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1. Introduction

In this paper we investigate the regular subgroups of some of the known generalised quadrangles.
We demonstrate that the class of groups which can act as a point regular group of automorphisms of
a generalised quadrangle is much wilder than previously thought.

A finite generalised quadrangle Q is a geometry consisting of a finite set of points and lines such
that, if P is a point and ¢ is a line not on P, then there is a unique line through P which meets ¢
in a point. From this property, if there are at least three points of Q or there is a point on at least
three lines, then one can see that there are constants s and t such that each line is incident with
s+ 1 points, and each point is incident with t 4+ 1 lines. Such a generalised quadrangle is said to have
order (s,t), and hence its point-line dual is a generalised quadrangle of order (t, s). The generalised
quadrangle is said to be thick if s,t > 2.
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A permutation group G on a set §2 acts regularly on £2 if it acts transitively on £2 and only the
identity of G fixes an element of §2. Ghinelli proves in [10] that a Frobenius group or a group with a
nontrivial centre cannot act regularly on the points of a generalised quadrangle of order (s, s), where
s is even. S. De Winter and K. Thas [5] prove that if a finite thick generalised quadrangle admits an
abelian group of automorphisms acting regularly on its points, then it is the Payne derivation of a
translation generalised quadrangle of even order. Yoshiara [22] proved that there are no generalised
quadrangles of order (s2, s) admitting an automorphism group acting regularly on points.

Our first result is a complete classification of all regular subgroups of the thick classical generalised
quadrangles.

Theorem 1.1. Let O be a finite thick classical generalised quadrangle and let G be a group of automorphisms
that acts regularly on the points of Q. Then one of the following holds:

Q™ (5,2) and G is an extraspecial group of order 27 and exponent 3.
Q™ (5,2) and G is an extraspecial group of order 27 and exponent 9.
Q~(5,8) and G = GU(1, 2%).9 = Cs513 x Co.

W N =
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An alternative approach to the classification in Theorem 1.1 was independently undertaken in [7].

Most of the known generalised quadrangles are elation generalised quadrangles, and such a gener-
alised quadrangle Q of order (s,t) has a group of automorphisms G which fixes a point x and each
line on x, and acts regularly on the points not collinear with x. We call G an elation group and x a
base point of Q. Necessarily, G has order s2t. The only known generalised quadrangles which are not
elation generalised quadrangles are the Payne derived quadrangles and their duals.

Payne [18] gave a method for constructing a new generalised quadrangle from an old one. Take
a generalised quadrangle Q of order (s,s) and suppose it has a point x such that for every point
y not collinear with x, the set of points {x, y}*1 has size s + 1, where we use the notation S+ to
denote the set of all points collinear with every element of the set S. A new generalised quadrangle
QX can be constructed whose points are the points of Q not collinear with x and the lines of O are:
(i) the lines of Q not incident with x, and (ii) the hyperbolic lines {x, y}*+ where y is not collinear
with x. Thus QF is a generalised quadrangle of order (s — 1,s + 1). If we take Q to be the elation
generalised quadrangle W(3, q), then any point x will give rise to a Payne derived quadrangle Q* of
order (g — 1,9+ 1) and if G is the elation group of the classical symplectic quadrangle W(3, q) about
the point x, then G is elementary abelian for q even and a Heisenberg group for q odd [13]. The
stabiliser H of the point x in the full automorphism group of Q acts as a group of automorphisms
of Q% and contains G as a normal subgroup. In fact for ¢ > 5, H is the full automorphism group of
OX [11]. However, the full automorphism group of Q* may contain point regular subgroups other
than G. In Section 3 we exhibit several other infinite families of regular subgroups and the results are
summarised in the following theorem.

Theorem 1.2. Let Q¥ be the generalised quadrangle of order (q — 1, q + 1) obtained by Payne derivation from
W(3, q). Then there exist distinct subgroups E and P of Aut(Q¥) that act regularly on the points of Q* and for
q not a prime there also exists a further regular subgroup S such that E, P and S have the following properties:

. E is an elation group of W(3, q) while P and S are not.

.E%2Sand P #8S.

. E= P ifand only if q is not a power of 2 or 3.

. For q even,
(a) E is elementary abelian while S and P have exponent 4 and are nonabelian except when q = 2;
(b) P’ < Z(P)and S’ < Z(S) (in particular, P and S are not special).

. For q =3/, E has exponent 3 while P and S have exponent 9.

6. Forqodd, Z(P) =P’ = Z(E) = E' and Z(S) < S’ (in particular, P and E are special while S is not).

A WN —

9]

More explicit details and constructions are given in Section 3. In particular, we construct more
regular subgroups than those described in Theorem 1.2; see Remark 3.17. The generalised quadrangle
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of order (2,4) obtained by Payne derivation from W(3, 3) is isomorphic to Q~(5,2) [17, §6.1]. The
regular groups E and P occurring in Theorem 1.2 for this case are the two regular subgroups which
appear in Theorem 1.1.

The reader may notice that the existence of a regular group of automorphisms implies that the
point graph is a Cayley graph with the same automorphism group as the generalised quadrangle.
Moreover, since E is normal in the full automorphism group of the Cayley graph, they are normal
Cayley graphs for E. However P is not normal in the full automorphism group of the Cayley graph,
and so when q is not a power of 2 or 3, the point graph is a normal and non-normal Cayley graph for
two isomorphic groups. That this is possible answers a question posed to the authors by Yan-Quan
Feng and Ted Dobson. The only previous instance of such a phenomenon in the literature known to
the authors was a single example studied by Royle [20].

In Section 4 we list all regular subgroups of the small Payne derived generalised quadrangles. For
g not a prime there are many more regular subgroups than just the groups E, P and S exhibited
in Theorem 1.2. In Section 5 we give an account of how our results relate to previous results and
conjectures in the literature.

Group theoretical terminology

Though our group theoretic notation is standard, we briefly review it for the sake of a reader
whose interest lies more in geometry than in group theory. We denote a cyclic group of order n
by C,. If g and h are group elements, then we define their commutator as [g,h] = g~ 'h~'gh. The
centre of a group G consists of those elements z € G that satisfy [g,z] =1 for all g € G and is usually
denoted by Z(G). For an element g € G, the centraliser of g in G is the set of all elements z € G such
that [g,z] =1 and is denoted by Cg(g). If H, K are subgroups of a group G, then the commutator
subgroup [H, K] is generated by all commutators [h, k] where h € H and k € K. The derived subgroup G’
of G is defined as [G, G] and is the smallest normal subgroup N such that G/N is abelian. The symbol
¥i(G) denotes the i-th term of the lower central series of G; that is 11(G) = G, y2(G) = G/, and, for
i >3, ¥i+1(G) = [¥(G), G]. The nilpotency class of a p-group is the smallest ¢ such that y.1(G) = 1.
The Frattini subgroup @ (G) of a finite group G is the intersection of all the maximal subgroups. If G is
a finite p-group, then @(G) = G’GP where GP is the subgroup of G generated by the p-th powers of
all elements of G. In particular, @ (G) is the smallest normal subgroup N such that G/N is elementary
abelian. The exponent of a finite group G is the smallest positive n such that g" =1 for all g€ G.

A p-group P is called special if Z(P) = P’ = @ (P). It is called extraspecial if it is special and these
three subgroups all have order p. Extraspecial groups have order p!*2" for some positive integer n
and there are two extraspecial groups of each order. When p is odd they are distinguished by their
exponent: one has exponent p and the other has exponent p2. One class of special p-groups are
the (3-dimensional) Heisenberg groups. These are the p-groups which are isomorphic to a Sylow p-
subgroup of GL(3,q) for g = p/, that is, the group of lower triangular matrices with all entries on
the diagonal equal to 1. When q is odd, the Heisenberg groups have exponent p and for g = p are
extraspecial.

2. The classical case

The classical generalised quadrangles are rank 2 polar spaces, whereby the points and lines are
the singular one-dimensional and two-dimensional subspaces (resp.) of a vector space equipped with
a quadratic or sesquilinear form. Below is a table listing the thick classical generalised quadrangles
together with their orders and automorphism groups:

Generalised quadrangle Order Aut. Group
H3. %) @* 9 PruU(4,q)
H(4,q?) @. 4% PruG, q)
W@3.q) @.9 PI'Sp(4, q)
Q4. q) (q.9) ProG, q)

Q6.9 @4 PT'0™(6,q)
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It is well known that the first and last examples above are dual pairs and the third and fourth
examples are also dual. In a generalised quadrangle of order (s, t), a simple counting argument shows
that the number of points is (s + 1)(st + 1) and the number of lines is (t + 1)(st + 1). Now we give a
short proof of Theorem 1.1.

Proof of Theorem 1.1. The automorphism group of a classical generalised quadrangle acts primitively
on the points of the generalised quadrangle (as it is the natural action of the classical group), and by
hypothesis, it contains a regular subgroup G. The classification of all regular subgroups of almost sim-
ple primitive groups was established in the monograph [12] of Liebeck, Praeger and Saxl, from which
the examples in the above table are precisely the examples that arise in our context. The groups of
concern to us are dealt with in [12, Chapters 6 and 10]. The regular subgroups of PI'U(n, q) in its
action on totally isotropic i-spaces and some other actions of classical groups were independently
determined by Baumeister [1,2]. The complete results of [12] require the Classification of Finite Sim-
ple Groups. However, for an individual family of groups it only requires precise information about
the subgroup structure, and for low-dimensional classical groups this can be obtained without the
Classification, for example [8,9,14-16,21,23]. O

Some other interesting consequences can be read off from the results of [12], namely: (i) only
metacyclic groups can act regularly on the points of a Desarguesian projective plane (cf.,, [12, Chap-
ter 5]); (ii) the classical generalised hexagons and octagons do not have a group of automorphisms
which act regularly on points (cf., [12, Chapter 12] and [2, Theorem 3]).

The examples below can also be found in [2, §10.1].

First example: Q =Q~ (5, 2)

The regular group G arising here is an extraspecial group of order 27 and exponent 3. Let A €
07(2,2) be of order 3. Then

A 0 O I 0 0 010
G=<(O A1 0),(0 A 0 ),(0 0 1>>
0 0 I 0 0 Al 1 00

where G preserves an orthogonal decomposition of the 6-dimensional vector space into 3 anisotropic
lines. If x is a nontrivial element of G with 1 as an eigenvalue then 1 has multiplicity 2 and the fixed-
point space of x is an anisotropic line. Thus the only nontrivial element of G which fixes a singular
vector is the identity. Since the order of G is equal to the number of points (i.e., 27), G is regular.

Second example: Q = Q™ (5, 2)

Here G is an extraspecial group of order 27 and exponent 9. Let A € O~ (2, 2) be of order 3. Then

0 AO 01 0
G=<(o 0 1),(0 0 A)>
I 0 0 I 00

where again G preserves an orthogonal decomposition of the 6-dimensional vector space into 3
anisotropic lines. The elements of order 9 act irreducibly on the vector space while the elements
of order 3 are of the form

A0 0
( 0 Al o0 )
0 0 Ak

where Atk = | with i, j,k € Z3 and at least two nonzero. The fixed-point spaces of such elements
are anisotropic lines. Thus the only nontrivial element of G which fixes a singular vector is the iden-
tity. Since |G| =27 it follows that G is regular.
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Third example: Q = Q™ (5, 8)

Here G = GU(1, 2°).9 = C513 x C.

The number of points of Q =Q (5, 8) is (8 + 1)(8% + 1), and this value is divisible by a primitive
prime divisor 19 of 8% — 1. The normaliser of the Sylow 19-subgroup of PI'O~ (6, q) contains (and is in
fact equal to) (GU(1, 2°).9) : C3, where the involution on top is a field automorphism. This is a typical
example of a maximal subgroup of PT'O~ (6, q) in the “extension field groups” Aschbacher class. Now
the subgroup GU(1,29).9 is irreducible and has order (8 4+ 1)(8% + 1). The normal subgroup GU(1, 2°)
is the centraliser of the Sylow 19-subgroup and hence acts semi-regularly, whereas the 9 on top
is an automorphism of the field extension, which ensures that GU(1,2°).9 also acts semi-regularly.
Therefore GU(1, 2°).9 acts regularly on the points of Q= (5, 8).

3. Payne derived generalised quadrangles

Let g = pf for some prime p and consider the generalised quadrangle Q = W(3, q). Let X be a
point of Q. As outlined in the introduction, we can construct a new generalised quadrangle Q* whose
points are the points of W(3, q) which are not incident with x and whose lines of W(3, g) not incident
with x together with the hyperbolic lines containing x but not in x*. This generalised quadrangle is
referred to as a Payne derived quadrangle and has order (q — 1, q + 1). The automorphism group of Q¥
contains the stabiliser of x in PI'Sp(4, ). When q > 5 this is the full automorphism group of Q* [11,
(2.4) Corollary].

We will use the following setup. Let V be a 4-dimensional vector space over GF(q), and consider
the following alternating form on V:

BX,¥) :=X1Y4 — Y1X4 +X2¥3 — Y2X3.

The totally isotropic subspaces yield the points and lines of the generalised quadrangle W(3, q), with
isometry group Sp(4, q). Let x:=((1, 0, 0,0)). Then

A 0 0
Sp(4, Qx = {(uT A 0 ) ’ A €GL2,q), u,veGF@)?, zeGF(Q),
z v Al

AJAT =], u=2vJAT, AeGF(q)}

where J:= (_01 g])

Of particular importance is the subgroup
1 000
. —-c 1 00
E:= b 0 1 o||%DceCF@ ¢t <Sp4,q)x (1)
a b c 1

which has order g3. Let tap.c be the element of E defined by

1000
[ 100
fabe =15 010
a b c 1

Then a simple calculation shows that
ta,b,ctx,y,z = ta+x—bz+cy.b+y,c+z

for any (a, b, c) and (x, y, z). In particular (ta,byc)*1 =t_q_p—c and

[ta,b.o tx,y,z] = tfafxszJrcy,7b7y,7cfzta+xsz+cy,b+y,c+z = t72bz+2cy,0,0 (2)
We record some properties of E in the following lemma.
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Lemma 3.1. Let E be the group defined in (1).

1. E has exponent p.

2. For q even, E is an elementary abelian 2-group.

3. Forqodd, Z(E) =E = ®(E) = {tg.0.0 | a € GF(q)}.

4. For q odd, E is a special group, and for q = p, E is extraspecial of exponent p.

Proof. The first two parts follow as (ty )P =to,0,0 for all a,b,c € GF(q). For q odd, we have that
Z(E) = {tq,0,0 | a € GF(q)}. Since E/Z(E) is elementary abelian, E’ < Z(E) and equality holds since
by (2), each element of Z(E) is a commutator. For p-groups, the Frattini subgroup is the smallest
normal subgroup such that the quotient is elementary abelian, and so @ (E) = E’ = Z(E). Thus the
last two parts follow. O

Remark 3.2. The group E acts regularly on the points of W(3, q) not collinear with x and fixes each
line through x, that is, W(3, q) is an elation generalised quadrangle with elation group E. Moreover,

for p odd, E is isomorphic to the (3-dimensional) Heisenberg group.

For o € GF(q) define

1 0 0O
-« 1 0 O

9(1 — _az a 1 0 € Sp(47 q)X
0 0 o 1

Lemma 3.3. Let n > 1 be an integer and « € GF(q). Then

1 0 0 O
—no 1 0 O

O =1 —nas1) 2
T(X no 1 0

—nmn2— _
n(n6 1)Ol3 n(n2 1)052 no 1

Proof. The lemma is clearly true for n =1 so assume it is true for some n=k — 1> 1. Then

1 0 0O 1 0 0 0
ok _ g gk —« 1 00 —(k—Na 1 0 0
R S B —kDk 2 k — D 1 0
0 0 a 1 —(k—l)Gk(k—Z) a3 (k—])z(k—Z) 062 (k _ 1)0[ 1

1 0 0 0

—ko 1 0 0

- %az ko 1 0

2
—l<(l<6—1)a3 k(k2—1)a2 ka 1

Thus the result follows by induction. O

Corollary 3.4. For p > 3 and o € GF(q)\{0} the element 8, has order p while for p = 2, 3 the element 6, has
order p2. In all cases

1 0 0 O
g_|e 1 0 0
o 0 —a 1 0
0 o? —a 1
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Let
R:={tqpo0|a,beGF@)}.

Then R is an elementary abelian subgroup of E of order g2. By Remark 3.2, R acts semi-regularly on
the set of points of W(3, q) not collinear with Xx. Let Z :={ty,0,0 | @ € GF(q)} and note that Z = Z(E)
when ¢ is odd.

For p =3 and o € GF(q)\{0} we have

1 00O
0 100

%= 0 01 0]<%®
—a? 0 0 1

while for p =2 we have

1 0 0O

> 0o 1 00

ba=la2 0 1 0]k
o o 0 1

We collect together the following relations between the 6, and elements of E.

Lemma 3.5. Let a, b, ¢, «, B € GF(q).

1. 65 "tap.cOu =t_s02c_20btaactbc
2. [tap,c,Oa]l= t—u(c2+2ac+2b),u{c,0'
3. Ou0p = trxzﬂ,(xﬂ,og(!ﬂff'

4. [6u,08] =tap@—p),0,0-

Proof. The first part follows as

1 0 0 0 1 000 1 0 0O
a 1 0 0 -c 1 00 - 1 0 0
0 —a 1 0 b 010 —a? o 1 0
0 o? —a 1 a b c 1 0 0 o 1
1 0 0 1 0 0O
_ o—C 1 0 0 -« 1 0 0
o ac+b —a 1 0 —a? o 1 0
—a’c—ab+a a*+b —a+c 1 0 0 o 1
1 0 0 0
_ —c 1 00
- ac+b 0 10
—20%c—2ab+a ac+b c 1
The second part follows as
1 0O 0 O 1 0 00
c 1 0 0 —C 1 0 0
-b 0 1 O oac+b 0 10
—a -b —c 1 —202c—2ab+a ac+b c 1
1 0 0O
_ 0 1 00
- oc 0 10
—a(c®+2ac+2b) ac 0 1
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The third part follows from

1 000 1 000
bo.—| 2 1 00 -1 00
@Bl —a?2 @« 1 0| -B2 B 10
0 0 o 1 0 0 81
1 0 0 O
_ —a—B 1 0 o0
| —2-ap-8% a+B 1 O
—o B2 af a+p 1
1 0 00 1 0 0 o0
1l o 1 00 —(a+B) 1 0 o0
“lag 0 1 0)|-@+B? a+p 1 0
o ap 0 1 0 0 a+p 1
Finally,
1 0 0 O0y,/1 0 0 0
-1 a 1 0 0o}l 1 0 o0
O 05 0% o o 1 o]fo0 -B 1 0
0 o —a 1 0 B -1
1 0 0 0
N —a—B 1 0 o0
—a?—af—-p% a+p 1 O
—ap? af a+p 1
1 0 0 0 1 0 0 0
_|a+p 1 0 0 -0 — 1 0 o0
| —ap —a—p 1 0| -a?—ap—-p> a+8 1 0O
oa?f ar+ap+pE —a—p 1 —ap? af  a+p 1
1 0 00
B 0 100 5
- 0 010
af@—p) 0 0 1

We will need the following lemma.

Lemma 3.6. Let S be the Sylow p-subgroup of GL(4, q) for ¢ = pf. If p > 3 then S has exponent p, while if
p =2, 3 then S has exponent p2.

Proof. Let g € S. Then the Jordan blocks of g have sizes 1,2,3 or 4. If £ < p, a Jordan block of size
¢ has order p as an element of GL(¢, q). Hence if p > 5 then g has exponent p. When p = 3, Jordan
blocks of size 4 have order 9, while for p =2, Jordan blocks of size 3 and 4 have order 4. Hence for
p=2,3, S has exponent p?. O

We will also need the following.

Lemma 3.7. Let ¢ = 2/ with f > 2. Then {aB(a + B) | &, B € GF(q)} = GF(q) for f >3 and {8 + B) |
o, 8 € GF(4)} ={0, 1}.
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Proof. Let S = {of(o + B) | o, B € GF(q)}. We can easily check that S = {0, 1} when ¢ =4 so we
may assume that f > 3. Clearly S # {0} and so there exists x, y € GF(q) such that xy(x+ y) =a #0.
Then for all w € GF(q), (wx)(@y)(wx + wy) = w3a. Thus if a € S then S contains {w3a | w € GF(q)).
Let T be the set of nonzero cubes in GF(q). If T = GF(q)\{0} then S = GF(q) so we may assume
that f is even. Then the set of nonzero elements of GF(q) can be partitioned into the three sets
T, €T and £2T, where £ is a primitive element of GF(q). It remains to show that S contains at
least one element from each of these three sets, and then the result will follow. Now S contains
the subset X = {&? + « | « € GF(q)}. The map « — «? + « is GF(2)-linear with kernel GF(2). Hence
[X| =2f1. For f >3, we have |X| > |T| and so X meets at least two of the sets T, £éT and £2T. Thus
IS| >22f —1)/3 > |X| and so there exists p € GF(q) such that the image Y of the GF(2)-linear map
o a?p+ap? is not X. Then as Y is another GF(2)-subspace of GF(q) not equal to X it follows
that [ XNY|=2f"2and so |[XUY|=2f —2f-2> 2(2f —1)/3. Hence S meets each of T, £T and £2T
and so S =GF(g). O

Construction 3.8. Let {a1, a2, ..., af} be a basis for GF(q) over GF(p). Let
P:=(R,6q,, ...,Gaf).

Note that P is independent of the choice of basis {a1, &2, ..., o} of GF(q) over GF(p) since, by Lemma 3.5(3),
P contains 0y for all @ € GF(q).

Lemma 3.9. The group P has order g3 and has the following properties:

. P/R is elementary abelian of order q.

. For g > 2, P is nonabelian.

.Forq=2,P =C4 x Cy.

. Forqodd, Z(P) =P’ = ®(P) = Z(E).

. For q > 2 even Z(P) = R. Moreover, P’ = Z for q > 8 and P’ = {tp.0.0. t1,0,0} forq=4.
. For p > 3, P has exponent p.

. For p =2, 3, P has exponent pZ.

N U R WN -

Proof. By Lemma 3.5(1) each 6, normalises R, and by Lemma 3.5(3), 646 € ROyp. Thus |P| = q
and P/R is isomorphic to the additive group of GF(q) (and so (1) holds). Hence P’ < R. It follows from
Lemma 3.5(1) that for g > 2, P is nonabelian (and so (2) holds). Moreover, for q odd, Cg(6y) = Z(E)
and it follows that Z(P) = Z(E). For q even we have Cr(6y) = R and if ¢ > 2 it follows that Z(P) =R.
For ¢ =2, P is an abelian group of exponent 4 and so is isomorphic to C4 x Ca. Thus (3) holds.

When q is odd, Lemma 3.5(1) and (3) implies that P/Z(E) is an elementary abelian group of order
q? and so P’ < Z(E). Moreover, by Lemma 3.5(2) each element of Z(E) is a commutator of elements
of P. Thus P/ = ®@(P) = Z(E) and so (4) holds.

For q even, Lemma 3.5(4) implies that for ¢ > 2 we have X = (tqgw+p)0,0 | @, B € GF(q)) < P’.
Lemma 3.7 implies that X = Z when q > 8 while X = {t0,0,0,t1,0,0} for g =4. Since P/X is abelian
(Lemma 3.5(2) and (4)), it follows that P’ = X and hence (5) holds.

Since P is contained in a Sylow p-subgroup of GL(4, q), Lemma 3.6 implies that the exponent of
P is p for p >5 (and (6) holds) and at most p? for p =2, 3. For p =2, 3, each 6, € P has order p?
and so the exponent of P is indeed p?. Therefore, (7) holds. O

Corollary 3.10. For p=2,3, P 2 E.
Proof. This follows by comparing the exponents of E and P. O

Lemma 3.11. For g = p/ withp > 3, EZ P.
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Proof. Define the map

¢: P — E,
tap,0 H> tab,0 a,b e GF(q),
On; > tO,fwiz/Z,oti’ i=1,...,f,

which maps a set of generators of P to a set of generators for E. The generators for each
group have order p. Since [0y, 6g] = tag@—p),0,0 = [to,—a2/2,a> to,—p2/2,8] and [tgp,0,0a] =t_2ab.0,0 =
[ta.b,0:to,—a2/2,«] this map extends to an isomorphism. O

Lemma 3.12. The group P acts regularly on the set of points of W(3, q) not collinear with X. Moreover, P fixes
the line {((1, 0, 0, 0), (0, 1, 0, 0)) but transitively permutes the remaining q lines through x.

Proof. Consider the image of y = ((0,0,0,1)) under g € P. Then g = ta,b,oeg}eg; 62,; for some
ta,b,0 € R and integers ny,...,nys. The third coordinate of (0,0, 0, 1)¢ is equal to nqa1 + - -- +ngay.
Thus if g € Py then njaq +--- +ngay =0. Since {a1, ..., oy} is a linearly independent set over GF(p)
it follows that p divides n; for all i. Hence for each i, 93; € R and so g € Ry. However, R acts semi-
regularly on the set of points not collinear with x. Thus g = 1 and since |P| = g3, we have that P acts
regularly on the set of points of W(3, q) not collinear with x.

Since each 6, induces (;X ?) on x'/x it follows that P fixes one line through x and transitively
permutes the remaining q. O

For g =3 the groups E and P are the two regular subgroups of Q ~ (5, 2) given in Theorem 1.1.

Lemma 3.13. Let Q¥ be the generalised quadrangle obtained by Payne derivation from W(3, p) for p > 5 a
prime and suppose that G acts regularly on the set of points of O*. Then G = E = P.

Proof. Since |G| = p3 and is contained in a Sylow p-subgroup of GL(4, p), by Lemma 3.6, G has ex-
ponent p. Thus by inspecting the five groups of order p3 (namely Cp3, Cp2 x Cp, Cf, and the two
extraspecial groups) we deduce that either G = E or G is elementary abelian. By [5, Main Theo-
rem 2.6] the latter is not possible. O

Construction 3.14. For ¢ = p/ with f > 2, let U & W be a decomposition of GF(q) into GF(p)-subspaces and
let {ot1, ..., o} be a basis for U. Define
Suw =(R,0u,...,00,toow|WweW).

Note that Sy, w is independent of the choice of basis {ot1, oz, ..., ay} of U over GF(p) since, by Lemma 3.5(3),
Su,w contains 0y forall € U.
Lemma 3.15. The group Sy w given by Construction 3.14 has order q° and has the following properties:

1. Sy w is nonabelian;

2. forqodd, Z(Sy,w) = Z(E) while

(Su.w) =(Z(E), t0,0yw; +-tawy.0 | Wi € W)

which has order qp® where £ = dimgrpy (1 W + -+ - + o W);
3. forqeven, Z(Sy.w) =R and

(Z, tozlw%+~~-+akw£,a1w1+-~-+akwk,0 |wie W) fork=3,
(SU,W)/ = { (t1.0.0, talwf+a2w%,a1w1+a2w2,0 |wieW) fork=2,
(t, .2 | wy e W) fork=1,

QIWT,a1 Wy
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4. for p > 3, Sy,w has exponent p;
5. for p=2,3, Sy,w has exponent p2.

Proof. Now (04;)P € R and by Lemma 3.5(1), each 6, normalises (R,tpow | W € W). Hence
[Suwl= q3. Since 0y; does not centralise elements tgow for w € W\{0}, it follows that Sy w is
nonabelian. Hence (1) holds.

For g odd we have that Z(Sy,w NE) = Z(E). Since Cg(0y;) = Z(E) it follows that Z(Sy,w) = Z(E).
For q even we have that Sy w N E is elementary abelian. Moreover, by Lemma 3.5(1), 6y, centralises
R and so R < Z(Sy,w). Since 6, does not centralise any element of Sy w N E outside R it follows
that Z(Sy,.w) =R.

By Lemma 3.5(1), (3) and (4), Sy,w /R is elementary abelian of order q and so (Sy w) < R. For q
odd all elements of Z(E) can be written as commutators of 6y, and elements of R (Lemma 3.5(2)).
Hence Z(E) < (Sy,w)’. Moreover, [0y, to,o,w] = (w220 w),a5w,0 for all w € W. Thus
X= <Z(E), t0,0{1W1+~--+Olka,0 | wj € W) g (SU,W)/~

By Lemma 3.5(1) and (3), Sy,w/X is abelian and so (Sy w)’ = X, which has order gp®. Thus (2) holds.
For q even, by Lemma 3.5(2) and (4), [0, to,o,w] = Cow?,0w,0 and [0c; s O] = oy (cti—ct),0.0- Thus

X = (tap(a+£).0,0: Loy W2 o w2 oty Wy -+ Wi, 0 |wieW, a,BeGF@)< (Suw).

Moreover, by Lemma 3.5(1), 907,.1ta,b,c9ai = ta,aic+b.c = byye2,qc,0tab.c- Since E is abelian and t5p c €
Su.w if and only if c € W, it follows that Sy w/X is elementary abelian. Hence (Sy w) = X. The
expression for (Sy,w)’ given in (3) then follows from Lemma 3.7.

Since Sy,w is contained in a Sylow p-subgroup of GL(4, q), Lemma 3.6 implies that the exponent
of Sy.w is p for p >5 and at most p? for p =2, 3. For p =2, 3, each 0a; € Su,w has order p? and so
the exponent of Sy w is indeed p2. Hence (4) and (5) hold. O

Corollary 3.16. Let U be a 1-dimensional subspace of GF(q) over GF(p). Then P 22 Sy w 2 E.

Proof. This follows for q > 4 by comparing the orders of the derived subgroups. Note that ¢ =
dim(W) = f — 1. A Magma [4] calculation verifies the result for q=4. O

Remark 3.17. Note that |Sy.w N E| = g?p/~*. Since E <1 I'Sp(4,q)x it follows that if dim(U;) #
dim(U;) then Sy, w, is not conjugate to Sy, w, in I'Sp(4, q)x. However, if dim(U1) = dim(U3) it
is possible for Sy, w, to still not be conjugate to Sy, w,. For example, when q = 8, Magma [4] cal-
culations show that there are two conjugacy classes of subgroups Sy w with U a 2-dimensional
subspace.

As for isomorphism classes, sometimes it can be read off from the order of derived subgroups
that two such groups are nonisomorphic. For example when q = 8 comparing orders of derived sub-
groups yields Sy,w 2 Sw,u when U is a 1-space. Moreover, if U is a 2-space then Sy w 2% P even
though they have derived subgroups of the same order. It is even possible for Sy, w, 2 Su,,w, when
dim(U1) =dim(U3). Indeed for ¢ = 16, Magma [4] calculations show that there are two isomorphism
classes of subgroups Sy w with U a 3-dimensional subspace: one has Frattini subgroup of order 27
and one has Frattini subgroup of order 28.

Lemma 3.18. The group Sy w acts regularly on the set of points of W(3, q) not collinear with X. More-
over, Sy w fixes the line {((1,0,0,0), (0, 1,0, 0)) but permutes the remaining q lines through X in orbits of
length p.

Proof. Consider the image of y = ((0,0,0, 1)) under g € Sy, w. Then g = ta,,,.cegg 92§ .. 93{: for some
tap.c € ENSy w and some integers n;. The third coordinate of (0,0,0,1)8 is equal to njog +--- +
niay + ¢ where c € W. Thus if g € (Sy,w)y then njaq + --- + ngay + ¢ = 0. Since {oq, ..., 0, c} is
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Table 1
The isomorphism types of regular subgroups of the generalised quadrangle of order (3, 5).
Group # Comment Group # Comment Group # Comment
9 1 90 7 215 1 special
18 1 92 1 219 1 special
23 6 102 1 224 1 special
32 5 136 2 226 1 special, Dg x Dg
33 3 138 2 227 1 special
34 1 139 2 232 2 special
35 4 193 1 Su.w 241 1 special
56 1 P 199 1 242 1 special, Sylow 2-subgroup of GL(3, 4)
60 4 202 2 264 1
88 1 206 1 267 1 E

a linearly independent set over GF(p) it follows that p divides each n;. Hence each 93; € R and so
g € Ry. However, R acts semi-regularly on the set of points not collinear with x. Thus (Sy,w)y = 1.

Since 6, induces (; ?) on x1/x it follows that Sy w fixes one line through x and permutes the

remaining q in orbits of size p*. O

Proof of Theorem 1.2. The group E is the group defined in (1), the group P is as provided by
Construction 3.8 and the group S can be taken to be Sy w given by Construction 3.14 with U a 1-
dimensional subspace of GF(q) over GF(p). The theorem then follows from Lemmas 3.1, 3.9, 3.12, 3.15
and 3.18, and Corollaries 3.10 and 3.16. O

4. Small generalised quadrangles

In general, the generalised quadrangle O of order (q—1, q+1) obtained by Payne deriving W(3, q)
has more regular subgroups than those exhibited in Section 3. In this section we catalogue the point
regular groups of automorphisms of small generalised quadrangles. The results suggest that the prob-
lem is wild.

For g =3 we have Q*= Q" (5,2) and so the point regular groups of automorphisms are given by
Theorem 1.1. They are simply conjugates of the groups E and P from Section 3.

For ¢ = 4 the full automorphism group of QX is Cg X (3.Ag.2), which acts transitively on the
lines of O (see [19, §V]). Hence the dual of O is a generalised quadrangle of order (5,3) with a
point-transitive automorphism group.

Example 4.1. Let Q% be the generalised quadrangle of order (3, 5) obtained by Payne derivation from
W(3,4). A Magma [4] calculation! reveals that Aut(Q*) has 58 conjugacy classes of regular subgroups
with 30 different isomorphism classes occuring. In Table 1 we document the number in the Small
Group Database of Magma of each isomorphism class and the number of conjugacy classes (indicated
by the symbol #) of regular subgroups of that isomorphism type. We also give information about
various groups in the list and identify E, P and the Sy w. In this case all the Sy w are conjugate
in Sp(4,4)x. We note that E is normal in Aut(Q*) and is the only abelian regular subgroup. The
groups occuring have nilpotency class 1, 2, 3 or 4. Note that the list of regular groups includes a
group isomorphic to a Sylow 2-subgroup of GL(3,4) so it is possible for a Heisenberg group of even
order to act regularly on the points of a generalised quadrangle. This was previously believed to not
be possible [6, p. 241].

Example 4.2. Let Q be the generalised quadrangle of order (5, 3), the dual of the generalised quad-
rangle of order (3, 5) in Example 4.1. Then Q has 96 points and 64 lines and has automorphism group
Cg X (3.A6.2) (see [19]). It is known that Aut(Q) contains a regular subgroup on points [7, p. 46]. In

T Qur use of the computer was not complicated. We simply used the command Subgroups (G: IsRegular), for the most
part.
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Table 2

Regular subgroups of the generalised quadrangle of order (5, 3).
Group Shape Notes
Hy €3 % S3 Z(H)=1,H|=C§ xC3
Ho 2213 % (3 Z(Hy)=1, Hy,=C}
Hs 2213 5 3 Z(H3)=1, Hy =(}
Hs €% xS; Z(Hs)=1,Hy=C2 x (3
Hs C4xS; |Z(Hs)| =2, H, =C3 x C3
Hg 22+2 5 53 |Z(Hg)| =2, Hg = Qg X C3

Table 3
Numbers of conjugacy classes of point regular subgroups of the Payne derived generalised quadrangle from W (3, q).
q # regular subgroups Comments
2 4 23, C4 x Cy, 2 Dg’s, conjugacy in PI'Sp(4, 2)x
3 2 this is Q7 (5,2)
4 58 30 isomorphism classes
5 2 E and P
7 2 E and P
8 14 8 isomorphism types, nilpotency class 1 or 2

2 conjugacy classes of subgroups isomorphic to P

1 conjugacy class of Sy w with U a 1-space

2 conjugacy classes (but 1 isomorphism class) of Sy w with U a 2-space

2 further conjugacy classes of groups isomorphic to Sy w with U a 2-space

9 5 distinct isomorphism types, nilpotency class 2 or 3
1 class of Sy.w
11 2 E and P
13 2 E and P
16 231 1 conjugacy class of Sy w for U a 1-space

2 isomorphism (and conjugacy) classes of Sy w for U a 3-space
10 conjugacy classes of Sy w for U a 2-space (all isomorphic)
nilpotency classes 1, 2, 3, 4, 5, 6 and 7

17 2 E and P
19 2 E and P
23 2 E and P
25 7 nilpotency class 2 or 3

1 conjugacy class of Sy, w

fact the automorphism group contains 6 different conjugacy classes of regular subgroups on points
(by a Magma calculation). They have shape as given in Table 2. By 2%*? we mean a 2-group P with
center an elementary abelian group of order 29 and P/Z(P) is elementary abelian of order 2°.

For q > 5, the full automorphism group of Q* is PI'Sp(4, q)x [11], which is not transitive on the
lines of QX In Table 3 we list, for certain values of q, the number of conjugacy classes of point
regular subgroups of Aut(Q) where Q is the generalised quadrangle of order (g — 1,q + 1) obtained
from W(3, q) obtained by Payne derivation.

Example 4.3. Let Q be the generalised quadrangle of order (15, 17) arising from the Lunelli-Sce hy-
peroval. Then Q has 4096 points and 4608 lines. It follows from [3] that its automorphism group is
isomorphic to G =212 x H where H is the stabiliser in T'L(3, 16) of the hyperoval. The group H has
shape (3} x Cs) x (Cs x C2).

A Magma [4] calculation shows that the group G contains 54 conjugacy classes of groups regular
on points. This includes the elementary abelian 2-group which is the socle of G. There are 16 iso-
morphism types of groups and one further conjugacy class of subgroups for which we are unable to
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determine whether they are isomorphic to any of the former 16 types. There are no special 2-groups
on the list. The nilpotency classes of the groups are 1, 2, 3, 4 and 7. There are two conjugacy classes of
groups of nilpotency class 7 and all such groups are isomorphic. Every member of this isomorphism
class has centre of order 2, derived subgroup of order 27 and exponent 16.

It is proved in [7, p. 46] that the generalised quadrangle of order (17, 15) arising as the dual of Q
has no point regular groups of automorphisms. This was confirmed by computer calculations.

5. Conjectures in the literature

We note that the second and third examples of Theorem 1.1 appear to have been overlooked in
the classification of subgroups of PI"'U(4, q) transitive on lines given in [14, Corollary 5.12].
In [6] the authors prove

Theorem 5.1. Let O be a generalised quadrangle of order (s, t) admitting a point regular group G, where G is
a p-group and p is odd. Suppose | Z(G)| > ¥/|G]. Then the following properties hold.

1. We have t = s + 2, and there is a generalised quadrangle Q' of order s + 1 with a regular point x, such
that Q is Payne derived from Q' with respect to x. The generalised quadrangle Q' is an elation generalised
quadrangle with elation group K isomorphic to G.

2. We have |Z(G)| = /|G|, that is, | Z(G)| = s + 1.

For q odd, the groups P and S from Theorem 1.2 satisfy the hypotheses of Theorem 5.1 with Q
being a generalised quadrangle of order (q —1,q + 1). Hence there should be generalised quadrangles
of order g with elation groups K and K’ isomorphic to P and S respectively. However, the only gener-
alised quadrangle of order 3 is W(3, 3) [17, §6.2] and this does not have an elation group isomorphic
to P. The theorem seems to also fail with respect to P for larger values of q.

Thus we also have a counterexample to the following conjecture of [6].

Conjecture 1. If Q is a generalised quadrangle admitting a point regular group of automorphisms G, then
there exists an elation generalised quadrangle Q' of order s with elation group G’, such that O can be obtained
from Q' by Payne derivation with respect to x, and such that G = G'.

In [6] the authors also make the following conjecture.

Conjecture 2. If a finite generalised quadrangle admits a point regular group of automorphisms G, such that
G is a p-group, p odd, with the property that |Z(G)| > ¥/|G]|, then G is isomorphic to a Heisenberg group of
dimension 3 over GF(q), where q is a power of p.

Moreover, in [7, Conjecture 4.4.1] the following more general conjecture is made:

Conjecture 3. If a finite thick generalised quadrangle Q admits a group of automorphisms G which acts regu-
larly on the set of points, then either Q is the generalised quadrangle of order (5, 3), or G is (1) an elementary
abelian 2-group, or (2) an odd order Heisenberg group, and in (1)-(2) Q is a Payne derived generalised quad-
rangle arising in the usual way from an elation generalised quadrangle with elation group isomorphic to G.

The authors state in [7] that perhaps ‘Heisenberg’ could be replaced by ‘special’ in the above
conjecture. The groups P for g =3/ and Su,w for g odd and not a prime are not Heisenberg groups
and so are counterexamples to Conjectures 2 and 3. The groups Sy w are not special. Moreover, when
q is even, P and Sy w are nonabelian 2-groups acting regularly on a generalised quadrangle and so
are further counterexamples.

The example of Cs513 x Cg acting regularly on the points of Q ~(5,8) is a particularly interesting
counterexample to Conjecture 3 as Q ~(5, 8) is not Payne derived and the group is not nilpotent. It
is however meta-abelian, but we saw in Example 4.1 that there are 4 groups acting regularly on the
generalised quadrangle of order (3, 5) that are not meta-abelian.



1128 J. Bamberg, M. Giudici / Journal of Combinatorial Theory, Series A 118 (2011) 1114-1128

Acknowledgments

The authors would like to thank Frank De Clerck, Bill Kantor, Tim Penttila, Gordon Royle and
Pablo Spiga for their comments on a preliminary draft, and the anonymous referees. This work was
supported by an Australian Research Council Discovery Projects Grant (no. DP0984540) and the second
author is also supported by an Australian Research Fellowship.

References

[1] Barbara Baumeister, Primitive permutation groups of unitary type with a regular subgroup, Bull. Belg. Math. Soc. Simon
Stevin 12 (5) (2005) 657-673.
[2] Barbara Baumeister, Primitive permutation groups with a regular subgroup, J. Algebra 310 (2) (2007) 569-618.
[3] Alessandro Bichara, Francesco Mazzocca, Clelia Somma, On the classification of generalized quadrangles in a finite affine
space AG(3,2"), Boll. Unione Mat. Ital. Sez. B (5) 17 (1) (1980) 298-307.
[4] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system I: The user language, J. Symbolic Comput. 24 (3-4) (1997)
235-265, also see the MAGMA home page at http://www.maths.usyd.edu.au:8000/u/magma/.
[5] S. De Winter, K. Thas, Generalized quadrangles with an abelian Singer group, Des. Codes Cryptogr. 39 (1) (2006) 81-87.
[6] S. De Winter, K. Thas, Generalized quadrangles admitting a sharply transitive Heisenberg group, Des. Codes Cryptogr. 47
(1-3) (2008) 237-242.
[7] S. De Winter, K. Thas, E.E. Shult, Singer Quadrangles, Oberwolfach Preprint OWP, 2009-07.
[8] Lino Di Martino, Ascher Wagner, The irreducible subgroups of PSL(Vs,q), where q is odd, Results Math. 2 (1) (1979)
54-61.
[9] David E. Flesner, Maximal subgroups of PSp4(2") containing central elations or noncentered skew elations, Illinois J.
Math. 19 (1975) 247-268.
[10] Dina Ghinelli, Regular groups on generalized quadrangles and nonabelian difference sets with multiplier —1, Geom. Dedi-
cata 41 (2) (1992) 165-174.
[11] T. Grundhofer, M. Joswig, M. Stroppel, Slanted symplectic quadrangles, Geom. Dedicata 49 (2) (1994) 143-154.
[12] Martin W. Liebeck, Cheryl E. Praeger, Jan Saxl, Regular subgroups of primitive permutation groups, Mem. Amer. Math.
Soc. 203 (952) (2010).
[13] William M. Kantor, Generalized polygons, SCABs and GABs, in: Buildings and the Geometry of Diagrams, Como, 1984, in:
Lecture Notes in Math., vol. 1181, Springer, Berlin, 1986, pp. 79-158.
[14] William M. Kantor, Robert A. Liebler, The rank 3 permutation representations of the finite classical groups, Trans. Amer.
Math. Soc. 271 (1) (1982) 1-71.
[15] Howard H. Mitchell, The subgroups of the quaternary abelian linear group, Trans. Amer. Math. Soc. 15 (4) (1914) 379-396.
[16] Benjamin Mwene, On the subgroups of the group PSL4(2™), J. Algebra 41 (1) (1976) 79-107.
[17] Stanley E. Payne, Joseph A. Thas, Finite Generalized Quadrangles, second edition, EMS Ser. Lect. Math., European Mathe-
matical Society (EMS), Ziirich, 2009.
[18] Stanley E. Payne, Nonisomorphic generalized quadrangles, ]. Algebra 18 (1971) 201-212.
[19] Stanley E. Payne, The generalized quadrangle with (s, t) = (3, 5), Congr. Numer. 77 (1990) 5-29.
[20] Gordon F. Royle, A normal non-Cayley-invariant graph for the elementary abelian group of order 64, ]. Aust. Math.
Soc. 85 (3) (2008) 347-351.
[21] Wagner Ascher, The subgroups of PSL(5,2%), Results Math. 1 (2) (1978) 207-226.
[22] Satoshi Yoshiara, A generalized quadrangle with an automorphism group acting regularly on the points, European J. Com-
bin. 28 (2) (2007) 653-664.
[23] A.E. Zalesskii, L.D. Suprunenko, Classification of finite irreducible linear groups of rank 4 over a field of characteristic p > 5,
Vestsi Akad. Navuk BSSR Ser. Fiz.-Mat. Navuk (1978) no. 6, 9-15, 138.


http://www.maths.usyd.edu.au:8000/u/magma/

	Point regular groups of automorphisms of generalised quadrangles
	Introduction
	Group theoretical terminology

	The classical case
	First example: Q=Q-(5,2)
	Second example: Q=Q-(5,2)
	Third example: Q=Q-(5,8)

	Payne derived generalised quadrangles
	Small generalised quadrangles
	Conjectures in the literature
	Acknowledgments
	References


