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Abstract

The electromagnetic form factors of theπ and theρ are obtained using the three forms of relativistic kinematics, instant f
point form and (light) front form. Simple representations of the mass operator together with single quark currents are e
with all the forms. The Poincaré covariant current operators are generated by the dynamics from single-quark curren
covariant under the kinematic subgroup. Front and instant forms allow to reproduce the available data for the pion for
On the other hand point form is not able to reproduce qualitatively the experimental data with reasonable values for the wa
function parameters. For theρ electromagnetic form factors, instant and front forms provide a consistent picture. The ob
results do not depend appreciably on the wave function used.
 2004 Elsevier B.V.Open access under CC BY license.
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The electromagnetic form factors of hadrons are
important source of information about their intern
structure. They provide a useful tool to understand
dynamics of the strong interaction and the role pla
by relativity in understanding the transition region b
tween the low-energy and perturbative QCD doma

In the literature, there are several works where
form factors of theπ and theρ have been studied mak
ing use of relativistic quark models, e.g., Refs.[1–6].
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Most theoretical studies were carried out making
of front form while only lately point form was als
employed giving rise to some discrepancies in its f
mulation[4,5]. Here we present a comparative study
the form factors obtained with the three forms of r
ativistic kinematics making use of the same assu
tions for the mass operator and the structure of
electromagnetic current. The understanding of the
ferent formulations of relativistic quark models a
their ability to provide a coherent picture of hadro
with simple assumptions is of interest as it can se
as a framework to understand all the new data on
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Q2 < 12 GeV2 region. Our study aims at explorin
the advantages and drawbacks of the different for
lations.

The study of form factors making use of relativ
tic quark models requires a relation between the v
ables which enter in the representation of the m
operator,�ki and spins, and the variables which en
in the vertex and appear in the current. The relat
between these two sets of variables depends on
“form of kinematics” being used. The three forms a
named as point, instant and front form. They dif
from each other in the kinematical subgroup of
Poincaré group. In point form the kinematical su
group is the full Poincaré group, in instant kinemat
it is the group of rotations and translations at a fix
time, while in front form it is the group that leaves i
variant the light cone.

Electromagnetic form factors of two-body syste
can be defined as certain matrix elements of the e
tromagnetic current. In point and instant forms,
charge form factor ofS = 0 mesons can be define
as follows,

(1)FC

(
Q2) =

〈
0,

�Q
2

∣∣∣∣I0(0)

∣∣∣∣0,− �Q
2

〉
c

,

whereI0 is the time component of the current and�Q
has been taken to be parallel to thez-axis.

In front form, in theQ+ = 0 frame, the charge form
factor can be extracted from the “plus” component
the current,I+ = n · I , with n = {−1,0,0,1}:

(2)FC

(
Q2) = 〈0|I+(0)|0〉,

in this case the momentum transfer is taken to be tr
verse to thez-direction[7].

For S = 1 mesons, such as theρ, we adopt the de
finition of Ref. [8]. For point and instant forms, w
have:

GC

(
Q2) = 1

3

[〈
0,

�Q
2

∣∣∣∣I0(0)

∣∣∣∣− �Q
2

,0

〉
c

+ 2

〈
1,

�Q
2

∣∣∣∣I0(0)

∣∣∣∣− �Q
2

,1

〉
c

]
,

GM

(
Q2) =

√
2

η

〈
1,

�Q
2

∣∣∣∣I+(0)

∣∣∣∣− �Q
2

,0

〉
c

,

(3)

GD

(
Q2) = 1

2η

[〈
0,

�Q
2

∣∣∣∣I0(0)

∣∣∣∣− �Q
2

,0

〉
c

−
〈
1,

�Q
2

∣∣∣∣I0(0)

∣∣∣∣− �Q
2

,1

〉
c

]
,

while for front form,

GC

(
Q2) = F0d + 1

6
F2d − 2

3
η

{
F0d + F2d + 5

2
F1d

}
,

GM

(
Q2) = 2F0d + F2d + F1d(1− η),

(4)GD

(
Q2) = 1

η

{
F2d + η

(
1

2
F2d − F0d − F1d

)}
,

where

F0d

(
Q2) = 1

2(1+ η)

{〈1|I+(0)|1〉 + 〈0|I+(0)|0〉},
F1d

(
Q2) = −√

2√
η(1+ η)

〈1|I+(0)|0〉,

(5)F2d

(
Q2) = −1

(1+ η)
〈1|I+(0)|−1〉.

The kinematical variableη is defined asη = 1
4(vf −

va)
2 = Q2/4M2, whereM is the meson mass. In

previous work[5], the momentum appears scaled

p = M
2mq

Q
2 , which means,η = Q2

16m2
q
, wheremq is the

mass of quark.
With the definitions in Eqs.(3)–(5), the charge and

magnetic and quadrupole moments of spin 1 mes
are defined as,

eGC(0) = e, eGM(0) = 2Mµ,

(6)eGQ(0) = M2D,

wheree is the electron charge andM is the meson
mass.

Meson states are represented by eigenfunction
the mass operator, which are functions of internal m
menta,�ki , and spin variables. We use a simple spec
representation of the mass operator, considering
the π and theρ. The meson wave functions are co
structed in the naive quark model[9],

ψπ(�q) = ξcϕ0(�q)φSχA,

(7)ψρ(�q) = ξcϕ0(�q)φAχS,

whereξc is the fully symmetric color wave function
The flavor wave functionsφS,A have the forms:

φ+
S,A = 1√ (ud̄ ± d̄u),
2
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φ0
S,A = 1

2

[
(dd̄ − uū) ± (d̄d − ūu)

]
,

(8)φ−
S,A = − 1√

2
(dū ± ūd).

The spin wave functions,χ , are the usual:

χ1
S =↑↑, χ0

S,A = 1√
2
(↑↓ ± ↓↑),

(9)χ−1
S =↓↓.

The effect of the Lorentz transformation on t
spin variables for canonical spins is accounted b
Wigner rotation of the form:D1/2

λi ,σi
(RW [B(vK), ki])

with RW [B(vK), ki] := B−1(pi)B(vK)B(ki), where
B(v) are rotationless Lorentz transformations, andvK

is the boost velocity.
For the spatial part of the wave function, we ado

both Gaussian and rational forms:

ϕG
0 (�q) = 1

(b
√

π )3/2
e−�q2/2b2

,

(10)ϕR
0 (�q) =N

(
1+ �q2

2b2

)−a

,

where�q = 1√
2
(�k2 − �k1) andN is a normalization con

stant. In the center of mass frame we have�k1 + �k2 = 0
and thus�k2 = 1√

2
�q = −�k1. The Jacobians of the tran

formation between the variables are:
for point form:

J (�v; �p2) :=
(

∂ �q
∂ �p2

)
�v

(11)= 2
√

2
ω2

E2
= 2

√
2
(E2v

0 − p2zvz)

E2
,

for front form:

J (P; p2) :=
(

∂ �q
∂(ξ2,k2⊥)

)
P

(12)= 2
√

2
∂kz

∂ξ
= 2

√
2

M0

4ξ(1− ξ)
,

with

kzi = 1

2

(
ξiM0 − m2

q + k2
i⊥

ξiM0

)
= M0

(
ξ − 1

2

)
,

(13)M2
0 =

∑
i

m2
q + k2

i⊥
ξi

= m2
q + k2⊥

ξ(1− ξ)
,

and for instant form,

(14)

J ( �P, �p2) = 2
√

2
ω2

E2

{
1− E2vz

M0

(
p1z

E1
− p2z

E2

)}
,

where

Px = Py = 0, M2
0 =

(∑
i

Ei

)2

− | �P |2,

(15)�v := �P
M0

.

For each form of kinematics the dynamics gen
ates the current density operator from a kinematic c
rent. For point form we have,〈�vf , �v′

2

∣∣Iµ(0)
∣∣�v2, �va

〉

(16)

= δ(3)(v′
2 − v2)

(
1

6
+ 1

2
τ

(1)
3

)
ū(�v′

1)γ
(1)µu(�v1),

for front form,〈
P+,P⊥f ,p′

2

∣∣I+(x−, x⊥)
∣∣p2,P⊥a,P+〉

= δ(3)(p′
2 − p2)

(
1

6
+ 1

2
τ

(1)
3

)
Bū(p′

1)γ
(1)+

(17)× u(p1)e
ı(P⊥f −P⊥a)·x⊥,

and for instant form,〈
1

2
�Q, �p′

2

∣∣∣∣Iµ(�x)

∣∣∣∣ �p2,−1

2
�Q
〉

= δ(3)(p′
2 − p2)

(
1

6
+ 1

2
τ

(1)
3

)
ū( �p′

1)γ
(1)µ

(18)× u( �p1)e
ı( �Q·�x).

With the formulas given above, we can calculate
form factors of theπ and theρ. The procedure use
to fix the meson states is the following. We fixa, b

andmq (or just b andmq for the Gaussian case) s
that they are both in the range of other similar calcu
tions and that theπ form factor and charge radius a
fairly reproduced. The use of two different wave fun
tions allows us to estimate the theoretical uncerta
derived from the wave function used.

The first relevant issue we notice is that it is n
possible to find a set of parameters with any of
wave functions in point form so that theQ2 behavior
of the form factor is reproduced. This was one of
points raised in Ref.[4]. For instant and front forms i
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is possible to find such a set of parameters using b
types of wave functions. The sets of parameters
given inTable 1.

In Fig. 1 theπ form factor obtained with the para
meters ofTable 1is presented. The bands depicted
the figures are constructed using the results obta
with the Gaussian and rational wave functions, o
gives the band minimum while the other provides
maximum. In this way the band gives an estimate
the theoretical uncertainty due to the specific cho
of wave function. The chosen parameter sets perm
good reproduction of theQ2 behavior of the data in
instant and front forms. The charge radii calculated
front and instant forms are quite close to the exp
mental data, small discrepancies with the data co
be attributed to our simple model were known effe
arising from vector-meson contributions to the cha
radius of the pion are not accounted for[11]. The result
obtained with point form is completely off and cann

Table 1
Parameters and charge radius of theπ in instant, point and fron
form both for the rational and Gaussian spatial wave functions

The experimental value for the charge radius is
√

〈r2
π 〉 = 0.663±

0.006 fm[10]

b [MeV] mq [MeV] a

√
〈r2

π 〉 [fm]

Gaussian

Instant form 370 140 −− 0.600
Point form 3000 380 −− 3.018
Front form 450 250 −− 0.665

Rational

Instant form 700 150 5 0.619
Point form 3000 300 1 2.545
Front form 600 250 3 0.659
be brought into agreement by changing the parame
of the model wave functions.

The highQ2 behavior of the form factor is qua
itatively similar in instant and front form althoug
the instant form result falls slower. In both cases
falloff of the form factor at largeQ2 is faster than the
QCD predictions of Refs.[12,13], Q2F(Q2) ∝ const
or (1/ logQ2). In fact the obtained behavior is clos
to Q2F(Q2) ∝ 1/Q2. This faster falloff, of almos
one power ofQ2, seems to be a general trend in m
quantum mechanical calculations where the coupling
of the photon to the standard quark current is con
ered[14]. Improvements, e.g., considering two-bo
currents or different quark–photon couplings, are
yond the scope of this Letter.

We have shown that theπ form factor can be rea
sonably understood with instant and front form
kinematics by finding the appropriate mass opera
which in our case corresponded to finding the pa
meters ofTable 1. Now we consider the case of theρ
meson. Due to the fact that the parameters for p
form could not be fixed from the pion charge for
factor, we chose them as similar to those of Ref.[5]
(let us note that for theρ the prescription used in the
paper is irrelevant due to the fact thatρ ≈ 2mq ). In
Table 2the values for the magnetic and quadrup
moments defined in Eq.(6) are presented. The resu
for the ρ magnetic moment in all cases are sma
than 2e/2Mρ, and also smaller than other theoreti
estimates. The quadrupole moments obtained, w
ranges between[0.2–0.5] e/M2

ρ , are consistent with
Refs.[17,18].
nt,
Fig. 1. (a)π charge form factor as function ofQ2 (GeV2). The band is obtained as explained in the text. Red, green and blue stand for insta
point and front form. (b) Same as (a) but multiplied byQ2. The experimental data are from Refs.[10,15,16].
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In Figs. 2–4we present theQ2 dependence o
the electromagnetic form factors defined in Eqs.(3)
and (4).

In Fig. 2 the charge form factor is depicted. Unlik
in the case of theπ it can be seen that in this case t
three forms provide a coherent picture in the lowQ2

region. However, in the high-Q2 region the situation is
different. Essentially, point and instant form predic
behavior close to the one observed in the pion cha
form factor, while front form falls faster and event

Table 2
Magnetic and quadrupole moments of theρ for instant, point, and
front form. The range correspond to using Gaussian or rational w
functions

µ [e/2Mρ ] D [e/M2
ρ ]

Instant form 1.5 [0.36–0.29]
Point form 0.9 [0.38–0.50]
Front form 1.5 [0.2–0.33]
Choi et al.[17] 1.9 0.43
Jaus[18] 1.83 0.33
Cardarelli[3] 2.23 0.61
ally crosses zero atQ2 ≈ 4.5 GeV2. This feature of
the charge form factor becoming negative in front fo
calculations is also present in the electric form factor
of the proton, see Ref.[7], and in other front-form cal
culations of theρ charge form factors[2,3]. TheQ2

dependence of the form factors at highQ2 is mostly
independent of the wave function used as can be
ily seen by the thinness of the bands.

The failure of point form to reproduce theπ form
factor is therefore most likely due to the small mass
theπ , as explained in Ref.[19]. On the other hand ou
study shows that for higher mass mesons, such a
ρ, it is possible to find an appropriate mass opera
such that point form gives qualitatively similar resu
to front or instant form, leaving the case of theπ as a
pathological one.

The magnetic form factor is shown inFig. 3. In this
case instant and front form predict a similar magne
moment, which is given inTable 2, while point form
predicts a magnetic moment which is 30% lower. T
high Q2 behavior is similar for the three forms and
compatible with∝ 1/Q2.
Fig. 2. Charge form factor of theρ as function ofQ2 (GeV2). Same description asFig. 1.

Fig. 3. Magnetic form factor of theρ over 2Mρ as function ofQ2 (GeV2). Same description asFig. 1.
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Fig. 4. Quadrupolar form factor of theρ overM2
ρ as function ofQ2 (GeV2). Same description asFig. 1.
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Similar situation, but in this case with point for
providing a larger value, appears in the quadrup
form factor, which is given inFig. 4. Instant and front
forms give similar quadrupole magnetic moments
though with a very different prediction for theQ2 de-
pendence of the form factor.

We have studied the electromagnetic form fact
of the π and theρ making use of the three differ
ent forms of relativistic kinematics. Front and insta
forms provide a correct picture of theπ electromag-
netic form factor, giving both the correct charge rad
and Q2 dependence. The high-Q2 dependence pre
dicted for the charge form factor of the pion is fas
than the one predicted from QCD calculations. B
front and instant forms give similar results for the ele
tromagnetic form factors of theρ. Point form does no
allow a description of theπ electric form factor, mos
likely due to its small mass,and, although qualitativel
similar, gives different quantitative values for theρ
electromagnetic form factors. Our calculated val
for the ρ dipole and quadrupole moment are arou
20% smaller than the ones available in the literatur
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