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Abstract

For deterministic systems, expressed as coalgebras over polynomial functors, every tree t (an
element of the 6nal coalgebra) turns out to represent a new coalgebra At . The universal property
of this family of coalgebras, resembling freeness, is that for every state s of every system S
there exists a unique coalgebra homomorphism from a unique At which takes the root of t to
s. Consequently, the tree coalgebras are 6nitely presentable and form a strong generator. Thus,
these categories of coalgebras are locally 6nitely presentable; in particular every system is a
6ltered colimit of 6nitely presentable systems.

In contrast, for transition systems expressed as coalgebras over the 6nite-power-set functor we
show that there are systems which fail to be 6ltered colimits of 6nitely presentable (=6nite)
ones.

Surprisingly, if � is an uncountable cardinal, then �-presentation is always well-behaved: when-
ever an endofunctor F preserves �-6ltered colimits (i.e., is �-accessible), then �-presentable
coalgebras are precisely those whose underlying objects are �-presentable. Consequently, ev-
ery F coalgebra is a �-6ltered colimit of �-presentable coalgebras; thus CoalgF is a locally
�-presentable category. (This holds for all endofunctors of �-accessible categories with colimits
of !-chains.) Corollary: A set functor is bounded at � in the sense of Kawahara and Mori i= it
is �+-accessible.
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1. Introduction

1.1. Coalgebras as deterministic systems

Coalgebras over a given endofunctor F of Set can be viewed as systems of a type
determined by F , see Rutten’s expository paper [14]. Recall that a coalgebra is a set S
(of states) together with a structure map 
 : S→FS. For example, consider a signature
	 of operation symbols �1; : : : ; �k of arities n1; : : : ; nk respectively; the corresponding
“polynomial” endofunctor H	 is given on objects S by

H	S = Sn1 + Sn2 + · · ·+ Snk :

A coalgebra over H	 is a set S of states decomposed into k blocks, S = S1 + · · ·+ Sk ,
where each state s in the block Si reacts to an ni-valued input yielding an ni-tuple

(s)∈ Sni of next states. This yields a function


 : S → Sn1 + Sn2 + · · ·+ Snk

where Si is the preimage of the ith summand under 
. We call such systems
	-coalgebras and we denote by

Coalg	

the resulting category of 	-coalgebras and coalgebra homomorphisms.
The main result of our paper is that categories of 	-coalgebras exhibit behavior that

is surprisingly “algebraic”. For example, whereas in classical universal algebra one
works with free algebras (or term algebras), and moves to equations and equational
presentations, for general F-coalgebras the corresponding concepts are cofree coalgebras
and coequations, see, e.g., [3,4,10,14]. However, for the special case of Coalg	 it turns
out that, besides cofree coalgebras, there also exist multifree coalgebras—and they are
closely related to the cofree ones. Recall that a 6nal 	-coalgebra, T	, is the coalgebra
of all 	-labelled trees (see Section 2.2). We now show that every tree t∈T	 de6nes a
	-coalgebra At per se, whose elements are the nodes of t and whose coalgebra structure
is given by unfolding. And the collection of all these tree coalgebras is multifree on
one generator, which means the following:

for every 	-coalgebra S and every state s∈S there exists a unique coalgebra
homomorphism f :At→ S mapping the root of t to s, for a unique tree t∈T	.

As a consequence, the natural forgetful functor

U : Coalg	→ Set

is not only a left adjoint (whose right adjoint assigns to a set of k elements the cofree
	-coalgebra on k colors) but also a right multiadjoint (whose left multiadjoint assigns
to a set of k elements the collection of all “forest coalgebras” made from forests of k
trees in T	).

We also study presentability of coalgebras. In algebra, objects A with a “6nite de-
scription” (by generators and equations) are called 6nitely presentable—and they are
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precisely those which are 6nitely presentable in the categorical sense (see Appendix A).
For polynomial endofunctors of Set we prove that the above tree coalgebras At are
6nitely presentable. And we describe all 6nitely presentable coalgebras: these are pre-
cisely the coalgebras obtained from a 6nite coproduct of tree coalgebras by merging
6nitely many pairs of bisimilar states. (Thus, 6nitely presentable 	-coalgebras are,
again, precisely those with a 6nite “description” via tree coalgebras.) It then follows
that the category of coalgebras is locally 6nitely presentable.

These results hold for all, not necessarily 6nitary, signatures.

1.2. Coalgebras as nondeterministic systems

The above results on polynomial endofunctors do by no means extend to general
endofunctors of Set. As a concrete example, consider the 6nite-power-set functor

Pf : Set→ Set

assigning to every set the collection of all 6nite subsets. Pf-coalgebras are precisely
the 6nitely branching graphs (or non-labelled transition systems): for every coalgebra

 : S→PfS we consider the graph on S of all edges x→y with y∈
(x). However,
coalgebra homomorphisms are much more restrictive than graph homomorphisms: they
are the homomorphisms h : S→ S ′ of non-labelled transition systems (i.e., such graph
homomorphisms which for every edge h(x)→y in S ′ have an edge x→ z in S with
h(z) =y).

We are going to prove that 6nitely presentable Pf-coalgebras are precisely the 6-
nite graphs (which sounds trivial, but does not seem to have a trivial proof). As a
consequence, it is obvious that the following graph

• → • → • → • · · ·

is not 6nitely presentable, nor is it a 6ltered colimit of 6nitely presentable coalgebras
in CoalgPf. Consequently CoalgPf is not a locally 6nitely presentable category.

1.3. In7nitely presentable coalgebras

The behavior of the categories CoalgF of coalgebras gets much more regular if
we switch over from 6nite presentation to �-presentation where � is an uncountable
regular cardinal. We are going to prove the following results for all uncountable regular
cardinals �. (See Appendix A for the de6nition of presentability and accessibility.)

Theorem. If F is a �-accessible endofunctor of a �-accessible category A with
colimits of !-chains, then an F-coalgebra is �-presentable i9 its underlying object
is �-presentable in A. And the category of F-coalgebras is �-accessible.

Corollary. For every �-accessible endofunctor of Set the category of F-coalgebras is
locally �-presentable.
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The above corollary has been proved by Barr, see [8, Proposition 1.3]. His proof
works, in fact, for all locally �-presentable categories. The above theorem concern-
ing �-accessible categories strengthens the result of Makkai and Par'e that for every
�-accessible endofunctor the category of F-coalgebras, being a weighted limit (inserter)
of F and the identity functor, is accessible, see [13]; from the general result it does not
follow that CoalgF is �-accessible (as the above example of Pf demonstrates). The
proof of the above theorem, as presented in Section 4 below, uses a similar technique
of iteration which Barr has used in [8], but our proof is technically more involved.
Barr’s paper has been inspired by that of Aczel and Mendler [1].

Coming back to �-accessible functors F :Set→Set, here our result extends to all
covarieties V of F-coalgebras:
1. �-presentable objects of V are precisely the coalgebras of less than �-elements, and
2. V is locally �-presentable.

Finally we relate the concepts of accessibility and boundedness: We have proved
in [3] that a Set functor is accessible i= it is bounded in the sense of Kawahara and
Mori [11]. We sharpen our previous result by showing that for every in6nite cardinal
� (with the successor cardinal �+) we have

F is bounded at � ⇔ F is �+-accessible:

2. �-Coalgebras

2.1. We study 6rst coalgebras over polynomial functors H	 :Set→Set where 	 is a
given (not necessarily 6nitary) signature. That is, for every “operation” symbol � in 	
a cardinal number |�|, called the arity of �, is given, and H	 is de6ned on objects by

H	X =
∐

�∈	;|�|=n
X n � ⋃

�∈	;|�|=n
X n × {�}:

H	-coalgebras are simply called 	-coalgebras and the corresponding category is
denoted by

Coalg	:

Thus, a 	-coalgebra is a set A endowed with a structure map, i.e., a function


A : A→ ⋃

�∈	;|�|=n
An × {�}

assigning to every element a a pair


A(a) = ((ai)i¡n; �)

consisting of an n-tuple in A and an n-ary operation symbol � in 	.

2.2. Example (Terminal 	-coalgebra). We brieNy recall the description of a 6nal
	-coalgebra, T	, as the set of all 	-labelled trees where the structure map 
T	 is
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parsing, i.e., the inverse to the usual tree-tupling. An element t of T	 is thus a (6nite
or in6nite) tree whose nodes are labelled by operation symbols so that a node with
n children is labelled by an n-ary symbol. In case 	 is a 6nitary signature, a useful
formalization of 	-labelled trees uses the structure of the set !∗ of all 6nite sequences
of natural numbers: a 	-labelled tree is a partial function

t : !∗ → 	

whose domain of de6nition, Def t, has the following two properties:
(i) Def t contains the empty word � and is pre6x-closed, i.e., if uv∈Def t then u∈Def t

and
(ii) if i1 : : : ik ∈Def t and t(i1 : : : ik) has arity n, then for all j¡! we have

i1 : : : ik j ∈ Def t i= j ¡ n:

Analogously for in6nitary (bounded) signatures: choose any cardinal � bigger than all
arities. Consider � as the set of all smaller ordinal numbers, and substitute !∗ above
by �∗ (the set of all 6nite sequences of ordinals smaller than �). Then a 	-labelled
tree is a partial function t : �∗→	 satisfying (i) and (ii) above.

T	 is equipped with an action, 
T	 , assigning to a tree t∈T	 the element


T	(t) = ((ti)i¡n; �) ∈ H	(T	)

where
• � = t(�), i.e., � is the label of t’s root;
• x∈Def ti i= ix∈Def t and then ti(x) = t(ix), i.e., ti is the ith maximal subtree of t.

Given now a 	-coalgebra (A; 
A) de6ne, for all a∈A, trees ta∈T	 and elements
ax ∈A (x∈Def ta) inductively as follows:
• a� = a and ta(�) = �⇔ 
A(a) = ((ai)i¡n; �)
• if x∈Def ta and 
A(ax) = ((axi)i¡m;  ), then xi∈Def ta for all i¡m and ta(x) =

 = (tax(�)).
The assignment a �→ ta is then a homomorphism from (A; 
A) to (T	; 
T	), and in

fact the only one. Thus (T	; 
T	) is a 6nal 	-coalgebra.

2.3. Example (Tree coalgebras). Given a 	-labelled tree t∈T	, the tree coalgebra At

is the coalgebra whose elements are the nodes of t, and whose structure map 
t assigns
to every node i1; : : : ; ik with t(i1 : : : ik) = �, an n-ary symbol, the n-tuple of its children,
more precisely:

At = (Def t; 
t) with 
t(i1 : : : ik) = ((i1 : : : ik j)j¡n; �):

For example, consider

	 = {∗; a; b} where | ∗ | = 2; |a| = 0 = |b|:
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The following tree t

de6nes a 	-coalgebra whose elements are �; 0; 1; 10; 11; 110; : : : and whose structure map
is de6ned as follows:

x � 0 1 10 11 : : :


At (x) ((0; 1); ∗) (�; a) ((10; 11); ∗) (�; b) ((110; 111); ∗) : : :

Observe that this is not isomorphic to the sub-coalgebra of T	 generated by the tree
t: that coalgebra Bt has only 4 elements, viz, all subtrees of t, which are:

t; a; s; b

where s is the subtree at the node 1 (i.e., s(x) = t(1x)). The structure map is

x t a s b


Bt ((a; s)∗) (�; a) ((b; t); ∗) (�; b)

2.4. Proposition. For every element s of every 	-coalgebra S there exists a unique
	-labelled tree t such that some homomorphisms h :At→ S maps the root to s. More-
over, h is also unique.

Proof. (1) Uniqueness. Let

h : At → S and Ph : A Pt → S

be homomorphisms with

h(�) = s = Ph(�):
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For every x∈!∗ we prove that
(i) h(x) = Ph(x) and

(ii) the fathers of x in Pt and t have the same label (if x is not the root)
by induction on the depth of x ( = the length of the word x). That is, (i) states that
if one side is de6ned then so is the other one, and then they are equal.
Depth 0: For the root � (the empty word),

h(�) = s = Ph(�):

Depth k +1: Suppose that y = xi where x has depth k. If x =∈Def t, then x =∈Def Pt (by
induction hypothesis), so neither h(y) nor Ph(y) is de6ned. Else, (i) holds by induction
hypothesis. Put h(x) = b= Ph(x) and denote


S(b) = ((bj)j¡n; �):

Since h is a homomorphism, it follows that 
At (x) has the form ((xj)j¡n; �) and there-
fore

h(xi) = bi and t(x) = �:

Analogously,

Ph(xi) = bi and Pt(x) = �:

(2) Existence. For the unique homomorphism f : S→T	 put

t = f(s):

We de6ne a homomorphism

h : At → S

in a node x∈Def t by induction on the depth of x so that fh(x) = t(x−), the subtree
of t at the node x, for every x∈!∗.
Depth 0: Put h(�) = s. Since f(s) = t, we know that fh(�) is the subtree t(�−) = t.
Depth k + 1: Let y = xi where x is a node of depth k with h(x) = b. Since f is a

homomorphism, from 
S(b) = ((bj)j¡n; �) where � is an n-ary symbol we conclude


T	(f(b)) = (f(bj); �):

By induction hypothesis, f(b) is the subtree t(x−) of t, therefore, f(bj) is the subtree
t(xj−) (because 
T	(y) = (y(j−); �) for all trees y with y(�) = �). De6ne

h(y) = bi

and observe that

fh(y) = f(bi) = t(xi−) = t(y−):

To verify that h is a homomorphism, one proves by easy induction on the depth of x
that h(x) = b and 
At (x) = ((xj); �) imply 
S(b) = (h(xj); �).
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2.5. Recall the concept of a right multiadjoint: it is a functor U :A→B such that
for every object B∈B there exists a “multifree collection on B”, i.e., a collection
of morphisms hi :B→UAi; i∈I , with Ai∈A, such that every morphism h :B→UA;
A∈A, factorizes as h=Uk · hj for a unique j∈I and a unique morphism k :Aj→A
of A.

Corollary. The collection

At (t ∈ T	)

of 	-coalgebras is multifree on one generator. Thus, the forgetful functor

U : Coalg	→ Set

is a right multiadjoint (as well as a left adjoint).

In fact, the 6rst statement just rephrases 2.4, and the latter follows from the fact that
Coalg	 has coproducts (in fact: U creates coproducts). Thus, a multifree collection
on k generators is obtained from a multifree collection (At)t ∈T	 on one generator by
the formation of coproducts

∐
i¡k At(i) for all k-tuples (t(i))i¡k in T	. The fact that

U is a left adjoint, i.e., that cofree coalgebras exist, follows from H	 being a 6nitary
functor, see [8].

2.6. Corollary. Each of the coalgebras At is 7nitely presentable.

In fact, let B= colims∈S Bs be a 6ltered colimit in Coalg	. For every homomorphism
k :At→B there exists s∈S such that the image of the root, k(�), lies in the image of
Bs under the corresponding colimit homomorphism bs :Bs→B.

We will show that k factors through bs (say, as k = h · bs) and the factorization
is essentially unique (i.e., if k = h′ · bs, then some connecting morphism bs Ps :Bs→B Ps

merges h and h′). This proves that At is 6nitely presentable.
We have k(�) = bs(x) for some x∈Bs. Now the unique homomorphisms f :B→T	

and g :Bs→T	 form a commutative triangle:

Since the uniqueness in 2.4 implies f(k(�)) = t, we conclude g(x) = t. Let h :At→Bs

be the unique homomorphism with h(�) = x. Then k = bsh by uniqueness in 2.4, due
to k(�) = bsh(�).

Also, the fact that h is essentially unique follows from 2.4: given a homomorphism
h′ :At→Bs with k = bsh′, 6nd a connecting morphism bs Ps :Bs→B Ps which merges h(x)
and h′(x) (which exists since bs(h(x)) = bs(h′(x))). Then bs Psh= bs Psh′ by uniqueness
in 2.4.

2.7. Corollary. The category Coalg	 is locally 7nitely presentable.
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In fact, Coalg	 is cocomplete. Thus, it is suRcient to show that it has a strong
generator formed by 6nitely presentable objects, see [5, 1.11]. It follows from 2.4 that
{At ; t∈T	} is a strong generator.

2.8. Remark. Since every tree coalgebra At is 6nitely presentable, so is every forest
coalgebra in the sense of the following

De(nition. A 6nite coproduct of tree coalgebras is called a forest coalgebra.

Which other 	-coalgebras are 6nitely presentable? We are going to show that these
are precisely the quotients of forest coalgebras obtained by identifying a 6nite num-
ber of bisimilar states. Recall here from [14] that, since polynomial functors preserve
(weak) pullbacks, bisimulation equivalences are precisely the kernels of homomor-
phisms. Thus, for every 	-coalgebra S the largest bisimulation equivalence is simply
the kernel equivalence of the unique homomorphism h : S→T	. Given bisimilar states
x and y, denote by

S=[x = y]

the quotient obtained of S by identifying x and y. This is just a coequalizer of the
unique homomorphisms

x̂; ŷ :At → S

where t = h(x) = h(y), x̂ sends the root to x and ŷ sends it to y.
We can describe the corresponding system S=[x =y] more concretely: let ∼ be the

smallest equivalence on S such that for every node of the tree t, if x′ denotes the
corresponding state in x̂[t] and y′ the corresponding state in ŷ[t], then x′∼y′. Then
the underlying set of S=[x =y] is S= ∼, and the structure map is derived from 
S .

2.9. Proposition. Finitely presentable 	-coalgebras are precisely the coalgebras S that
can be presented via 7nitely many bisimilar pairs of states in a forest coalgebra.

In other words, given pairs (xi; yi) of bisimilar states in a coalgebra B=At1 +· · ·+Atk
for i = 1; : : : ; n, then the coalgebra

B=[x1 = y1; : : : ; xn = yn] = (· · · (B=[x1 = y1])=[x2 = y2] · · ·)=[xn = yn]

is 6nitely presentable. And every 6nitely presentable coalgebra is isomorphic to one of
that form.

Proof. The 6rst statement is obvious: denote by ri the tree assigned to xi (and yi)
by the unique homomorphism from B to T	. This de6nes, by 2.4, homomorphisms
x̂i, ŷi :Ari→B for i = 1; : : : ; n. Let C denote the forest coalgebra Ari + · · · + Arn , and
let

x̂ : C → B
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be the homomorphism with components x̂1; : : : ; x̂n, analogously ŷ. Then we obviously
have a coequalizer

C B c→ B=[x1 =y1; : : : ; xn =yn]

in Coalg	 (where c is the canonical map assigning to every element the equivalence
class it lies in). Since C and B are 6nitely presentable, and the subcategory of all 6nitely
presentable objects is (in every category) closed under 6nite colimits, it follows that
B=[x1 =y1; : : : ; xn =yn] is 6nitely presentable.

The latter statement, that all 6nitely presentable coalgebras have the above form,
follows from the fact, mentioned in 2.7, that the set of all tree coalgebras is a strong
generator of Coalg	. Moreover, regular epimorphisms in Coalg	 are precisely the
surjective homomorphisms, see [4], thus, they are closed under composition. It fol-
lows from [9, 7.6] that the 6nitely presentable objects in Coalg	 are precisely the
coequalizers of parallel pairs between forest coalgebras. Now consider a parallel
pair

f; g : C → B

of homomorphisms between forest coalgebras B=At1 + · · ·+Atk and C =Ar1 + · · ·+Arn .
For the unique homomorphism h :B→T	 we have hf = hg, thus, f(z) is bisimilar to
g(z) for every z∈C. Consequently, the n roots of trees in C give us n bisimilar pairs
xi; yi of states of B (i = 1; : : : ; n)—and from Proposition 2.4 we conclude that f has
components x̂; : : : ; x̂n and g has components ŷ1; : : : ŷn. Thus, f = x̂ and g= ŷ, and the
coequalizer we consider has the form B=[x1 =y1; : : : ; xn =yn].

3. Finitely branching transition systems

3.1. Are categories CoalgF locally 6nitely presentable for all 6nitary endofunctors F
of Set?

We show that the answer is negative even for the 6nite-power-set functor, Pf. That
is, we show that 6nitely branching transition systems are much less “algebraic” than
the 	-coalgebras. We start with an observation concerning the relationship between
6niteness and 6nite presentability.

3.2. Lemma. Given a 7nitary endofunctor F , every 7nite coalgebra is 7nitely pre-
sentable in CoalgF .

Remark. This lemma holds for 6nitary endofunctors of any category A: every coalge-
bra on a 6nitely presentable object of A is 6nitely presentable in CoalgF .

Proof. Let 
 :A→FA be a coalgebra with A 6nitely presentable in A. Suppose that

Bi
)i→FBi are coalgebras forming a 6ltered diagram with a colimit (Bi; )i)

bi→(B; )) (i∈I).
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For every homomorphism h : (A; 
)→ (B; )) there exists a factorization through some
bi (because A if 6nitely presentable and B= colim Bi in A), say h = bi ◦h′. The parallel
pair )i ◦ h′; Fh′ ◦ 
 :A→FBi is merged by Fbi:

Fbi ◦ ()i ◦ h′) = ) ◦ bi ◦ h′ = ) ◦ h = Fh ◦ 
 = Fbi ◦ (Fh′ ◦ 
):

Since A is 6nitely presentable and FB= colim FBi, it follows that for some mor-
phism u : (Bi; )i)→ (Bj; )j) of the given diagram the map Fu merges the pair, too:
Fu ◦ )i ◦ h′ =Fu ◦ (Fh′ ◦ 
). Thus h′′ = u ◦ h′ : (A; 
)→ (Bj; )j) is a homomorphism
which forms the desired factorization:

h = bi ◦ h′

= bj ◦ u ◦ h′

= bj ◦ h′′:

The essential uniqueness of a homomorphism h′′ with h= bih′ = bjuh′ = bjh′′ is clear.

3.3. Theorem. A coalgebra of Pf is 7nitely presentable i9 it is 7nite.

Proof. (I) The category CoalgPf is a subcategory of the category Gra of graphs (i.e.,
sets with a binary relation) and graph homomorphisms (i.e., functions preserving the
binary relation, or simulations).

We 6rst observe that the inclusion E :CoalgPf ,→Gra reNects colimits. That is:
let D :D→CoalgPf be a diagram with a cocone (Dd

cd→C)d∈Dobj in CoalgPf. If the

diagram ED has a colimit (EDd
Ecd→ EC) in Gra, then the given cocone is a colimit in

CoalgPf.

In fact, given another cocone (Dd
c′
d→C′) in CoalgPf, we know that there exists a

unique graph homomorphism h :C→C′ with hcd = c′
d for each d, and it is suRcient

to verify that h is a coalgebra homomorphism. Consider an edge h(x)→y in C′. Since
the cocone (cd) is a colimit in Gra, for the element x∈C there exists d∈D and an
element Px∈Dd with x = cd( Px). Now c′

d = hcd is a coalgebra homomorphism, thus, for
the edge

c′
d( Px) = h(x)→ y

of C′ there exists an edge Px→ Pz in Dd with y = c′
d( Pz). Put z = cd( Pz), then x→ z

is an edge in C (since cd is a graph homomorphism with cd( Px) = x and cd( Pz) = z).
Since y = c′

d( Pz) = hcd( Pz) = h(z), this proves that h is a coalgebra homomorphism, as
requested.

(II) We know from 3.2 that every 6nite graph is 6nitely presentable in CoalgPf. Let
us prove the converse: assume that G is a 6nitely presentable coalgebra. To prove that
G is a 6nite graph, it is suRcient to show that it has no in6nite one-to-one paths (i.e.,
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paths without repetitions of nodes); the 6niteness of G then can be proved as follows.
For every 6nite set M ⊆G we form the induced subgraph of G on the following set
PM of nodes reachable from M :

PM = {x ∈ G; a path exists from a vertex in M to x}

and 6nd out that PM is 6nite. (In fact, PM =
⋃

m∈M {m} is a 6nite union of graphs {m}
which (a) are 6nitely branching, (b) have no in6nite one-to-one path, and
(c) every vertex is reachable from m by a path—then {m} is 6nite since it easily
follows from KUonig’s Lemma that (a), (b) and (c) imply 6niteness.) Thus, we have a
6ltered diagram whose objects are the graphs PM for all M ⊆G 6nite, and morphisms
are the inclusions PM1 ,→ PM2 for all 6nite sets M1⊆M2⊆G. Observe that every edge
x→y of G has the property that if x∈ PM then y∈ PM ; therefore, the inclusion map
iM : PM ,→G is a coalgebra homomorphism. Also, the inclusion maps PM1 ,→ PM2 of the
above 6ltered diagram are coalgebra homomorphisms, and we see immediately that
the cocone iM : PM→G is a colimit of that diagram. Since G is 6nitely presentable,
hom(G;−) preserves that colimit. Consequently, the element idG of hom(G;G) is an
image of some element h of hom(G; PM) under hom(G; iM ) for some 6nite M⊆G—in
other words, there exists h :G→ PM with iMh= id. This implies that iM is surjective,
i.e., G = PM , and so G is 6nite.

It remains to prove that G has no in6nite one-to-one paths. Suppose that, to the
contrary, such a path

x0 → x1 → x2 → · · ·

is given. We derive a contradiction.
We de6ne a new graph PG by adding to G new pairwise distinct vertices x∗

0 ; x∗
1 ; x∗

2 : : :
and new edges as follows: for every edge xn→y in G add to PG
(a) the edge x∗

n →y, and
(b) the edge xn→ x∗

n+1.
As an example, consider the following graph G:
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then PG is the following graph:

For every k ∈ ! denote by ∼k the equivalence relation on PG with

x0 ∼k x∗
0 ; x1 ∼k x∗

1 ; : : : ; xk ∼k x∗
k

whereas all other equivalence classes are singleton sets. Let

PGk = PG= ∼k

be the quotient graph in the usual sense: nodes are the equivalence classes [a] of nodes
a∈ PG, and there is an arrow [a]→ [b] i= there is an arrow a′→ b′ in PG with a′∼k a
and b′∼k b. Then we have canonical maps

ck : PGk → G and fk : PGk+1 → PGk (k ∈ !)

merging x∗
n and xn (n¿k + 1) and leaving all other nodes unchanged, which are

graph homomorphisms; this is clear for fk and easy to check for ck . But due to the
construction of PG, they are also coalgebra homomorphisms. (In fact, ck is a coalgebra
homomorphism because for every edge xn = ck(u)→y in G there is a corresponding
edge x∗

n →y in PG which the canonical map PG→ PGk maps onto an edge u→ v of
PGk with ck(v) =y; analogously for fk .) Now the cocone (ck)k∈! is a colimit of the
!-chain (fk)k∈! in Gra, consequently, a colimit in CoalgPf, too, see (I). Since G is
6nitely presentable, hom(G;−) preserves that colimit. This implies that there exists n
and a coalgebra homomorphism

h : G → PGn with cnh = id:

In particular, from cn(h(xn+1)) = xn+1 we conclude that h(xn+1) = xn+1: However, the
degree of xn+1 in G is smaller than in PGn: besides all the edges with initial vertex xn+1

in G there is the extra edge xn+1→ x∗
n+2. This is the desired contradiction: a coalgebra

homomorphism is, obviously, nonincreasing on out-degrees.

3.4. Example. The following transition system

G :
• → • → • → · · ·
0 1 2

is not 6nitely presentable in CoalgPf.
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Moreover, for every nonempty 6nite graph H there exists no coalgebra homomor-
phism from H to G. Thus, G is not a 6ltered colimit of 6nite graphs.

3.5. Corollary. The category CoalgPf is not locally 7nitely presentable.

4. In(nitely presentable coalgebras

4.1. Throughout this section � denotes an uncountable regular cardinal. Recall that �
is called regular i= it is not co6nal with a smaller cardinal; examples: ! is regular,
and so is any cardinal successor �+ of an in6nite cardinal �.

We prove that for every �-accessible endofunctor of Set the �-presentable coalgebras
are precisely the coalgebras on less than � elements. Moreover, the category of coalge-
bras is locally �-presentable. In particular, for every 6nitary endofunctor the category
of coalgebras is locally !1-presentable (where !1 =!+ is the cardinal successor of !).

We prove the result not only for endofunctors of Set, but for a class of accessi-
ble categories containing the locally presentable ones. See Appendix for some basic
de6nitions.

4.2. Theorem. Let A be a �-accessible category with colimits of !-chains, where
�¿ℵ0. Then for every �-accessible endofunctor F of A
(1) a coalgebra is �-presentable in CoalgF i9 its underlying object is �-presentable

in A and
(2) the category CoalgF is �-accessible.

Remark. The following proof, as mentioned in the introduction, uses techniques similar
to those of Barr [8] and Aczel and Mendler [1], in particular, the statement (∗) below
generalizes the small subcoalgebra lemma of [1].

Proof. (I) Every coalgebra (A; 
A) with A �-presentable in A is �-presentable in
CoalgF . The proof is completely analogous to that of Lemma 3.2.

(II) Denote by A� a small collection of representatives of all �-presentable objects
of A. We prove that the collection B⊆CoalgF of all coalgebras with underlying objects
in A� has the following property

(∗) every F-coalgebra is a �-6ltered colimit of coalgebras from B:

This concludes the proof of (1) and (2). In fact, for (1) we now only need to prove
that for every �-presentable coalgebra (A; 
A) its underlying object A is �-presentable
in A. Since (A; 
A) is �-presentable, it follows from (∗) that (A; 
A) is a retract of a
coalgebra in B. But the �-presentable objects are easily seen to be closed under retracts.
And (∗) also proves that CoalgF is �-accessible (or locally �-presentable, provided
that A is). In fact, the existence of colimits lifts from A to CoalgF , since the forgetful
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functor

U : CoalgF → A

creates colimits. Next, from (∗) we conclude that every coalgebra is a �-6ltered col-
imit of �-presentable coalgebras (see (I)) and that the essentially small collection B
represents all �-presentable coalgebras up to isomorphism.
Proof of (∗): Let

C

C→FC

be an arbitrary coalgebra. Since A is a �-accessible category, the object C is a canonical
colimit of all morphisms A a→C with A in A�. More precisely, consider the comma-
category

A� ↓ C

of all such morphisms. The forgetful functor

DC : A� ↓ C → A given by (A a→C) �→ A

has as a colimit the object C and the colimit cocone of all A a→C, see [5, 2.1.5].
We create the analogous diagram D(C; 
C) :B ↓ (C; 
C)→CoalgF of all homomor-

phisms from coalgebras in B into (C; 
C). Now the forgetful functor U :CoalgF→A
induces a forgetful functor

V : B ↓ (C; 
C)→ A� ↓ C:

We are going to prove that V is 7nal (i.e., for every object X of A� ↓ C the comma-
category X ↓ V is connected, in other words, X ↓ V is not a coproduct of two nonempty
categories, [12]). This implies that from C = colim DC it follows that C = colim DC ·V .
Since U creates colimits, this proves (C; 
) = colim D(C; 
C) in CoalgF .

Thus our proof will be concluded by proving that
(a) for every morphism a :A→C with A∈A� there exists a coalgebra homomorphism

a+ : (A+; 
A+)→ (C; 
C) with (A+; 
A+)∈B through which a factors in A, and
(b) given two such factorizations through coalgebra homomorphisms a+

1 and a+
2 :
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with A+
1 and A+

2 in B, there exists a third coalgebra homomorphism â : Â→C with
Â∈B together with factorizations of a+

1 and a+
2 in B ↓ (C; 
C):

In fact, (a) tells us that for every object X =A a→C of A� ↓C the comma-category
X ↓V is nonempty. From (b) it follows that comma-category is connected—thus,
V is co6nal.

Proof of (a): The object A+ will be de6ned as a colimit of an !-chain

A = A0
d0→A1

d1→A2 · · ·
in A, where dn : (An; an)→ (An+1; an+1) is an !-chain in A� ↓C de6ned below. We will
also de6ne a natural transformation

qn :An → FAn+1

in A such that for all n∈! we have


C ◦ an = Fan+1 ◦ qn:

First Step: Put A0 =A; a0 = a and de6ne (A1; a1) as follows. The morphism 
C ◦
a :A→FC has a �-presentable domain and the codomain is a �-6ltered colimit of
F ◦DC . Thus, 
Ca factors, for some object (A1; a1) of A� ↓C, through the corresponding
colimit morphism Fa1:

Since A� ↓C is 6ltered, we can assume without loss of generality that (A1; a1) is chosen
so that a morphism

exists in A ↓C. This de6nes A1; a1; q0, and d0.
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Induction Step: Let n¿0. Given (An; an), we de6ne (An+1; an+1) as follows. Factor
the morphism


C ◦ an : An → FC

whose domain is �-presentable through some colimit map of the colimit FC = colim
F ◦DC . That is, choose an object (An+1; an+1) of A� ↓C with the following factorization
of 
C ◦ an:

For the desired naturality condition

qn ◦ dn−1 = Fdn ◦ qn−1

we observe that the parallel pair in question

qn ◦ dn−1; Fdn ◦ qn−1 : An−1 → FAn+1

is merged by the (colimit) map Fan+1 of the �-6ltered colimit FC = colim F ◦ DC :

Fan+1 ◦ (qn ◦ dn−1) = 
C ◦ an ◦ dn−1

= 
C ◦ an−1

= Fan ◦ qn−1

= Fan+1 ◦ (Fdn ◦ qn−1):

Thus, we can assume without loss of generality that the desired equality holds: if
not, we 6nd a morphism h : (An+1; an+1)→ (A′

n+1; a
′
n+1) of A� ↓C such that Fh merges

the above parallel pair, and we substitute (An+1; an+1) with (A′
n+1; a

′
n+1) (and qn with

Fh ◦ qn).
Finally, without loss of generality, our choice of (An+1; an+1) is such that a morphism

exists in A� ↓C.
Let us form a colimit:

d+
n : An → A+ (n ¡ !)
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of the !-chain (An). Then A+ carries an F-coalgebra structure 
A+ :A+→FA+ de6ned
by


A+ ◦ d+
n = Fd+

n+1 ◦ qn (n ¡ !)

and, moreover, a+ = colim an :A+→C is a homomorphism. In fact, the equality 
C ◦
a+ =Fa+ ◦ 
A+ follows from

(
C ◦ a+) ◦ d+
n = 
C ◦ an = Fan+1 ◦ qn = Fa+ ◦ Fd+

n+1 ◦ qn = (Fa+ ◦ 
A+) ◦ d+
n :

Since each An is �-presentable and � is assumed to be uncountable, it follows that A+

is �-presentable. And the desired factorization of a is

a = a+ ◦ d+
0 :

Before proving (b) let us observe that (a) generalizes to the following statement:
suppose that, besides the morphism a :A→C, also two coalgebras B1; B2 in B are given
together with morphisms vi :Bi→A in A such that avi :Bi→C are homomorphisms for
i = 1; 2. Then A+ above can be constructed so that

d+
0 ◦ vi : Bi → A+ are homomorphisms for i = 1; 2:

In fact, all we have to do is to modify A1 and q0 in the 6rst step of the above induction
so that the following squares

commute for i = 1; 2. It then follows that d+
0 vi are homomorphisms because the lower

square in the following diagram

commutes by de6nition of 
A+ . The above modi6cation is trivial: recall that FC is a
6ltered colimit of the diagram F ◦DC , and Fa1 :FA1→FC is a colimit morphism. Now
in the above squares the domains Bi are �-presentable, and Fa1 merges the two sides
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of the squares:

Fa1(q0 ◦ vi) = 
C ◦ a ◦ vi by de6nition of a1;

= Fa ◦ Fvi ◦ 
Bi a ◦ vi is a homomorphism;

= Fa1 ◦ (Fd0 ◦ Fvi ◦ 
Bi) a = a1 ◦ d0:

Consequently, the two sides are also merged by some connecting morphism of the
diagram F ◦ DC . That is, we have a morphism

of A� ↓C such that

Ft ◦ (q0 ◦ vi) = Ft ◦ (Fd0 ◦ Fvi ◦ 
Bi) for i = 1; 2:

Now, if we substitute (A′
1; a

′
1) for (A1; a1) in the above induction (and substitute d0 by

t ◦d0 :A1→A′
1, and q0 by Ft ◦q0 :A→FA′

1, of course), then the last equation becomes

q0 ◦ vi = Fd0 ◦ Fvi ◦ 
Bi ;

which is the desired commutativity of the given squares.
Proof of (b): Since A is �-presentable, the category A� ↓C is �-6ltered. Thus, for

the objects a+
i :A+

i →C there exists an object

Pa : PA→ C in A� ↓ C
and morphisms

v1 : a+
1 → Pa and v2 : a+

2 → Pa of A� ↓ C:

Moreover, we can choose this object Pa so that the following diagram
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commutes: in fact, since C = colim DC and the colimit morphism Pa : PA→C merges
v1d+

1 and v2d+
2 , some morphism t : ( PA; Pa)→ ( PA′; Pa′) of DC also merges v1d+

1 and v2d+
2

(since A∈A�) thus, a modi6cation as above yields v1d+
1 = v2d+

2 : substitute ( PA; Pa) by
( PA′; Pa′) and vi by tvi (i = 1; 2).

Now apply the generalized statement (a) to PA Pa→C and the homomorphisms Pavi :
A+
i →C (i = 1; 2). We obtain a coalgebra (Â; 
Â) in B, a coalgebra homomorphism â :

(Â; 
Â)→ (C; 
C), and a morphism d+
0 :A→ Â such that

d+
0 ◦ vi : (A+

i ; 
A+
i
)→ (Â; 
Â)

are homomorphisms for i = 1; 2 and

Pa = â ◦ d+
0 :

Put simply

ui = d+
0 ◦ vi:

Then

a+
i = Pa ◦ vi = â ◦ d+

0 ◦ vi = â ◦ ui:

Corollary. If � is an uncountable regular cardinal, then for every �-accessible endo-
functor F of Set the category CoalgF is locally �-presentable. And for every 7nitary
functor F , CoalgF is locally !1-presentable.

Example. CoalgPf is locally !1-presentable, and so is the category CoalgPc, where
Pc is the countable-power-set functor. In fact, both of these functors are !1-accessible.

4.3. Example. Example of a �-accessible functor whose category of coalgebras is not
�-accessible. This example has been used in [6]: see 3.4 and 3.5 there.

Consider an in6nite regular cardinal � and a set X of cardinality �; denote by P�(X )
the set of all subsets of X of cardinality less than �. Let A be the poset P(X )+P�(X )
whose order is the usual one on the components (inclusion) extended, for all K∈P(X )
and M ∈P�(X ), as follows (where we denote, for M ∈P(X ) with cardinality less than
�, its copy in P�(X ) by PM):

K ¡ PM ⇔ K $ M

PM ¡ K ⇔ M $ K:

Then A is a �-accessible poset and the functor ( = order preserving function) F :A→A
given by FM = PM; F PM =M , and FK =K (for all M ∈P�(X ) and all K∈P(X ) of
cardinality �) is �-accessible. But CoalgF (the poset of all subsets of A of cardinal-
ity �, ordered by inclusion) is not �-accessible because no element K of CoalgF is
�-presentable.

Open problem. Is there a �-accessible endofunctor such that the category of coalgebras
is not �+-accessible?
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4.4. Remark. The above result extends, for �-accessible endofunctors of Set, to cova-
rieties of coalgebras. Recall from [14] that a full subcategory K of CoalgF is called a
covariety provided that it is closed under coproducts, subcoalgebras and quotient coal-
gebras in CoalgF . Here by a subcoalgebra of a coalgebra (A; 
A) is meant a coalgebra
(B; 
B) where B is a subset of A and the inclusion function B ,→A is a homomor-
phism. Covarieties are, as shown in [3], precisely the coequationally speci6ed classes
of coalgebras, but we do not use this fact in the present paper.

In the proof of the next result we use the fact, established in [3], that if an endo-
functor F of a category A preserves monomorphisms, then the forgetful functor

U : CoalgF → A

creates (regular epi, mono)-factorizations. That is, given a homomorphism h : (A; 
C)→
(B; 
B) of F-coalgebras and a factorization of h as a regular epimorphism e :A→C
followed by a monomorphism m :C→B, then C carries a unique structure of an
F-coalgebra making both e and m homomorphisms.

Recall also from [7] that for every endofunctor F of Set there exists an endofunctor
F ′ preserving monomorphisms and pullbacks of monomorphisms such that F and F ′

coincide on all nonempty sets and nonempty functions. Consequently, their categories
of coalgebras are isomorphic

CoalgF ∼= CoalgF ′:

4.5. Corollary. Let F be a �-accessible endofunctor of Set where �¿ℵ0. For every
covariety K of F-coalgebras, the following holds:
1. A coalgebra is �-presentable in K i9 its underlying set has less than � elements,
and

2. K is a locally �-presentable category.

Proof. This can be derived from Theorem 4.2. Following the preceding remark, we
can assume without loss of generality that F preserves monomorphisms.

Every covariety K is closed in CoalgF under colimits. Consequently, every coalgebra
of K whose underlying set has less than � elements (and which is thus �-presentable in
CoalgF) is �-presentable in K. We will show that every coalgebra of K is a �-6ltered
colimit of coalgebras of that type:

Given (A; 
A) in K, we know that there is a �-6ltered diagram D of F-coalgebras
(Ai; 
Ai); i∈I , with Ai �-presentable with a colimit

ci : (Ai; 
Ai)→ (A; 
) (i ∈ I)

in CoalgF . Since F preserves monomorphisms, the forgetful functor CoalgF→Set
creates epi-mono-factorizations of morphisms. Factoring ci as an epimorphism ei :Ai→
Bi followed by a monomorphism mi :Bi→A for each i∈I , we thus obtain, due to the
diagonal 6ll-in, unique F-coalgebra structures 
Bi turning both ei and mi into homo-
morphisms. And the diagonal 6ll-in also provides us with a �-6ltered diagram D′ of
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these coalgebras together with a natural transformation D→D′ having components
ei and a cocone

mi : (Bi; 
Bi)→ (A; 
) (i ∈ I):

Now D′ is a diagram in K because K is closed under subcoalgebras in CoalgF . And
each Bi is �-presentable in Set, being a quotient of Ai.

By the same argument as in the proof of Theorem 4.2 a �-presentable coalgebra
(C; 
C) in C is a split subobject of a coalgebra (D; 
D) in C which is �-presentable in
CoalgF ; thus (C; 
C) is �-presentable in CoalgF . The rest follows from Theorem 4.2.

5. Bounded functors

5.1. The present section is devoted to endofunctors of Set. We denote by � an in6nite
regular cardinal (! not excluded). Recall the concept of a polynomial endofunctor H	

in 2.1; we call it �-ary provided that all arities are smaller than �. By a quotient of a
functor F is meant a functor G for which a natural epi-transformation F→G, i.e., a
natural transformation with epimorphic components, exists.

5.2. Proposition. A set functor is �-accessible i9 it is a quotient of a �-ary polynomial
functor.

Remark. Quotients of a �-ary polynomial functors were characterized in [7, Proposition
III.4.3] as precisely the functors F satisfying the following condition
(*) Every element of FS lies, for some subset s : S ′ ,→ S of less than � elements, in

the image of Fs.

Proof. Necessity: Let F be �-accessible. Denote by 	 the signature whose n-ary equa-
tion symbols, for any cardinal n¡�, are precisely the elements of Fn. It follows easily
from the Yoneda Lemma that the following de6nes an epitransformation ” :H	→F :
given a set S and an element (f; �) of H	S, where �∈Fn and f : n→ S is an n-tuple
of elements, put ”S(f; �) =Ff(�).
Su?ciency: Let F satisfy (∗); we prove that F is �-accessible. Let D :D→Set be

a �-6ltered diagram with a colimit (cd :Dd→C)d∈D. In order to prove that the cone
of FCd; d∈D is a colimit of FD, we need to verify that
(a) every element of FC lies in the image of FCd for some d∈D and
(b) for every D∈D and every subset u :U ,→FDd of less than � elements which Fcd

merges to one element there exists a morphism f :d→ Pd of D such that FDf also
merges U to one element.

In fact, (a) follows from (∗) because, for C = S, given a subset as in (∗), there exists
d∈D such that s factorizes through cd. To prove (b), use (∗) to obtain a subset
s : S ,→Dd of less than � elements such that U ⊂ [FsFS]. Since D is �-6ltered there
exists f :d→ Pd such that c Pd restricted to the image Ps : PS ,→ D Pd of S under Df is one–
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to–one. Without loss of generality we can assume S �= ∅, then PS �= ∅, consequently, c Pd·
Ps : PS→C is a split monomorphism—thus, Fc Pd ·F Ps is a monomorphism. Consequently,
if Fcd ( =Fc Pd ·FDf) merges two elements of the image of Fs, also FDf merges these
elements. This proves that FDf merges U to one element.

5.3. We want to compare the concept of bounded functors of Kawahara and Mori, see
Appendix, to that of accessibility.

Theorem. For any in7nite cardinal �, a set functor is bounded at � i9 it is �+-
accessible.

Proof. By Remark 4.4 we can assume that F preserves monomorphisms and pullbacks
of monomorphisms.

(I) Let F be �+-accessible. Since �+ is regular, by Theorem 4.2 there exists, for
every coalgebra C, a �+-6ltered colimit (Ci

ci→C)i∈I where each Ci has less than �+

elements. Since colimits of coalgebras are formed on the level of sets, every element
x∈C is contained in the image of ci for some i∈I . This image is a subcoalgebra C′

i
of C (because F preserves monomorphisms), thus x∈C′

i where C′
i has less than �

elements since Ci does. Therefore, C′
i has cardinality at most �.

(II) For a functor F bounded at � we form the diagram of all “elements of F on sets
of cardinalities 6�” and show that F is the corresponding colimit of hom-functors.
Each of the hom-functors hom(X;−), where cardX6�, is obviously �+-accessible,
thus, F is �+-accessible since colimits commute with colimits. More detailed:

Let D be the (essentially small) category of all pairs (X; x) where X is a set of car-
dinality 6� and x∈FX , with morphisms f : (X; x)→ (X ′; x′) all functions f : X ′→X
with Ff(x′) = x. We prove that F is a colimit of the diagram V : D→ [Set;Set] where
V (X; x) = hom(X;−) with the colimit cocone f(X; x) having components

fY
(X; x) : hom (X; Y )→ FY; q �→ Fq(x) for all q :X → Y:

That is, we prove that for every set Y
(a) the maps fY

(X; x) are collectively epimorphic, and
(b) whenever fY

(X; x)(q) = fY
(X ′ ; x′)(q

′) then q is connected with q′ by a zig-zag in the
diagram of elements of V composed with the evaluation–at–Y , evalY : [Set;Set]→
Set.

Proof of (a): Given y∈FY , for the coalgebra (Y; const(y)) there exists a homo-
morphism h : (D; 
D)→ (Y; const(y)) with cardD6� which ful6lls D �= ∅ if Y �= ∅. For
Y �= ∅ choose d0∈D, then (D; d)∈D with d= 
D(d0)

fY
(D;d)(h) = Fh(
D(d)) = const(y) · h(d) = y:

The case Y = ∅ is trivial since (Y; y)∈D.
Proof of (b): We have Fq(x) =Fq′(x′) for some q :X →Y and q′ :X ′→Y . Factor

q as an epimorphism e :X →Z followed by an injection m :Z ,→ Y and put z =Fq(x);
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analogously e′, m′, and z′. By assumption, F preserves the pullback

The equality Fm(z) =Fq(x) =Fq′(x′) =Fm′(z′) thus guarantees that there exists p∈FP
with z =Fu(p) and z′ =Fu′(p′). And since cardP6card(Z ×Z ′)6card(X ×X ′)6�2

= �, we obtain an object (P; p) of D with morphisms

(X; x) e←(Z; z) u→(P; p) u′
←(Z ′; z′) e′

→(X ′; x′)

forming the desired zig-zag.

Corollary. For every regular cardinal � we have

F �-accessible⇒ F bounded at �⇒ F �+-accessible:

In fact, every �-accessible functor is bounded at �, as proved in [3].

5.4. As a converse to Corollary 4.2 we obtain from the previous result

Corollary. Let F be a Set-functor such that CoalgF is a locally presentable category.
Then F is accessible.

Proof. Let CoalgF be locally �-presentable. Denote by Gen� a representative set of
strong quotients of the �-presentable coalgebras; choose an in6nite regular cardinal
<¿� which is an upper bound of the cardinalities of the coalgebras from Gen�. By
[5, 1.70] each F-coalgebra (C; 
C) is a �-directed colimit of subcoalgebras which
belong to Gen�. Since colimits in CoalgF are formed as in Set, each c∈C is contained
in a subcoalgebra of (C; 
C) of cardinality at most <. Thus, F is bounded at <, hence
accessible.

6. Conclusions and further research

For coalgebras of a given polynomial type 	 we have seen that 6nal coalgebras (of
	-labelled trees) play a certain double role: every element t of the 6nal coalgebra can
be viewed as a coalgebra per se, where the states now are the nodes of the tree t.
These coalgebras have a universal property resembling that of free algebras on one
generator. As a consequence, we have shown that the category Coalg	 exhibits a
surprisingly “algebraic” behavior. We expect that the role of these tree coalgebras will
be investigated further. For example, the multiequational semantics studied in [2] for
algebraic speci6cations might have an analogy in case of 	-coalgebras.
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For the 6nite-power-set functor Pf the behavior of the category CoalgPf is much
less algebraic. And there is no evident way how elements of a 6nal coalgebra could
be turned into Pf-coalgebras. In fact, recall from [8] that a 6nal Pf-coalgebra is the
set of all 6nitely branching extensional trees modulo the following congruence: two
trees t and s are congruent i= the cuttings t|n and s|n at level n have isomorphic
extensional quotients for all n= 1; 2; 3; : : : . (Recall that a tree is extensional i= di=erent
children of one parent always represent non-isomorphic subtrees. Every tree t has a
smallest congruence such that the quotient tree is extensional; that quotient is called
the extensional quotient of t.) Example of congruent extensional trees:

Now although t and s represent the same element of the 6nal Pf-coalgebra, they
are very di=erent as trees. So we have no intuition of a Pf-coalgebra associated with
the element [t] = [s]. It then seems that the above procedure of formation of tree
	-coalgebras has no generalization to arbitrary endofunctors of Set.

This leaves open the following questions: which endofunctors of Set have the prop-
erty that multifree coalgebras exist?

The second main topic of our paper is presentability of coalgebras. In universal
algebra this is important because to say that an algebra A is 6nitely presentable within
a given equational class means precisely the possibility of using 6nite data to specify
A (up to isomorphism) in the equational class. There are two equivalent ways of how
to say that A is a 6nitely presentable algebra:
(a) A is a quotient of a free algebra on 6nitely many generators modulo a 6nitary

generated congruence, or
(b) hom(A;−) is a 6nitary functor.
We have chosen (b) as our basis for studying 6nitely presentable coalgebras. And we
have shown a surprising parallel between algebra and coalgebra in case of polynomial
functors: 6nitely presentable 	-coalgebras are precisely the quotients of members of a
multifree coalgebra on 6nitely many generators modulo a 6nitely generated congruence.
On the other hand, the name “6nitely presentable” suggests that a presentation by 6nite
data is possible—this is true for 	-coalgebras if (and only if) the elements of the 6nal
	-coalgebra are considered (in spite of being in6nite trees) as data units. That is,
considering an implementation of trees as granted, 6nitely presentable 	-coalgebras
are given by 6nitely many of those plus a 6nitely generated congruence.

In6nite presentability of coalgebras reduces to the corresponding size restriction on
the underlying set of the coalgebra. This is hardly surprising, e.g., the same holds for
	-algebras of any countable 6nitary signature 	: a 	-algebra is �-presentable, where
� is an uncountable regular cardinal, i= it has less than � elements. What is surprising
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is how involved the proof of that (simple?) fact for coalgebras has turned out to be.
It would be interesting to search for a simpler proof—so far, we have not found any.

The 6nal topic of our paper concerned the relationship between the concept of acces-
sible functors, introduced by Makkai and Par'e [13] and widely used in category theory,
and bounded functor of Kawahara and Mori [11]. These concepts are equivalent, as we
have proved in [3] for all set functors. In the present paper we have sharpened that to

F is bounded at � ⇔ F is �+-accessible

for every set functor F . An interesting question is whether the concept of boundedness
for set functors can be generalized to endofunctors of arbitrary categories, such that
the above equivalence remains valid.

Appendix

We recall some concepts from [9,11] and [13]. Below � always denotes an in6nite
regular cardinal, i.e., an in6nite cardinal � which is not a sum of less than � cardinals
smaller than �. A category D is called �-7ltered if every subcategory of less than �
morphisms has a cocone in D; colimits of diagrams over small �-6ltered categories are
called �-7ltered colimits (example: colimits of �-chains).

De(nition. A functor F preserving �-6ltered colimits is called a �-accessible functor.
For �=! we call F 7nitary.

An endofunctor of Set is called bounded at � provided that every element of every
coalgebra is contained in some subcoalgebra of at most � elements.

Examples. (1) A polynomial functor of a (possibly in6nitary) signature 	 is �-access-
ible i= all arities of operations in 	 are smaller than �. And it is bounded at � i= all
arities are smaller or equal to �.

(2) A hom-functor hom(A;−) :Set→Set is �-accessible i= A has less than � ele-
ments. It is bounded at � i= A has at most �-elements.

(3) The functor P� of all subsets of less than � elements is �-accessible. E.g., Pf
is 6nitary and the countable-power-set functor Pc is bounded at ! but not 6nitary.

(4) The power-set functor P is not accessible.

De(nition. An object A of a category A is called �-presentable provided that the hom-
functor hom(A;−) :A→Set is �-accessible. For �=! we call A 7nitely presentable.

Examples. (1) A set is �-presentable in Set i= it has less than � elements.
(2) An algebra is �-presentable in a variety i= it can be presented by less than �

generators and equations. If the variety is 6nitary this is, for all uncountable cardinals
�, equivalent to having less than � elements.

De(nition. A category A is called �-accessible provided that it has �-6ltered colimits
and a set of �-presentable objects whose closure under �-6ltered colimits is all of A.
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If, moreover, A has colimits, then it is called locally �-presentable. For �=! we call
A 7nitely accessible and locally 7nitely presentable, respectively.

Examples. Set is locally 6nitely presentable, the full subcategory of all nonempty
sets is 6nitely accessible. The category !-CPO of all posets with a least element
and joins of !-chains, where morphisms are functions preserving joins of !-chains, is
!1-accessible.

Locally 6nitely presentable categories are precisely the categories of models of 6ni-
tary essentially algebraic theories (see [5]).
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