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Abstract

Let $( (respectively $oo) denote the class of commuting pairs of subnormal operators on Hilbert space
(respectively subnormal pairs), and for an integer £ > 1 let §; denote the class of k-hyponormal pairs in $).
We study the hyponormality and subnormality of powers of pairs in $;. We first show that if (77, 15) € 91,
the pair (le, T») may fail to be in $1. Conversely, we find a pair (77, T5) € H such that (le, 1) € $H1 but
(T1,T)) ¢ $H. Next, we show that there exists a pair (77, 7>) € $ such that Tl’" T2” is subnormal (for all
m,n > 1), but (T, Tp) is not in Ho; this further stretches the gap between the classes 1 and . Finally,
we prove that there exists a large class of 2-variable weighted shifts (77, 77) (namely those pairs in )
whose cores are of tensor form (cf. Definition 3.4)), for which the subnormality of (T12, T») and (T7, T22)
does imply the subnormality of (77, 15).
© 2007 Elsevier Inc. All rights reserved.

Keywords: Jointly hyponormal pairs; Subnormal pairs; 2-variable weighted shifts; Powers of commuting pairs of
subnormal operators

* Research partially supported by NSF Grants DMS-0099357 and DMS-0422952.
* Corresponding author.
E-mail addresses: rcurto@math.uiowa.edu (R.E. Curto), shlee@math.cnu.ac.kr (S.H. Lee), jyoon @iastate.edu
(J. Yoon).
URLs: http://www.math.uiowa.edu/~rcurto/ (R.E. Curto), http://www.public.iastate.edu/~jyoon/ (J. Yoon).
1 Present address: Department of Mathematics, Chungnam National University, Daejeon 305-764, Republic of Korea.

0022-1236/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2007.01.002



R.E. Curto et al. / Journal of Functional Analysis 245 (2007) 390—412 391

1. Introduction

The Lifting Problem for Commuting Subnormals (LPCS) asks for necessary and sufficient
conditions for a pair of subnormal operators on Hilbert space to admit commuting normal ex-
tensions. It is well known that the commutativity of the pair is necessary but not sufficient [1,3,
19-21], and it has recently been shown that the joint hyponormality of the pair is necessary but
not sufficient [10], thus disproving the conjecture in [13]. An abstract answer to the Lifting Prob-
lem was obtained in [14], by stating and proving a multivariable analogue of the Bram—Halmos
criterion for subnormality, and then showing concretely that no matter how k-hyponormal a pair
might be, it may still fail to be subnormal. While this provides new insights into the LPCS, it
stops short of identifying other types of conditions that, together with joint hyponormality, may
imply subnormality.

Our previous work [10-12,14,25,26] has revealed that the nontrivial aspects of the LPCS are
best detected within the class $; of commuting hyponormal pairs of subnormal operators; we
thus focus our attention on this class. More generally, we will denote the class of commuting
pairs of subnormal operators on Hilbert space by g, the class of subnormal pairs by $, and
for an integer k > 1 the class of k-hyponormal pairs in )y by $Hi. Clearly, Hoo S --- C H; S
- C 92 C N1 C Ho; the main results in [10] and [14] show that these inclusions are all proper.
(The LPCS thus asks for necessary and sufficient conditions for a pair T € g to be in Ho.)

In [15], E. Franks proved that if T = (T, T>) € $ and p(T) is subnormal for all polynomials
p € C[z] with deg p < 5, then T is necessarily subnormal. Motivated in part by this result, and
in part by J. Stampfli’s work in [22] and [23], in this article we consider the role of the powers
of a pair in ascertaining its subnormality. Clearly, if T = (71, T») € $0, and if m,n > 1, then
T = (T{", T)") € Hc0, and therefore T{" T' is a subnormal operator. It is thus natural to ask
whether the subnormality of both T>1 and T(-? can force the subnormality of T.

Our first main result shows that the class $; is not invariant under squares, as follows: we
construct a pair T = (71, T») € 91 such that TED = (le, 1) ¢ 91 (Theorem 2.7). Conversely,
we find a pair T € g such that TED = (T12, T>) € 91 but T ¢ ;. We then show that for a large
class of commuting pairs of subnormal operators, the subnormality of both T1 and T2 does
force the subnormality of T. Concretely, if T € 7C, the class of all 2-variable weighted shifts
T € $o whose cores are of tensor form (see Definition 3.4), then T2 € 6, < TZD € ,, &
T € Hoo (Theorem 3.9). Our results thus seem to indicate that the subnormality of TED T2
may very well be essential in determining the subnormality of T within the class $o (Conjec-
ture 3.11). Next, we prove that it is possible for a pair T € § to have all powers 7" T, (m,n > 1)
subnormal, without being subnormal (Example 4.5). This provides further evidence that the gap
between the classes o, and § is fairly large.

To prove our results, we resort to tools introduced in previous work (e.g., the Six-point Test
to check hyponormality (Lemma 2.1) and the Backward Extension Theorem for 2-variable
weighted shifts (Lemma 3.3)), together with a new direct sum decomposition for powers
of 2-variable weighted shifts which parallels the decomposition used in [9] to analyze k-
hyponormality for powers of (one-variable) weighted shifts. Specifically, we split the ambi-
ent space Ez(Zi) as an orthogonal direct sum H° @ H!, where H™ := Vicoleokimy: Jj =
0,1,2,...} (m=0,1). Each of the subspaces HO and H! reduces T, and T,, and T2 is sub-
normal if and only if each of T(!-?) |70 and T2 |71 is subnormal (cf. Fig. 4).

We devote the rest of this section to establishing our basic terminology and notation. Let H
be a complex Hilbert space and let B(H) denote the algebra of bounded linear operators on H.
We say that T € B(H) is normal if T*T = TT*, subnormal if T = N |3y, where N is normal and
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N(H)C H, and hyponormal if T*T > TT*. For S, T € B(H) let [S,T]:=ST — TS. We say

that an n-tuple T = (71, ..., T,,) of operators on H is (jointly) ~yponormal if the operator matrix
(77, ] [T, ] -~ 1T, Tl
(T*.T] = [Tl*z 1] [T2*f 1] a [Tn*j 1]
7. T) [T5.T) - [T T

is positive on the direct sum of n copies of H (cf. [2,8,13]). The n-tuple T is said to be normal
if T is commuting and each T7; is normal, and T is subnormal if T is the restriction of a normal
n-tuple to a common invariant subspace. Finally, we say that a pair T = (71, T») is 2-hyponormal
if T is commuting and (77, T>, le, T\ T3, T22) is hyponormal. Clearly,

normal = subnormal = 2-hyponormal = hyponormal.

The Bram—Halmos criterion for subnormality states that an operator 7' € B(H) is subnormal if
and only if

Z(Tix]', zji) >0
i,j

for all finite collections xq, X1, ..., Xx € H [4,5]. Using Choleski’s algorithm for operator ma-
trices, it is easy to verify that this condition is equivalent to the assertion that the k-tuple
(T, T2, e Tk) is hyponormal for all k > 1.

For a = {a,};2, a bounded sequence of positive real numbers (called weights) let W, :
02(Z4) — €%(Zy) be the associated unilateral weighted shift, defined by Wye, 1= ape 41 (all
n > 0), where {en}flio is the canonical orthonormal basis in ZZ(Z+). For notational convenience,
we will often write shift(cg, o1, . . .) to denote Wy,. In particular, we shall let U := shift(1,1,...)
(U4 is the (unweighted) unilateral shift) and S, := shift(a, 1, 1, ...). For a weighted shift W,,
the moments of « are given by

_ 1 if k=0,
WEV@=162. 02 ifk > 0.
It is easy to see that W, is never normal, and that it is hyponormal if and only if ctp < ot <+ -+
Similarly, consider double-indexed positive bounded sequences o, Bk € KW(Zi), k= (ki,kp) €
Zﬁ_ =74 XZ4, and let Ez(Zﬁ) be the Hilbert space of square-summable complex sequences in-
dexed by Zi. (Recall that Zz(Zi) is canonically isometrically isomorphic to ZZ(Z+) ® 62(Z+).)
We define the 2-variable weighted shift T = (77, T2) by

T\ex := akekqe,
Thek := Prekte,»

where €1 := (1, 0) and &; := (0, 1). Clearly,
il =TT1 €  Prie otk =0kie,fx (forallk e Z3). (1.1)

In an entirely similar way one can define multivariable weighted shifts.
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A 2-variable weighted shift T = (T}, T2) is called horizontally flat if o, k,) = 01,1y for all
ki, ky > 1; T is called vertically flat if B, k,) = Ba,1) for all k1, ko > 1. If T is horizontally and
vertically flat, then T is simply called flar.

For an arbitrary 2-variable weighted shift T, we shall let R;; (T) denote the restriction of T
to M; NN, where M; (respectively ;) is the subspace of £ (Zi) spanned by the canonical
orthonormal basis vectors associated to indices k = (k1, k2) with k1 > 0 and k, > i (respectively
k1 > j and ky > 0).

Trivially, a pair of unilateral weighted shifts W, and Wy gives rise to a 2-variable weighted
shift T = (T, T»), if we let a, k,) := ok, and B, k) := Bk, (all k1, ky € Zi). In this case, T is
subnormal (respectively hyponormal) if and only if so are 7| and 7>; in fact, under the canonical
identification of €%(Z3) and ¢*(Zy) ® (*(Z4), I =1 ® Wy and o = W ® I, and T is also
doubly commuting. For this reason, we do not focus attention on shifts of this type, and use them
only when the above mentioned triviality is desirable or needed. Given k € Z2 , the moment of
(o, B) of order k is

1 ifk=0,
“(200)"'“(2k1—10) ifk; >1and kr =0,
% =%, p) = 5(20’0) . ..,g(zo,krl) ifky=0andky > 1,

=
2 2 2 2 .
0.0y ~a(k1_1’0),8(k1’0) . ~-,8(k1,k2_1) ifky >1andky > 1.

(We remark that, due to the commutativity condition (1.1), yx can be computed using any nonde-
creasing path from (0, 0) to (k1, k2).) We now recall a well-known characterization of subnormal-
ity for multivariable weighted shifts [18], due to C. Berger (cf. [5, II1.8.16]) and independently
established by Gellar and Wallen [16]) in the single variable case: T = (71, T5) admits a com-
muting normal extension if and only if there is a probability measure © (which we call the Berger
measure of T) defined on the 2-dimensional rectangle R = [0, a;] x [0, a2] (where a; := || T; ||2)
such that y = f R skigka g u(s,t), forallk e Zﬁ_. In the single variable case, if W, is subnormal
with Berger measure &, and & > 1, and if we let £ := \/{e,: n > h} denote the invariant sub-
space obtained by removing the first 4 vectors in the canonical orthonormal basis of ¢>(Z, ), then

the Berger measure of Wy |z, is ;—: dé&y(s); alternatively, if S:£°°(Z4) — £°°(Zy) is defined by

S@®) :=am+1) (ael®Zy), n>0), (1.2)
then
dEs() (5) = —5 dE(s). (1.3)
B0

2. The class $31 is not invariant under squares

For a general operator 7 on Hilbert space, it is well known that the hyponormality of T
does not imply the hyponormality of 72 [17]. However, for a unilateral weighted shift W,, the
hyponormality of W, (detected by the condition oy < g1 for all k > 0) clearly implies the hy-
ponormality of every power W/ (m > 1). For 2-variable weighted shifts, one is thus tempted to
expect that a similar result would hold, especially if we restrict attention to the class $; of com-
muting hyponormal pairs of subnormal operators. Somewhat surprisingly, it is actually possible
to build a 2-variable weighted shift T € $3; such that T®D ¢ §;, and we do this in this section.
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We begin with some basic results. First, we recall a hyponormality criterion for 2-variable
weighted shifts.

Lemma 2.1. (See Six-point Test [6].) Let T = (T, T») be a 2-variable weighted shift, with weight
sequences « and B. Then T is hyponormal if and only if

2 _ 2 _
Hy(k) := ( Cicre % Ohrerfire — kP ") >0 (forallk= (ki ko) € 72).
Ok+e, Pkte; — Ok Pk ,Bk+€2 - IBk

Next, given integers i and £ (£ > 1,0 < i < £— 1), consider H = 62(Z+) = \/?Ozo{ej}. Define
H; = \/(;».;0{65 iti}, SOH = @f;& 'H;. Following the notation in [9], for a weight sequence o let

-1 e
Pig(e) =l : i) :=:Hagj+,-+m} ; 2.1
m=0 j=0

that is, o (£ : i) denotes the sequence of products of weights in adjacent packets of size ¢, be-
ginning with ¢; - - - «j4¢—1. For example, a(2: 0) : apot1, o3, a5, ..., (2 : 1) : ajon, 3o,
o506, ... and a(3:2): 20304, A5U6AT, QBUIXLLQ, - - - - Observe that, using the notation intro-
ducedin (1.2), P;¢ = Po¢S". For a subnormal weighted shift Wy, it was proved in [9] that Wp,, ()
is also subnormal (all £ > 1, 0 <i < £ — 1). In fact, more is true.

Lemma 2.2. (See [9].) For £ > 1, and 0 <i < £ — 1, Wp,,(«) is unitarily equivalent to W£|H,..
Therefore, Wtf is unitarily equivalent to @f;& Wp.,(«). Consequently, W(f is k-hyponormal if and
only if Wp,, () is k-hyponormal for each i such that 0 <i < £ — 1. Moreover, if Wy, is subnormal
with Berger measure &y, then Wp,, () is subnormal with Berger measure

Si si/l
A @) =dEp 510 (5) = oy dir () =0,

déo (s 0<i<e—1. (22

Example 2.3. Let W, = shift(xg, o1, . . .) be a subnormal weighted shift, with Berger measure &, .
Then shift(ara3, asas, . ..) = Wp,,(a) is also subnormal, with Berger measure ﬁ déy(\/s).
071

To produce an example of T = (71, T>) € $ such that T@D ¢ §1, we start with an example
givenin [14]. ForO <k < 1, leta = {an}zozo be defined by

3

Ky 7 ifn=0,
oy = 2.3)
7””;;2;’;’“3) ifn>1.

We know that W, is subnormal, with Berger measure

2 2
dEy(s) = (1 — k2) ddo(s) + % ds + % dsi(s) [14, Proposition 4.2],

where §,, denotes the Dirac measure at p.
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(0,3)F
1 1 1
k + 262 ® T2 (Oa 2) < L L
Oictes 1 1 1
(0,1) a 1 1
e aK ak
@ [e7i]e3]
(%)) (&3] 9 st
k k+ ¢ k + 2¢; (0,0) (1,0) (2,0) (3,0)
T,

Fig. 1. Weight diagram used in the Six-point Test and weight diagram of the 2-variable weighted shift in Lemma 2.4.

For 0 < a < 1, consider the 2-variable weighted shift given by Fig. 1, with o = {a,};2, as
above.

Lemma 2.4. (See [14].) Let T = (Ty, T») be the 2-variable weighted shift whose weight diagram
is given by Fig. 1, with 0 < a < \/g Then

(i) Tp and T, are subnormal,

(ii) T €9y ifand only if 0 < k < hy(a) =/ 2=,

) ) 14442
(iii) T € 97 if and only if 0 < k < ha(a) :=,/%;

(iv) T € Hoo ifand only if 0 < k < hoo(a) :=

2—a?

Remark 2.5. Close inspection of the proof of Lemma 2.4 reveals that the hyponormality of the
2-variable weighted shift T whose weight diagram is given by Fig. 1 extends beyond the range
O0<a< \/g . As a matter of fact, the hyponormality of T is controlled by the nonnegativity of
the two expressions, f(a) := 84 — 9542 and g(a, k) := (72a* — 59)k? + 32 — 48a*. Of course,

the nonnegativity of f requires a < ,/ %, while to analyze the second expression we need to

consider three cases:
() 724> -59<0; (i) 72a>—59=0; and (i) 72a*>—359>0.

In case (i),

ga,k)=>0 & a*<
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in case (ii),

59 592
azzi and g(a,ic)=32—48<ﬁ> <0;
and in case (iii),
59 32 — 484*
2 2
g(a,K)}O =4 a >ﬁ and « >m

. . . . _484% .
Now, it is easy to verify that on the interval (/ 3—9, \/ % ] the expression 35_‘7‘232 is always greater

than 1, and since we must have k < 1, case (iii) cannot really happen. If we now observe that

a<,/ % is implied by the condition a* < % we conclude that T is hyponormal if and only if

— 4
a< {3 andic < [EBE ().

Theorem 2.6. Let T = (T, T>) be the 2-variable weighted shift whose weight diagram is given

by Fig. 1. Then T®D = (le, T») is hyponormal if and only if 0 < k < ha1(a) =3,/ %,

with 0 < a < 4%.

Proof. Form =0, 1,let Hy :=\/2g{e@jtmr: k=0,1,2,...}. Then 03(Z2) =Hyo®Hy, and
each of Ho and H; reduces T12 and 7>. We can thus write

(TE T2) = (Wao) ® (I ® Sa), Talry) ® (Waz:) @ (I ® U, Talpy, )

By [10, Theorem 5.2 and Remark 5.3], the second summand, (Wy2:1) @ (I @ Uy), T2]p,), is
subnormal. Thus, the hyponormality of (72, T») is equivalent to the hyponormality of the first
summand, (Wy2:0) ® (I ® Sa), T217,). Now, to check the hyponormality of the first summand,
by Lemma 2.1 it suffices to apply the Six-point Test at k = (0, 0). We have

2.2 2.2 a‘k
H ©0) = 30y — oy s — KX
Wa2:0D(U®Sa) . T211) =1 2 2
— Koo 11—«

( Rl LN IC %K2>) -
«/8(%612 — %Kz) 1 —«2 -

2 2\ 2
< (1—K2)<%—§K2> 26(%—%)
& — — —k"—=a"+2a°k* >0
& ha, k)= (60a* —47)k* +27 —45a* > 0.
As in Remark 2.5, three cases arise:

(i) 60a>—47 <0; () 724*>—=59=0; and (i) 60a>—47>0.
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K T € $ and TV ¢ §, for (a,x) in this region
1.0 T ¢ 9 and T?Y € 6 for (a,x) in this region hy

0.94

0.8
0.7
0.6
0 0.2 0.4 0.6 /3 08] a
Wint
Fig. 2. Graphs of &1, hy, hy and hoo on the interval [0, \‘yg].
In case (i),
ha, k) >0 < a3 and 2<9(3_5a4)
a, k) = a <z K" (07—~
5 47 — 60a?
in case (ii),
, 47 47\2
a“=— and h(a,k)=27—-45(—) <O;
60 60

and in case (iii),

47
ha,k) 20 < a2>@ and k>

- . . . 4544 .
As before, it is easy to verify that on the interval ( g—g, 1] the expression i;_gf)ﬁz is always

greater than 1, and since we must have « < 1, case (iii) cannot really happen. We conclude that
T is hyponormal if and only if a < C/g and k <,/ %3__7656‘:2) =hy1(a), as desired. O

We are now ready to formulate our first main result. Consider the two functions /| and A
in Remark 2.5 and Theorem 2.6, respectively, restricted to the common portion of their domains,
namely the interval (0, C/g ]. A calculation shows that there exists a unique point ajn € (0, C/g ]
such that i1 (ain) = ho1(ain); in fact, ajye = 0.8386. Fig. 2 shows two regions in the (a, x)-plane,
one where T is hyponormal but T is not, and one where T?" is hyponormal but T is not.

For added emphasis, we include the graphs of /> and /i, mentioned in Lemma 2.4, which are

only defined on the interval (0, \/g 1. We thus have:

Theorem 2.7. Let T be the 2-variable weighted shift whose weight diagram is given by Fig. 1.
Then
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(i) TeH and TV ¢ 9| © ajp <a < ﬁand hot(a) <k < hi(a) (see Fig. 2).
(i) T ¢ 91 and TED € 9, © 0 <a < aiy and hi(a) < k < hap(a) (see Fig. 2).

3. A large class for which (T2, T3) € oo & (T1, T3) € Hoo & (T1, T2) € Hoo

It is well known that for a single operator 7', the subnormality of all powers 7" (n > 2)
does not imply the hyponormality of 7', even if T is a unilateral weighted shift [23]. In the
multivariable case, the analogous result is nontrivial if one further assumes that each component
is subnormal. To study this, we begin by recalling some useful notation and results. Given a
weighted shift W,,, a (one-step) backward extension of W, is the weighted shift W), where
a(x):x,qp, 1,2, ....

Lemma 3.1. (Subnormal backward extension of a 1-variable weighted shift; cf. [7], [10, Propo-
sition 1.5].) Let Wy be a weighted shift whose restriction Wy |z to L :=\/{e1, ez, ...} is sub-
normal, with Berger measure |ip. Then Wy is subnormal (with Berger measure 1) if and only

if:

(i) +€L(ug), and
(i) of < (14l "

In this case,

a(z) a1
du(t) = Tdug(t) +{1—ag

)d&)(t).

L'(ug)

In particular, Wy, is never subnormal when wr({0}) > 0.

Corollary 3.2. Let W, be a subnormal weighted shift, let Ly .= \/{ea, e3,...} and let Lo
denote the Berger measure of Wyl|r,. Then oy is completely determined by i, namely
0112 = (|| 1/t||L1(ML2))’1. More generally, for j >3 let Lj:=\/{ej,ejt1,...}, and let mc; denote

the Berger measure of Wa|£j; then aj_1 = (|| 1/[||L1(M£j))_l~

Proof. Without loss of generality, we prove only the first assertion. Since W, |, is subnormal,
Lemma 3.1 implies that oef < (I1/¢)f L C2))_1. If strict inequality occurred, then the mea-

sure (1, would have an atom at 0, which would render the subnormality of W, impossible. O

To state the 2-variable version of Lemma 3.1, we need to recall two notions from [10]:

(i) given a probability measure © on X x ¥ =R, x R, with % e L' (), the extremal
measure [Lext (Which is also a probability measure) on X x Y is given by dpexc(s,t) :=
(1= 80(0) g7y — dme(s, 1); and
n

(ii) given a measure p on X x Y, the marginal measure MX is given by MX =no 71);1 , where
x:X x Y — X is the canonical projection onto X. Thus, u* (E) = u(E x Y), for every
ECX.
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(0,3)
71,3 2.3
602 V1,2 V2,2 2 281 /62 62
T, (0,2) @02 a2 Q29 Ty y1 851 £P)]
501 e e y1 B1 %
(0 1) 01 (351 Q91 s X (&3] a9
71, 2, 1
o0 o 20 o e £
@00 Qq0 [N s Tq T T R
(0,0) (1,0) (2,0) (3.0) (0,0) (1,0) (2,0) (3,0)
Tl Tl

Fig. 3. Weight diagram of the 2-variable weighted shift in Lemma 3.3 and weight diagram of a 2-variable weighted shift
with R (T) = (I ® Wy, Wg ® I), respectively.

Observe that if 1 is a probability measure, then so is X . For example,

1
d(E X Nexi(s, 1) = (1 — 50(f))t”1/Td§(S)dﬂ(f) (3.1)
L'(m)

and (§ x ¥ =¢.

Lemma 3.3. (Subnormal backward extension of a 2-variable weighted shift; cf. [ 10, Proposition
3.10].) Consider the following 2-variable weighted shift (see Fig. 3), and let M be the subspace
of (Zf_) spanned by the canonical orthonormal basis vectors associated to indices k = (ky, k)
with k1 2 0 and ky > 1. Assume that R1o(T) = T| a4 is subnormal with Berger measure jupq and
that Wy := shift(aoo, @10, - - -) is subnormal with Berger measure v. Then T is subnormal if and

only if:

() +eL'(ur);
(i) By < U/t L1 up) ™"
i) BRI/ 1121 o) (M) e < V-

Moreover, ifﬂéOHI/IHLl(MM) =1, then (pLM)g(t = v. In the case when T is subnormal, the
Berger measure p of T is given by

du(s, 1) = B3

d(ppexi (s, 1) + (dV(S) - B d(MM)éq@)) ddo(1).

LY (pM) LY (up0)

Definition 3.4.

(i) The core of a 2-variable weighted shift T is the restriction of T to M N N7, in symbols,
C(T) = T|M1ﬁN| = RU(T).
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(ii) A 2-variable weighted shift T is said to be of tensor formif T= (1 @ Wy, Wg® I). When T
is subnormal, this is equivalent to requiring that the Berger measure be a Cartesian product
Exn.

(iii) The class of all 2-variable weighted shifts T € £y whose cores are of tensor form will be
denoted by 7C, that is, 7C :={T € 9¢: ¢(T) is of tensor form}.

(iv) Foreach k = (ki,ky) € Z2., let Ak :={T € H0: Ri,1,(T) € TC}.

Observe that for k, m € Zﬁ_ withk<m (ie, m—Kke Zi), we have A C Am. Thus, the col-
lection {Ax} forms an ascending chain with respect to set inclusion and the partial order induced
by Zi. Moreover, 7C = Ay C Ay for all k € Zi. All 2-variable weighted shifts considered
in [10-12] and [14] are in 7 C. Thus, 7 C is a rather large class; as a matter of fact, much more is
true. The following theorem shows that an outer propagation phenomena occurs for 7C.

Theorem 3.5. For allk € Z3, Ax =TC.

Proof. Since we always have 7C C Ak, we prove the reverse inclusion. Without loss of gen-
erality, it is enough to show that if T € $o and T|r,np; is of tensor form, then ¢(T) is of
tensor form. If T|a,nA; is Of tensor form, then shift(B22, B23, .. .) = shift(Bk,2, Bk 3, .- .) for
all k; > 2. The subnormality of 75 then implies that shift(B,0, Bk,1, -..) is subnormal for all
k1 = 2. By Corollary 3.2, we have B,1 = /(Hl/t”LI(Ek,))_l (k1 = 2), where &, is the Berger
measure of shift(B,2, Pk,3, - -.). Thus, shift(B21, P22, ...) = shift(Bk,1, Pk,2, - ..) for all k1 > 2.
Now, since f21 = Bi,1 (all k1 > 2), the commutativity of 71 and 7> implies a2 = a1 for all
k1 > 2. Thus, shift(ca1, @31, . . .) = shift(aok,, d3k,, . . .) for all ko > 1. By the subnormality of T}
and Lemma 3.1, we have shift(a11, @21, .. .) = shift(@1k,, 2k, , - . .) forall k; > 1. Therefore ¢(T)
is of tensor form. O

We now consider the 2-variable weighted shift given by Fig. 3, where W, := shift(xo, x1, .. .)
and W, := shift(yo, y1, ...) are subnormal with Berger measures 1y, and pi, respectively. Fur-
ther, we let W, := shift(ay, a2, ...) and Wg := shift(B1, B2, . ..) be subnormal with Berger mea-
sures § and 7, respectively, and we let r := [[1/sll ;1) € (0, 00] and dE(s) := (d&(s))/s. We
then have:

Theorem 3.6. Let T = (T, T») € TC. Then R10(T) € Ho if and only if x*ry < (y)1. In this
case, the Berger measure of R1o(T) is xzé x 1+ 80 x ((ny)1 — xzrn), where (ny)1 is the Berger
measure of the subnormal shift shift(y1, y2,...).

Proof. This is a straightforward application of Lemma 3.3, if we think of R1o(T) as the back-
ward extension of ¢(T) (in the s direction). O

Proposition 3.7. Let T = (T1, T) € 7C. Then || % ||L1((,7y)|) = ylzll%llLl((,’y)%), where (1)1 (re-

spectively (ny)%) is the Berger measure of shift(y1, y2,...) (respectively shift(y2y3, y4ys, ...)).
Moreover, | % Iy = ,312|| % ”Ll(n?)’ where n% is the Berger measure of shift(B283, BaPBs, .- .).
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Proof. Since shift(yo, y1,...) has Berger measure n,, we have (dny)| = ﬁ dny (t); moreover,
0
the Berger measure of shift(y2, y3,...) is
2
(dny)a(t) = —— dny ().
Yoyi

Thus by Lemma 2.2, shift(y2y3, y4Ys, . . .) has Berger measure

()3 = —— diy (V).
1

Yoy
Observe that
2 2
1 Lol 1T 1 Aygyf 5 Lt
- == Sdn0 == [dyW) == | ==days=yi| - :
Hlevayn Yo R Yo 4 Yoy t LY ()}

where A := ||shift(yo, y1, ...)||*. Thus, we get

1

t

1

t

— 1
LYy

LY (D

as desired.
Next, we observe that dn;(t) = #dn(t) is the Berger measure of shift(82, f3,...) and
1

dr}%(t) = ﬂilztdn(\/?) is the Berger measure of shift(8203, B4Ps,...). Let B := ||shift(Bo, P1,

.. .)||2; we then have

B? B?

B
1 (1 _ (L _p [V _ g2
Ll(,,)_/rd”(”_/ﬁd”(m_’gl/rﬁ% dn(Vt) = B;
0 0 0

1
t t

L'(?)
as desired. O

We next recall that (77, T22) can be regarded as the orthogonal direct sum of two 2-variable
weighted shifts. For m =0, 1, let

00
H™ .= \/{e(j,2k+m): ]:O, 1,2,...}.
k=0

Then Ez(Zi) = H@H! and each of H® and H! reduces T} and 7». Thus, (77, T22) is subnormal
if and only if each of (77, T22)|Ho and (T, T22)|7-t1 is subnormal. The weight diagrams of these
2-variable weighted shifts are shown in Fig. 4.

We first focus on (77, T22)|H1:
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(0,6 (0,7
1Y5 3435 3435 56 35 36 55 36
2018283 1320304
U o Qv Y1U213 U4 @] [}
(0’ 4 Y1Y2y3 1 2 (07 5 Y1Y293y4 1 2
2 2
Bl 293 3233 3233 B 394 3334 3334
z3 x132
[e5] a9 1 « a9
(0’ 9 Y1 (07 3 Yiy2 1
oY1 m‘lf[fh Tyf(;ilf ! 192 5152 5152
Lo Ty To x 51 [P
T1 |Hu Tl |H1

Fig. 4. Weight diagrams of (77, T22)|H0 and (77, TZZ)\H1 in the proof of Proposition 3.8 and Theorem 3.9.

Proposition 3.8. Let T = (T1, Tz) € 7C. Then (T}, T22)|H1 is subnormal if and only if R1o(T) is
subnormal.

Proof. First, recall that shift(yo, y1, y2, ...) has Berger measure 7, that d(n,)(t) = y’—2 dny (1)
0
and that d(ny)2(1) = yé—zyz dny(t). Now, Theorem 3.6 states that
071
(T1, T2)| pm, is subnormal & x2rn < (my)1.
On the other hand, Theorem 3.6 (applied to (77, T22)|H1) says that
(T1. T22)|Hl is subnormal & x%rp? < ()1,

and if (71, T2)|3, is subnormal, its Berger measure is x2E x % + 8 x ((ny)% — x2rn?), where
(ny)% is the Berger measure of shift(y|y2, y3y4,...) and n? is the Berger measure of Wg =
shift(B1B2, B3P4, - . .). By observing that

<y & rdnV)<doh Vi e xXPrdn) <dmy)i(),
we obtain the desired result. O
Theorem 3.9. Let T = (T}, T>) € 7C. Then
(M, 7T3) €H00 & (TLD)EH & (11,12) € Hoo
Corollary 3.10. Let T = (Ty, T») € TC. If (T1, T), (T2, T2) € Hoo, then (Ti, T2) € Hoo.

In view of Corollary 3.10, the following conjecture for 2-variable weighted shifts seems nat-
ural.
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Conjecture 3.11. If (T, T22), (T2, 1) € Hoo, then (T}, T) € Hoo.

Proof of Theorem 3.9. Clearly, it is enough to show that (77, T22) € oo = (11, 1) € Hoo-
Since (T, Tzz) € N = (17, T22)|H0 € 9o, our strategy consists of first characterizing the
subnormality of T and of (77, T22)|H0 in terms of the given parameters (yp, v, etc.), and
then establishing the desired implication at the parameter level. That is, we will show that
(Ty, T22)|Ho € N0 = T € H using their parametric characterizations. Proposition 3.8 will
help us characterize the subnormality of T. Recall that (77, T22)|H1 is subnormal if and only
if (T1, T2)| pm, is subnormal, and in that case the Berger measure of (77, 72)| pq, 1S

i = x2E x 480 x ((ny)1 — x2rn).
‘We then have

1

t

1 2
+/?d(77y)l(f)_x r

1 2
= ?d,uM(s,t)zx r

L (up0) L) L)

1

t

(3.2)

Ly

Thus, we get

d(urext(s. 1) = d{x*E x 1+ 80 x ((ny)1 —x*rn)}, (5. 0)

=———x2dE(s) dn(t) + dSo(s)(d(ny)1 (1) — x*r dn (1))}
LI/l L1 g

_ 2 z,.,dn() dy)i(t) 5 dn()
= oy {x d§(s)—— +d80(S)< ; Xr— )}

From (3.2), it follows that

2 2

x| 1/t 71 - x“r|| 1/t ;1

(ir0X, = (M% N (1 _ M)go. 33)
/el L1y /e Ly

If we let ¢ denote the right-hand side in (3.3), it follows that

(up)X, <v  (by Lemma 3.3)
L' ()

¢ <y (using (3.2)). (3.4)
LY ()

(T, T») is subnormal < yg

1

t

N 2

We have thus characterized the subnormality of T.
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We now consider the 2-variable weighted shift (77, T22)|Ho and the associated subspace
HM :=\/{ex € HO: ko > 1}. Observe that (77, T22)|H° can be regarded as a backward extension
of (T, T22) | and that the latter is subnormal with Berger measure

202 2.2
xX“By ~ x°rB

0 :=——1& x 480 x ((ny>% — —zln%),
1 Y1

where 17% (respectively (ny)%) is the Berger measure of shift(B283, BaBs,...) (respectively
shift(y2y3, y4Ys, ...)). We then have

1 1
- == , (3.5)
MLt a1V D)
and
1
d(WHM)ext (8, 1) = dOexi(s, 1) = ————dO(s, ).
HIL/EN Lt g pn)
From (3.5), we have
! B _— 2B
(,U«H./\/l)é;tz /7l { 2] P 54‘( n - 21 " >50}.
It U oo L) Ly i L)

(3.6)

If we now let ¢ denote the expression in braces in the right-hand side of (3.6), Lemma 3.3
combined with (3.5) imply that

(Tl, T22) iHO is subnormal

1
& vyl - (MHMEG SV & YoyiY < iy
LY (g a)
1 . 1 1
& yé{xzﬂf = s+<y% - —xrpi| - )ao}wx. 3.7
A FAYE) ElLtmy?) A FAYE)
Observe that
1
2= < Uy
Lt
1
< y(%yl2 ? < Uy
LY ()
1 . 1 1
& yS{x2 - E+<yf - — x|~ )%}Sm
Ao LlLt(ny3) A FAYEH)
1 . 1 1
& yé{xzﬁf - s+(y% - —x*rpi| - )ao}wx. (3.8)
A Fares: e nd) A Fares:
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(0,3)F
&) b B2 ) 132
ab
T, (0,2) Y1 (1) 1 1 Ty a 1 1
3 b 51 31 151
0,1) a 1 1 cee a 1 1
5o aBo afBo ay 2y
V7€) V72(6) x v
[&%)) o1 9 cee T 1 1 .
(0,0) (1,0) (2,0) (3.0)  (0,0) (1,0) (2,0) (3,0)
T T

Fig. 5. Weight diagrams of the 2-variable weighted shifts in Theorem 3.13 and Lemma 4.3, respectively.

By combining (3.7) and (3.8), we easily see that

1

(Tl,T22)|H0 is subnormal & yg -

N

M- (3.9)

Ly

We thus have a characterization of the subnormality of (77, T22)|H0- From (3.4) and (3.9) it now
follows that the subnormality of (77, T22) implies the subnormality of (71, 72). O

It is straightforward from Definition 3.4 that a flat 2-variable weighted shift T € §o necessarily
belongs to 7C. Thus, the following result is an easy consequence of Theorem 3.9.

Corollary 3.12. Let T = (T1, T2) be a flat 2-variable weighted shifts, that is, a 2-variable
weighted shift T € $Ho given by Fig. 5. Then we have

(Tl, T22) € N0 if and only if (le, T2) € N if and only if (Tl, T2) € HNo-

For a flat, contractive 2-variable weighted shift T = (77, T>), we can give a concrete condition
for the subnormality of T. To do this, let shift(xg, o1, ...) and shift(Bo, 1, ...) have Berger
measures £ and 5, respectively. Also, recall that for 0 < o < 8, shift(«, B, B, ...) is subnormal

with Berger measure
052 Ol2

To avoid trivial cases, and to ensure that each of T} and 75 is a contraction, we need to assume
that ab" < ]_[?=1 B, and we shall see in Theorem 3.13 that we also need a’/b? < | VA1 FATE
where 71 is the Berger measure of shift(f1, B2, B3, - . .). Finally, we know from [11, Theorem 3.3]
and [12, Section 5] that if T = (T, T») is subnormal, then & and 7 are of the form
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E=pdo+qgdi+[1—(p+a]p.
n=udy+ v +[1— (u+v)]o, (3.10)

where 0 < p,q,u,v<1,p+qg <1l,u+v<1,and p, o are probability measures with p ({0} U
{1}) =0, 0 ({0} U {b?}) = 0. We then have:

Theorem 3.13. Let T = (T, T2) € Ho be a contractive 2-variable weighted shift whose weight
diagram is given by Fig. 5, let v := n({b*}) and & = pSo + qgé1+1[1—(p+q)lp, with p,q >0,

p+q < 1(cf (3.10)), and let n1 denote the Berger measure of shift(p1, B2, ...). Then (T1, T) €
oo if and only if

b p b 1
ﬂogmin{—ﬁ, D 7}
a I/l 1,y — a?/b? a\/_ 11/t 21y

Proof. We first observe that

I = a8y x 8 + 80 x (1 — a’8,2). (3.11)

Using (3.10) and (3.11), a calculation shows that (T, T2)| o1, € $oo if and only if By < gﬁ

Observe that
1
P
VTP

1
t

2 2

a a
N

2) 0 2

Ligy b b

By [10, Theorem 5.2], (T1, T2)| N, € $oo- Therefore

(1, T7) € Ho
b
& yé - (MM)guév (by Lemma 3.3) and By < —+v
PIL o) a
1 a? a? b
< ﬂ&{( - _ﬁ)80+ﬁ81}<§ and  fo < =
FllLron a
b p b 1
& ﬁogmin{—ﬁ, , =4, 7} O (3.12)
a ||1/t||Ll(r/1) _a2/b2 Cl\/_ ||1/t||Ll(171)

4. Subnormality for powers of hyponormal pairs

In this section we study the connection between the joint subnormality of pairs (T, T2) € 91
and the subnormality of the associated monomials 7{" T, (m,n > 1). Our results will further
exhibit the large gap between the classes o, (subnormal pairs) and $)o (commuting pairs of
subnormal operators). We begin with the following proposition, which is a direct consequence
of a well-known result of J. Stampfli’s [22,23]: if T is hyponormal and 7" is normal for some
n > 1,then T is necessarily normal.
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Proposition 4.1. Let T = (T, T2) be hyponormal, and assume that (T{", T}') is normal for some
m2>=1andn > 1. Then (Ty, T») is normal.

In view of Proposition 4.1, one might conjecture that if (77, T2) is hyponormal and 7" T,' is
normal for some m > 1 and n > 1, then (77, T7) is normal (cf. [23]). But this is not true even
if we assume that (77, T3) is subnormal and 7" T,' is normal for all m > 1 and n > 1, as the
following example shows.

Example 4.2. Let T1 := Uy @ O and T3 := 0o @ U+, then (T, T>) is subnormal and 7{" 75’ is
normal for all m > 1 and n > 1. However, (T, T) is not normal.

Whether Proposition 4.1 holds with “normal” replaced by “subnormal” is not at all obvious.
Our main result of this section states that it is indeed possible to have a pair (T, T>) € $; with
Tlm T2” subnormal for all m > 1 and n > 1, but such that (7, T2) ¢ $Heo. (Observe, however, that
the subnormality of the monomials 7]"T,' is a condition weaker than the subnormality of the
pairs (7}", T;').) To do so, consider a subnormal weighted shift shift(B1, B2, ...) with Berger
measure 7. For0 <a <x < 1and y > 0, let

a ifkj=0andkr, > 1,
1 otherwise

x ifky=0and k; =0,
a(k) =
and
Br, ifky>1,

B(K) :={y if ky =0 and k, =0,
ay/x ifk; > 1and kp =0,

(k= (k1,kp) € Zi). We now let T := (71, T>) denote the pair of 2-variable weighted shift on
€%(Z3) defined by (k) and B(k). We then have:

Lemma 4.3. Let T = (T1, T>) be the 2-variable weighted shift associated with « and B above
(see Fig. 5). Then

(1) T=(T1,T2) € 91 if and only if

Bix/1 —x2 e
/—x2+a4—2a2x2’ ” / ”Ll(i’]) .

y < min{

(ii)) T= (T1, Tr) € o if and only if

- 1 —x2
y <YM/ T
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Proof. First observe that if shift(y, B1, B2, .. .) is subnormal then 7> is subnormal. To guarantee
this, by Lemma 3.3 we musthave y <, /||1/¢ ||Z‘1(n)' For the hyponormality of (71, T2), it suffices
to apply the Six-point Test to k = (0, 0), since

Rio(T) = (T1, ) Im, = (1 ® U+,Shlft< , B1, ,32,...> ® 1) € 9o
and

Ro1(T) = (T1, T2)|n; = (I ® Sa, shift(B1, B2, B3, --) @ 1) € Hoo.

Thus,

Therefore, T = (11, Tz) € $ if and only if

Pvi=x®
VxZxa* —2a%x% Lion f°

y < min{

We now study the subnormality of T. Since pa(s, 1) = [(1 — a®)8o(s) + a%81(s)] - n(t) is the
Berger measure of (I ® S, shift(B1, B2, B3, ...) ® I), Lemma 3.3 implies that

T is subnormal

& VIt g pm (s, DF < (1=2)S0(s) +2%81(s) and vy < JI1/11 ),
& VNt [(1 = a®)so(s) +a?81(s)] < (1 — x2)8o(s) +x°81(5)

and y <\ /I1/71 )

. — 1—x2 T X —
< y<miny I/t m,\/lll/tllu(n)-;,\/Ill/tllu(ﬂ)

1—x2

1
< ysyWipg 102

. . 1—x2 «x 1—x2
because x > a implies ,| —— < —and ,| —— < 1
1—a? a 1—a?
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We now detect the hyponormality and subnormality of the powers of (77, 72) in Lemma 4.3.
Let

o
Homiy =\ {emj+in: m>1,0<i <m—1andk=0,1,2,...}.
j=0

Then Ez(Z )= @ H(m,i). Under this decomposition, we have
IM"=Te(IQUp)® - &(IUy)

and

LHL=ET® <Shift<c;—y,,31,ﬂ2,...) ®1) D---D <Shlﬁ(i—y,,31,ﬂ2,...) ®1).

Thus, forallm > 1 and n >

m—1

(17", 1) = (11. 73) @ ED(C. D).
i=1

where C := 1 ® Uy and D := (shift((ay)/x, B1, B2, ...))" ® I. But, since (C, D) is subnormal,
the hyponormality (or subnormality) of (7}", T,') is equivalent to the hyponormality (or subnor-
mality) of (71, T;'). Therefore, (T1, T,') is hyponormal (or subnormal) if and only if (7", ;') is
hyponormal (or subnormal) for all m > 1.

Theorem 4.4. For the 2-variable weighted shift T = (Ty, Tz) in Lemma 4.3, the following are
equivalent.

(i) T"T} is subnormal for allm > 1 and n >
(ii) T1T" is subnormal for alln > 1;
.. ){71 X
(iii) The shift(w ]_[2"’_;1 Bj. ]_[i" 2rlz Bj....) is subnormal for all n>

11/21 )y, foralln > 1, where dy® (1) _ﬂi —
1 n 1

(iv) y<3 d (tl/”)

a n’,’_l Bj
Proof. (i) < (ii). From the above observations, we can see that 7{" T,' is subnormal for all m > 1
and n > lifand only if 71 T} and C D are subnormal for all n > 1. But observe that C D is always
subnormal if shift(ay/x, ,81 B2, ...) is subnormal.

(i) & (iil). Let M j) := \/{eiqk,j4k: k=0,1,2,...} for i, j > 0 with ij = 0. Then
(Z%) = B;5=o M. j)- Under this decomposition, we have

N, =---oW_eWeWo---,

where
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2n—1 3n—1 4dn—1
:shift(a [18- 1811 ﬂj,...) : Mo.1y = M.,

j=n j=2n j=3n

— 2n—1 3n—1
Wo —Shlft(ay 1_[,3], 1_[ Bj, 1_[ ,3],...>:M(0,())—>M((),()), and

=n j=2n
- 2n—1 3n—1

Wi —shzft( Hﬁ], l_[ Bj. 1_[ ﬁj,...>:./\/l(1,0)—>/\/l(1,0).

j=n j=2n

Since W_; is subnormal, the result follows from the fact that if W is subnormal then W is also
subnormal.
(iii) < (iv). Since shift(B1, B2, B3,...) has Berger measure 1, we can use mathemati-

cal induction to show that shift(B,, Bu+1, Bn+2,...) has Berger measure ﬁdﬂﬂ) for
17"Pn—1
each n > 1. Thus by Lemma 2.2, shift([T72," Bj. [T 7an Bj- [1j=3n Bj- - ) has Berger mea-

l/n

sure dn™ (1) = —5—dn(@t'/") for each n > 1. Therefore, by Lemma 3.1 we see that

1 n 1

shiﬁ(ayﬂxiﬁj, ]—[5":;1 Bj. ]_[3" Sy Bj,...) is subnormal if and only if

<z ! M1/e)7) |
VX L)y
a Hn ilB/ Lt(n™)

For a concrete example, let

dn(t):=dt on[l/2,3/2],

so that
ﬂlzl and ||1/t”Ll(17):1n3

Since

3/2 2
1/3"—1 137" -1
202 2 -1
yn_lzﬂlﬂz...ﬂn_lzftll dn([):;< n ) and )’2n—1=%( 22n )a

1/2

it follows that shift(8y, Bu+1, - - .) has Berger measure Wdt for eachn > 1 on [% %] and
shift(ﬂ?"zjll Bj. ]_[3” 22 Bj. ...) has Berger measure

dn(”)(t):3ni1dt on [(1/2)",(3/2)"] (foralln > 1).

Moreover,

- 31
VIV Loy =y s
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Thus, Lemma 4.3 implies that:

(i) T is subnormalif 0 <a <x < 1;
1.
m;

e lxz
iii) (Th, ) € 1= min
(i) (T1,T2) € H1 ¢ y<m (Jame Y msh

2
(V) (T1,T2) € Hoo & ¥y <s:= |y 125

Therefore, we have the following result.

(i1) T3 is subnormal & y <

Example 4.5. For s <y <m and 0 <a < x < 1, we have

1) T=(T1,T) € H1;
() T=(T1,T2) ¢ Heo:
(iii) Tl’" T2” is subnormal forallm > 1,n > 1.

For, observe that if 0 <a < x < 1, then

Y
1

1 1—x xv/1—x2 1
— < and s <,/ —;
In31—a? /52 +a% = 2a2x2 Vin3
thus, s < m, and it is then possible to choose values of y between these two quantities. From
Theorem 4.4, we can see that Tl’" T2” is subnormal for all m > 1, n > 1 if and only if

X 1
< - [|[1/1 -/ -
y a 1_[1_1 | / ”LI(M) a 1I13
1 X 1
YSy iz <Vi=x
In3 aVIn3

it follows that 7}"T,' is subnormal forallm > 1,n > 1.

But since
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