Joumal of Pure and Applied Algebra 47 (1987) 35-87 35
North.Holland

SIMPLICIAL PRESHEAVES

J.F. JARDINE*
Mathematics Department, University of Western Ontario, London, Ontario N6A 5B7, Canada

Communicated by E.M. Friedlander
Received 5 October 1985
Revised January 1986

[ntroduction

The central organizational theorem of simplicial homotopy theory asserts that the
category S of simplicial sets has a closed model structure. This means that S comes
equipped with three classes of morphisms, namely cofibrations (inclusions), fibra-
tions (Kan fibrations) and weak equivalences (maps which induce homotopy
equivalences of realizations), which together satisfy Quillen’s closed model axioms
CM1 to CMS5. This theorem is well known and widely used (see [23] and [3]).

One could reasonably ask for such a theorem for the category SShv(C) of simpli-
cial sheaves on a Grothendieck site C, based on the intuition that any theorem which
is true for sets should be true for topoi. Immediately, however, a dilemma presents
itself. On the one hand, cohomological considerations, like the Verdier hyper-
covering theorem, suggest a local theory of Kan fibrations. For example, if op|r is
the site of open subsets of a topological space 7, then a map f: X — Y of simplicial
sheaves should be a local fibration if and only if each map of stalks f,: X, — Y, is
a Kan fibration in the usual sense. On the other hand, monomorphisms surely
should be cofibrations, giving a global theory.

The two approaches do, in fact, yield axiomatic homotopy theories for all
aategories of simplicial sheaves. The local theory for the category of simplicial
sheaves on a topological space was constructed by Brown [4]; the corresponding
global theory was developed slightly later by Brown and Gersten [5]. The local
theory for arbitrary Grothendieck topoi appears in [17]. The global theory in the
general setting is a result of Joyal [18]. The global theory of cofibrations is part of
i closed model structure on SShv(C). The two theories are distinct, since it is not
true that every local fibration is a global fibration. The Eilenberg-MacLane objects
K(F, n) certainly fail to be globally fibrant in general, essentially since sheaf co-
bomology is non-trivial.

A point that all authors (including myself) seemed to miss up to now is that, in
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the proofs of the results above, it is not so much the ambient topos that is Creating
the homotopy theory as it is the topology of the underlying site. These proofs may
be generalized to produce local and global homotopy theories for simplicial py,.
sheaves on a Grothendieck site which depend on nothing but the axioms for the Site.
This paper presents these results. The local theory is given in the first section; the
main result there is Theorem 1.13. The global theory appears in the second Section,
culminating in the proof of Theorem 2.3. The corresponding results for simplicj|
sheaves appear as corollaries of these theorems. The first two sections may seer,
lengthy, but the idea was that these results should be presented in a ‘user-friendly’
fashion.

In retrospect, it has been intuitively obvious for some time that there should pe
some sort of homotopy theory for simplicial presheaves, such that the canonicy
map from a simplicial presheaf to its associated simplicial sheaf is a weak equiva.
lence. Evidence for this appears in [17], in fact, and it is achieved by both theories,
It follows, in particular, that the associated homotopy categories are equivalent,
Thus, the local and global theories, while proveably distinct, describe the same
thing, rather like the way that hypercovers and injective resolutions describe sheaf
cohomology.

One may recall that a proper description of sheaf cohomology requires both of
these points of view. The same is true of the homotopy theory of simplicial pre-
sheaves or sheaves, as is evidenced in the third section of this paper. The basic idea
there is to apply the results of the first part of the paper to get a new description
of étale K-theory and the comparison map of the Lichtenbaum-Quillen conjecture.
In particular, there is an isomorphism

K (S;Z2/1) = [+, QK/l']g, i=0,

for decent schemes S and primes / not dividing the residue characteristics of S. The
square brackets denote morphisms in the homotopy category associated to the
category of simplicial presheaves on the étale site ét|s for S, and * is the terminal
object on S Pre(ét|s). K/I 1 is notation for one of the mod ! K-theory presheaves on
ét|s. This result is Theorem 3.9 of this paper; its proof uses the main result of [28].

We therefore obtain yet another description of étale K-theory, at least in degrees
above —2. The point is that, with the results of the first two sections in hand, étale
K-theory may be regarded as a generalized cohomology theory for simplicial pre-
sheaves on ét|s. Insofar as the mod/ K-theory presheaf is defined on any of the
scheme-theoretic sites which are available for S, we are entitled, via this description,
to objects like ‘flat’ K-theory of ‘Zariski’ K-theory. These invariants may all be
related to topos-theoretic methods. Zariski K-theory is the object of study of [3]-

Another corollary of Theorem 3.9 is that the comparison map relating mod/
K-theory and étale K-theory now has a very simple description. In particular, the
Lichtenbaum-Quillen conjecture reduces to a ‘flabbiness’ assertion for the simpli
cial presheaf K/I'. The reason for the concentration on simplicial presheaves will
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pecome obvious to the reader at this point. The conjecture itself asserts that the
pomotopy groups of the simplicial set of global sections of K/I! are isomorphic to
the groups [*, Q'K/1'], at least in high degrees. It is therefore important to use a
pomotopy theory which sees simplicial presheaves rather than their associated sim-
plicial sheaves; the canonical map from a simplicial presheaf to its associated simpli-
cial sheaf might not induce a weak equivalence in global sections.

The third section also contains technical results which lead to the Godement and
prown-Gersten descent spectral sequences for morphisms in the homotopy category
on SPre(ét|s). Both are essentially straightforward applications of well-known
tower of fibrations techniques, modulo the technical problem that the inverse limit
functor on such towers might not preserve weak equivalences in the simplicial
presheaf setting. In both cases, one gets around this problem by assuming a global
pound on étale cohomological dimension. This assumption is becoming standard
practice [28].

The paper closes with a result that asserts that generalized cohomology groups of
asimplicial scheme X over a base scheme S may be computed either in the homotopy
category for the big étale site on S, or in the homotopy category associated to the
¢tale site which is fibred over X. This result generalizes the cohomological result of
[17] which led, in part, to a streamlined proof of Suslin’s theorem on the K-theory
of algebraically closed fields [26,27]. It also implies that Thomason’s topological
equivariant K-theory [30] may be interpreted as generalized simplicial presheaf
cohomology of a suitable balanced product.

1. Local theory

Throughout this paper, C will be a fixed small Grothendieck site. SPre(C) is the
category of simplicial presheaves on C; its objects are the contravariant functors
from C to the category S of simplicial sets, and its morphisms are natural transfor-
mations. Recall that the topology on C is specified by families J(U) of subfunctors
RCC(-, U) of representable functors, one for each object U of C, and that an ele-
ment R of J(U) is called a covering sieve. Each such R may be identified with a
subcategory of the comma category CJ U, and so each simplicial presheaf X restricts
to a functor on each covering sieve. I define

X(Uy= Ilm X(¥)
¢:V-UeR
ind call this the simplicial set of R-compatible families in X(U). There is a canonical
map
TR:X(U)—')X(U)R
for each U and R. A necessary and sufficient condition for X to be a simplicial sheaf

i that the map 15 is an isomorphism for each U in C and each covering sieve
RCC(~, U). SShv(C) is the full subcategory of SPre(C) whose objects are the sim-
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plicial sheaves. Recall that the inclusion j: SShv(C)CSPre(C) has a left adjoip
X~ L%X, called the associated sheaf functor, where the functor L: SPre(C)-
SPre(C) is defined by

LX)U) = lim X(U)g.
RCC(—~, U) covering

The colimit defining L(X)(U) is filtered, and so L, and hence L?, preserves finite
limits (which are formed pointwise). The convention is to write X=L*(X ). There
is a canonical map

ﬂX:X_’LX,

and LX is a separated presheaf in the sense that #; y is a pointwise monic.
A map p: X = Y of simplicial presheaves is said to be a local fibration if for eac
commutative diagram of simplicial set maps

AT X(U)

N p(U)

4" Y(U)

B

there is a covering sieve R C C(—, U) such that for each ¢: ¥ — U in R there is a com-
mutative diagram

AR XW) X¥)
N p(V)
8¢

A" Y(U) Y(V)

B p*
In other words, p(U) satisfies the lifting property of a Kan fibration, up to refine-
ment along some covering sieve. I refer to this as a local right lifting property, so
that p: X — Y is a local fibration if and only if p has the local right lifting property
with respect to all simplicial set inclusions of the form A3 C A", n>0. Of course,
A" is the standard n-simplex generated by the n-simplex #,, and A} is the sub-
complex of A" which is generated by all faces of i, except d;i,. A simplicial pre-
sheaf X is said to be locally fibrant if the map X — + is a fibration, where # is the
terminal object of SPre(C). Explicitly, *(U) is a copy of the standard 0-simplex A
Observe that * is also a simplicial sheaf.

If g: Z— W is a simplicial presheaf map which is a pointwise Kan fibration in the
sense that each map of sections g: Z(U) = W(U), UeC, is a Kan fibration, then{
is a local fibration; in effect, no refinements are required. On the other hand, not
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every local fibration is a pointwise Kan fibration. Let ét|g be the étale site for a
jocally Noetherian scheme S. It is easy to show that a map p: X — Y of simplicial
presheaves on ét|s is a local fibration if and only if each stalk map p,: X, — Y, cor-
responding to each geometric point x of S is a Kan fibration. This is true for all
grothendieck sites with enough ‘points’ or stalks. In particular, the canonical map
X — X is a local fibration for each simplicial presheaf X on ét|s. (This gener-
slizes to arbitrary sites.) But now let F be an abelian group, and let F also denote
the corresponding constant presheaf of abelian groups on ét|s. Then, for each étale
map U= S,
Fw-9=1I F,
no(U)

where 7o(U) is the set of connected components of U. The canonical map 5: F— F
is given at U— § by the diagonal homomorphism

A:F- ][ F.
no(U)

It follows that 4 induces the canonical map
NpBr: BF— BF~

at U= S, and so ngp(U— S) is not a Kan fibration if U is disconnected. The sim-
plicial presheaf BF is constructed from F by pointwise application of the usual nerve
functor.

Let SPre(C); CSPre(C) be the full subcategory of locally fibrant presheaves. The
goal of this section is to show that SPre(C); satisfies the axioms [4] and [17] for a
category of fibrant objects for a homotopy theory. This means that two classes of
maps in SPre(C); are specified, namely fibrations and weak equivalences, which
satisfy a list of axioms. This list will be written down later. The fibrations for this
theory are the local fibrations, as defined above.

The weak equivalences are harder to define, since the definition is combinatorial
and local. We must first arrange for a calculus of local fibrations, in the style of
[14]. I say that a class « of simplicial set monomorphisms is locally saturated if it
satisfies the following axioms:

(1) All isomorphisms belong to .

(2) A is closed under cobase change with respect to arbitrary maps.
(3) A is closed under retracts.

(4) A is closed under finite composition and finite direct sum.

lemma 1.1. The class &, of simplicial set monomorphisms which has the local left
lifting property with respect to a fixed simplicial presheaf map p: XY is locally
Wturated.
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Proof. &, is the collection of all simplicial set inclusions i: K— L such that, for
each diagram

K

X(U)
i p

L ——ﬁ—~> Y(U)
there is a covering sieve RCC(—, U) where, for each ¢: V= U in R, there is 4

diagram
*

K —— X(U)

X()

i p
e¢

L

5 Y(U) — Y(V)

Observe that the liftings 8, are not required to be coherent in any way. The axioms
(1), (2), and (3) trivial. To verify (4) (and to verify a lot of other things) we use a
standard refinement principle for covering sieves. Suppose that RCC(-,U) is
covering, and suppose that S,CC(-,V) is a choice of covering sieve for each
@:V— U in R. Let Ro S, be the collection of all morphisms W — U of C having a
factorization

N A

where peR and ye€S,. Then the refinement principle, which is easily proved,
asserts that R© S, is covering.
Now suppose that there is a diagram

U

K, XW)

iy

i

Ky ——=— Y(U)
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where iy and i, are in «,. Then there is a covering sieve R C C(—, U) such that, for
each ¢: V= U in R, there is a diagram

£

K;

X(U)

X)

i
B0

A 4

K, p

iy

v +
Ky ——=YW) —— Y

There is a covering sieve S,C C(—, V) such that, for each ¢: W—V in S, there is

a diagram
*

W*
K, X(U) X(V) —— X(W)
iy
K, p

Ky ——— Y(U) Y(V) —— Y(W)

w*

This gives a choice of lifting 6, , for each factorization y=¢©° y of each ye R© S,.
Picking one lifting 6, , for each y shows that i, o, lifts locally along R S,, and
50 A, is closed under finite composition. </, is closed under finite direct sums,
since the covering sieves in C(—, U) are closed under finite intersection. [

The members of the smallest locally saturated class of monomorphisms which
contains the inclusions A C A", n>0, are called strong anodyne extensions. Stan-
dard nonsense [14, p. 61], together with Lemma 1.1, implies that all inclusions

A'xTYU({e} xS)cA'xS, e=0,1, 1.2)

which are induced by inclusions T'C S of finite simplicial sets, are strong anodyne
extensions. One shows, following [14] again, that if 7C S are finite, then the set of
inclusions KC L of simplicial sets such that the induced map

(LXTHYUKXS)CLxXS

s strong anodyne, is a locally saturated class which contains all maps of the form
(1.2), and hence all inclusions A?C A", n>0, giving
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Corollary 1.3. Suppose that KC L is a strong anodyne extension and TCS js an
inclusion of finite simplicial sets. Then the induced inclusion (L XT)U (KX 8) s a
strong anodyne extension.

There is also the more obvious

Corollary 1.4. Every local fibration has the local right lifting property with respec
to all strong anodyne extensions.

Now let X be a simplicial presheaf, and let K be a simplicial set. The simplicig|
presheaf XX is defined at Ue C by
XX (U) = hom(K, X (V)),
where hom(KX, X(U)) is the simplicial function complex.
Corollary 1.5. Suppose that KCL is an inclusion of Jfinite simplicial sets, and thqt
p: X—Y is a local fibration. Then the map

XL (i*’p*)

XK XYK YL
is a local fibration.
Proof. Use adjointness and Corollary 1.3.. U

Observe that XX is a simplicial sheaf if X is a simplicial sheaf.

Let 04" be the subcomplex of A" which is generated by all faces d;1, of the
canonical simplex z,. The smallest locally saturated class which contains all inclu-
sions of the form 94" C A", n=0, also contains all inclusions K C L of finite simpli-
cial sets. It follows from Lemma 1.1 that all simplicial presheaf maps which have
the local right lifting property with respect to all inclusions of the form dA4"C 4",
n=0, are local fibrations. One of the better examples of such a map is given by

Lemma 1.6. Let X be a simplicial presheaf. Then the canonical map ny:X—X
has the local right lifting property with respect to all 34" C A", n=0.

Proof. This was proved in [17]. An alternative proof is given by observing that any
diagram

4"

N

A" ———LX(U)

X(U)
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factors through a diagram

4" X(U)

N 2

An

X(U)g

for some covering sieve R. But then, for each ¢: V= U in R, there is a commutative
diagram

X(U) ——L X(V)

T =

X(U)g X(V)prr

K

LX'(U)

LX(V)

where ¢*R is the set of all morphisms w: W— V¥ of C such that ¢oy is in R.
¢*R=C(—, V), and so the indicated map 7 is an isomorphism. [

Corollary 1.7. If p: X— Y is a local fibration, then so is Lp: Lx— LY.

Proof. Consider the diagram

nx

X(U) LX(U) Al
p L(p) N
Y(U) —— LY(U) —5— 4"

Lemma 1.6 and the remark preceding it imply that « lifts locally to X. Local fibra-
tions are closed under composition, by an argument dual to that given for Lemma

L1, and so 770 p is a local fibration. Thus, by refining further, one finds liftings of
ftoLx. O

Corollary 1.8. If p: X— Y is a local fibration,then so is p: X — Y. In particular, if
X is a presheaf of Kan complexes, then X is locally fibrant.
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Let K be a finite simplicial set, and let X be a locally fibrant simplicial Dreshegs
on C. Let

S
K 3 X(U)
g

be a pair of simplicial set maps. f is said to be locally homotopic t0 g (writ
S =ioc &) if there is a covering sieve RC C(—, U) such that, for each ¢: V- U ip
there is a diagram

S
K — X(U)

d° o*

8
K —— X(U)

One says that f is locally homotopic to g (rel L), where L C K, if f|; =g|, and each
homotopy 4, is constant on L.

Lemma 1.9. Local homotopy (rel any subcomplex) of maps K — X (U) is an equiva-
lence relation if K is finite and X is locally fibrant.

Proof. It suffices to show that local homotopy of vertex maps 4°— Y(U) is an
equivalence relation if Y is locally fibrant. To see this, observe that each comma

category ClU inherits a canonical topology from the site C, and that if X is the
composite functor

X
(ClUYP->C®P——S, V-oU-V,

then X|, is locally fibrant if X is. Now suppose that there is a diagram

/X

- X(U)
N A

and form the pullback diagram
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X|K/L — X|p)*

i*

X|*

*

of simplicial presheaves on ClU. Then f and g determine vertices of the locally
fbrant simplicial presheaf (X|y)K/L, and f=, g (rel L) if and only if the corres-
ponding vertices are locally homotopic.

Suppose that there is a covering sieve R C C(—, U) such that, for each ¢: V> U
in R, there is a diagram

A° XU

AO

X(U)

s0 that x=,. y as vertices of X. Then there is a covering sieve S,CC(-, V) such
that, for each y: W—V in S, there is a diagram

(Wys S09*x, —)
A —= s X(V)

ﬂ y*

A? > X(W)

Uy, e

where (w,, so@*x, —) is the unique map on A% which sends dyi, to w,(1;) and dyi1, to
$¢*x in X(V). Then there is a diagram

A° XW)

d° (woy)*

l’ d2 v
Al — A2 —2 xw)

d' /’y)*

A° _.L_, XU)
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for each composite poy with peR and y€S,, and so y=j,.x. The transitivity is
similar. Reflexivity is trivial. [

Let C, be a small Grothendieck site with terminal object ¢ (like 1, in ClU), Let
X be a locally fibrant simplicial presheaf on C, and take a vertex x € X(¢)y. Let
be the image of x in X(U) under the map X(f) = X (U) which is induced by U~y
in C,. The set of local homotopy classes of maps (4",34") = (X(U),xy) has ee.
ments denoted by [(4",34"), (X (U),xy)liec- Letting U vary gives a presheaf

(X, x)(U) := {[(4",04"), (X (U), xv)}ioc } -

It is easily seen that n/(X,x) is separated for all n=1. I define 7,(X,x) to be the
associated sheaf of n5(X,x). m,(X,x) may be identified with LnZ(X,x). Simila
considerations apply to path components; 5 X is the presheaf of local homotopy
classes of vertices, and myX is its associated sheaf.

A combinatorial pairing

m?: nf(X, x) X i (X, x) = n,(X, X)

may be defined as follows. Let f and g be maps (4",34") = (X(U), xy) which
represent local homotopy classes. There is a covering sieve RC C(—, U) such that,
for each ¢: V— U in R, there is a diagram

(xU, "',xUn/;_’ g)

Aptt > X(U)

ﬂ o*

An+l " > X(V)

©

Then {[d,W,lioc}per i an R-compatible family, and hence defines an element
[{[d,Wplioc} o r] O T,(X, x)(U) which is independent of the choices that have been
made. It follows that

([f Tioes [&lioc) = [{[dan;]loc}(peR]

defines the U-section component of the presheaf map m”. Applying the associated
sheaf functor to m” gives a pairing

m: 7,(X, X) X (X, X) = 7, (X, X).

The constant map xy:(4",34™) — (X(U),xy) determines a distinguished element
ey € m,(X,x)(U) in the obvious way, and ¢*(ey)=e; for each ¢: V— U.

Proposition 1.10. 7,(X,x), as defined above, is a sheaf of groups for n=1 which
is abelian for n=2.
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proof. This will only be a sketch. The idea is to take the arguments of [21, p. 9]
and make them local. One gets away with this because only finitely many choices
of lifts (and hence refinements) are required at each stage.

Suppose that {[x,]ioc}ycr is an R-compatible family in #?(X,x)(U) for some
covering sieve R, and that [2],,. is an element of 7?(X, x)(U). Suppose further that,
for each ¢: ¥V — U in R, there is a diagram

(XV, s XY Xy (U*Z)

At > X(V)
ﬂ /

Wo
A"

Then the family {[d,w,]},cr is R-compatible and represents the product

[{ [x¢]loc}(oeR] s [[z]loc]

in 7,(X, x)(U).

Now let u, v, w:(4",84™) = (X(U),xy) represent elements of n2(X,x)(U). By
successive refinement, there is a covering sieve RC C,(—, U) such that, for each
p:V—= U in R, there are commutative diagrams

(XV, Xy, QP *u ] *l))

An+l > X(V)
N

An+1

pras (xy,...,xV,d,,w,‘f_l,——,(p*uL X(V)
N

An+1 /

Xy, ... Xy %0, —, @*w)

A+ > X(V)

ﬂ/
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(xV»-"’va wr«t,-l’ s qul’+l’ qul,+2)

Ant2 — X(V)

u¢

An+2

But then the diagram

(XV, cees XYy (0*14, dnwr‘/:+lidnwf:+2)

aAyt! - X(V)

N

d,u®

An+l

commutes for each ¢: ¥V— U in R, and so

[[Whocl ® (vl @ [[#]ioc))
= [[Whocl ® [{[dnWf-1]ioc}per]
= [{Idr Wi+ 1]ioc}per]
= [{[dnWi+2li0c} pe #] @ [[U]10c]

= ([[Whocl ® [Ivlioc]) @ [2e]ioc]

in 7,(X,x)(u). It follows that the multiplication map is associative. Similar argu-
ments give the rest of the result. [l

Each of the sites ClU of Lemma 1.8 has a terminal object, namely the identity
map 1,:U— U, and so xe X|y(1y), determines a sheaf of homotopy groups
n.(X |y, x) if X is locally fibrant. A map f: X — Y of locally fibrant simplicial pre-
sheaves is said to be a combinatorial weak equivalence if each of the induced maps

Jo: p(X) = mo(Y),
f*: ﬂn(Xlu,X)“’ ﬂ,,(Ylu,fX), UEC, xEX(U)O

are isomorphisms of sheaves. Recall that, if C is a site such that the sheaf category
Shv(C) has enough points, or stalks, then X is locally fibrant if and only if each
of the stalks X, is a Kan complex. In this case, amap f: X—Yisa combinatorial
weak equivalence if and only if each of the induced stalk maps f,: X, —~ Y, isa weak
equivalence of Kan complexes in the simplicial set category S.



Simplicial presheaves 49

proposition 1.11. Suppose given a commutative diagram
g
X Y
N S
VA

of morphisms of locally fibrant simplicial presheaves. If any two of f, g, or h are
combinatorial weak equivalences, then so is the third.

proof. Suppose that g and h are combinatorial weak equivalences. Then
g Mo(X) no(Y) is an isomorphism, so that, for each y e Y(U)y, U€eC, thereis a
covering sieve R such that, for each ¢: V— U in R, there is a diagram

Al (0%, g(x, ¢))

N

— Y (V)

where x,€ X(V)o. Each such w, induces an isomorphism of sheaves
(Wods: (Y |y, 9*y) = m,(Y |y, 8(X,))-

More generally, if Y’ is a locally fibrant simplicial presheaf on C, and there is a
diagram

aal =X, yip)

N w

Al
then there is an induced isomorphism
Wy T,(Y, x) = n,(Y', X')

which is natural in the obvious sense. In effect, if U is an object of C, and
0:(4",84™) = (Y’'(U), xy) represents an element of n5(Y’,x)(U), then there is a
covering sieve SC C,(—, U) such that, for each ¢: V= U in S there is a commutative
diagram

*

(
U x AU @4 x aY) —222, vy
N

A" x Al

Y'(vV)



50 J.F. Jardine

where wy, is the composite

pr w
IN" X A ———— Al ——— Y'(1)

Y'(U).

Then {[w,°d 1],0‘:}(,Je r is an S-compatible family in #5(Y’,x)(U), and so deter.
mines an element wy[a], of 7,(Y",x")(U); wila], is independent of the represey,.
tative of [a],,.. The induced presheaf map

Wy TP (Y, x) = 7, (Y, x")

is monic and locally epimorphic. Finally, observe that, for each ¢: V- U in the
original covering sieve R, the site isomorphism (ClU)!l(¢: V— U)=C|V induces an
isomorphism

(Y y, Y e: V- U)=n,(Y |y, 0*y)(1y)

which is natural in Y.
Putting all of the above together gives commutative diagrams

7,(Y |1 Y)(1y) ———— 1Y |1 ¥)(@: V= U)

J+ Je

*

nu(Z |y, SY)Ay) T Z |y, ) @: V> U)

(Y v Y)@: V= U) = m,(Y |y, 0*p)(1y)
Jx S

A Z |y, W@ V= U) =, (Z |y, fo*y)(1y)

7tn(z\,l Vs x(p)(l V)
8%

* (W(a)*
(Y, 0*0)Ay) — m,(Y |y, gx,)(1y)
S+ Jr hy

Wo)s

(
Tn(Z |y, fo*y)(Qy) — m,(Z | vs J8X,)(1y)

for each ¢: V= U in the covering sieve R. Thus, all of the maps f, are isomor-
phisms, and so f is a combinatorial weak equivalence if g and / are. The other cases
are trivial. [

Local fibrations between locally fibrant simplicial presheaves are characterized by
having the local right lifting property with respect to all simplicial set inclusions of
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the form Az C A", n>0. The following result, which is the key to this theory, im-
plies that a map of locally fibrant simplicial presheaves is a local fibration and a
combinatorial weak equivalence if and only if it has the local right lifting property
with respect to all inclusions of finite simplicial sets; such maps will be called trivial
Jocal fibrations.

Theorem 1.12. A map p: X — Y between locally fibrant simplicial presheaves is a
Jocal fibration and a combinatorial weak equivalence if and only if it has the local
right lifting property with respect to all inclusions of the form A" C A", n=0.

proof. A map (4",84") — (X(U), x) represents the trivial element of 7,(X |y, x)(1y)
if and only if there is a covering sieve RC C(—, U) such that, for each ¢: V— U in
R, there is a diagram

@* Xy, ...y
dA"+! Vo) |y

N

An+l

It follows that a map p: X — Y which has the local right lifting property with respect
to all 34" C A", n=0, is a combinatorial weak equivalence. Such a map is clearly
a local fibration, by the observation preceding the proof of Lemma 1.6.

For the converse, say that a diagram

4"

X(U)

N p

A4 —-—E——* Y(U)

has a local lifting if there is a covering sieve R C C(—, U) such that, for each ¢: V— U
in R, there is a commutative diagram
aa" S AR EN XWV)

—— Y(V)
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The idea is to show that, if p: X — Y is a combinatorial weak equivalence and a locg]
fibration, then every diagram of the form D has a local lifting.

First of all, if D is locally homotopic to diagrams D, having local liftings, then
D has a local lifting. In effect, there is a covering sieve RC C(—, U) such that, f,
each ¢: V— U in R, there is a commutative diagram

L
d° h,

N 34" x A" XWV)

A" N P

— =
@ axat —— Y

(4

Furthermore, one is assuming that, for each ¢ in R, there is a covering sieve
R,CC(-, V) such that, for each y: W— V in R,, there is a diagram

*ohol

n By,¢

*oh’ odl Y(W)

Then there is a covering sieve R, ,CC(—, W) such that, for each y: W' =W in

R, ,, there is a diagram
o4" —L (04" x AU (4" % 0) Oy e "0ne) X(W’)
N N P
Wy wo
A" T A"x A ey > Y(W')

Composing the refinements gives the claim.
Now consider the diagram

aA™

X(U)

D N p n=1.

4" T Y(U)

D is locally homotopic to diagrams of the form
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(@, Xy, ..., xp)

Yk > X(V)
D, N P e:V-U,
n —
A m Y(V)

where x is the image of the vertex 0 of d4". In effect, the subcomplex AZ of 94"
contracts onto the vertex 0, and the homotopy extends locally to a homotopy of
diagrams. But then a, represents the trivial element of =,_,(X|,,x,)(1y)=
o (¥y, pxy)(1y) and so each D, is locally homotopic to diagrams of the form

X
A" —2— x (W)

Dyo ﬂ p yv:W-V.

A" Y(W)

By.o
Finally, ps: 7,(X |w,Xw) = 7.(Y | w, D(xw)) is a sheaf epi, and so each D, , has a
local lifting. Thus D has a local lifting. The sheaf isomorphism p,: 7, X —=» n,Y
gives the required local liftings for every vertex of Y. [

Recall [4], [17] that a category of fibrant objects (for a homotopy theory) is a
category € with pullbacks and a terminal object *, equipped with two classes of
maps, called fibrations and weak equivalences, such that the following axioms are
satisfied:

(A) Given maps f: X— Y and g: Y— Z in &, if any two of f, g, or go f are weak
equivalences, then so is the third.

(B) The composite of two fibrations is a fibration. Any isomorphism is a
fibration.

(C) Fibrations and trivial fibrations (i.e., maps which are fibrations and weak
equivalences) are closed under pullback.

(D) For any object X of €, there is a commutative diagram

XI
s (do,dy)

X

XXX

where 4 -is the diagonal map, s is a weak equivalence, and (dy, d)) is a fibration.
(E) For each object X of €, the map X — « is a fibration.
The point of what we have done so far in this section has been to prove:
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Theorem 1.13. The category SPre(C); of locally fibrant simplicial presheayes on
an arbitrary Grothendieck site C, together with the classes of combinatorig] Wweak
equivalences and local fibrations, satisfies the axioms for a category of Sibrap;
objects for a homotopy theory.

Proof. Axiom (A) is Proposition 1.11. The non-trivial part of Axiom (B) wag
observed in the proof of Corollary 1.7. Local fibrations and trivial local fibratigyg
are defined by local lifting properties, by Theorem 1.12, and are therefore closeg
under base change, giving Axiom (C). There is a commutative diagram

x4
s i*
X=x4 x4 (do. dy)

XxX

for each locally fibrant simplicial presheaf X, which is induced by the diagram of
finite simplicial sets

Al
i

Al

AO
i* is a local fibration by Corollary 1.5. On the other hand, dy: X4 — X may be
identified with the map (d°)*: X4' —» X4’ This map (d°)* has the local left lifting
property with respect to all d4"C A", n=0, by adjointness, and so d, is a trivial

local fibration by Theorem 1.12. But then s is a weak equivalence by Proposition
1.11, and so Axiom (D) is verified. Axiom (E) is an assumption. [

The object X! of Axiom (D) is called a path object for X. It is important to note
that the path object construction of the proof of Theorem 1.13 is functorial and
classifies natural simplicial homotopy, by adjointness. More precisely, there is a
diagram
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if and only if there is a diagram

where X xA! is the presheaf which is defined by X x4 (U)=X(U)xA". Let
1(X,Y) be the set hom(X,Y) in SPre(C);, collapsed by the smallest equivalence
relation which is generated by the simplicial homotopy relation. The naturality of
y4' implies that (X, Y) is the set of morphisms from X to Y of a category
7SPre(C);, whose objects are those of the original category SPre(C);. This cate-
gory approximates the associated homotopy category Ho(SPre(C);) in the sense
that there is an isomorphism

X, Y]= lim n(Z,Y),
[n):Z—-> XeTrivliX

where Triv|.X is the full (filtered) subcategory of the comma category nSPre(C);l X
whose objects consist of maps which are represented by trivial fibrations, and [X, Y]
denotes morphisms from X to Y in Ho(SPre(C);). The naturality of y"' implies
that the homotopy category may be approximated by nSPre(C); via a calculus of
fractions (see also [4, p. 425]). The corresponding point for simplicial sheaves is cen-
tral to the cup product constructions of [17].

Theorem 1.13 implies the analogous result [17] for simplicial sheaves.

Corollary 1.14. The category SShv(C); of locally fibrant simplicial sheaves on an
arbitrary Grothendieck site C, together with the classes of local fibrations and com-
binatorial weak equivalences as defined above, satisfies the axioms Jor a category

of fibrant objects for a homotopy theory. Moreover, Ho(SShv(C)y) is equivalent to
Ho(SPre(C);).

Proof. All finite limits in SShv(C) are formed as they are in SPre(C), and so XX
s a simplicial sheaf if X is. This implies the path object Axiom (D) for simplicial
sheaves. The rest of the axioms are trivial.

A map p: X — Y of simplicial presheaves is a trivial local fibration if and only if
the maps

(% ps)

X4 x y&
YGA"

x4
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are local epimorphisms in degree 0; this follows from Theorem 1.12. By adjOintness
and Corollaries 1.3 and 1.4, this is equivalent to (i ¥ p«) being a local epimorphiSm
in all degrees. On the other hand, the canonical map

Ne: XK - XK

induces an isomorphism of the sheaf associated to XX with XX if K is finite, since
the associated sheaf functor commutes with finite limits. It follows that the mgy

~A" (i-*,ﬁ*) "'aA” "’A
X422 X4 ¢
Y

is a degree-wise local epi if (i* py) is, and so p is a trivial local fibration if p is. W,
have already seen in Corollary 1.7 that the associated sheaf functor preserves locy
fibrations. Every map g: X — Y of SPre(C); has a factorization g=gq i, where g jg
a local fibration and i is right inverse to a trivial local fibration; this is the factoriz,.
tion lemma of [4]. Therefore, if g is a combinatorial weak equivalence, then so are
g and 7 and hence g. Thus, the associated sheaf functor preserves combinatoria]
weak equivalences, and so there are induced functors

Jx

Ho(SPre(C)y) ———— Ho(SShv(C)y).

Lemma 1.6 implies that this is an equivalence of categories. []

Any of the classical constructions of simplicial homotopy theory which involve
only finitely many solutions of the Kan extension condition carry over to the locally
fibrant simplicial presheaf setting. The long exact sequence of a fibration is an
example; one constructs the boundary homomorphism locally by analogy with the
construction of [20], giving

Lemma 1.15. Suppose that C, is a Grothendieck site with terminal object t. Sup-
pose that p: X — Y is a local fibration of locally fibrant simplicial presheaves on C,
and that x € X(t), is a global choice of base point for X. Let F, be defined by the
Cartesian square

F, X

¥ — Y

DX

Then there is a sequence of pointed sheaves

a .* £ 3
o 1 (FpX) —— m(Xx) 2 my(Y, px)

a ix Px
— moF, —— ng X — 7Y
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which is exact as a sequence of sheaves, and consists of group homomorphisms in
the usual range.

For C,, X and x as in Lemma 1.15, observe that there are pullback squares

pr d
PX » X4 —— x

do

X
* —— X

QX ——pPX
d, pr
x
* X

which define the path space PX and the loop space 2.X respectively, relative to the
choice of x. Then PX is trivially locally fibrant, and so there are isomorphisms of
sheaves

(X, X) = 7;_(QX,x), =2,

(L.16)
(X, x) = mo(R2X)

by Theorem 1.12 and Lemma 1.15. One can show that 7;(X, x) is abelian for i=>2
by using this fact, for then n;_;(QX, x) has two group multiplications which have
acommon identity and satisfy an interchange law.

Now let C be arbitrary and suppose that Y is a locally fibrant simplicial presheaf
on C. Kan’s Ex™ functor [19] may be used to construct a presheaf of Kan com-
plexes Ex® Y and a canonical map v: Y~ Ex*Y.

Proposition 1.17. The map v: Y — Ex™ Y is a combinatorial weak equivalence if Y
s a locally fibrant simplicial presheaf on an arbitrary Grothendieck site C.

Proof. Recall [19] that v:Y—Ex™Y is a filtered colimit of maps of the form
Y~Ex Y, where Ex is right adjoint to the subdivision functor and Y—ExY is
nduced pointwise by the last vertex maps sd A” — A”. The idea is to show that
ExY is locally fibrant and that the map Y— Ex Y is a combinatorial weak equiva-
knce. The result then follows from the fact that, if

XO fl;Xl fL;X2 fs;...

5a filtered system in SPre(C); such that each f; is a combinatorial weak equiva-
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lence, then li_rp X; is locally fibrant, and the canonical map
Xo— lim X;

is a combinatorial weak equivalence.

The inclusion sd A} Csd 4" is a strong anodyne extension; this is implicjt in
Kan’s Lemma 3.4 [19], but a less combinatorial proof may be given which takes
advantage of the fact that sdA4” is a cone on sd d4”. It follows that Ex preserve
local fibre sequences, and that Ex Y is locally fibrant in particular.

It is trivial to show that, if X is locally fibrant, then X — Ex X induces an isomgy.
phism in 7,. Suppose that xe X(U), for an object U of C. Ex commutes wi,
restriction to ClU, and so we may suppose that C=C,, X and x are as in the state.
ment of Lemma 1.15. Then there is a commutative diagram of sheaf homomgy.
phisms

(X, x) — m(Ex X, x)

]

it

7o(2X) 7o(Ex QX)
But Ex PX — xis a trivial local fibration, by adjointness and Theorem 1.12, and s
d is an isomorphism. Iterating this procedure shows that all of the induced maps

(X, x)—> m;(Ex X, x), i=1,

are isomorphisms. [

Observe that Proposition 1.17 is a triviality if Shv(C) has enough points, for then
Ex® commutes with all stalk constructions, and Kan’s theorem that X — Ex*X is
a weak equivalence for all Kan complexes X may be just quoted. This theorem had
to be reproved in the context above. It will become important when various homo-
topy categories are compared in the next section. The sheaves of homotopy groups
which are associated to presheaves of Kan complexes are also very easy to describe.

Proposition 1.18. Let X be a presheaf of Kan complexes on a site C, with terminal
object t, and take xe X (t),. Let nS™P (X, x) be the presheaf of simplicial homotopy
groups of X, based at x. Then the sheaf associated to n™ (X, x) is canonically iso-
morphic to n,(X,Xx).

Proof. Consider the map
n: 73X, x) > L™ (X, x).
The simplices a, B: (4" 04") = (X(U),xy) represent the same element of
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Lﬂ;imP(X, x)(U) if and only if they are locally homotopic (rel 34"). Thus, there is
, factorization of presheaf maps

: n
T, P (X, X)

N\

np (X, x)

LrS™P(X, x)

pll of the maps in this diagram become isomorphisms when the associated sheaf
fanctor is applied. [1

3, Global theory

Let C be an arbitrary small Grothendieck site. The global homotopy theory for
the full category SPre(C) of simplicial presheaves is essentially a theory of cofibra-
tions. These are easy to define; a cofibration is a map of simplicial presheaves which
isa pointwise monomorphism. Associated to any simplicial presheaf X on C and
1€ X (U), is a sheaf n}°P(X|,,x) on ClU. mP(X |y, x) is the sheaf associated to
the presheaf which is defined by

0: V= Ur n (| X(V)], x0),

where | X (V)| is the realization of the simplicial set X(V), and 7z,(|X(V)|,x}’) is the
ssual nth homotopy group of the space |X(V)|, based at x;, = @*(x). 7 P(X|y,X)
is a sheaf of groups which is abelian if n=2. The sheaf 7;°®(X) of topological path
components is defined similarly. A map f: X — Y of simplicial presheaves is said to
be a topological weak equivalence if it induces isomorphisms of sheaves

J: PX |y, %) = mP(X |y, x), UeC, xe XU,
fe: iEP(X) — nfP(Y).

There is a canonical isomorphism
TP (X |y X) = (S| X | s X)s

vhere S is the singular functor, in view of Proposition 1.18 and the usual adjoint-
tess tricks. It follows that f: X— Y is a topological weak equivalence if and only

f the associated map S|f|:S|X|— S|Y| is a combinatorial weak equivalence.
Thus, Proposition 1.11 implies

lemma 2.1. Given simplicial presheaf maps f: X—Y and g: Y~ Z, if any two of
l 8 or go f are topological weak equivalences, then so is the third.

A trivial cofibration i: A — B of simplicial presheaves is a map which is both a
wfibration and a topological weak equivalence. We are now working towards a
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closed model structure on SPre(C) which is based on cofibrations and t°p°1°gical
weak equivalences. We begin by proving

Proposition 2.2. Trivial cofibrations are closed under pushout.

Proof. Pointwise weak equivalences are topological weak equivalences, so j is
enough to consider any pushout diagram of the form

A—C

B

D

with j a cofibration, and show that i’ is a trivial cofibration if i is. i’ is a trivig]
cofibration if and only if for every diagram of topological spaces of the form

94" |IC(U)]

E N 1’|

|47 D))

B

there is a covering sieve R C C(—, U) such that, for each ¢:V— U in R, there are
diagrams

|247] lo*| @
Y?
184" x |4"| - |C(V)]
lo*la
i
|47 x |a'| —— |D(V)|
Ja
‘j,,‘ lo*| 8
lo*| @

04" —— |C(V))]

il
0, li]

47| |D(V)]

hod!
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where Cjg*| o 1s the constant homotopy on |¢*| a. This is shown by applying
Theorem 1.12, together with a local simplex choice argument, to the local fibration
sssociated to the map S|i’|: §|C|— S|D| of presheaves of Kan complexes.

Now take a diagram of the form E. Then there is a homotopy

184" |
Y‘O ’
|a4"| x | 4! o lcw)
i’
h
47| x |4'| —=— D)
3 A B
|4"|

and a subdivision |L|=|4"| (in the classical sense [25]) such that, in the diagram
o
K| =[04"] — |C(U)|
n N i
Ll = |47 ——= (D)

the image of the realization |o | of each simplex g of L is contained either in |C(U)|
or |[B(U)|, where |K| is the induced subdivision of |d4”|. It follows that the homo-

topy lifting property for £ may be replaced by the corresponding problem for
diagrams of the form

K| [e(%]
£ i
|Z] |D(U)|

ﬂl
such that B’ maps each |o| into either |C(U)| or |B(U)|.
There is a sequence of subcomplexes
K=K,CK,C---CK,=L

f’fL, where X, is obtained from K; by adjoining a simplex. Suppose that, for the
nduced diagram
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K| |IC(U)
E; ]

Bi
there is a covering sieve RC C(—, U) such that, for each ¢: V— U in R, there are

diagrams
\1:)

lK‘ W,*! o

K| x |4} |c(V)]

||

h
IK;| x |4'| —— |D(V)|

0

K|

|o*| o’
K| ——— |C()|

i’
% "

|Ki] |1D(V)|

h,d'
such that

(1) if Bi|o| C|B(U)], then h,(la| x|4')C|B(I),

) if B{|e| C|C(U)|, then A, is constant on |o]|.
These conditions are compatible, since |A(U)|=|B(U)| N|C(U)|. Suppose that
K;,, is obtained from K; by the pushout

34" K
an Kiny

If B{|lo|C|C(U)|, then h, may be extended by a homotopy hy: Ky x |4~
|D(V)| which is constant on |a|. If 8|a| is contained in |B(U)| but not in |C(U)]
then h, may be extended to a homotopy g,: |Kis1] X |4 = |D(V)| such that
g,(la|x|4')C|B(V)|. Thus, since i:A—B is a trivial cofibration, there is 3
covering sieve S,,,CC(—, V) such that, for each y: W—V in §,, there are commuta-
tive diagrams
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K| lw*| 6,
Y‘O\‘
K1 x14'] ——— |com)
i
[Kioa| X 41| —2— |DOW)
lKiﬂl A) lw*| gpd"
K| — jcomy
o i
[Kiaal 5 1DOW)

Composing the homotopies 4, and |y*| 8, along the covering sieve R °©S, solves
the local lifting problem for the inclusion K= K;,,. O

Lemma 2.1 and Proposition 2.2 already imply that the category SPre(C), together
with the classes of cofibrations and topological weak equivalences as defined above,
satisfies a list of axioms which are dual to the axioms (A)-(E) of the last section,
making SPre(C) a category of cofibrant objects for a homotopy theory. But more
istrue. Say that a map p: X = Y is a global fibration if p has the right lifting proper-
ty with respect to all trivial cofibrations. We shall prove

Theorem 2.3. SPre(C), with the classes of cofibrations, topological weak equiva-

lences and global fibrations as defined above, satisfies the axioms for a closed model
category.

Recall that a closed model category is a category #, together with three classes

of maps, called cofibrations, fibrations and weak equivalences, such that the fol-
lowing axioms hold:

CM1. # is closed under finite direct and inverse limits.

(M2. Givenf: X— Yand g: Y- Z in A, if any two of f, g or go fare weak equiva-
lences, then so is the third.

CM3. If fis a retract of g in the category of arrows of , and g is a cofibration,
fibration or weak equivalence, then so is f.
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CM4. Given any solid arrow diagram

U
il
vV

of #, where i is a cofibration and p is a fibration, then the dotted arrow exis
making the diagram commute if either i or p is a weak equivalence.

X
p

7
/
’
/
s
s
Ve
— Y

CMS. Any map f of # may be factored as
(1) f=poi, where pis a fibration and i is a cofibration and a weak equivalence,
(2) f=gq~°j, where q is a fibration and a weak equivalence and j is a cofibration,

CM1 and CM3 are trivial for SPre(C). The part of CM4 that is not the definition
of global fibration is proved with a trick of Joyal [18]. In effect, given a diagram

where p is a trivial global fibration (i.e., p is a global fibration and a topological
weak equivalence, as usual) and i is a cofibration, form the diagram

U -+ X » X
Ji’ e
/s
Vd
i’ YA p
VAP
i 6
| 49D, ¢ Y
U
B
Vv

where 8 is the canonical map, q is a trivial fibration, and j is a cofibration. Ther
i’ is a cofibration, so ji’ is a trivial cofibration. Thus, the dotted arrow exists,



Simplicial presheaves 65

making the diagram commute, and CM4 is proved (modulo CMS5). The proof of
Theorem 2.3 is therefore reduced to proving the factorization axiom CMS.

The site C is ‘small’, so that there is a cardinal number & such that « is larger
than the cardinality of the set of subsets PMor(C) of the set of morphisms Mor(C)
of C. A simplicial presheaf is said to be a-bounded if the cardinality of each
x,(U) UeC, n=0, 1~s smaller than ¢. Observe that if X is a-bounded, then so is
the associated sheaf X. The key point in the proof of CM5(1) and Theorem 2.3 is

Lemma 2.4. A map p: X—Y is a global fibration if and only if it has the right
lifting property with respect to all trivial cofibrations i:U—V such that V is
¢-bounded.

proof. First of all, let j: A — C be a trivial cofibration, and suppose that B is an
g-bounded subobject of C. I claim that there is an a-bounded subobject B,, of C
such that BC B,,C C and such that B, A — B, is a trivial cofibration. In effect,
given y € T;(B(U), BN A(U),x), there is a covering sieve RCC(—, U) such that
¢*jxy is trivial in 7,(C(V), A(V),x)) for each ¢: ¥V~ U in R. (The relative homo-
topy groups are topological; the realization notation |—| has been dropped for nota-
tional convenience. In addition, i can be 0. For example, 7y(B(U), BN A(U),x) is
defined to be the quotient ny(B(U))/ny(BN A(U)).) C is a filtered colimit of its
e-bounded subobjects and R is a-bounded, so that there is a subobject B, of C
which contains B, such that the image y’ of y in x; (B,(U), B,N A(U), x) vanishes
in 7;(B,(V), B,NA(V), xy) for each ¢: V> U in R. Let B, = B,, where the union
is taken over all y e n;(B(U),BNA(U),x), UeC, xe BN A(U),, i=0. Then B, is
¢-bounded. Iterate the procedure to produce a-bounded objects

BCB,CB,C--,
and let
B,=J B..

i=1
Then B, is an a-bounded subobject of C, and any element of m;(B,(U),
B,NA(U), y) vanishes along some covering sieve, so B,N A = B, is a trivial cofi-
bration. »

Now suppose that p: X— Y has the right lifting property with respect to all
e-bounded trivial cofibrations, and consider the diagram

C X
i p
A Y

Where i is a trivial cofibration. Consider the set of partial lifts
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|

A—Y

such that i’ is a trivial cofibration and B+ C. This set is inductively ordered. To ge,
that it is non-empty, observe that 4 is a filtered colimit of its a-bounded syp.
complexes, and so there is a pushout diagram

B'NC

C

B —— B

where B’is an a-bounded subobject of A which is not in C, i” is a trivial cofibratiop
by the above, and i’ is a trivial cofibration by Proposition 2.2. But then the same
argument implies that the maximal partial lifts have the form

C X

A

Y

These exist, by Zorn’s Lemma. [

Lemma 2.5. Every simplicial presheaf map f: X =Y may be factored
S
X

N

where i is a trivial cofibration and p is a global fibration.

Y

Proof. This proof is a transfinite small object argument. Choose a cardinal 8>2,
and define a functor F:f— SPre(C)lY on the partially ordered set # by setting

FO=r:X-Y, X=X(0),
X)) = lg)n X(y) for limit ordinals ¢,

y<{
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and by requiring that the map X(y) = X(y +1) be defined by the pushout diagram

o
Hup 1RS>
D D

(ap)
X(y) X(y+1)

such that the index set consists of all diagrams of the form

Up —X(»

Vp — Y
where the ip are chosen from a list of representatives of isomorphism classes of a-

pounded trivial cofibrations. Let

X(B) = lim X(y),
y<B

and consider the induced factorization

i(8)
X X(B)

x _/F(ﬂ)
Y

of f. Then i(B) is a trivial cofibration, since it is a filtered colimit of such. Also,
for any diagram

U

X(8)

i F(B)
V———m™Y

such that V is a-bounded and i is a trivial cofibration, the map U— X(8) must fac-

tor through some X (y) — X(8), y<pB, for otherwise U has too many subobjects.
The result follows. [

The proof of CM5(2) is relatively easy by comparison. First of all, observe that,
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for each object U of C, the U-sections functor X~ X(U) has a left adjoip
2y S — SPre(C) which sends the simplicial set Y to the simplicial presheaf Y,
which is defined by

YuWy= 11 v.
@: VU

A map g: Z— X has the right lifting property with respect to all cofibrations if apq
only if it has the right lifting property with respect to all inclusions S CAay of
subobjects of the A7, Ue C, n=0. One uses a Zorn’s Lemma argument on an j.
ductively ordered set of partial lifts to see this, as in the proof of Lemma 2.4, 5
transfinite small object argument, as in Lemma 2.5, shows that every map f: Y~
has a factorization

y—1— 7
NS
X
where j is a cofibration and g has the right lifting property with respect to all
cofibrations. In other words, g is an injective resolution of fin SPre(C){.X (see also
[15]; this is really just the same argument). But then g is a weak equivalence as well
as a global fibration. In effect, g has the right lifting property with respect to all
inclusions dA47,C A%, UeC, n=0, so that each map of sections g: Z(U) = X (U) is
a trivial fibration of simplicial sets. Thus, g is a pointwise, hence topological, weak
equivalence, and CMS5(2) is proved.

The proof of Theorem 2.3 is also complete. Its argument is roughly parallel to
that given by Joyal for the corresponding result about simplicial sheaves. More ex-
plicitly, a cofibration (resp. topological weak equivalence) of simplicial sheaves is
just a cofibration (resp. topological weak equivalence) in the simplicial presheaf
category. A global fibration p: X — Y of simplicial sheaves is a map which has the
right lifting property with respect to all trivial cofibrations of simplicial sheaves.

This is equivalent to saying that p is a global fibration of simplicial presheaves by
the following:

Lemma 2.6. Suppose that Z is a simplicial presheaf on C. Then the canonical map
Z—Z7 is a topological weak equivalence.

Proof. It suffices to show that the map 5 : Z— LZ is a topological weak equivalence.
But

LZ(U) =h_§‘1 Z(U)g,
and every element of m,(|Z(U)g|) lifts locally along R. On the other hand, if
a e n,(|Z(U)|, x) vanishes in 7,(|LZ(U)|,nx), then e vanishes in 7,(|Z(U),},*x)
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for some covering sieve R, and so o vanishes locally in 7,>°(| Z(U)|, x) along R. It
follows that each induced map of sheaves

UED n;op(z |U’ X) - n:lop(LZ |U’ ﬂX)
is an isomorphism. The argument for #y’® is similar. [

Corollary 2.7 (Joyal). With the definitions given above, the category SShv(C) of
simplicial sheaves on an arbitrary Grothendieck site C is a closed model category.

proof. CM1, CM2 and CM3 are trivial again. CM4 is a consequence of the cor-
responding axiom for SPre(C) and Lemma 2.6. To prove CM5(1), construct a fac-
torization

ig -
X Xg
Y
of 2 map f by defining a functor P: #—SShv(C)l Y. The maps P(y): X(y)— Y are
defined such that

X(0)=lim X(y)
r<{

in the simplicial sheaf category if { is a limit ordinal, and such that the diagram

X > X(y+1)

commutes. Here, i, is a trivial cofibration and p’(y+1) is a global fibration in
$Pre(C), and 7 is the canonical map from X(y+ 1) to its associated sheaf X(y + 1).
Taking
Xp=lim X(y)
y<pB
gives the desired factorization.
The cofibration i; in each diagram

X() X(y+1)

P(N Awl)
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is trivial by Lemma 2.6, and so iz is a trivial cofibration. On the other hand, Pg hag
the right lifting property with respect to all a-bounded trivial cofibrations, by tp,
choice of the cardinal 8, and CM5(1) is proved. The proof of CM5(2) is similar; j
uses the fact that a map p: X —Y of simplicial sheaves is a trivial global fibratigy
if and only if it has the right lifting property with respect to all subobjects of |
members of the generating family for SPre(C)! Y. This is a detail in the proof of
CM5(2) for SPre(C). U

The results introduced so far lead to specific constructions of homotopy
categories for each of the categories SPre(C);, SShv(C);, SPre(C) and SShy(C),
The constructions themselves will be used later. In the meantime, it is easy to see
that the associated homotopy categories are all equivalent.

Proposition 2.8. The inclusions in the diagram

SShv(C); C SPre(C);

SShv(C) C SPre(C)
induce equivalences of categories

Ho(SShv(C)¢) — Ho(SPre(C)y)

Ho(SShv(C))

Ho(SPre(C))

Proof. A map f:X—Y of presheaves of Kan complexes is a topological weak
equivalence if and only if it is a-combinatorial weak equivalence; this follows from
Proposition 1.18 and the remarks preceding Lemma 2.1. Thus, Proposition 1.17 im-
plies that a map of locally fibrant simplicial presheaves is a topological weak
equivalence if and only if it is a combinatorial weak equivalence, and so the vertical
functors of homotopy categories displayed above are defined.

The functor Ho(SShv(C);)— Ho(SPre(C);) was shown to be an equivalence of
categories in Corollary 1.14. The canonical map 7: X —X is a topological weak
equivalence by Lemma 2.6. Thus, the associated sheaf functor preserves topological
weak equivalences and hence induces a functor on the homotopy category level
which is inverse to the functor Ho(SShv(C))— Ho(SPre(C)), up to natural isomor-
phism. Finally, the Ex® functor induces an inverse up to natural isomorphism for
the functor Ho(SPre(C);)— Ho(SPre(C)), since the natural map X —>Ex* X is a
topological weak equivalence. [

I shall stop making the distinction between topological and combinatorial weak
equivalences henceforth; they will simply be called weak equivalences.
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Let X be a simplicial presheaf, and let ZX be the simplicial abelian presheaf
which is obtained by applying the free abelian group functor pointwise. It follows
from Proposition 1.18 that there are natural isomorphisms

L*H,(ZX)=n,(ZX,0), n>0,
L*Hy(ZX)=ny(ZX),

where L*H,(ZX) is the abelian sheaf associated to the homology presheaf H,(ZX)
of the associated presheaf of Moore chain complexes. An argument given in [17],
together with Theorem 1.12, implies that the functor X —~ZX takes trivial local
fibrations to weak equivalences of chain complexes, and hence takes weak equi-
valences of locally fibrant objects to weak equivalences of chain complexes. This
observation may be expanded in the following way:

Proposition 2.9. Suppose that f: X—Y is an arbitrary weak equivalence of
simplicial presheaves on C. Then the induced maps f+: L>*H.(ZX )—> L H(ZY) are
isomorphisms of abelian sheaves.

Proof. In the diagram

Vx

X

S Ex* f

Y —Ex°Y
Vy

the maps vy and vy are pointwise weak equivalences, and hence induce isomor-
phisms of homology presheaves. On the other hand, Ex™ f is a weak equivalence
of locally fibrant simplicial presheaves, and therefore induces isomorphisms of
homology sheaves. [J

The proof of Proposition 2.9 is a triviality, but the relation of weak equivalences
to homology in the general context where the ambient topos might not have enough
points was a problem at one time (see [16, p. 26]; Illusie’s conjecture is proved in
[32]). This result is the mechanism by which sheaf cohomology is related to mor-
phisms in the homotopy category [17]. For example, if F is a sheaf of abelian groups
on ét|g, then there is an isomorphism

[*, K(F,n)]=H4(S; F),

where HJ(S; F) is the nth étale cohomology group of the scheme S with coeffi-
dents in F, and [+, K(F, n)] denotes morphisms from the terminal simplicial presheaf
* to the Eilenberg-MacLane presheaf K(F,n) in the homotopy category
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Ho(SPre(ét|)). This is one of the motivating examples for the description of noy,.
abelian ‘sheaf’ cohomology which is given in the next section.

3. Flabby simplicial presheaves

The results of the previous two sections imply that there is a commutative diagrap
of functors

nSPre(C)f/Ho(SPre(C)f)
SPre(C); ,/// i i\
i SPre(C) ———— Ho(SPre(C))

SPre(C)

where nSPre(C) is the category of simplicial homotopy classes of maps in SPre(C),
It contains 7SPre(C); as a full subcategory. Moreover, the functor '

ix: Ho(SPre(C);) = Ho(SPre(C))

is an equivalence of categories.

It will be convenient to think of 7SPre(C) as an approximation of Ho(SPre(C)),
in much the same way as n7SPre(C); approximates Ho(SPre(C);). One is led, in par-
ticular, to consider the map on morphism sets

ks (X, Y)~[X, Y]

which is induced by the functor k. Every object of SPre(C) is cofibrant by construc-
tion, so that standard closed model category results [23] imply that x4 is a bijection
if Y is globally fibrant.

I want to extend this idea a little bit. Suppose that Y is a presheaf of Kan com-
plexes on C with a global choice of base point y. I say that Y is flabby for X if the
maps

ke: (X, Q'Y)—=[X,Q2'Y), i20,
are isomorphisms. If C has terminal object #, then n( *x, Q'Y) is isomorphic to

n;(| Y(#)|, ), so that, in this case, Y is flabby for * if and only if x4 induces iso-
morphisms

(| YO, »)=[+ Q'Y], i=0.

This notion of flabbiness extends standard cohomological ideas [22]. There ar¢
‘enough’ flabby simplicial presheaves; this essentially follows from the fact that
SPre(C) is a closed simplicial model category.
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For simplicial presheaves U and Z, define a simplicial set hom(U, Z) by requiring
that the n-simplices be simplicial presheaf maps of the form Ux A" —Z, where A"
is identified with a constant simplicial presheaf. Suppose that j: K — L is an inclu-
son of simplicial sets and that i: U—V is a cofibration of simplicial presheaves.
Then the induced map

(VXxK) U (UxXxL)-= VXL
UxL

is a cofibration of SPre(C) which is trivial if either i or j is trivial, giving

Lemma 3.1. Suppose that p:Z—W is a global fibration and that i:U-V is a
cofibration of simplicial presheaves. Then the induced map
(% p4)

hom(V,Z)—————hom(U,Z) x hom(V, W)
hom(U, W)

is a fibration of simplicial sets, which is trivial if either i or p is trivial.
Corollary 3.2. If Y is globally fibrant, then Y is flabby for all X.

Proof. Any global fibration has the right lifting property with respect to all maps
of the form (Ay)y, C(4")y, n>0, UeC. In particular, Y is a presheaf of Kan com-
plexes, so the statement of the corollary makes sense. But then the map

y¥' > Y% is a fibration by Lemma 3.1, so the fibre Q"Y is globally fibrant as
well. [

It also follows from Lemma 3.1 that hom(X, Y) is a Kan complex if Y is globally

fibrant. If y is a global choice of base point for Y as above, then there is an
isomorphism

n,(hom(X, Y), y)=n(X, Q"Y),

s0 that the homotopy groups of hom(X, Y) may be identified, in this case, with sets
of morphisms [X, 2"Y] in the homotopy category. A cheap consequence is that
[£,2"W1] is a group for n=1, which is abelian for n=2 where it makes sense,
namely if W is globally fibrant or if Z and W are both locally fibrant. Lemma 3.1
may also be used to show that every local fibration sequence

F—X

¥ — Y

With Y locally fibrant gives rise to a long exact sequence
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=2, 2X] 2 [Z, QY] [Z, F1-Z, X2, Y].

In effect, ¥ — * and then p may be replaced up to weak equivalence by global fipy,_
tions. This works because every global fibration is a pointwise and hence local fibrg.
tion. Finally, it should be observed that the model which is used in the proof (¢
Corollary 3.2 for 2"Y is defined by a pullback diagram

Q'Y y4”

n
* , YaA

instead of the iterated construction Q---QY. This creates no difficulties, sine
Q--- QY is a globally fibrant object which is weakly equivalent to 2"Y. The pojp
is that any function space model for Q"Y will do.

Henceforth, suppose that S is a scheme which has a Zariski open cover S= U U,
by Noetherian schemes U;. Suppose further that U; has a number N; which boungs
the étale cohomological dimension for /-torsion sheaves on all étale patches V- U,
where / is a prime which does not divide any of the residue characteristics of S. This
will hold, for example, if the /-torsion Galois cohomology of all residue fields of
U; has a global bound on cohomological dimension [28,1]. This list of assump-
tions, while highly technical, is usually met in practice. It seems to be exactly the
device that is needed to deal with towers of fibrations in SPre(ét | s). The fact that
the topos of sheaves on ét|g has enough points is not quite enough.

Let X be a presheaf of Kan complexes on ét|g such that all of the sheaves
(X |y, X), U—S étale, are annihilated by / in some range n> K, and such that X
is locally connected in the sense that 7y(X)=*. The examples that I shall concen-
trate on are the simplicial presheaves K//', K/ ... which appear in the mod/ k-
theory presheaf of spectra K/I={K/I° K/I',...} on ét|s.

The basic philosophy behind the construction of K// is, first of all, to produce
a presheaf of spectra K={K% K", ...} such that K!(U) is weakly equivalent to
BQP(U) for each U~ S in ét|g, where P(U) is the category of vector bundles on
the scheme U, and Q is Quillen’s Q-construction [24]. This can be done by applying
the I'-space techniques of [21] to the pseudo-category of automorphisms of P on
ét|s (see also [31]). The weak equivalence at U is natural in U up to coherent
homotopy. One also finds, in [21], a method for showing that K has the structure
of a presheaf of ring spectra. The mod ! Moore spectrum Y' has a ring spectrum
structure for />3, and so the presheaf of spectra KAY' has a presheaf of ring
spectra structure in that range (see the appendix of [28]). Y’ is self-dual, so
Spanier-Whitehead duality implies that there is a pointwise stable homotopy equi-
valence KA Y'—hom,(Y’, K), where the nth object hom,(Y’, K)" of the presheaf
of function spectra may be identified with the simplicial presheaf hom 4( Yz’, K™Y,
and Y; is the cofibre of multiplication by / on the circle. I define K/!"=
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hom*(Yzl, K"*?). This model for K// is a presheaf of connective Q-spectra. In par-
ricular, its presheaves of stable homotopy groups may be identified with presheaves
of homotopy groups of its constituent simplicial presheaves.

Any simplicial presheaf Y on ét|s has associated to it a presheaf of cosimplicial

SpaCCS
PD*Y 3 pup*pap*Y 3 -+
This is the Godement resolution for ¥ [22,28]. It is the standard cosimplicial object

which is assigned to the adjoint pair of functors

p*
SPre(ét |g) == §GeomS),
Dx

where the objects of §9°™5) consist of families of simplicial sets {Z, }, indexed by
the geometric points x:Sp(22,)—S of S. p* is all of the stalk functors, collected
together, so that p*Y={Y,}, where

Y=  lim Y(U).

/l

Sp(R2) — S

p«{Z,} may be defined by

p{ZJ(U-8)= ] I1 Z,.
SP(2,) = S U

/

Sp(@) — S

It is easily checked that p* is left adjoint to ps.
The simplicial presheaf G(Y) is defined to be the homotopy limit

holim((p«p*)"Y)

n
of the above cosimplicial diagram in the sense of [3]. To simplify the notation, let
G"Y=(p+p")"Y,

and denote the corresponding cosimplicial object on SPre(ét|s) by G*Y. Then, in
the notation of [3],

G(Y)=Tot [[*G*Y,

where [J*G*Y is the cosimplicial object with
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[I"G*y=[I GY)
IO—>II—>...-—>I’1

e BA,

such that 4 is the category of finite ordinal numbers. There is a canonical may
Y = G(Y) which is induced by the augmentation of G*Y.

Proposition 3.3. Under the conditions on the simplicial presheaf X and on the
underlying scheme S given above, G(X) is globally fibrant and the map X ~G(X)
is a weak equivalence.

Proof. We show that G(X) is globally fibrant by proving that the functor G take
local fibrations to global fibrations. The functor (p«p*)” takes local fibrations tq
global fibrations, by adjointness and the fact that global fibrations are local fibrj.
tions. In general, if f: X — Y is a natural transformation of functors / —+SPre(C)
defined on a small category 7 such that each map f(i): X(1)— Y(i), i€ ], is a globg]
fibration, then the induced maps

Hn+1X (f,5) Hn+1YM”>I<]*YMnH*X’ nZO,

are global fibrations, where M"[[*X is the subobject of
n
II II"x
i=0

consisting, in each degree, of (n+ 1)-tuples (xy, ..., X,,) such that sixj =g/ lx,- ifi<j.
The map s: [["*' X—>M"[]*X is defined by s(x)=(s%, ..., s"x), as in [3]. The fact
that (f, s) is a global fibration is proved by analogy with the corresponding result
for diagrams of simplicial sets. One shows that, for the diagram

(
v, prrix— M TI*x

Va /
/
i 0// I S
//
n+1 n *Y
V—————v(yﬁ) I1 Y——M 11

with / a trivial cofibration, the dotted arrow exists making the diagram commute.
The existence of # amounts to the existence of 5 in each diagram

Op

Y X(i)

A
. Ve
1 //HB f
/
Vd

V —— Y(i,)
s
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corresponding to a non-degenerate simplex f: iy —~i, —---—i, of BI. If g: Z— W is
o map of cosimplicial objects in SPre(C) such that each induced map

&59)
—_—

yARS wrtl . M"Z, n=>0,

MW

is a global fibration, then the map of total objects Tot(g): Tot(Z)—Tot(W) is a
global fibration. In effect, one shows that the dotted arrow exists in each diagram

a
AxA VA
2
/
ix1 A4 g
/
s
Bx4 w
B

where i: A= B is a trivial cofibration of simplicial sets and 4 is the cosimplicial
object n—A" of [3], by inductively constructing maps

0 :BxA' -7, 0<i<s,

of truncated cosimplicial objects. 8°*! is the dotted arrow in the diagram

(BXaAS+1) U (AXAS+1 ZS+1
Ax3A! 7
J -7t (9)
BXAS+1 ‘}WS+1 X MSZ
MW

where the horizontal arrows are induced by #', 0<i<s. This proves the initial
claim, since G(X)="Tot [[*G*X. :

To show that X = G(X) is a weak equivalence, it is enough to suppose that there
is a global bound on /-torsion étale cohomological dimension for all schemes U —S
étale over S, since the problem is local for the Zariski topology on S. The tower of
pointwise (in fact, global) fibrations

-+ > Tot, [[*G*(X)— Tot, [[*G*(X)~ Tot, [[*G*(X)— =
gives rise to a presheaf of Bousfield-Kan spectral sequences on ét s, with
E3'=H (n{™(G*X)=n,_FY, t=5=0,

since 7§™P(G*X)=G*(n,(X)) is the Godement resolution of n,(X) (see Proposi-
tion 1.18). F; is the fibre over a global choice of base point in X of the map
Tot, [T*G*X — Tot,_, [[*G*X. The choice of base point may be suppressed, by the
tonnectedness assumption on X. There is, in particular, a commutative diagram
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7MP(GX) = ni™P(Tot [[*G*X)

7" (X)

"

!

E}'=n,F{" = nf™ (Tot, [[*G*X)™

in the notation of [3]. But n,(X) is /-torsion for ¢ sufficiently large, and /torsigp
cohomological dimension is globally bounded, so there is a number N such thy
E3'(U)=0 for s=N and all étale patches U~ S of S. Then the derived long exact
sequences of presheaves

e o piMP D) s psimpTor T[*G*(X)M

. 3 .
- i Tot,_, [[*G*X)V— nf"PFD, —-..

and the liln' short exact sequences imply that there are pointwise isomorphisms of
presheaves

aiMPG(X) = nf™PToty_, [[*G*X)Y, i=1,
and an inclusion
TP G(X) C g™ Toty_; [[*G*(X)™.
But stalkwise
(D) = Ho (75 (X )y,
which groups vanish if s >0. Moreover, X is locally connected, and so the maps
7™ Toty_; [[*G*(0) 2™ Tot, [[*G*(X)V=,(x)

induce isomorphisms of sheaves for i=0. [

It is likely that there is a closed model structure, at least, on the category of
cosimplicial objects in SPre(C), for arbitrary sites C. The usefulness of such a thing
would appear to be constrained by the observation that it is not clear that the inverse
limit functor for towers of fibrations preserves (stalkwise) weak equivalences. The
problem is a common one; inverse limits cannot be commuted with filtered colimits
in general. This is the issue that is skirted above by using the global cohomological
dimension assumption. It comes up also in the study of Postnikov towers.

Suppose again that the simplicial presheaf X on ét | and the underlying scheme
S satisfy the assumptions preceding Proposition 3.3. X has associated to it 2
presheaf of Postnikov towers

...——>P2X—>P1X—-)POX—>*
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which is defined pointwise according to the recipe which appears in [20]. Choose
a g1obal base point x for X. Then the fibre F, over x of the fibration P, X —>P,_ X
is a presheaf of Kan complexes, with

nS™P(X), i=n,

SImp(F Y=
7 En) {0, i%n.

By ‘standard 'techniques’, F, is weakly equivalent to the Eilenberg-MacLane
presheaf K(@$™P(X),n) (this is trivial if n=0; if n=1, use the canonical map
y—BG(X) to the nerve of the fundamental groupoid [14, p. 76]; in higher degrees,
use the Hurewicz map [28, 5.52]). One would like, at least, to be able to recover
[*, Q'X] from the cohomology of * with coefficients in the sheaves n,(X) by using
the Postnikov tower for X in the usual way, and it can almost be done.

Recall that the fibre sequences

F,~P,X2> P_,X
give rise to long exact sequences

== [, Q7P X]- [+, QF,]- [+, Q'P,X]

—’[*a Qi n—lX]—)"'q[*’PnX]—’[*,Pn—lX]-
Recall also that the most efficient way to construct the long exact sequence is to
replace the original fibre sequence up to weak equivalence by a fibre sequence
Gp
GF,->GP,X—GP,_, X,

of globally fibrant simplicial presheaves such that Gp is a global fibration. Then the
long exact sequence above is the ordinary long exact sequence which is associated
to the fibre sequence

hom(*, GF,)— hom(*, GP, X)—hom(*, GP,_;X)

of simplicial sets. This tells us what to do in general, namely to replace the original
tower up to weak equivalence by a tower

"""GPzX—’GPIX_’GPOX—’*

of global fibrations of globally fibrant objects. Then one is entitled to a
Bousfield-Kan spectral sequence for the tower of Kan fibrations

---—=>hom(*, GP, X)—hom(*, GP; X)—>hom(*, GPy X) = *.

The inverse limit of the tower is hom(x, lir_n GP;X). The non-trivial part is
therefore to demonstrate

Lemma 3.4. Under the above assumptions on X and S, the map
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X —lim GP,.X

i

is a weak equivalence.

Proof. Consider the fibre sequence
GF,— GP,—GP,_,.

The restriction GF, |, of GF,, to ét| is globally fibrant for each ¢ : U—V in ét|
To see this, observe that the restriction functor has a left adjoint

@, : SPre(ét| ) —>SPre(ét |5)
(extension by 0) which is defined by
e Y(y:V-8)= I Y

v
Vv —> U

Y\S/

It is apparent from the definition and Theorem 1.12 that ¢, preserves pointwise

weak equivalences. It follows that Ex® may be used to show that ¢, preserves aj}

weak equivalences of simplicial presheaves. But then ¢, preserves trivial cofibra-

tions, and so the restriction functor preserves global fibrations, by adjointness.
It follows that there are isomorphisms

ni(GFn(U)i X)E [*, QiGFn IU]U
for i=0, and so there are presheaf isomorphisms

H' (U; (X, %)), 0<i<n,
(GE(U). x)= {O ) ' y otherwise

The hypotheses imply that there are positive integers N and M such that
HY(U; (X, x)|y)=0 for k=N, n=M and all U—S in ét|s. Thus, for each i=0,
there is a sufficiently large n>i such that the map

P (lim GP,(X))— 7§ (GP,(X))

is an isomorphism of presheaves. But the map of presheaves
7™ (X) = 17 "P GP(X)

induces a sheaf isomorphism by construction, and so the map
7;™P(X) = ni P im GP, (X))

induces a sheaf isomorphism. []

The argument for Lemma 3.4 is essentially due to Brown and Gersten [5]. Here,
as in op. cit., it is the key step in the proof of
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corollary 3.5. Suppose that the simplicial presheaf X and the underlying scheme S
gre as above. Then the Postnikov tower of X induces a Bousfield-Kan spectral
sequence, with

Ef'=HZE!(S; n (X)) = [*, Q' °X], t=5=0.

This is the Brown-Gersten spectral sequence for the étale topology on S. Recall that,

py quite a different method, we constructed a presheaf of spectral sequences for the
Godement resolution G(X) of X. Since G(X) is globally fibrant and X—>G(X) is a
weak equivalence, taking global sections of this presheaf of spectral sequences gives

Corollary 3.6. With the assumptions on X and S above, the Godement resolution
G(X) of X determines a spectral sequence, with

E'=H5(S; m,(X)= [+, Q'°X], t=s=0.

The spectral sequences of the corollaries above are cohomological descent spectral
sequences for the invariants [+, Q'X 1, i=0, determined by the simplicial presheaf
X. In particular, if X is the mod / K-theory presheaf K/I', then a straightforward
application of Corollary 3.6 gives a spectral sequence, with

E3'=H3(S: R, (=3 Z/1) = [+, Q'°K/I'],

since m, K/I"(U)=K;_,(U; Z/1) for i=0.
Suppose now, that the following list of conditions holds for the scheme S:

(3.7) S is separated, Noetherian and regular. 1//e€ O, and ﬂe O if
I=2. § has finite Krull dimension, and a uniform bound on /-torsion
étale cohomological dimension of all residue fields. Each residue field
of S has a Tate-Tsen filtration.

Let { be a primitive /th root of unity. Recall [7,28], that there is an element
weK,(Z(I™'); Z/1) which base changes to 8/~ in Ky,_(Z(7',{); Z/1), where
BeKy(Z(I72, ©); Z/1) is the Bott element. B is defined in such a way that it restricts

to {e Tor(Z/1, K;(Z(I"',{)). Multiplication by « determines maps of simplicial
presheaves

Qn QZII
(3.8) K/im -2 orgm =2 oy pm 2,

where n=2(/—1). The filtered colimit of this system in the category SPre(ét|s) is
the mth object K/I(1/8)™ of the mod ! Bott periodic K-theory presheaf of spectra
K/I(1/B). The notation reflects the fact, locally, inverting w coincides with inverting
B. In particular, by the Gabber-Gillet-Thomason rigidity theorem [13,11], the
maps in (3.8) are weak equivalences of simplicial presheaves when m=1.
Thomason’s descent theorem (the main result of [28]) asserts that the map of
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presheaves of spectra induced by the maps
K/1(1/B8)" - GK/I(1/8)™)

is a pointwise stable homotopy equivalence in the sense that it induces stabe
homotopy equivalences

K/1(1/8)"(U)— GKK/I(1/B)" W(U)

for all U—S in ét|s. A periodicity argument shows that this is equivalent to tp,
statement that the map

K/I1/8) = GK/(1/8))

is a pointwise weak equivalence of simplicial presheaves.
Consider the diagram

K/I' ——————— Q"K /I Q*"K/I}

G(Q¥K/IY)

G(K/1") G(Q"K/I")
The bottom horizontal maps are weak equivalences of globally fibrant simplicial
presheaves, and are therefore pointwise weak equivalences. There are several ways
to see this. One could, for example, use an adjointness argument to show that each
section functor takes trivial global fibrations to trivial fibrations of simplicial sets,
and hence preserves weak equivalences of globally fibrant objects. The argument in
Proposition 1.17 now implies that there is a commutative diagram of weak equi-
valences

K/I!

lim Q*K/1'=K/I(1/8)!

o N\ X

G(lim Q¥ K/1MY=GK/I(1/8)")
G(K/I') — lim G(Q*"K/I")

Gey)
\ \
G(lim G(© kng/1ty)

But the maps G(e4) and 7 are weak equivalences of globally fibrant objects, hence
pointwise weak equivalences, and ¢ is a pointwise weak equivalence by Thomason’s
descent theorem. In conclusion, we have

Theorem 3.9. Suppose that the scheme S satisfies the conditions of (3.7). Then there
are isomorphisms
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[+, Q' K/I'"=K/I,_(S)1/B), i=0.

The groups K/14(S)(1/B) are the stable homotopy groups of the global_ sections of
the presheaf of spectra K/I(1/8). It follows [29] that the groups [*, Q‘K/I 1 coin-
cide with the étale K-groups K ((S; Z/1) if i =0.

The existence of the induced isomorphisms

[+, Q3K/IM =K 5(S; Z2/1), i=0,

can be proven much more directly if S is defined over an algebraically closed
field k, by using Friedlander’s original definition of étale K-theory [8] and
the rigidity theorem. In that case, there is a weak equivalence of Q3K/I' with
the constant simplicial sheaf I” *hom*(Yz, QS|BQP(k)|) on the snnphc1al set
hom «( Yz, QS|BQP(k)|). This simplicial set is weakly equivalent to hom*(Yz,BU ),
by rigidity again. On the other hand, K} :,(S;Z/l) is defined to be the filtered
colimit

lim [z, 2'hom.(Y, BU)],

of homotopy classes of maps of simplicial sets, indexed over the representable ob-
jects [m] : V' — * in the category Trivl* which corresponds to SShv(ét | s)s- A hyper-
covering V' of the scheme S is, after all, nothing but a representable trivial local
fibration ¥ —=* in SShv(ét | s)r- Mo is, in this case, the Verdier functor, so ‘Verdier
duality’ implies that the filtered colimit above is isomorphic to

lim n(V, F'*Q'hom (Y3, BU)).

—)
V — = representable
eTrivls

The representable objects in Triv!* are cofinal, by an Artin-Mazur style argument
2, Ch. 8], and so K7} ,(S; Z/I) coincides with the morphism group

[*, I*Q'hom (Y5, BU)] |
in Ho(SShv(ét |5);). This morphism group coincides with the morphism group

[*, I *Q'hom (Y5, BU)]

in Ho(SPre(ét |5)), and thus with [+, 2*3K/I'], as claimed. One expects that a
variant of this argument can be produced to handle the more general definition of
K§(X;2/1) of a simplicial scheme X which is given in [6]. The key will be to think
about local coefficients appropriately.

Another thing to observe is that the statement of Theorem 3.9 is best possible in
some sense. One defines the generalized cohomology group H i(*; K/1) of the ter-
minal object * in SPre(ét |g) with coefficients in the presheaf of spectra K/I by

H'(x; K/I)=lim [+, Q™K /M
n

forie 7. Then H*(*; K/I) has a graded ring structure, since K// is a presheaf of ring
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spectra. Mqreover, H'(+; K/1) coincides with K/[;(S)(1/B) for i=—1 by Theorem
3.9. But H'(*; K/I)=0 if i<—N, where N is a global bound on /-torsion ¢,
homological dimension for ét|g; this is proved by looking at the descent spectry)
sequence of Corollary 3.6 for [+, Q'K/I"], with n>N. In fact, if Sis a Smoot
complete curve over the algebraically closed field &, then there is an isomorphijsm

H2(x; K/D=7/1,
whereas
H(x; K/D=K/1\(S)Y1/B)=2/IDZI.

Thus, one does not expact to find Bott periodicity in Hi(*;K/l) for i<—1 iy
general.

I claim, nevertheless, that H*(*; K/[) is a good description of mod/ étale g.
theory for the scheme S. The definition has been made with respect to the étale
topology on S, so that one could properly rename the invariant Hgx(S; K/I). The
presheaves K/I' are, moreover, defined for all of the Grothendieck topologies that
one usually associates with S, so that one is entitled to groups of the forpy
H7,.(S; K/l) (which we ‘know’ about [5]) for the Zariski topology on S, and to
groups H{(S; K/I) for the flat topology. The construction may also be promoted
to the big étale site (Sch|g),, for S, and to the fibred étale site which is associated
to a simplicial scheme X.

Suppose that X is a simplicial S-scheme which is locally of finite type over §,
meaning that X is a simplicial object of the big site (Sch|g).,. Then X represents a
simplicial sheaf on (Sch|g)e. 1 define groups H§(X ; K/I) by

H(X; K/l =Tim[X, Q"*'K/I"]s, i€Z,

by analogy with the definition of H'(x; K/I) which is given above. In this case,
[X, Q"*'K/I"]s means morphisms in Ho(SPre((Sch|s)e;)). One could, of course,
define corresponding invariants Hg(Y; K/[) for any simplicial presheaf Y on
(Sch ] s)er- On the other hand, the restriction K// | x of the mod / K-theory presheaf
on (Sch|g)e to the fibred étale ét|y is weakly equivalent to the mod/ K-theory
presheaf on ét | y. This construction apparently gives another invariant H3(X; K/l),
defined by

Hi(X; K/1)=Hie(+; K/I) =lim[*, Q" 'K/I"].
The following result implies that H.(X; K/I) is isomorphic to HL(X; K/I):
Theorem 3.10. Suppose that S is a locally Noetherian scheme, and that X is 6

simplicial S-scheme which is locally of finite type. Suppose that Y is a simplicial
presheaf on (Sch | s)et- Then there is an isomorphism

[X, Yls=[* Y |x]x.
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proof. Recall that Y|y is defined by
Y |y (U=X,)=Y(U-X,—S),

where X, =S is the S-structure map for the scheme X, of n-simplices of X. This
functor is exact, so it preserves trivial local fibrations and hence weak equivalences.
we may therefore assume that Y is a globally fibrant object of SPre((Sch l s)et). In
that case, [X, Y]s is isomorphic to nohom(X, Y). hom(X, Y) is the total space of
the cosimplicial space

homg(X,, Y,,), n m=0,

which is constructed by using homomorphisms of SPre((Sch l s)et)- This cosimplicial
space is fibrant in the sense of [3]. In effect, the matching space MPhomg (X, Yy)
is the simplicial set homg(DX),,,Ys), where DX, , is the subpresheaf of
degeneracies in X, ;. Thus, if p: Y—Z is a global fibration, then showing that the
map

homs(Xp+l, Y*)-(ﬁﬁ)"homs(Xp+l,Z*) X MphomS(X*, Y*)

MPhomg(Xx, Zy)

is a fibration of simplicial sets amounts to observing that the presheaf inclusions

(4"xXDX), ) U (A X Xp 1) CA"X X, 1)
(Aix DXy 1)
are pointwise anodyne extensions.
Now let 1y be the simplicial presheaf on ét |y, which is represented by X [17].
More explicitly, the presheaf 1y of n-simplices of 1y is represented by the étale
map ly :X,—X,. There is an isomorphism of cosimplicial spaces

homg(X,, Y,,) = homX(IX,n Yo |X)’

where homy(1y, Y,,|x) is homomorphisms in SPre(ét|y). In particular, the
cosimplicial space on the right is fibrant; its total space is hom(ly, Y |y). The
theorem is proved if we can show that the canonical map

mohom(ly, Y |x)=n(ly, Y|x)~[1x Y |x]

is an isomorphism, since the map 1, — *is a weak equivalence. In other words, we
want to show that Y|y is flabby for 1 under the assumption that Y is globally
fibrant.

Choose a trivial cofibration i : Y |y —Z, where Z is globally fibrant on ét | . The
presheaf restriction functor W W |y along the inclusion ét | x, Cét|x is exact and
has a left adjoint which preserves inclusions, pointwise weak equivalences and trivial
local fibrations (see [17, §3] and the proof of Lemma 3.4). This is also true for
restriction along the functor ét|x — (Sch|g), which is defined by

U—-X,~U-X,~S
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(see [10, p. 16]). It follows that both restriction functors preserve global fibratjopg
so that, for each n, the induced map

ilx,:Y

x> Z|x,

is a weak equivalence of globally fibrant objects, and is therefore a pointwise wegj
equivalence. But then the map

X,,=Y|X

is:hom(ly, Y, |y)>hom(ly , Z,)

of fibrant cosimplicial spaces is a weak equivalence, and thus induces an isq.
morphism

nohom(ly, Y |x)=n,hom(l y, Z).

nohom(ly, Z) may be identified with [ly, Y |y]y, and so the theorem is proy-
ed. [

Theorem 3.10 generalizes Theorem 3.2 of [17]. It also implies that there is ap
isomorphism
(3.11) [X, Q"K/I'|g¢=mn,holim GK'/I(X,)
if S and the simplicial S-scheme X are as in the statement of the theorem and
GK/I' is a globally fibrant model for K/I' in SPre(ét|x). It follows that the equi-
variant topological K-groups (really G-groups) of [30] may be computed in this way.
If X is an S-scheme with an action by an algebraic group H over S, subject to the
usual constraints [30], then there are isomorphisms

(3.12) [EHEXQ”K/I']SEG/I,?_"](H X), n=0,

since the groups G/I°P(H, X) are defined via the right-hand side of (3.11). Observe
that the left-hand side of (3.12) is, once again, a very general object.
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