now Q = (Q1, Q2) and A = (A1, Ay) are vectors of length 2 corresponding to the two
nodes in the remaining diagram. Furthermore, note that once we have used the one node solution
to solve the sum over b3 we have a b1 dependence in N3. Thus, we can only use the one node solu-
tion to sum over b;. Stated more generally, summing over the i ’th node we get N; (b, , Ai, O;)
which carries a new dependence on the momenta corresponding to lines connected to the i’th
node. Thus, we can only use the one node solution for non-connected nodes.

As we proceed to calculate such diagrams many a times we shall consider sums of the same
diagram albeit with different Q roots. Naturally, this will be denoted in the following manner

D(Q1, M)+ D(Q2, M)+ D(Q3. M) =...=DA)(Q1+ 02+ 03 +...), 2.7)

where D stands for any diagram while Q; and A are the roots and weight corresponding to D.
Additionally, note that in such cases we can write the Q dependence explicitly and sum over the
Q-dependent factors independently from the rest of the diagram,

DA)(Q++0-)
1
=D) Y U+ DA A+ (DO (14 (=D (2.8)
0=0x+
with 7 being the number of nodes in D and Q4 are roots of length r.

To further our study of g-diagrams we first present the one node diagram solution and study
its symmetries.
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3. Q symmetry and the Weyl group

In the previous section we have mentioned our conjecture is Weyl symmetric, let us take
a closer look at this statement. Under a Weyl transformation w our conjecture transforms as
follows:

A A
Hoawiy = How n+a,0° G.D

where A, Q(A) = (1 — w)A. Although, Q is defined modulo 2M ¢, where M is the root lattice
of G, Q is not symmetric under the Weyl group. Consider the generators of the Weyl group
denoted s;,

Ay, Q = Ao, (3.2)

where A; are the Dynkin labels of A, i.e. A = > A;w;. Clearly, for even A; this is a symmetry
of O, however, for odd A; this is not a symmetry of Q. Thus, we should look for a Q symmetry
of H é\( A which compensates for this lack of symmetry in the definition of Q. To prove the

symmetry (3.1) we study the Q dependence of HA 0(A) through the one node diagram. This
is actually a slightly more general setting, as for our conjecture A is a fundamental weight of
mark one and Q = A — A mod 2M while these relations are not necessary for our definition of
q-diagrams.

We now consider the single node diagram connected to an arbitrary number of lines /,

by

Nibl . 0 =, C b (00 (33)

wh.ere bi = le_:ll b i+ A,-. such tl.lat bj are some positive integers‘specifying an assgrtment
of internal lines, A; is associated with the momenta of the external line and Q; is any integer.
Clearly any rank r diagram, with its associated weight A and root Q, can be constructed using r
N;s. Recalling our diagrammatic rules, we can solve this one node diagram in the following way,

0 q;b? shibl, 1 22 q;b,—‘bb;n 01ih
N;(b},,. 0i) = — Y =3 + (=120, (3.4)
D P PR
hi:Qli mod 2

The sums appearing here are actually a combination of the Euler identity Ref. [15],

X _n, nn-1)/2
Z
(=2)oo = q( ) 3.5)
=0 q)n
From which we find,
1 T ) i
N;i (bn ns 0;)= 5 ((_q(l bn.n)/z)oo + (_I)Qz (q(l bn.n)/Z)oo)’ (36)

clearly the Q; dependence is encompassed in the second term in the parenthesis. Since (¢™")
= 0 for any integer n greater or equal to zero, we find the following Q; independence condition
for positive b}, ,,

Qn‘n + Ai el+2Z (37)
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where, recall that one of the lines is associated with an external line of momenta A; while the
rest of the momenta are associated with internal lines. Accordingly, we define b; = Q; mod 2
and Q,, = le_:ll Q;. As any r node diagram can be constructed from the one node diagrams,
we have thus proven

Qi = Qi+ Onn+ A, (3.8)

is a symmetry of any diagram including non-negative external momenta. Let us study this sym-
metry for g-diagrams corresponding to Lie algebras. Clearly, for Lie algebra diagrams with
external lines specified by A; and internal lines by > i Gi b, the Q independence condition
can be written as

A=) GijQjel+2Z (3.9)
J
where note that G; ; = 2. Let us examine this condition for the following definition of Q,3
O=A—-X mod2Mg (3.10)

corresponding to our conjecture. Multiplying this definition by the simple root ¢;,

ZG,,,Q,:Ai—,\i mod 2. (3.11)
j

Thus, the Q; independence condition can be written as

A el +27. (3.12)

This means that for some odd A; our conjecture is independent of Q;, i.e.,

A A
Hoa s =Hown o 4rar (3.13)

Clearly, this is also true for even A; since Q is defined only modulo 2Ms. Moreover, this is
exactly the transformation under the generators of the Weyl group Ay, O we found in eq. (3.2).
Thus, we have proven our conjecture is symmetric under the Weyl group. Furthermore, although
our current interest lies in simply laced Lie algebras, it should be noted that Weyl symmetric
g-diagrams can be constructed for any Lie algebra.

We can use the Q symmetry of our conjecture (eq. (3.13)) to find equivalent characters/di-
agrams with different Q vectors, denoted equivalent Q representations. These are build in a
similar way to Lie algebras representations albeit mod 2. Consider some character H 8, to study
its Q dependence we look at A = A — Q Dynkin labels A; mod 2. For odd X;, we can use s; to
shift Q and A by «; and find an equivalent character H) «,- This procedure can be repeated for
A — o; mod 2 to find another equivalent character. Althotfgh this construction is quite parallel
to that of Lie algebras representations of highest weight A there are a few subtleties. First, note
that we are looking at A; mod 2, thus every weight is a highest weight. Second, when shifting
A — A —a; mod 2, we find that A; mod 2 is not shifted. At first sight this implies that our rep-
resentations are infinite, however, shifting A we find an equivalent character with Q; — Q; + 1
mod 2. Clearly, if we shift A by «; again we just return to our original Q. Thus, to construct an

3 One may note that other definitions of Q can be considered. Indeed, to generalise our conjecture in Section 8§ we will
consider a different definition.
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equivalent Q representation, we can consider only sequences of weights which do not include
subtracting the same root twice in succession. Finally, this defines for us a lowest weight and
insures that our representation is finite, i.e. for a rank r character there are 2" different values for
QO and thus the representation dimension is bounded from above by 2". Some examples in the
following sections will clarify this procedure as well as facilitate the proof of our conjecture.

4. Bosonic characters as g-diagrams

The SO(2r), string functions were found in our previous work [13] via their correspondence
to the H(SO(2r),) coset characters. Using the ladder coset construction, we showed the coset
theory is equivalent to a theory of » — 1 free bosons Z, orbifolded and moving on a ﬁMSU(,)
lattice. The fields, of such a theory, are labelled by A, where A is a weight of SU(r) and their
dimensions are

22
a=" @.1)
In addition, there are the twist fields whose dimensions are A = ;61 ’1+67. The characters are
expressed by a level two SU(r) classical theta function defined by
2
Na@= Y, g™ 4.2)

MEMsyy+A/m

where A is any element of the weight lattice of SU(r), m is the level and Mgy, denotes the
root lattice of SU(r). Throughout this work we take the level to be m = 2 as such we will omit
the level index, i.e. 61,2(‘1) = O] (¢g). The characters of the Z, orbifold are divided into the
twisted and the untwisted sectors. These were given explicitly in Ref. [13], here we will adapt
the Pochhammer notation which will prove most useful. In the untwisted sector we have three
types of characters. The characters of the zero momenta fields are

1
gy () = @()(q)(q);O’*liE(—q);JH, (4.3)

where the second term arises due to the sector twisted in the time direction. The nonzero momenta
do not have such a contribution and are given simply by

g/ ’(q)——@ @@, (4.4)

where X is a weight of SU(r), n) =2 when X is on the root lattice and n, = 1, otherwise. In the
twisted sector, we have two fields which have the characters

where the upper index denotes the rank of the algebra. We can determine which bosonic charac-
ter corresponds to each coset character H 3 by simply comparing (modulo one) the dimensions*
egs. (1.3) and (4.1). As mentioned, not all of these characters are given by our conjecture,
eq. (1.6), which specifies only characters corresponding to A zero or a fundamental weight of

4 Some care is required when there is more than one field of the same dimension.
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mark one, i.e. A = w; where i =0,1,r — 1,r and wp = 0. Calculating the corresponding di-
mension A% it is easily verified that H, “ wherei=r —1,r correspond to characters of the
twisted sector while fori =0, 1, ..., r — 2 they correspond to characters of the untwisted sector.
Anticipating the results let us set,

=g o
=Wr—1, Wy

additionally, in a similar manner to Section 2, redefine ¢"~D/#8x" — y" for the twisted sector

and similarly for the untwisted sector ¢"~1/2* " — y7 These redefinitions are a simple manner

of convenience as we will find that these “renormalised” characters are simply given by the

SO(2r) q-diagrams.

With these results our conjecture for the characters implies some highly non-trivial g sums
identities. In what follows we consider only A = 0 diagrams as such, to ease the discussion we
omit A from our notations. In Section 2, we have mentioned that g-diagrams interpretations of
some well known identities imply these identities are related which motivates some extensions of
these works. Additionally, these diagrammatic interpretations offer some intuition regrading our
conjectured identities. Actually, such a g-diagrammatic interpretation was already encountered
when solving the one node diagram. Indeed, we found that the Euler identity, eq. (3.5), can be
written as

o (nzfzn)/annLQ

s2msg g =Y S =t ()0 +50), @47
n=0 "

where with no loss of generality we replace z with —sqg'=9/2 such that s = &1 and define
0=0+1. Additionally, we have used the notation introduced in the last section for a sum of
the same diagram with different Q’s. Using this result, at z = 0, it is easy to solve the SO(4)
diagram as it includes two non-connected nodes,

(04— 0)=(—q9) (4.8)

where here Q1 = (0,0), O— = (1, 1) and we have used (—¢)! = (—¢"*) 0 (¢"/?)0-
Next, consider the Cauchy identity, [15],
1 OO 7" n(n—1)

S Y (4.9)

@0 = @@

At first sight, this identity does not seem to have a diagrammatic interpretation, however, recall
our discussion regrading solutions of g-diagrams. As we have highlighted, once some nodes are
solved the diagrammatic interpretation might be “dressed” with some one node solutions. Indeed,

as a simple example consider the case of z = —¢g. By using the Pochhammer identities,
@2 = @Dn(Dn(@"n (=0, (@-nlg/a)n = (=g/a)"¢"" D2, (4.10)
the Cauchy identity can be rewritten,
1 o q2n2
= . (4.11)
(@) Z(Q)Zn(_ql/z)fn(ql/z)fn

n=0
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To proceed let us introduce another basic Pochhammer identity,

(ag"y0 = 22 “.12)
(@n
Dividing eq. (4.11) by (—¢) and using this identity,
© o2 1/2—n 1/2—n
Zq (—q )oolq )oo (4.13)

(= q)2 (@)2n

Finally, using the Euler identity of eq. (4.7) to rewrite (¢ '/>~"")», we find the Cauchy identity
has the following ¢-diagram interpretation,

1
(—9%

2
o 47" (=g Mo (@ Moo

= go e = Q\O(Q+ -0-) (4.14)

with 04 = (0,0,0) while Q_ = (0, 1, 1). Remarkably, using g-diagrams it is evident that the
Euler and Cauchy identities are related in sense that, their respective g-diagrams appear to be the
first two in an infinite series of identities,

O .. 0+ — 0 ) = (-, (4.15)

where the diagram has » nodes while 0, = (0,...,0) and = Q_(0, ..., 1, 1) are rank r roots.’
It is easily verified, via dimension calculation [13], that the combination of diagrams appearing
here are exactly our conjectured SO(2r) diagrams for x! — x” . Additionally, following eq. (4.3),
it is clear that (—g)’,5 ! corresponds to the contribution of the twisted sector in the time direction,
thus implying our conjecture.

At this point the reader might ask himself whether one can provide some diagrammatic intu-
ition for the untwisted sector, i.e., (¢)! 0o ©. Such intuition is given by the following identities,
due to Jacobi and Ramanujan [15],

o0

_ 29 —
@x Y @7 = (=sg e (—sg ), (4.16)
n=-00
00 5 0 q"z
(Q)gol Z q3n /2—nz/2sn:Z( ) (_sq(l_Z)/z)n(_SC](1+Z)/2)”, 4.17)
n=—00 n=0 42
00
— 27
n=-00
o n?/2

= Z (q)n(_ZI/Z)n(_q)n ( (1 Z)/z) ( Sq(l+z)/2)n‘ (418)
n=0

5 One may wonder about the SO(8) diagram indeed via similar manipulations one finds this diagram is given by Heine’s
sum.
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The diagrammatic interpretation for these identities at z = 0 can be achieved via similar manipu-
lations as in our previous example. Elegantly, we again find that these diagrams are related. In the
sense, that respectively they are given by the first three terms in following diagrammatic identity,

@Des" =0 (Q++0Q-) (4.19)

where again the diagram contains r nodes, Q1 are defined as in eq. (4.15) and the first diagram
in the series is the non-connected two node diagram corresponding to the Jacobi identity. Just as
for the time twisted contribution, this extension of Jacobi and Ramanujan identities corresponds
to our conjectured identities for the characters combination y/ + x”.

Clearly, for now, we have offered nothing but a diagrammatic motivation for our conjectured
identities. However, the diagrammatic identities for the first terms in these series clarify their
mathematical interpretation as diagrammatic extensions of works by Euler, Cauchy, Heine, Ja-
cobi and Ramanujan. Furthermore, as mentioned in the introduction, these already represent new
results. As with the exception of SO(4), the identities corresponding to A = 0 proven here for
the first few terms of the series have been a long standing conjecture [5].

Finally, our current discussion involved only A = 0 diagrams, while our conjecture is also
valid for A = w;, where i = 1,7 — 1, r. Using the diagrammatic notation these are given by the
SO(2r) Dynkin diagram with A and Q. To ease the discussion we can encode A = w; in to our
diagrammatic notation by filling the i’th node. Using this additional rule the different charac-
ters are given by the SO(2r) Dynkin diagram with either no black nodes or one external black
node and some Q. Indeed, analogous diagrammatic arguments can be made for all our conjec-
tured identities. The moral of this story is twofold. First, it is an interesting property that known
identities seem to be related and this relation is made evident in the language of g-diagrams.
Second, in our current discussion, diagrammatic interpretations were given to the Cauchy, Ja-
cobi and Ramanujan identities at some specific value of z. A natural question is whether one can
find diagrammatic interpretations for these identities at a general z. Following our diagrammatic
rules, such diagrams must include external lines carrying the z dependence. Indeed, diagrams
with external lines are well suited for writing diagrammatic recursion relations. This motivates
one to look for some diagrammatic recursion relations which will prove the extended series. Ac-
cordingly, the next few sections which are devoted to proving these identities are constructed as
follows. First, we write recursion relations relating characters of rank r to characters of lower
rank, specifically » — 1. Next, to prove our conjecture satisfies these recursion relations we study
D3 (A, Q) the three node diagram with external lines. Finally, we supplement these recursive
proofs with the proof of an appropriate initial condition.

5. The twisted sector diagrams

The conjectured identities which arise for the twisted sector were discussed in [13]. By cal-
culating the dimension it can be shown that generally® the twisted sector characters arise from
A = w,, w,_1. These lead to the following conjectured identities,

6 For r =4 the diagram is symmetric to rotations of the external nodes.
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Xe=O—CO (0+) (5.1)

where Q4 = (0,...,0) and Q9_ = (0,...,1,1). Clearly, our conjecture is symmetric under
Ar < Ar_1 and Q, < Q,_1 so that similar identities hold for A = w,_; with Q4 and O_.

To prove these identities we first write a recursion relation for the twisted sector characters of
eq. (4.5),

1 _ _ -
xs=5 2 6 DI+ (5.2)
s'==%l1

where s = £1, s = —s and the upper index denotes the rank of the characters algebra.

To prove our diagrammatic expressions satisfy these recursion relations we look at the fol-
lowing D3 diagram with an external line,

D3(A, Q5) =" (05) (5.3)

where A = bw + w3 and Qs = Q4. Clearly, for any rank r the D, diagram includes this dia-
gram, moreover we can use our expression for the one node diagrams to study the D3 diagram.
First, note that the one node diagram with [ external lines, eq. (3.6), can be written as

1 . A
Ni(bun, Ai, Qi) = 5 3 sPi(—sigUm A2y (5.4)
si==x1
If we now define b; = Q; +2aj,for j =1,...,1—1, the a; dependence of this one node diagram

can be extracted using the Pochhammer identity (eq. (4.12)),
(_Siq(l—Ai—Qk—Z#k bj)/z)oo
(I=Ai=0k—3"j i bj)/2)_ak ’

1 (0F
Nibun, A Q) =5 ) s (5.5)

si==%1 (—sigq

As discussed in Section 2, we can only use this solution of the one node diagram for non-con-
nected nodes. For our current diagram we use this solution for the two external nodes,

1 3 522 (=200 (Do 56

N> (b1, 0, N3(by, 1, = -
2(D1,0, Q2)N3(b1, 1, O3) 207 0 (—Da

4
K
here the contribution from s3 = —1 vanishes since 1 — Q1 — A3 =0 and (1) = 0. With this
expression Dj3 is given by

i q2a127a1b
D3(A, Qg)=A . (5.7)
U A @ (524" e (<D,
Where A denotes the a; independent terms,
1
A=1D 57 (=524 oo (= Dos. (5.8)
52

Let us first simplify the denominator using the Pochhammer symbol identities,
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l/Z)n

@D2n = @Dn(—Dn@ (=", (@n(q/a)—n = (—a)"q""D/2, (5.9)

So that the diagram is given by

qal(al —b—}% )s
D3(A,Q5)=A —_— (5.10)
’ Z (@), (squ/z)al
To solve this sum replace sog'/? = y and note
@ar 5200y = 02 Yy 04 ¥ = 02 V)24 (5.11)
The resulting sum is again solved using the Euler identity of eq. (3.5),
00 yzal(al 1,__) 2c11b
Dy(A, Q) =AY —————2 =AY (—ns8y Do (5.12)
a;=0 (y)2a1 si==%1

as this is just the one node sum in y. Additionally, for the time being we allow for non-integer b.
Finally, going back to ¢

(=519, 524" )00 = (=51¢7?) oo (—5152¢ 170D (5.13)

and using (—1)oo (—¢/?) 00 (¢'/?) 0o = 2 we find the diagram is given by
0>

1 s
D3(A. Qy) = ZW( 5192417200 (=514 7 oo (5.14)

Our next step is to use this result to find some recursion relations for our diagrams. First, follow-
ing equations (4.7) and (5.4) the D3 diagram in terms of one node diagrams is given by

Ni(b,0, 02)Na(b, 1, Q2) + s2N1 (b, 0, 02)Na(b, 1, 02)
(520?00

1
D3(A. Q=53 (5.15)

52

where we have defined Q2 = (7 4+ 1 mod 2 and summed over s; = 1 so that linear terms in s;
vanish. In diagrammatic language this relation is given by

b 1 -
(Qs) = —ZW b<§(Qs+SzQs) (5.16)

such that Q; = Q4 is a vector of length equal to the number of the associated diagram nodes,
furthermore Q. = Q_. Finally, if we regard the diagram as part of an SO(2r) diagram with A =
oy and Q = Q4 we find these diagrams follow the same recursion relation as y; + respectively.

To prove our conjecture, for A = w, and Q = Q4, we still need to prove it for » = 2 diagrams
which are easily calculated using eq. (5.4),

(04) = x2s (5.17)

‘We have thus proven the conjectured identities (5.1). It should be clear that this proof has a some
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what more general feature. The diagrammatic reduction relation (5.16) is a broader mathematical
statement and can be applied to any sum which contains the D3 diagram. This entails an infinite
number of equivalent sums identities which we can write as

EQ\.(Q 5= (s q] e .<§(Qs +5205) (5.18)

where the black box stands for any sum (not necessarily diagrams). Furthermore, exact sums
can be written by taking the opposite route, i.e. start with some solvable diagram containing
the SO(4) tail and develop some SO(2r) “tail”. We also note that the D3 diagram possess a Q
symmetry which entails additional non-trivial identities.

Finally, to complete the proof of our conjecture for SO(2r) diagrams of A = w;, for i =
r — 1, r, we should consider other values of Q. This is the subject of our next section, in which
will show that the D, (A, Q) diagrams for any Q turn out to be equivalent to one of the cases
studied in this section.

5.1. Twisted sector equivalent Q representations

To show that the diagrams corresponding to A = w, and any Q are equivalent to one of the
cases studied in the last section we study the equivalent Q representations of Q.. First, denote
the weight lattice of SO(2r) by P. Next, using equation (3.11) we find A mod 2 P associated with
Q4+ denoted by A4,

Ar=A—Q0i1=A mod2P, (5.19)
note that O+ =0 mod 2P. As a simple example, consider the rank » = 4 equivalent Q repre-

sentation of highest weight A denoted ){F. Starting from A4 = (0,0, 0, 1) we can subtract oy,
which is read off the Cartan matrix,

Ay —as=(0,1,0,1) mod2P,
Oy —as=as mod2M. (5.20)

Since we do not allow subtracting the same simple root twice in succession we can only proceed
by subtracting «», we find

Ap—as—ar=(1,1,1,0) mod2P,

Oy —o4—ap=0a4+ay mod2M. (5.21)
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To proceed we need to subtract o1 or o3 and so forth in a similar fashion. Finally, we find the Ai

representation is given by the figure on the right. There are a few A% equivalent Q representation.
features of the )»i representation which are worth mentioning. First, 0,0,0,1)

note that A_ = A4, thus we find )Li = A%, in the sense that they ‘“l
include the same weights. As we saw in the previous section, the (0,1,0,1)
diagrams corresponding to Q4 are not equivalent. We thus con- “21
clude that although the A4 representations include the same weights (1,1,1,0)
their corresponding diagrams are necessarily different. Second, the a / Kg

dimension of Ai is given by 23. These weights correspond to 23
different Q values for which the diagrams are equivalent. Together
with the 23 values of Q corresponding to A* we find the diagrams

corresponding to all values of Q are equivalent to one of the dia- (1,1,1.0)
grams D4 (w4, Q). Third, if we do not allovs_/ subtraction of o1 we Ml
find the following decomposition A = )»i &) _)»i Where bar denotes (0,1,0,1)
exchanging the last two Dynkin labels, i.e. 2+ = (0, 1, 0). Finally, ml
due to this mapping of )Li and )»3_, dim )&_ =dim )\3_. (0,0,0,1)

To show that for any rank r all cases of Q are equivalent to either Q4 or Q_ we prove these
features. First, at any rank A4 = A_ it follows that,
A=A, (5.22)

in the sense that they include the same weights. As for the r = 4 case, we know from the previous
section that diagrams corresponding to Q4 are not equivalent and so diagrams corresponding to
these representations are necessarily different. Thus, the dimension of these representations is
equal and bounded from above by 2" ~!. Next, clearly the decomposition of A!, into representa-

tions of rank r — 1 includes Xf[l. To show that it also includes the ):f[l representation consider
the following sequence appearing in the A’, representation,

,
M Ay — O Ap =G =g, A — Y d (5.23)
i=1
itr—1

The last weight of this sequence is given by

,
rp— Y @ =(1,0,....1,0) (5.24)
i=1

itr—1

which shows that if we do not allow subtractions of oy we find the following decomposition,
-1 Tr—1
AMo=MTeMT @ (5.25)

where the dots stand for any other representation that might appear in the decomposition. That
the two representations )\f[l and Xi‘l are equivalent under the exchange of the last two Dynkin
labels follows from Lie algebra representations, thus the dimension of these representations is
equal and we find,

dima’, = 2dim A .. (5.26)

which are recursive relations for dim A/, . Assuming dim )»:1 =272,
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dima/, =2""" (5.27)

where we have eliminated the dots since the dimA!, is bounded by 2"~!. Finally, using our
example for » =4 as an initial condition we find,

dim A, +dimA” =2". (5.28)

Since each weight in these representations corresponds to some unique Q we conclude that
the D, (w,, Q) diagrams for any root Q are equal to either D,(w,, Q) or D,(w,, Q_). The
identification is easily achieved by using the invariance of Azi under the Weyl group. For a general
Q define Lg = A — Q, then

33/2-23/2=0,1 mod2 (5.29)

where its 0 if Q € ){F and 1 if Q € A”_. To state our result, consider,

DA Q)="—() — Q) (5.30)

for a general Q and A = bw| + w,. Clearly, the diagrams corresponding to our current discussion
are given by D,(w,, Q), i.e. b = 0. However, recall that A are only defined mod 2P thus the
results above are viable for any even b. Additionally, by considering A+ = A — Q mod 2P for
odd b it is easily verified that eq. (5.27) holds for any b. Finally, recalling the diagrammatic
recursion relations of eq. (5.16) we find the following identity,

1 1o oa (—5191270/2) oo (—s15g70/2)
Di(h, Q)= st 0n S
5,51 (sq / oo

for any positive b integer. The case of b = 0 reproduces our conjecture for the twisted sector
characters and concludes the proof of our conjecture for the twisted sector.’

(5.31)

6. The zero momenta diagrams

The identities for the zero momenta characters were discussed in our paper [13] and are given
by our conjecture (1.6). Specifically, calculating the dimensions for A =0and Ay, =0, 0,1+
o, we conjecture the following identities corresponding to the zero momenta fields characters of
eq. (4.3),

Xe=O—0O 4({;“%:) 6.1)

where Q4 = (0,...,0) and Q_ = (0, ..., 1, 1) are SO(2r) roots. However, unlike the twisted
sector, our expressions for these characters, eq. (4.3), do not follow a nice recursion relation. The
first part of the solution to this problem is defining the following combinations,

7 That the character corresponding to some Q has the “correct” dimension follows trivially from the invariance of the
scalar product under the Weyl group.
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vi= x4+ xL. (6.2)

Motivated by our proof for the twisted sector, we note that " = (—q)})g " follows a similar
recursion relation to that of the twisted sector (eq. (5.2)),

Y= (v 6.3)

This recursion relation implies that we can continue in a similar fashion to the twisted sector.
Indeed, this is expected as ¥_ is just the contribution of the twisted sector in the time direction.
Consider the corresponding D3(A, Q) diagram,

Dy(A)(Q+ — Q) =" (Q+—0-) (6.4)

where A = bw; and we subtract the two diagrams corresponding to Q4 = (0,0,0) and Q_ =
(0,1, 1). These diagrams are solved by first solving the second and third nodes and setting

0> = 03,

I (=529 (52¢" )00 (—53)% (536" H o
Na(b1,0, Q3)N3(b1,0,03) = 7 3 | 22 oYL

(6.5)

52,83

Subtracting the two diagrams corresponding to Q3 = 0 and Q3 = 1 we find that the contribution

of sp = s3 vanishes, thus we set s, = —s3. Moreover, using the Pochhammer identities (5.9) we
find,
X ai(a1—b) (_1yai
q (=1
D3(bo)(Q+— Q0 )=A E S A — (6.6)

a1=0 (Q)al (_Q)m

where A stands for the a; independent terms,
1
A= gz(ssq”z)oo(—sgqlﬂ)oo. (6.7)

To solve the sum over a; we invoke the Euler identity (3.5) at ¢ — g2 and z = ¢'~”. Performing
the summation over s3 and using (—¢)eo(—¢"/?)00(¢'/?)oo = 1 the diagram is given by

D3(bw1)(Q+ — 0-) = (=9) (=" > D) (¢ P ). (6.8)
To identify the diagrammatic relation implied by this solution write it in terms of the one node

diagrams using eqs. (5.4) and (4.7),

D3(bo1)(Q1 — Q) = (=q)ad Y (=12 Na(b,0, Q)N (5,0, Q) (6.9)
0

and draw the corresponding diagrams,

b%(Q+ —0 )= » (0+-0-) (6.10)
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which as expected is the same recursion relation as for ¥_. Clearly, this means that any SO(2r)
diagrams combination of Q4 — Q_ satisfies the same recursion relation as {_. Recalling we
have already established the conjectured identities for rank » = 2,3 diagrams in Section 4, see
eqs. (4.8) and (4.14) respectively. We find the expected identity, equation (4.15) of Section 4,
corresponding to the contribution of the time direction twisted sector of SO(2r). Actually, using
the recursion relations we find the following identity,

) . (04— 0)= ()K" (—q"* ") (@"* ") (6.11)

here the diagram has r nodes while Q4 = (0,...,0) and Q_ = (0, ..., 1, 1) are rank r roots.
Let us note that, as in the case of the twisted sector the diagrammatic recursion relation (6.10) is
a general mathematical statement. As a simple example, consider any solvable sum containing
the SO(4) time direction twisted sector tail,

D(@)lg,—0- = (Q+r—0-) (6.12)

where Q4 are vectors of integers mod 2 of length two. Following the diagrammatic recursion
relations, eq. (6.10), we can immediately write down the identity corresponding to a general
SO2r) tail,

.‘O ..... (Q+ = 0)= ()% " D@lo,—0- (6.13)

where Q4 are vectors of length equal to that of their corresponding diagram given by Q4 =
©,...,0)and Q_ = (0,..., 1, 1). We will come back to these identities in the proceeding sec-
tions as they provide us with some interesting possibilities of generalising our conjecture. Even
more fascinating is the possibility to generalise the classic works of Euler, Heine and Cauchy
which have all played a part in our discussion.

Returning to the problem at hand, having proven the identities corresponding to the time
direction twisted sector contribution we are left with the contribution of r — 1 free bosons on the
SU(r) level 2 lattice,

Y =0h@) (@) (6.14)

where the level 2 classical theta function ©) (g) was defined in eq. (4.2). Our first obstacle is
writing a recursion relation for ¥ . Let us take a closer look at ©;,(q),

o0

2 2
= D>, g = > q"? (6.15)

HEMsy(ry+A/2 {nj}=—c0

here Mgy denotes the root lattice of SU(r), A = > Ajw; is a weight of SU(r), n =Y _nje; is
a root of SU(r) and the summation is over all integer n;’s where i = 1, ...,r — 1. To proceed,
note that any weight of SU(r) can be written as:
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A=n—aw,_1, (6.16)

with some integer a and n € Mgy . Actually, the level 2 theta function is symmetric under any
even root translation of A,

05(9) = O} 15,(q), 6.17)

as this amounts to shifting the summation variables by 7;. Thus, it is enough to consider only A
mod 2Mgy () as all other cases are equivalent,

A=0 —aw,—1 mod2Msy ) (6.18)

where O = )" Q;w; is a root of SU(r) such that Q; = 0, 1. Let us use this decomposition to
rewrite ©’ (7) as

o0
_ 2
D, (D= Y g2, (6.19)

{nj}=—o0
n;€Z+0Q; /2

To write this sum explicitly note that here n is a root of SU(r) with fractional coefficients while
wy_1 is a fundamental weight. Denoting the Cartan matrix by A;; we find,

(n— aa),_l/2)2 =n;A; jnj—n,_1a+ a2(r —1)/4r
r—1

= Z(zn? —2ninit1) + Aop, . (6.20)
i=1
Here to make the recursion apparent we set a = 2n, as well as a = Q, mod 2, so that n, €
Z+ Q,/2and Ay, =n2(r —1)/r. Let us now define,

o
U 0@ =@ g0, 5, (@ =@ D gt - (621)

mezron
Indeed, wgn,, 0 follows a trivial recursion relation,
o0
Vo o@=@x Y gyt (), (6.22)
ny_ =00

n._1€Z+0,_1/2

where 1//21” 0= 1. Furthermore, note that here the SU(/) root associated with wénl 0 is given by

Q0 =(0Q1,...,01_1). Clearly, by finding some diagrammatic expression for 1//5,% Q(q) we can
verify our conjecture as
V0.0(0) = Vi (q). (6.23)

To gain some intuition regarding the diagrams corresponding to wgnr 0 examine the simplest
case of r =2 which, via a change of variables 2n| = m1, can be written as:

o0
2 -1 2n%-2
Vino =@x D 4"

n lnelZ=+_QoT /2
1 e 2
=@ D "R ()T, (6.24)

mp=—00
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The sums appearing here are solved using the Jacobi identity, eq. (4.16), given in Section 4.
Specifically, solving the sum over m| we find that 1//22,12, 0, is given by

1 _
Vo =75 D 39 (=54 o (=5g' 2 "), (6.25)
s==%1

This expression is quite similar to our expression for 2 non-connected nodes (5.4). More specif-
ically, the sign of n; in the second Pochhammer symbol is wrong. However, we can encode this
information by introducing a new diagrammatic rule,

i. For each dashed line connecting b; and b; = g"1%i/2.

We can now draw the diagram corresponding to ‘/’22;12 0

Vin.0, = m /O (Q++0-) (6.26)

O

where we defined the SO(4) roots Q4+ = (Q1,0) and Q_ = (1 — Q1, 1). Note, that indeed for
ny = 0, this diagram corresponds to the SO(4) diagram so that this proves our conjecture for
r = 2. To write down a diagrammatic recursion relation we need to find some diagrammatic
expression for w23n3, 0 Such an expression, for n3 = 0, was found as an example in Section 4.
Indeed, setting z = n3 and manipulating the first Ramanujan identity, eq. (4.17), in a similar
fashion one can find the diagrammatic interpretation of 1//5’,13, 0 for a general n3. Actually, the
expression for a general n3 can be deduced, in a simpler way, via the following diagrammatic
argument. The diagram corresponding to 1/”23n3,Q should be equal to the SO(6) diagram when
taking n3 = 0. Moreover, we should be able to construct I/IELM’Q from this diagram with an
external line connected to the first node. These diagrammatic arguments lead to the following
conjectured identities,

Van 0= .. \2n (0++0-) (6.27)
where note that while Q is a root of SU(r) we define the SO(2r) roots Q4+ = (Q1, ..., Or—1,0)
and Q_ = (Q1,...,1 — Q,_1, 1). It should be clear that these identities are a generalisation

of our conjecture motivated by the diagrammatic interpretation of the Jacobi and Ramanujan
identities, eqgs. (4.16) and (4.17), for a general z. To prove these identities let us examine the
following D3 (A, Q) diagram,

Dy(A)(Q++ Q) =" \2n3 Q4 +0-) (6.28)

where A = bw| + 2n3(wy—1 — ), O+ =(Q1, 02,0)and Q_ = (01,1 — O, 1). We can write
down the sum corresponding to this diagram,
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q(bf+b§+b§—blbz—b1b3—b1b—2b2n3+2b3n3)/z

Dy(ANQ++0Q )= Y Y.
0=0+ {hj}=0

b;=Q; mod 2

(6.29)
(@b, (@b, () b5

where the sum is over by, b» and b3. Up to now our strategy for solving diagrams was to start
by solving the last two nodes. However, this approach is not fruitful in the case at hand. Instead,
using the one node solution (5.7) for the first node,

(b3+b3—2byn3+2b3n3)/2

Z Yoy s (—s1g 17D (6.30)

=+10=04 by,03=0 (q)bz (q)b3

b;j=Q; mod 2

where we abbreviate D3 = D3(A)(Q4+ + Q). Lets take a closer look on the restriction over by
and b3. Since we are summing over the same diagram with different Q roots we can simply sum
over the Q-dependent factors,

Z (1+ (_1)b2+Q2)(1 + (_1)b3+Q3) — %(1 + (_])bz+b3+Q2) (6.31)
0=0+

Implementing this result,

00 (b3+b3—2bynz+2b3n3)/2

Z Z 9 " 501 (g1 gU=brmba=b)/2) (] 4 (—1ybtbit02)
mrd el 4@)br(@)bs

(6.32)

Before we proceed, let us take a moment to reflect about the recursion relation we are looking
for. To prove the conjectured identity (6.27) we should find that D3 follows the same recursion
relation as w£n3 eq. (6.22). In contrary to the recursion relations we examined up to now, the
D3 recursion relation would contain the sum over an infinite number of diagrams. Furthermore,
this summation would range from minus to plus infinity and not necessarily over integers. While
the summations appearing in our diagram are taken over integers which range only from zero
to infinity. These complications are actually a blessing in disguise as they imply that to proceed
we should look for change of variables that will produce said summation. Actually, this change
of variable is quite natural from the diagrammatic point of view. Recall that the diagrams corre-
sponding to ¥} are the same, however, with a different combination of Q roots. This change of
Q roots combination should lead to the different recursion relations. Indeed, summing over Q4+
(eq. (6.31)) restricts by and b3 to the same parity for QO = 0 or the opposite parity for O, = 1
which implies the change of variables,

bz = by + 2ny. (6.33)
So that ny € Z + Q2/2 and the summation over n, now ranges from minus to plus infinity,

00 b3+2byny+2n3+2n2n3

ZZZq

np==00  phr=()
n2eZ+Q2/2

Ql ( Slq(lfb)/szzfnz)oo. (634)

(@), (@) by +2n,

To solve the sum over by we first extract the b, dependence of the last Pochhammer,

8 One should note that the Pochhammer symbol limits the summation to the desired range.
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(1—17)/2—712)oo

o gU=b)2=bymyy (=514
(—=s19 oo = P (6.35)
The Pochhammer in the denominator can be manipulated using eq. (4.10),
o sz gb2(batb+2n)/2
(=s1g1 72, = (6.36)

- (_slq(ler)/ZJrnz)b2 :
Next, using the definition of the Pochhammer symbol,
@by2n; = @2y (q T2, (6.37)
Replacing these in the D3 diagram expression (6.34),
oo by by (b2—b+2n2)/2

5174 1+b)/2+n
D;=A : (—s14" )y,
= @m (g2, ?
o 2;1%+2n2n3

1 q o
A== ) 2 (=s1g TP (6.38)
1=+l 112E22_+Q2/2

(Q)an

Finally, the sum over b, can now be solved using Heine’s g sum [15],

(/Ao o= g" D2 (1) (a),

= - ) (6.39)

(0o =0 a™(q)n(Cn

To find Djs is given by
D3 (M) (Q++ 0-)
00 q2n%72n2n3 0

_ Z 4 -~ "~ Z ! 1(_Slq(l—h)/2—n2)oo(_slq(l—b)/2+nz)oo (6.40)

ny=—00 2(q)oo =41

S1=
ny€Z+0,/2

where we have used (q)2,, (q“rz”Z)<>O = (¢)co and changed ny — —ny. The diagrammatic inter-
pretation of this relation is just,

b \an (Q1+0-)

o0
2
=) Z g2, @2,12 (0++0-) (6.41)
ny=—00 4

n€Z+03/2
which is exactly the expected relation. More specifically, the D3 diagram is the tail of the conjec-
tured diagrams of eq. (6.27). Thus, we find that these diagrams follow the same recursion relation
as w;nr . Since we already examined the r = 2 case this concludes the proof of eq. (6.27). Ac-
tually, just as for the twisted contributions, let us define the r nodes diagram,

Dr(A)Q+ + Q) =" DYRCRTE (6.42)
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where A = bw; + a(wr—1 — w,). Using the diagrammatic recursion relation, the Jacobi identity
and redefining 2n; — n; we find,

Dy (M)(Q+ + Q)

1.2 1 1
o C]Zn —anib—5n,_1a (_Slq(l—b+n2)/2)oo

Q1+n)

= s . (6.43)

MZ;OO 2(q)f>.§1 21 1 (—s1q(+b+m2)/2)

n1€Z,n;€2Z2+0;

Where n = ) _ n;«; is aroot vector of SU(r), the summation is over n; fori =1, ...,r — 1 under
the restriction n; = Q; mod 2 fori =2, ..., — 1 and no restriction for n;. Finally, it should be

noted that the identity (6.27) is clearly given by the » = 0 and a = 2n, case.

Having found a diagrammatic expression for both ¥_ (eq. (6.11)) and ¥4 (eq. (6.27)),

=0 . (@40 (644

where Q4+ = (0,...,0)and Q_ = (0, ..., 0, 1, 1). Recall that the characters of the zero momenta
fields are given by

1
xh =W £y, (6.45)

from which trivially follow the conjectured identities for x/ (eq. (6.1)). This concludes the proof
of the untwisted sector zero momenta characters. As in the case of the twisted sector, here we
have considered the A = 0 diagram for some chosen Q values. It should be noted that to prove
our conjecture we need to examine all values of Q. That none of the other values of Q corre-
spond to the zero momenta characters follows simply from the uniqueness of the decomposition
(eq. (6.18)) of A =0 at 2n, = 0. Instead, as it turns out, these correspond to the non-zero mo-
menta characters, eq. (4.4), which are the subject of our next section.

7. The nonzero momenta diagrams

Following our conjecture, the nonzero momenta characters should also correspond to SO(2r)
diagrams. Our objective in this section is to prove the identities which arise for the nonzero
momenta characters via our conjecture. The diagrams, we have yet to consider, correspond to
either A=0and Q #0,a,_1 + & or A = w;. Let us continue our discussion from the previous
section by first considering the A = 0 diagrams. According to eq. (6.27) sums of these diagrams
are given simply by taking n, =0,

Y0,0=0) (Q++00) (7.1)

where Q = (Q1,..., Qr—1) # 0 is a root of SU(r) while Q4+ = (Q1,...,0,-1,0) and Q_ =
(Q1,..., 1 — Qr_1, 1) are SO(2r) roots. To solve these diagrams we prove that for Q # 0 the
diagrams appearing on the RHS are equivalent,
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O .. (Q+—-0)=0 (7.2)

Actually, since the SO(2r) diagrams are symmetric under the exchange of the last two nodes, i.e.
A; < Ar_y and Q, < Q,_1. These identities follow trivially when Q,_1 =1 for which O =
(Q1,...,0r-2,1,0) & O_ =(Q1,..., 0r—2,0,1) under the mentioned symmetry. To prove

these identities for Q,_; = 0 let us study the corresponding Q4+ = (Q1,..., Or—2,0,0) and
0_=(01,...,0r-2,1,1) equivalent Q representations. First, since Q # 0 we write without
loss of generality,

0+=(1,...,0i-1,1,0,...,0), 0-=(0Q1,...,0i-1,1,0,...,0,1, 1), (7.3)
forsomei =1,...,r — 2. Next, to calculate A recall eq. (3.11),

Ay =04+ mod2P=xi;=01,...,2;,1,0,...,0) (7.4)

where as usual P is the SO(2r) weight lattice and we have only specified the last » — i Dynkin
labels. To construct the A" equivalent Q representation note that A;+; = 1, so we can start by
subtracting «; 41 mod 2P,

Ar —ip1 =Ag,...,A;+1,1,1,0,...,0) mod2P, (7.5)
to find an equivalent diagram with Q = Q4+ — ;1. Next, note that A; 1 = 1, so we can continue
to subtract «; 42, actually this can be repeated up to o,

r—i

hp =Y eipr=(1..... A +1,0,...,0,1,1,1) mod2P. (7.6)
=1

Finally, here A,_» = 1 thus, we can now subtract «,_>. In a similar fashion, this can be repeated
down to 41,

Ay —dpg —ay =(A1,..., A, 1,0,...,0) mod2P. (7.7)

So this sequence of weights in the A/, representation just terminates at Ay . The corresponding Q
root is given by subtracting these roots from Q,

Or—cr_1—ay,=0_ mod2M. (7.8)

To conclude we find both Q4 € A", , thus giving rise to equivalent diagrams which completes the
proof of eq. (7.2).

However trivial, let us stress that the A = 0 diagram for a general SO(2r) root Q =
(Q1,...,0r) #0,0,_1 + o is now simply given by

1
O (@) =5V5 5 (7.9)

where the SU(r) root corresponding to wé o is defined as Q; = Q; withi =1,...,r — 2, while

fori =r — 1 we define Qr_l = Q, + Q,—1 mod 2. The characters corresponding to W(; o follow
from its definition (6.21), ’
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—wo o@= —(q) e @) = xg (7.10)

where we have identified the nonzero momenta characters x; (see eq. (4.4)) with A = 0, ie.
weights which belong to the root lattice. It remains only to show that these are indeed the ex-
pected characters via our conjecture. First, note that the dimensions of the x é characters are

given by eq. (4.1),
_ = o
Z EZ (07 — 0 Qi+, (7.11)

with O, = 0. Next, note that up to an integer we can write this sum using Q and the SO(2r)
Cartan matrix,

4>|~
.M~

lr—l _ o 1 r
EZ(Q?— 0iQir) =7 > 0iD;jQ; mod 1. (7.12)
i=1

i,j=1

Which is indeed the conjectured fractional dimension, hOQ (eq. (1.3)), for the A = 0 diagram. This
result along with the results for the zero momenta characters of the previous section establish our
conjecture for HY.

To complete the proof of the conjecture we are left with the A = w; diagram. Specifically, for
the H 2‘2" character we conjecture the diagrammatic identity,

o Q=1 5 (7.13)

where here we consider the SO(2r) root Q = (Q1, ..., O,_1, Q,) while O is a root of SU(r)
defined as in eq. (7.9) and w; is the simple weight of SU(r). Actually, this diagram was already
calculated as it is given by eq. (6.43) witha=0and b =1,

00 1,2 1,
q4 2
DM@y +0)= Y LY slrm g gm, (7.14)
{nj}=—o0 2( )OO s1==%1
nleZ.nie2Z+Q,

Summing over s1-dependent terms we find,

Do P A g™ = (4 (D) 4" (1 (=12, (7.15)
S1=i1
Note, that upon summing over nj, the first term here sets n; € Q| + 2Z while the second sets

ny € Q1 — 1+ 2Z. Thus, to write the summation over n; as a sum under the restriction n; €
Q1+ 2Z, simply shift n; — n1 + 1 at the second term,

00 o0
Z q(n%—nlnz—n1+n2)/2 — Z q(n%—nlnz+n1)/2- (7.16)
np=—o0 np=—00
n1€2Z+Q1—1 n1€2Z+Q

Using this result, we arrive at the following identity,
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1,2

o0
4 1 1
D,(AQ+ 0= Y I gin gt (7.17)
{nj}=—o00 (@)oo
n[EZZ+Q,'
where the summation is taken over n; = Qi mod 2 fori =1,...,r — 1. To conclude, by taking

n — —n, note that the two sums appearing here are equal thus we find,

o (Q++0)=29)"0,, 4 (7.18)

Motivated by the A = 0 diagram, let us show that the two diagrams appearing here are equivalent,

o . (Q+—0-)=0. (7.19)

Consider Q,_1 = 1, once again, O+ transform into each other via the tail symmetry while wy is
invariant. Thus, for Q,_; = 1, these identities are a trivial consequence of the A = w; diagram
symmetry.

To prove the identities corresponding to Q,_; = 0 construct the Q equivalent representation
A, . For our current diagram A, is given by

Ay =w+ Q4 mod2P. (7.20)

Clearly, the only difference relative to eq. (7.4) lies in A;. To facilitate the proof recall our
analogous discussion above. Assuming Q; # 0 for some i = 2,...,r — 2, this discussion was
independent of A thus trivially goes through to the case at hand. We are thus left to consider the
case,

0, =(01,0,...,0),= A =(1,01,...,0) mod?2. (7.21)

Which are again of the form studied in our discussion above. To conclude, we find the following
weight belonging to the A;" equivalent Q representation,

Ay —ar—1 —0a, mod?2P. (7.22)

For which the corresponding root is just Q_, thus proving eq. (7.19).

Having established eq. (7.18) as well as eq. (7.19), we have proven the conjectured identity,
eq. (7.13), corresponding to the A = w; diagram. For completeness let us show that the fractional
dimensions of the A = w; diagrams indeed matches the expected dimensions following our
conjecture. The dimensions corresponding to x ; g are given by

r—1
1 1 - - 1 r—1
7@-o’=73 0id;0;j— 501+ ——. (7.23)

i, j=1

On the other hand, following our conjecture we have,

w1(w) +2p) 1 r—1 1 1 —
W == @ = Q==+ 501-7 ) 0iD;Q; 729
i,j=1
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where p = ), w; is the Weyl vector and w; are the simple weights of SO(2r). Finally, recall that
%Qz = in mod 1, thus we find the expected fractional dimensions for the A = w; diagrams.

Having considered the Q equivalent representations of A4 = bw; — Q4 for both b =0, 1 we
find the following identity for any Q and positive b,

(_ql/Z—b/Z)oo(ql/Z—b/2)oo

—O .. (Q+—0-)=60,0 — (7.25)
(—9) 0o
where Q4 are defined as follows. First, define Q1 = Q and Q> = Q + «,_1 + «; then,
1 1
QLr=0; if > Q? +bw1 Q; = iQi +bw; Q4+ mod?2. (7.26)

This concludes our proof for all the characters corresponding to fundamental weights of mark
one. Finally, as in previous cases, the diagrammatic recursion relations appearing here are a
broader mathematical statement. Indeed, from the simplest case of the diagrammatic identities
found above, i.e. n, =0 and b =0, 1, we have proven all the characters identities corresponding
to our conjecture. As we will show in the next section, these diagrammatic identities actually
produce the characters for A any SO(2r) DHW of level 2 and A any weight of SO(2r). Thus,
generalising our results to any character of the SO(2r)/U(1)" theory.

8. Generalising the conjecture

The identities proven in the previous sections give diagrammatic expressions for characters of
fundamental weights of mark one, i.e. A =w; fori =0, 1,7 — 1, r. The purpose of this section
is to give similar diagrammatic identities for the characters of any level 2 DHW. In our recent
paper [13], we mentioned that some of these DHWs characters can be found by the affine Lie
algebras diagrams automorphisms. More specifically, recall the affine SO(2r) Dynkin diagram,

0,1) (m—1,1)

2,2) @32 (m2,2)

an D

where the parenthesis beside the nodes gives the numbering and mark of the corresponding sim-
ple root. The symmetry group of this diagram, denoted O, and its description in terms of its
generating elements are given by

(8.1)

G 0(G) O (G) generator action

SO(4r) Zo x Ly alAo, A1, Az, ..o Ar—1, Al =[A1, Ao, Ao, ooy Ay At
El[A07 Ala AZ: cer Ar—lz Ar] = [Arv Ar—lv Ar—2, cer Alv AO]

SO(2+4r) Z4 a[A()vAl’A21"‘9Ar71’Ar]:[Ar715AV7Ar723"°7A1’A0]

Finally, the coset characters specified by their affine extension A = wy+ w; are symmetric under
the action of O,

A _ 1yOA
H} =HJ?, (8.2)
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and we can identify all the characters belonging to some DHW orbit. This symmetry can be used
to find some of the missing DHWSs characters. At level two, the DHWs are either some level
2 combination of the four external nodes, A= w; +wj such thati, j =0,1,r — 1, or one of
the inner nodes, A= w; such that i = 2,...,r — 2. Actually, any DHW corresponding to the
external nodes lies in one of the orbits corresponding to wg + w;. It follows that the characters
for all DHW s corresponding to external nodes are identified as follows:

HYTTR = gt (8.3)
where j, k,i =0,1,r — 1,r and O is defined via,
O(a)j+a)k)=a)o+wi. (8.4)

This identification simply means that characters corresponding to A = w; + w; are given by one
of the diagrams discussed in the previous sections with an appropriate shift of Q.
To complete the identification it remains to give a diagrammatic expression for characters

corresponding to the inner nodes, i.e. A = w; where i =2,3,...,r — 2. To identify the cor-
responding characters of the Z, orbifolded bosons theory let us first calculate the fractional
dimensions corresponding to A = w;, where i =1, ...,r — 2, and an arbitrary root g,
o wi(wi+p) 1 ir—i) 1 I 5
hw, — l — —f: — = 85
B = @ik B = i P (8.5)

To find the corresponding bosonic character consider L = w; + B, where here w; are the
SU(r) simple weights and g = (By, ..., Br—2, Br—1) is a root of SU(r), such that §,_1 =
Br + Br—1 mod 2. The dimension corresponding to X;__ K is given by

i(r—1i)
4r

which has exactly the same fractional part as h%)i . Following our discussion in Section 4 these
characters are given by

T R
Z(wi B = - Eﬂi + 4_1'6 (8.0)

=@xte, s 8.7)

for i # 0.To 1dent1fy the diagrammatic expressions corresponding to these characters let us write
the characters in terms of ¥, 5. First, to find a and Q, decompose A according to eq. (6.18),

~B=0—aw. (8.8)
Multiplying this equation by w; we find,
_ ) _
Q1 =Min(l,i) — ;(i—l—a)—ﬁl. (8.9)
This determines both Q; and a,

a=—i+rk, Q1 =Min(l,i) — B — Ik, (8.10)

up to an integer k. It follows, from the definition of ¥, 5 (eq. (6.21)), that the character corre-
sponding to A = w; — f is given by

r _ A
Xp—p =49V, 5 (8.11)
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where Q and a are given above. As our main issue of interest are the SO(2r)/U(1)" charac-
ters, let us give an equivalent definition in the language of the SO(2r) algebra. First, recall the
definition of Q,

0=(01,...,0r—2,0r—1+ Q) (8.12)

Clearly, I/IG’Q is independent of Q,_1 — O, (see eq. (6.31)). Subsequently, let us define Q as
1

Q=r—k(wr—1 + )+ E(ar—l —ar)(Qr—1— Or + Br—1 — Br), (8.13)
where we define A = w; — B. It is easily verified that the corresponding Q is given by eq. (8.10),
moreover, the freedom to determine Q,_1 — Q, is manifest. The reader m_ight note that this
definition allows for non-integer Q,_1 and Q,. However, this is irrelevant as Q,_1 = Q;—_1+ O
is clearly an integer. Finally, following eq. (6.27), the characters Hg) "fori=1,...,r —2 are
given by

H/;)i _ qArk—IO \\ kr—i (Q4+ Q) (8.14)

with Oy =Qand Q_ =Q +a, 1 —a, and A, =a’(r — 1)/4r + (1 —r)/24.
Let us take a moment to reflect on the symmetries of H ;) ". Consider the free integer k, dif-
ferent values represent different representation of the same bosonic character X;., 5 thus HE”' is

independent of k. This symmetry changes i — i —r as well as Q — Q — w,_| — w, and is tan-
tamount to the outer automorphism reversing the inner nodes of the affine SO(2r) diagram. This
is expected as this symmetry is inherited from the SU(r) theta function. Next, let us consider the
O symmetry (3.8) of Section 3. This symmetry implies H E) " is symmetric under the Weyl gen-
erators §;, fori =1,...,r — 2, as clearly the Q symmetry of the sub-diagram containing only
the first » — 2 nodes is still viable. More specifically, first to ease the discussion let us set k = 0.
Then for the diagram in question we find the symmetry,

0i—> 0i+x—0ip1—=86)0+Q0r—1— O+ Br—1— B, (8.15)
by noting that the diagram external momenta is specified by —i (w,_1 — w,) and using the above
definition of Q. Clearly, fori =1, ...,r — 2, this reproduces the transformation under the Weyl

generators s; of eq. (3.2). Finally, the symmetry under the last two generators doesn’t follow
from our discussion on Q symmetry, rather, it is a simple consequence of the summation over
Q = Q4. Thus, our expression for H ;3') " is also symmetric under the action of the Weyl Group.
Finally, note that changing i — —i interchanges Q,_1 <> O, which is also a symmetry due to
Q the summation.

To proceed as in previous cases, one would like to argue that the diagrams appearing in
eq. (8.14) are equivalent. However, this argument relied on Q symmetry valid for diagrams
including only non-negative external momenta. We can retrieve this symmetry in the follow-
ing manner. First, denote the diagram appearing in eq. (8.14) by D(A, Q). Using the i < —i
symmetry,

o _ 1 15 1 15
HY' = -D(A. Q1)+ 5D(=A. Q1) + 5 D(A. Q) + 5 D(=A, Q). (8.16)
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Next, define the A — — A symmetric diagram D(A, Q)= D(A, Q)+ D(—A, Q). Now consider
D(A, 04), changing A — —A interchanges Q,_1 <> Q. By setting Q,_1 — Q, = 1 mod 2 the
A symmetry interchanges Q1 <> Q_. For example, consider the case Q,_1 + Q, = 1, setting
01— 0r=1wefind Q+ =(Q1,..., Qr—2,1,0), indeed, changing Q,_1 <> Q, we find Q_.
Alternatively, consider Q,_1 + Q, = 0 for which we find Q4+ = (Q1,..., Qr—2,1/2,—1/2).
Again, changing Q,_1 < Q, we find Q_ to conclude

D(A,Q4y)=D(A, Q-). (8.17)

So that all the characters corresponding to w; fori =1, ...,r — 2 are given by

HY' =q% Y O .. i), (8.18)

o1l

where A = w; — B and Q is given by
1
Q=+ S(erm1 —a)(+ Bt = ). (8.19)
9. Summary

Let us take a moment to summarise our results, consider
r—1

Dy (A, Q) = O—0O (A, Q) .1

Then for the following cases these diagrams were shown to be given by

1. A=bw;:

80,0

(_q)r_z (ql—b, qz)oo~

D,(A)(Q4 — Q) =
2. A=bw| +a(w,—1 —w,):

Dy (A)(Q+ + Q)

i q%rﬂ,%nlb*%nrqa Z 0141 (_Slq(lflﬂ»nz)/2)OO
- S
(ni)=—00 2(q)ns " —, ! (—s1qHb+m2)/2)
ez
nien2lZ+Q,-
ny—1€2Z+Qr—1+0r

3. A=bw; + w,:

L5 91927 )oo (=157 ) oo
Dr(A)(Q+ +5,0-) =3 -
T
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Where for any Q we define Q1 = Q and 0> = Q + «,—1 + «, then Q4 are determined as
follows:

1 1
0+=0; if EQ%+AQi=§Q2i+AQi mod 2. 9.2)

Finally, we have shown that these diagrammatic identities, at some specific values of a and b,
produce all the characters of the level two H (SO(2r)) coset. One may recall, that in Section 4
we have argued that these series include the Ramanujan identities (4.17) as well as some cases
of the Cauchy identity (4.9) and Heine’s sum (6.39). However, when proving these series we
have not used these identities, thus implying that one can prove them from our results. More
specifically, consider the change of variables a; = siq_A" 2 fori=1,...,r —1 while a, = s,.
When proving the second identity we did not assume that a or b are integers so that a; and a,_
are not restricted. However, for the first and third identity one may recall the use of O symmetry,
nonetheless these can be easily generalised in a similar manner. Clearly, if b is not an integer,
the Q symmetry of the sub-diagram excluding the first node is still applicable. One can simply
retrieve the Q1 dependence to find,

1. A=bw;:
l 2 b b br— _br
o gab al'ay’...a) 7 (=1 1 s 5
§ = 5(qa1, 4" .
(b0 Db ( @by - - (@b, (=)

2. A=bw| +alw,—1 — w;):

12 by b by_1—by 1,2 o
i qital'ay?...a’ _ i qi"ay'ay’...a" ] (—ajq(tm)/2)
{bi}=0 @51 (@b, - @, {nj}=—o00 (Q)ggl (—q(1+"2)/2/a1)00

3. A=bw| + w,:

BRI

az,....ar—1 {b;}=0

%bz—%b,afla§2+Q2 . “afi—]l —br+Qr—1—Qra£1r

2r_2(¢])b1 (q)bz oo (q)br

1
0? (—a1a22q"?) o (~ara,

+Q2)OO
(arq'/?)5? '

=a

RN

. . © gl . r+0r b1+01 by—1—=br+Q0r—1—0r
Here, we first realise the parity restriction using s Zs. sy =£15] ce8.

0
1
withi =1,...,r — 1 for the first two identities and i = 1 for the third, where recall Q,_| =
Q,—1 + Q,. When using these identities one should be careful as the values of the a;’s are
restricted. For example, in the third identity a; can be chosen freely, however, a; = 1 for
i=2,...,r.

Next consider the second identity, this was proven using the Jacobi identity to solve D, which
was our initial condition while Heine’s sum for D3 provided the appropriate recursion relation.
To find the diagrammatic recursion relation D3 was solved by first summing over the first node.
To prove the first Ramanujan identity, corresponding to D3 at b = 0, consider first summing over
the second and third nodes, replacing by = 2n1 + Q1 and extracting the n; dependence,

and replace a; = siq_Ai/2 fori =1,...,r — 1 while a, = s5,. Next, we sum over ZQ:’ a
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Z a2Qz+Q3D3(A, 0)

02,03=0,1
X ni(n+Q1)
q _
=AY T (—aq" "), 10, (¢ OV ),
=0 (CI)211]+Q1
A=a2 g% (—ayg '~ 2V2)  (—qUH O gy . (9.3)

Where in addition we sum over aZQZ+Q3 , where a» = %1, to simplify the result. It is immediately

apparent that for Q1 = b = 0 the summation appearing here coincides with the RHS of the first
Ramanujan identity of eq. (4.17). On the other hand, this is given by the second identity above,
specifically for b =0

nl 2n1n2+2 2 Aa—Ql

1 9]
2 3
2 : 2 : q Z(q)2 a;zalQl+n1 — 2 2 : q%nl(n]+Q1)a;1 (94)

njl=—o0 qj==+1 (@)oo ) =—00
’ll nyezZ

where to solve the sum over ny we use the Jacobi identity (4.16) and then extract the n; depen-
dence in the usual way. Indeed, for Q1 = 0 we prove the first Ramanujan identity, perhaps more
interesting is that this identity also holds for any integer Q1,

(@3, ag3(+ D12 4=130-0)/2, o3

(@)oo
S qn(n+Q)

— (O
T L (g

(g =)0 g OR),, ©.5)
where we replace a — —a and use the Jacobi identity. In a similar manner, one can prove the
second Ramanujan identity of eq. (4.17) as well as some extension for other values of Q> by
considering the r = 4 diagram of the second identity above and preforming the sum over the
external nodes.

Regarding the first and third identities, when proving these we have used only the Euler iden-
tity (3.5). Recall, that in Section 4 we have shown D3, of the first identity above, corresponds to
the Cauchy identity (4.9) at z = 0. Having proven the identity for D3 with no use of the Cauchy
identity one can regard the correspondence of Section 4 as a proof for the z = 0 Cauchy identity.
In a similar fashion, one can prove the Cauchy identity at z = #+¢'/? using our results for D3 of
the third identity above. Moreover, one can also consider the identities arising from Dy, of the
first or third type, for example consider,

Z alQlaiQ3+Q4)/2D4(A, Q)

q" 2/4— na/2, n1 ;2+Q2 ;“+”4
4(q)n, (q)nz(q)n3(q)n4

where A = bw + wq, O = (Q1, O2, 03, O4) and q;’s are defined above. Let us first consider
the last two nodes,

N3Ny = (=a3q" ™"/ (—a3a49 " P)oo = (=y ™™, Y)ow ©.7)

as

ng
ay

) 9.6)
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where y = asq'/? and we note that the contribution from agaifnz

the first node and extracting the n, dependence,

= —1 vanishes. Solving for

1- _ - _
Ny = (—aia, 01 Qz»yz)oo/(_al%; 02y 22 92) (12— 02)/2- (9.8)

To simplify the result we define y?/a = alai_Qz y17€2 In terms of y and a one finds,

o]

(m4+202)/4(_, 12
01 (034+04)/2 _ " (=a, Y )n-00)/2
2. s DiA.Q)=4 ) (nya 0272

01=0,1 ny=0
03+04=0,2 ny=0, mod 2
A=aZy Py v (=3P a, Yoo 99
On the other hand, this diagram is given by the third identity above. Writing it in terms of y and
comparing we find,
o~ VPO a Y w0y _ ¥ (—y/a )
— (Y)nan=9)/2 (=y/a)o (¥, ¥)oo

n=0Q mod 2

(9.10)

which holds for any a and integer Q. Indeed, one can easily verify, that for Q = 0, going back to
g one finds Heine’s sum (6.39) for general ¢ and ¢ = asq'/?.

10. Discussion

Perhaps, the most intriguing part of this work, is the appearance of the extended identities and
their interpretation as g-diagrams. Our main objective was to prove our conjecture for the level
two H(SO(2r)) coset characters corresponding to A zero or a fundamental weight of mark one.
As discussed, these identities indeed provide us with all the g-diagrams corresponding to our
conjecture. It’s interesting to note that using these diagrammatic identities we generalised our
conjecture. More specifically, an SO(2r) diagram was found for all the characters of H (SO(2r))
at level two. Thus, all the SO(2r) level 2 string functions were found to be given by diagrammatic
expressions. These results raise two interesting questions regarding generalisations to other sim-
ply laced Lie algebras. First, as was discussed in Section 3, the basic Q symmetry of g-diagrams
holds for all Lie algebras. Furthermore, the language of ¢ diagrams makes apparent the recursive
nature of our conjecture. It is thus somewhat tempting to use ¢g-diagrams to prove our conjecture
for all simply laced Lie algebras. Indeed, we intend to publish a similar proof for the SU(r) con-
jecture in the near future [16]. The second question, is whether all of the H (G,) coset characters
correspond to some G, (A, Q), i.e. a G, diagram along with some weight A and root Q.

Regarding number theory and in particular g identities it is interesting that many known identi-
ties can be associated with g-diagrams. Finding the g-diagrams corresponding to these identities
revealed an intriguing relation between them. More specifically, they correspond to the first terms
of an infinite series of diagrammatic identities which in turn means that all the identities in the se-
ries follow from the first identity and an appropriate recursion relation. Furthermore, many more
identities can be proven by simple manipulations as changing the order of nodes summation or
using Q symmetry.

To conclude, there remain some open questions to address regarding these identities and
g-diagrams in general. First, many identities are somewhat hidden in the mentioned series in
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a similar way to the Euler, Cauchy, Heine, Jacobi and Ramanujan identities. A complete descrip-
tion of those lies beyond the scope of our current work. Additionally, one can generalise our
results by considering novel sum restrictions such as b; = Q; mod k for any integer k. Second,
during our study we have encountered many identities which can be given a diagrammatic in-
terpretation. Although our current interest lies in Lie algebra g-diagrams these are but a small
subspace and one can study the entire space of g-diagrams. Indeed, our work can be implemented
to any g-diagram which includes as a sub-diagram one of the diagrams studied here (eq. (9.1)).
For example one may consider the g-diagrams corresponding to the affine SO(2r) Dynkin di-
agram (eq. (8.1)). Another interesting question is the study of these identities in the context of
Bailey pairs [17]. Furthermore, as these characters produce the SO(2r) level two string functions
our results can be applied to the study of the SO(2r) algebra. Finally, as mentioned in the intro-
duction, the character identities for the H (G,) coset are closely related to some RSOS models,
one can hope that using the identities for the H (SO(2r)) coset the relevant RSOS model can be
identified and solved. From this point of view a natural question is whether the correspondence
between RSOS, CFT and g-diagrams goes beyond simply laced Lie algebra g-diagrams.
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