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In this paper we consider the 1-phase, l-dimensional Stefan problem
corresponding to the hyperbolic heat equation obtained by relaxing the Fourier
law, taking 7q,+q = —k0, where ¢ is the flux, 8 the temperature, k the conduc-
tivity, and 7> 0 the relaxation coefficient. We prove existence and uniqueness of a
smooth solution with smooth free boundary. We also study the limiting solution as
t —0, showing (under some conditions) that it converges to the solution of the
classical Stefan problem. © 1989 Academic Press, Inc.

1. THE PHYSICAL PROBLEM

Denote by 0(x, ) the absolute temperature in a material with conduc-
tivity & and by ¢(x, ¢) the flux, — o0 < x < c0. In deriving the heat equation
one usually assumes the Fourier law

g=—ko,. (1.1)

Combining it with the conservation of energy law it follows that
0,= (kB,),, and this implies infinite speed of propagation for the heat. In a
number of physical situations the Fourier law is not suitable (see
[1-4,6,11,157) and has been replaced by

q(x, t+1)= — (kB )(x, t) (t>0)
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or by its approximation
19, +qg=—k0,. (1.2)

The resulting heat equation is then hyperbolic and yields a finite speed of
propagation for 8. In order to derive the heat equation we have to combine
(1.2) with the conservation of energy law

de
ot

—+4,=0 in the weak sense; (1.3)
here e denotes the energy, given by

e=e,(0)+ A(0) ¢°, (1.4)

where e,(0) is the classical internal energy based on the assumption (1.1),
whereas the term A4(#) g%, where

_ Z(9) _uo)
A(0)= ‘?Eé(e ) Z0) =15y (1.5)

is a consequence of the second law of thermodynamics combined with
(1.2); the coefficients t, k are generally dependent on 8 and on the material.
The derivation of (1.4), (1.5) is due to Coleman, Fabrizio, and Owen [7]
(see also [5, 10] for related derivations for deformable media).

We are interested here in a melting problem with latent heat 1; then

+0 in the fluid
0 .

¢ol0) = { in the solid. (16)
The coefficients k(8), t(6) have jump discontinuity, in general, across the
interface, and thus the assertion (1.4), (1.5) does not seem to make sense
across the interface unless Z(8) is differentiable in a neighborhood of
6 =0,, where 8, is the temperature of the interface. Let us therefore assume
that

U9 ; is differentiable in 6, Ve, (1.7)

k(9)

and then (1.4), (1.5) hold globally. From (1.3) and (1.4), (1.5) we get

Jeg 0 W8) 1d [%(0) .
E—+q"~ _E{[ekw)_ﬁ@( (0)>:| } in the weak sense. (1.8)
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We shall henceforth assume that the interface is given by a curve x = s(7)
with the fluid on the side {x <s(¢)}, and that the solid is held at tem-
perature § = 6,; this corresponds to a 1-phase Stefan problem. Then (1.8)
yields the jump relation

sS'((1+0—-06)=gq on x=s(1), (1.9)

where 0 and g are the left limits, ie., 8 =6(s(¢)—0, 1), g=q(s(1) =0, 1).

The derivation of the second condition on the free boundary {x =s(¢)} is
more problematic, since it is not clear whether (1.2) should be understood
as a physical law, valid weakly throughout space, or, perhaps, as a con-
stitutive law which holds separately in the fluid and separately in the solid.
Under the first setting, we obtain the jump relation

dt =0-0, on x=s(1). (1.10)

If, on the other hand, we view (1.2) as a local constitutive law, then it does
not yield any conditions on the free boundary. It is then natural to assume
that the temperature is continuous across the free boundary, i.c.,

0(s(1)—0,1)=0,. (1.11)

In the sequel we shall assume that k(8) and t(0) are constants in the
fluid as well as in the solid, ie., by (1.7),

(( )) = const., V. (1.12)

For simplicity we may also take

k(6)=1 in the fluid, (1.13)

and set t(#) =1 in the fluid. Then (1.8) becomes

Q)lQ)

0,+q.=1 % in the fluid. (1.14)

Since the parameter t is very small and 6, is also a large number (so that
1/0 is small), we approximate the right-hand side of (1.14) by 0; this
amounts to replacing (1.8) by

o =0. 1.15
at+qr (1.15)
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Combining (1.15) with (1.2), we get the hyperbolic equation

0, +86,—0,.=0. (1.16)

Showalter and Walkington [12] have considered the 2-phase Stefan
problem, also making the assumption (1.12). However, they use a different
expression for e and their resulting free boundary conditions are quite
different from ours. Although they proved existence and uniqueness of a
weak solution for the 2-phase problem, they give an example whereby their
1-phase model has no solutions.

The formulations of the 1-phase Stefan problem based on (1.16), (1.9),
(1.10) were studied by Solomon, Alexiades, Wilson, and Drake [13] (see
also [14]). Greenberg [9] assumed the data

0(x,0)=0,, 6(0, t) = const. > 0, (1.17)
and established the existence of a weak solution (with § Lipschitz con-
tinuous).

In this paper we shall be working with the same model (1.16), (1.9),
(1.10), taking the initial and boundary data to be either

0(x,0)=0o(x),  q(0,1)=g(1), (1.18)

or

0(x, 0)=6,(x), 00, t)=h(t) (1.19)

with 0,>6,, g >0 in case (1.18), and 6> 0,, 0, <0, #' >0 in case (1.19).
We shall prove the existence of a smooth solution provided some com-
patibility conditions hold at (s(0), 0). We shall also prove uniqueness of the
solution. Finally, in case (1.19), we let T — 0 and prove that the solutions
converge to the solution of the classical Stefan problem.

2. MATHEMATICAL FORMULATION
Setting T'=60 — 0, the relations (1.15), (1.2) and (1.9), (1.10) become

T,+4.,=0 if 0<x<s(2), >0, (2.1)
1q,+T,+g=0 if 0<x<s(2), >0, (22)
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and
SO+ T(s(2), 1)) =q(s(2), 1) if >0, (2.3)
s'(1)q(s(2), )= T(s(1), 1) if >0, (2.4)

where x = s(¢) is the free boundary.
The first initial-boundary conditions are

T(x,0)=¢(x) >0, g(x, 0)=y(x) il 0<x<s(0), 25)
7(0, 1) = f(1) >0 if 120,
where s(0) is given, and the second initial-boundary conditions are
T(x,0)=¢(x)>0, g(x, 0)=y(x) if 0<x<s(0), 26)

g0, )=f(1)>0 if >0

As in [97 it will be convenient to work with

A=T+J1q, B=T—Jtq (27)

Then
—B
\/IA,+AX+14——-=0 if O<x<s(r), r>0, (28)
2\/;
\/;B,—B_Y+B—A=O if 0<x<s(r), >0, (29)
2\/;
A .
B(s(1), t)=_1+2A (s(1), 1) if (>0, (2.10)
ds 1 A4 .
E—ﬁm‘(é‘({),f) if >0 (2.11)

For the Neumann problem (2.6)

A(x,0)=Ay(x),  B(x,0)=B4(x) (0<x<s(0)), (2.12)
A(0, 1)= B(0, 1)+ 2 /7 f(1) (t>0). (2.13)

In Sections 3-5 we study the problem (2.8)-(2.13). In Section3 we
establish a priori estimates. Existence and regularity of the solution are
proved in Section 4, and uniqueness in Section 5. In Section 6 we study the
corresponding Dirichlet problem (2.5). In Section 7 we let 7 — 0 and show
that the solutions for the Dirichlet problem converge to the solution of the
classical Stefan problem.

409;138/1-t7
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3. A PrIORI ESTIMATES FOR THE NEUMANN PROBLEM

Throughout Sections 3-5 we assume that

feC?[0, 0], $eC?[0,50)], ¥ eC’[0,50)];

3.1
P()> —JTU(x),  dx)>STex)—1  if 0<x<s(0). G

If there exists a C’ solution of (2.8)—(2.13), then the following relations
hold,

Ao(0) = By(0) +2 /7 £(0),

3.2)
Ay (0)+ Bg (0) = —2(zf"(0) + f(0)),
and
5(0) =5, s(0)=s,, s"(0)=s,, (3.3)
where 5, >0 is given,
5 __1__ Ao(so)
v \/; 14 Ay(s,) 4
1 -
R (V1 50— 1) Ao x(56) NG (Aofs5) — Bolsa))
T (1+ Ag(50))
and
_ Ao(sg)
Bo(so) = T 24000 (3.5)
4 Az(so)(l "'Ao(so))3
Ao ($0) ——= 2
: 1+24,
Bo x(s0) = \/; * () (3.6)

(1 4+ 2A4,(s,))’

The relations (3.2) and (3.5), (3.6) are compatibility conditions which will
be assumed in the sequel.

In this section we assume that A, B,s form a smooth solution of
(2.8)-(2.13) and we proceed to derive a priori estimates. We shall be
integrating (2.8), (2.9) along characteristics, and obtain different formulas
in the four different regions described in Fig, 1.
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FIGURE 1

By integration we have, in (I)u (I1),

t
B(x,t)=e"""B (x+-———-, 0)
7

j t—r
+__I e—t/21:+r/2rA (———+x,r)dr
2ty T

and, in (IT1) U (IV),
B(x, t)=e~ """ V2 B(s(n(x, 1), n(x, 1))

1 ¢ ) t—r
+— e~ Ty (—+x, r)dr,
2t J.n(x,l) 2T
where
n(x, t)

T stn(x, 1)) =-\}—; +x.

Similarly, in (I) v (III),

t
Ax, t)=e" "4 ("‘7’ 0)
T
+2i<re_l/2r+r/213 (L:f+x, r) dr
T

0 T

and, in (I1) U (IV),

Alx, )= VA0, t— /T x)

|

. r—t
+§—j S e"/2’+’/2’B<—+x, r)dr.
T Jix

T
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(3.7)

(3.10)

(3.11)
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LEMMA 3.1. Let (A, B) be a C' solution of (2.8)-(2.10), (2.12), (2.3)
with s'(1) < 1//. Then

A(x, 1) > —14, B(x,t)> —1  for 0<x<s(2), t>0. (3.12)
Proof. By (3.1),
Ao(x)> —3, By(x)> —3 (0 < x<50).
If the assertion is not true then there is a smallest value ¢, such that
A(x, )> — 1, B(x,t)> -4 if 0<x<s(1), 0<r<ty
and

A(xe, to)= —1 or B(x,, t5)= —1  for some 0<x,<5(tp)
(3.13)

If the first equality holds then, since

A0, to) = B(O, to) +2 /7 flt) = —3+2 /7 fltg)> — 1,

we must have x,> 0. But, for any small ¢>0,

[
A(xg, tg) =~ (=74 (xO_T, t0—£>
T

1 ¢o r—t
+2—J e"’““VZ’B< ®+ Xo, r) dr
T tn—e \/?

1
> _E(e-(ro—a)/zr_{_ [~ (o= ]0_ )= ~3

a contradiction. Next, if the second equality holds in (3.13) then, since
B(s(to), to)> —3  (by (2.10) and A(x, t,)> —3),

we must have x, < s(#;). But then for any small £>0

4
B(Xo’ IO) =e 7“075)/213 (XO +—= to— 8)

NG

to— 1
+§1—flo e“"’"’/z’A< i/-r+xo, r) dr > -7
T to—& T

a contradiction.
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LEMMA 3.2. Let the assumptions of Lemma 3.1 hold and assume that, for
some 1,>0, s(t) <M, if 0<t<t,. Then there exists an ¢,>0 depending
only on t,t,, M., such that

A(s(t), = —L+e.  if 0<1<1,. (3.14)
Proof. Clearly
fly=e>0, A0, 1)=BO,1)+2 Jtf()> —1+2 /¢
for some ¢ >0 and 0<¢<t,. Further,
Ax, 00> —4+2 /e
if ¢ is chosen small enough. If (s(t), t) € (III) then, by (3.10),
A(s(t), )Yz e (= 1—+—2\/;c Dl —e "Fy= 142 Jrce "
whereas if (s(¢), t) e (IV) then, by (3.11},
A(s(r), 1)z e Vi (— 12 ﬁ &)+ (=41 — ey

= - +2\/_ce M2/

and the lemma follows.
If we assume that (2.11) also holds then we can clearly estimate M, by
tl/\/—r'. But we can even derive a bound which is independent of t:
LEMMA 3.3. If in Lemma 3.1 we also assume that (2.11) is satisfied then,
for any t, >0,
s(t)s M if 0<e<yy (3.15)

where M is a constant independent of 1.

Proof. Integrating (2.1) in x we obtain an identity which can be written
in the form

d

EUS( T(x, 1) dx + s )] 1(1).

It follows that

f“) T(x, 1y dx +5(0)= [ f(r)dr+ f“o’ T(x,0)dx +5(0).  (3.16)
0 0 0

Since T=(A4 + B)/2> —} by Lemma 3.1, the assertion follows.

Lemma 3.3 will not be needed for the existence proof in Section 4.
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LemMMma 3.4. Let the assumptions of Lemma3.l hold and assume, in
addition, that

As(t), )=z —5+1 if 0<1<y, (3.17)

for some t,>0, n>0. Then, for 0< x<s(¢), 0<t <1y,
1 1
A(x,t)<C<l+;>, B(x, t)sC<1+;7-), (3.18)

where C is a constant independent of 1, n; C may depend on t,.

Proof Extend f(¢) smoothly to (—co, 0) so that f>0, and f(z)=0 if
t< —i. Let T, be the solution of

oT, 8T,
S Ta for 0<x<oo, t>—1,
oT,
__°=f(z) for x=0,t> -1,
Ox
To(x, —1)=0 for 0<x<ow

which is bounded in every strip { —1<1<1,}, t; <. Let go= — 0T,/0x

and define
A0=T0+\/;409 Bo=To_\/;%,
A=A4—-4,, B=B-B,.

Then A(0, t)= B(0, t) and

-~

JTA+ 4, +7 — 40,1,
\/—B 2\/;=——1q0,,.

Obviously
|[A(x,0)|<C, |B(x,0)<C,
[gol + 190,/ <Q if 0<x<s(0),0<t<1y,
where C, Q are constants independent of 7, 7. Let

Ht)= max B(x,1), J(t)= max A(x,t), K(t)=max{l(s), J(1)}.

0<x<s(2) 0<x<s5(r)
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We first estimate I(¢). Take a point x* = x*(¢) such that I{¢) = B(x* ). If
(x*, t) belongs to (I)w (II) then

1 rt
1)< TP 4 [ e+ (K(r) + 2t /¢ Q) dr
0
1 rt
=Ce "+ 21 \/; o —e*’/2’)+2—f e~ 1T (r) dr
TY

<Ce ’/2’+2r\/—Q+ j e~ K (r) dr (3.19)

On the other hand if (x*, t) e (III) U (IV) then
1(1)< Bls(n(x*, 1)), n(x*, 1)) e~

1 !
+“_[ e—1/21+f/21'(K(r)+2T\/;Q)dr'

2T Dy n)
Since, by (2.10), (3.17),

B(s(n(x*,

1
L), (%, ) <5

n
if n is sufficiently small, we get

1 po
(t)<76 (1—n(x*, [))/21+2T\/’Q+2TJ‘ 871/21+r/21K(r) dr

(x*, 1)

Combining this with (3.19) we find that

[(t)<2‘r\/_Q+ max [(_31;'_+61)e(16)/zf

0ot

1 pt
+3 j e~ 1 HIB K (r) er. (3.20)

We next estimate J(¢) in a similar way, choosing a point {x,, ¢) such that
J(t) = A(xy, t). If (xq, t) e (I) U (IIT) then

J(z)<Ce—'/2f+2er+ j UK () dr (321)

whereas if (xq, £) € (II) U (IV) then
J(1) < e—ro/Z\/T_Z(O, 1— \/;XO) + 2t \/; Q

1 ! — /2t + rf27
+3 f,f e K(r) dr. (3.22)
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By (3.20),
A0, t— /7 x0) = B0, 1— /T x0) < It — /7 x0)
<2/t Q+ max - [(3%4- C) e~ (= /Tx—ay2

O0<o<gr—

1

+§-J~t— fxl)e_(l-\/;xo)/Zt +r/21K(r) dr:l
Ts

Using this estimate in (3.22), we get

J)<4r \/TE- 0+ max [(%.}_ C’) e~ (1—o)2
0 n

o<t
1o — 121 +r/21
+2—1Le K(r)dr |.

Combining this with (3.21) and recalling also the estimate (3.20), we
conclude that

K{t)s4r \/; Q+Omax [(%74.5) o~ {t—o)zr

1 rt
- — 12t +r/2t
o f e K(r) dr:I.
This implies that
1
K(t) <41:\/;Q+2\/;Qt+§+a;

hence A(x, t) < K(t)+ Ao(x, t) < C(1 + 1/5), and similarly B(x, t)<
C(1+1/n).

Remark 3.1. Lemmas 3.1, 3.2, 3.4 give a bound (assuming s,(2) < M)
|[A(x, )] + |B(x, £)] < N.. (3.23)

If we assume that (2.11) holds then the assumption s.(¢) < M, is satisfied;
further (3.16) is valid and we deduce (since |7} <2N,) that

s()ze, >0 if 0<1<1y; (3.24)

further, by (3.23), (3.14),

1
[s"(e) <7;(1 —&), (3.25)
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where

! 4e. } (3.26)

fo=min {TTN’TT?E

Later on we shall have to consider a hyperbolic system

A-B
JtA+A+ =0,

2 \/; (3.27)

JSiB-B+274

2/

with more general boundary conditions

B(s(1), 1) =b(1, A(s(1), 1)), (3.28)
A(O, t)=a(1, B0, t)) (3.29)

and initial conditions
A(x,0)=Ay(x),  B(x, 0)=By(x). (3.30)

LEMMA 3.5. Assume that (A, B) is a C' solution of (3.27)-(3.30) with
seCl, and

s(t)=zc, >0, ls’(t)|<—1—— for O<t<i,. (3.31)

7

Assume further that

|Ao(x)| S M, |Bo(x)| < M, 532)
b(t, )| <L+K|Al,  la(t, )| <L+K|4l. o
Then
|A(x, D), |B(x, )| < C, for 0<1<t,, (3.33)

where C, is a constant depending only on t,, 1, M, L, K, c,.

Proof. It suffices to prove (3.33) for r<t¥* (see Fig. 1); for since
s(t) 2 ¢, >0, we can continue step-by-step on t-intervals (of fixed length
2c¥*¥>0). Let

I(t)= max )IB(x, 1), J(t)= max |A(x, 1)

0 x<s(t 0L x<s(r)
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Proceeding by integration, as in (3.7)-(3.11), and using (3.28), (3.29), we
obtain, very crudely,

1(1)+ J(£) <2(L + KM) +——j (I(r) + J(r)) dr

for 0<r<t¥*, and (3.31) then follows.

The next lemma establishes Lipschitz bounds on the solution of
(3.26)-(3.30).

LEMMA 3.6. Assume that (A, B) is a C' solution of (3.27)-(3.30) with
seC, and

1
s(t)zc, >0, IsO<s—1—¢) for 011, (3.34)

NG

where ¢, > 0. Assume further that

!A(x’ t)l<M09 !B(X’ z)!sMO’ for t<319

(3.35)
[Ao(¥)I <My,  |Bo(x)I <M,
and that a(t, 1), b(t, L) are Lipschitz continuous and
lal, sl 16, b, < K. (3.36)
Then
(Al [Byl, |40, |1BI<C.  for t<1y, (3.37)

where C_ is a constant depending only on t,c,, My, M,, K, and t,.

Proof. Take for simplicity T=1. Let & be any small positive number,
and introduce the functions

I(ty=max max [B(x+¢, t+0)—B(x, 1),

x  l<hlol<h

J(t}y=max max |4{x+¢& t+0)— A(x, 1),
x JEI<hlol<h

where (x,7) and (x+ &, t+0) are required to belong to the region
{{(x, 1), 0<x'<s(t'), 0<t' <ty}. For any re(0,¢*), choose x*, &*, o*
such that

I(1) = |B{x* + &*, t + a*) — B(x*, 1)].
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Case 1. (x* t)and (x*+¢* 14 6*) belong to (I) U (II). Then

1)< |e " 2B(x* + EX 4t +0%,0)— e~ 2B(x* +¢,0)|

t+o*
f e UTTIZTIZ At fg* 4 x* F EX —r r) dr
0

L
2

t
—J e PrRA(t+x*—r,r)dr
[¢]

1 '
<M0h+M1(2h)+5“ e P RA(t 4 x*+E* —r r+0%) dr

—o*

I
—J‘ e PERA(t+ x*¥—r, r)dr
0

1 ¢t
<2(M0+M1)h+—j J(r) dr.
2J

Case 2. One of the points (x*, 1), (x* + £*, 1+ ¢*) lies in (I) U (II) and
the other lies in (IH). For definiteness we take

(x*. n)e(d)u D), (x*+ &%, t+0*)e (I1I). (3.38)

Let n=n(x*+£* 1+ 0*). From (3.38) and the second inequality in (3.34)
we deduce that n < 2h/e,. Therefore, from
B(x*+ &% t+0*)=e U 2B(s(n), 1)

1 pt+o* .
+§j e UHITVIXIZ (t 4 x —r, r) dr
n

and from the corresponding expression for B(x*, t) we get
I(t)< Ch +% f’ J(r)dr+ |B(s(n), n) — B(x* + 1, 0)|. (3.39)
0
Next
|B(s(n), n) — B(x* + 1, 0)|
< |B(s(n), n) — B(s(0), 0)| + | B(s(0), 0) — B(x* + 1, 0)|
< Ch+ |b(n, A(s(n), n)) — b(0, Ag(s(0))] (since |x* + 1~ s(0)| < Ch)
< Ch+ K|A(s(n), n) — Ag(s(0))]. (3.40)
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Since (s(n), n) € (III),

1
Als(), m) = e ™" Ao(sm) =)+ | e "2 P B(r—n +x,r) dr
0

and thus

[A(s(m), 1) — Ao(s(OD| < le ™" Aols(n) — 1) — Ag(s(ON + Ch< C, b

Using this in (3.40) and substituting the resulting estimate into (3.39), we
get

1 re
Ke)<Ch+ [ Tryar.
2o

Case 3. (x*, t) and (x*+ £*, 1+ 0*) belong to (III). Let n,=n(x*, ¢),
#y=n(x*+ &%, 1+ 0*). Then

B(x*+&* t+0*)=e U7 "M2B(s(n,), 1)
t+a*
+1J e~ UTINXR2 Y (t 4 x — 7, 1) dr,
24y,
B(x*, 1) ="~ "2B(s(n,), o)

l t
+—j e gtk x—r, 1) dr.
o

From (3.19) and the second inequality in (3.34) we deduce that
|no— 1| < 2h/e,. Therefore

1)< Chet 5 [0 dr 4 1BGs(0,),m1) = B(s(no) no)

Next

| B(s(n,), 1) — B(s(n10), 1)l = |b(ny, A(s(n,), 1)) — b(ng, A(s(15), 1))l
< Ch+ K|A(s(n1), 11) — A(s(110), no)l-

Since (s(n,), n,) and (s(no), 7o) belong to (III), we can estimate

1 ¢
|A(501,). 1) = A(sCro), 1ol < Ch 43 | T(r) .
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Combining these estimates we find that
1 e K
)< Ch+§f0 s dr+3 jo 1(r) dr.
This estimate is valid in all three cases.
We can derive similar estimates for J(¢), and thus
+K Jl

)+ J(t)<Ch+ 1—2— (I(r)+J(r)) ar.

0
This implies that
I+J)<Ch  if 0<r<t*,

We can now proceed step-by-step to establish this inequality for all 1< 1,,
with a different C' (which will eventually depend on  and ¢,).

4. EXISTENCE AND REGULARITY

THEOREM 4.1. If (3.1), (3.2) and (3.5), (3.6) hold, then there exists a
solution (A, B, s) of (2.8)-(2.13) with se C*' and A, B in C"' up to the
boundary.

Proof. Given any ¢, € (0, oo) we shall construct a solution for t <¢,. Let
¢, be defined as in (3.24) when

S(OSM. =5,+ =cq (4.1)

is assumed; defining &, by (3.26) with N, determined as in (3.23) (N,
depends on the choice M, in (4.1)), we set

Let
K= {5€C?*[0,0]; s(0)=s,, 5'(0) =s5,, s"(0) =5,

|S’!Ll(0,a) e 15" 120,y S Cz}’
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where s, 5, are defined by (3.4), ¢, is as in (4.2), and c, is still to be deter-
mined. If s€ K then

C:

2<s0—clo<s(t)<so+c,tl<co‘ (44)

Given se K we can solve the system (2.8)-(2.10) with the initial-boun-
dary conditions (2.12), (2.13). In fact, this can be done by successive
integrations, with 4™, B™ defined by

A"— B
ST A A T =0,

B’I_A'l
JT Bt Bty e =0.

Letting
L(t)=max [B"*'(x, )= B"(x, 1),  J,(t)=max |4"*(x, 1) — A"(x, 1|
one can estimate successively I, + J, and thus show that the sequences 4™,

B™ are uniformly convergent to a solution A, B which is Lipschitz
continuous. By Lemmas 3.1, 3.2, 3.4 we have

[4(x(2)l, |B(x, ) SN, (45)

with N, determined as in (3.23); it is the same N, as used above in deter-
mining the £, in (4.2) by means of (3.26). By formal differentiation

A.—B

S (46)
\/?Bx,—Bxx+B;\/’;"=0
and
A0, 1)= =B (0, 1)~ f(1) —¢f'(2), (4.7)
Balale), )= i :/fj::; a j;,(:((:();)t,)z))z
(438)

1 A—B
: B—4 s £ )
+2ﬁ(1 +/T5(1) <1+2AJr )(s(t) g
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and

Ax(x’ O) = AO,x(x)’ BX(X, 0) = BO.x(x)' (49)

In order to justify it, we consider (4.6)-(4.9) as a system for 4., B, and
denote its solution by 4, B. Next we finite difference the equations for 4, B
and subtract the resulting equations, for

A(x+h, t)—A(x, 1) B = B(x+h,t)y—B(x, 1)

A= 2 g h .

from the correspondlng equations for 4, B. We then proceed to estimate
A—A4,, B— B, similarly to the proof of Lemma 3.6, and thus conclude that

Ad,-A4=4,, B,-B=B,.

Since we need only the integrated forms of the hyperbolic system in the
proofs of the previous lemmas, we can now work with the integrated form
of the differential system for A .,, B,,, ie., with integral equations for 4,
and B,.

From (4.6)-(49) and Lemma 3.5 (with appropriate choice of a(t, 1),
b(t, 1)) we get

|Ax|’ |At|’ |Bx|’ |Br| SA’2713 (410)

where A, depends only on c,/2, & ; applying Lemma 3.6 to the same
system one gets, a.e.,

|D*4], |D’BI< M, (4.11)

for any second derivative D2 We now define a mapping G: K — C?[0, ]
by

Gs(1)= (Gs))=s0+ [ = 7 — (s(r), 1) dr
Then, since A4, B are in C",
d d?
Gs(0) = sy, EGS(O)“—‘SI ;it—iGs(O)=s2

and

1 14(s(1), )] t)l

\/_ 1+ A(s(2), 1)

iG ()| =
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by (3.23) (or (4.5)) and (3.26), (4.2). From the relation

2 () = A, DO+ Afs(), )
dr? U 1+ A(s(1), 1))?
we obtain
2 4
des(z} \/;M;(l-kcx) by (4.11),
d2
des(t+h) P h)‘<c3|h| by (4.11).
Choosing

4 _
c=—r==M(1+c¢
2 \/; 1 1)

we conclude that G maps X into itself, it is continuous, and the set G(X) is
equicontinuous. Thus G has a fixed point, say 5(z).

This proves the existence of a solution in [0, 5]. Since 5 is a fixed point,
(2.11) is satisfied and hence (3.24) holds for this solution. But then we can
extend the solution to [o,20] by the same argument, using the same
constant ¢,; it is easily seen that at r=¢ the two solutions fit in a C"!
fashion.

Proceeding step-by-step we can now extend the solution to all of
{0<1<t,}. Next we can extend the solution to {f, <r<2t,} with ¢, &,
depending on a new constant N, (for which (4.1) is valid in 0 < <2¢)),
then to 2¢, <1< 3¢, etc.

Remark 4.1. If we assume that f, Ay, B, are in C* and satisfy a com-
patibility condition involving By .., 4o .., then we can derive by the above
method a solution 4, B in C>' with se C*! Similarly we can establish
higher regularity for the solution.

5. UNIQUENESS

THEOREM 5.1. For any t,>0 there exists at most one C' solution
(A4, B, s) of (2.8)-(2.13) for 0<1<1t,.

Proof. Take for simplicity r=1. Suppose there exist two solutions
(A4, B, s) and (A4, B, 5). Let M be any constant such that

|El, |E,|, IE|<M  for E=A,BA4,B (5.1)
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By Lemma 3.2
A(s(n), 1), A(S(1), 2 — 5+ (52)
for some ¢, >0, and then, by Remark 3.1,
ds| |ds
~ =<l - 53
d’ > dt 8() ( )

for all 0<r<t,. Let

so(ty=min{s(e}, 5(t}},  Hej= (st} — 8],
J(t)= max |A(x,1)— A(x, 1)],

0< x < sp(r)

-~

K(1)= max |B(x,t)— B(x, 1)

0 < x < sp(r)

and set (I11), = (IT) (fﬁ), where (fﬁ) is defined as (IH) with respect ta §
(see Fig. 1).
Let 0<r<t* (r=1) and choose x* such that

J()=1A(x* )= A(x*, O,  0<x*< (1)

If (x*, )e (I} u (IIT), then, by (3.10),
1 g - 1
J(r)g-j |B(r—t+x* )= Bor—t+x* )| dr <5 | Kir)ydr. (54)
2o 2
If (x*, )e(11) then, by (3.11),
{ .
J(z)<§j K(r)dr+ 40, 1 — x*)— A(0, 1 — x*)|.
0

By (2.13) we have
[A(Q, t — x*)— A(Q, t — x*)[ = [B(Q, t — x*) — B(O, t — x*)]

1 pe—x 1
<§L J(r)drsijbj(r)dr
and therefore
Hoy <= [ )+ K dir: (55)
2Jo

Recalling (5.4) we conclude that (5.4) holds in (I) u (IT) u (I1I),.

409/138/1-18
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Next

max |s(t')—§(¢')| <f'1(r) dr. (5.6)

osrs<:
Let (xq, ) be such that
K(t)=|B(X0, t)_E(XO, t)|9 ngosso(t)-
If (x,, ¢) € (I) L (IT) then, by (3.7),
1 pt

K(1) <5 fo J(r) dr. (5.7)
If (x4, t)e(III), then assume for definiteness that n(x,, t) = #(x,, ¢), and
set ='7(x0’ 1), 7 =#(xo, t)' By (3.9)

0<n—=3()—s(n)<3(7) — s(7) + (1 — eo)(n —7)
and therefore, by (5.6),

0<n—i< L'I(r)dr. (5.8)

1
)
Using (3.8) we get

K(1)<le™"~"2B(s(n), n) — e~ " T2B(3(7), 7)|

1 - 1
+§L VAt +x0—r, 7)| dr+§L J(r) dr

1 1
<2M(n—ﬁ)+§j0 J(r) dr
+ | B(s(n), n) — B(G(#H), 7)|
s—zgjo' 1(r) dr+%f0' J(r) dr

+ Cpl A(s(n), m) ~ AG(H), 7)), (59)

where (2.10) was used both for 4, B and for 4, B.
We can clearly find a point (&, a) € (IIT), with f < a < # such that

1€ —s(n)l < Jmax |5(r) —s(r)l + ,max s(r) — s(a)l,

|€—3(f)I < max |5(r)—s(r)] + max |5(r) — 5(a)|.

fsr<n
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Hence

C ¢t
E—stnl <[ ) dr+ -y <2 [ 10 (5.10)

where (5.8) was used and, similarly,

& — 5(7)| sgj' Kr) dr. (5.11)
&

0vo

Using (5.10), (5.11) we can estimate the last term in (5.9) by

| 4(s(m), n) — AGB@), ) < 1A4(s(n), n) — A&, @)
+ A, @) — A(E, o)l + | A(E, @) — A(3(7), 7)
<2ZM(|s(n) — ¢l +15() — ¢l + {n —al

N 1 e
Hli—al) +3 | Kirydr

<C‘j' I(r) dr+%j' K(r)dr (5.12)
0 0

with an appropriate constant C. We then get, from (5.9),

1 pt ! !
K(t)sifo J(r)dr+6‘“0 K(r)dr+£) I(r)dr] (5.13)

with another constant C. Next, from (2.11) and (5.2),

1(1)=15'(1) =5 (1) < Cpfl A(s(1), 1) — A(3(1), 1)]

< UO Ir)dr + jo K(r) dr]

by the same estimate as in (5.12).
Combining this with the previous estimates on J(¢) and K(t) we get

1)+ + K() < C [ T+ J0) + K(r)] dr.

This implies I(¢)=J(t)= K(t) =0 for 0<t<t}*. Proceeding step-by-step
we establish uniqueness for all 0 <r<1¢t,.
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6. THE FIRST INITIAL-BOUNDARY PROBLEM

In this section we extend the results of Sections 3-5 to the first initial-
boundary conditions (2.5). Introducing 4 and B as in (2.7), these con-
ditions consist of (2.12) and of

A0, 1)=2f(1)— B(0, ¢) (¢>0). (6.1)

Condition (2.10) was used in the proof of Lemma 3.1 (where we deduced
that A(0, t)> —1). Under (6.1) we cannot extend Lemma 3.1. If however
we make the a priori assumption that, for any smooth solution,

A(s(?), 1) = — L+, for some ¢,>0 (6.2)

then we can extend Lemma 3.4 and Remark 3.1; thus we obtain bounds
|4l < N,, |B| <N, with N, depending on 7.

The proofs of Lemmas 3.5, 3.6 remain valid for (6.1), provided condition
(6.2) is assumed, so does the proof of Theorem 4.1. Hence:

LEmMMA 6.1. If (3.1), (3.2) and (3.5), (3.6) hold, and if one can establish
the a priori estimate (6.2) for 0<t<t, with any t,€(0, ©) (&, depends on
T, t,), then there exists a solution (A, B, s) of (2.8)~(2.12), (6.1) with se C*!
and A, B in C' up to the boundary.

We next prove:

LEMMA 6.2. Assume that the data in (2.5) satisfy

f(H)=0 for 0<t< oo,
—¢'(x)> ST ) for 0<x<so, $(s0) +/T Y(s0)>0. (63)
Then for any C"' solution of (2.8)—(2.12), (6.1) there holds
A,<0, B,<0, (6.4)
A(s(t), 1) >0, (6.5)
T(x, 1)>0. (6.6)

Notice that the last condition in (3.1) follows from (6.3).

Proof. We first prove that (6.4) and (6.5) hold for all z. Indeed, by (6.3)
and continuity, (6.4) and (6.5) hold for all ¢ sufficiently small. If either (6.4)
or (6.5) is not true for all >0, then there exists a smallest ¢, such that
(6.4) and (6.5) hold for 0 < x<s(1), 0<t<1,, and

either A,(x, 1) =0 or B (x,, t,) =0, (6.7)
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for some x,€ [0, s(t,)]. The functions 4 =4, B= B, satisfy
~ ~ A—B ~ -~ B—4
ST A+ + =0, /T B-B.+ =0,
7 N

A0, =80, -2 /T (1)< BO, 1)

and, on x = s(1),

A—(4//7) A2(1 + 4)Y/(1 +24)

B~ (1+24)

by (2.10).

We can now proceed as in the proof of Lemma 3.1 to establish that
A(xy, t,)<0 and  B(x,, t,) <0. Recalling (6.7) we conclude that
A(s(1,), 1) = 0. Next

%A(S(t), N)=As5+A,
=A_,%E—:L17——1;<Ax+‘;—:\/—§> (by (2.8), (2.11))
= ‘%iﬁ"%(”‘ +ﬁ‘f’-ﬂ> (by (2.10))
> —%A (1 + +12A) (by (6.4), (6.5)).

Hence, on {x=s(1)},

£A+cA>0, c>0
dr

from which we conclude that A(s(z,), t;) >0, a contradiction.
To prove (6.6) it suffices to notice that 7. <0 by (6.4), whereas, on
x = s(1),

A 24°

2T=A+B=A-——=-""__
+ 1424 1+24

=0

Combining Lemma 6.1 with 6.2 we obtain:

THEOREM 6.3. If (3.1), (3.2), (3.5), (3.6), and (6.3) hold then there exists
a solution (A, B, s) of (2.8)-(2.12), (6.1) with se C*' and A, Bin C*' up to
the boundary.
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The proof of Theorem 5.1 extends to the present case with minor
changes. Thus:

THEOREM 6.4. For any t, >0 there exists at most one C' solution
(4, B, s) of (2.8)-(2.12), (6.1) for 0<r<t,.

7. ASYMPTOTIC BEHAVIOR OF THE SOLUTION AS 7 — 0

In this section we take
f)=£(1), dx)=¢.(x), Y(x)=y.(x)

satisfying all the assumptions as in Theorem 6.3, and

1) = f(1), ¢(x)—> #(x)  uniformly in £, x as T — 0.

We shall denote the corresponding solution established in Section 6 by
(4., B.,s.) and prove that, as 7 —0, it converges to the solution of the
Stefan problem corresponding to f, ¢.

Recall that by the results of Section 6, T, . <0, T, >0. Since for any
;>0

T.,(O, t)=f‘r(t)<cl if OStSII
(C; depends on t,), it follows that T< C, if 0< x < s(¢), 0<r<1,. Next,
since 4,,<0, A(s(¢),1))>0 we have A4, >0; similarly, B, <0 and

B (s(1), t)> — 3 (by (2.10)) so that B, > —i. Using 4, + B, =2T,.<C,, we
get

0<A,<C+14, —1<B,<C,. (7.1)

Hence aiso

C, +1
Vgl <=5—. (7.2)

We also note that by (2.11), (6.5),

ds,
7:20' (7.3)

Analogously to Lemma 3.3 we have:
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Lemma 7.1. For any t,>0 there exists a constant M independent of ©
such that

s.()sM if 0<1<1y,. (7.4)

Proof. Integrating (2.2) in x, 0 < x < s(¢), we obtain an identity which
can be written in the form

d

s(1) s(1)
rEL q(x,t)dx+j0 qlx, 1) dx = f(1); (1.5)

hence, for some constant C independent of ,
s(1) 5(0) ‘
j q(x, t)dx=(f q(x,O)dx)e’/’—|~J‘£(~Qe""’/t dr<C. (7.6)
0 4) 0o T

Next, multiplying (2.1) by x and integrating in x, 0 < x < s(z), we get an
identity which can be written in the form

d

dt
Integrating in ¢ and using (7.6) and the fact that T(x, t) >0, the assertion
(7.4) follows.

s(1) 2 s(t)
[ Ty ax + (’)] =[x 0 dx
[¢] 2 0

Let
Qr={(x’ t); 0<x<st(t)’ OSISII},

Q={(x1);0<x<M, 0<1<1,}

and extend each T, into Q\Q. by zero.
In view of (7.4), there is a subsequence of 1, (denoted again by t,) for
which

T, — T, weakly in (L*(Q))*, Toe L®(Q). (7.7)

Since s, (¢) is bounded (independently of 7,) and monotone in ¢, by Helly’s
theorem we may assume that, for some monotone function sy(z),

5. () = so(t) pointwise;

hence, by the Lebesque dominated convergence theorem,

5., =S in LP(0, 1)), Vi< p<oo. (7.8)
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Finally, defining

(6 1) = 14+ T.(x, 1) if 0<x<s,(r)
£45 =10 if s()<x<M

we may assume that, in addition to (7.7), (7.8),

8., 8o weakly in (L*(Q))*. (7.9)

LEMMA 7.2. There hold

Ty(x,1)=0 if x> s4(t), (7.10)
14+ To(x, 1) if x<sy(t)
8golx, t)~{0 i x> so(t) (7.11)

Proof. Set Qo={(x1); 0<x<so(t), 0<t<t)}, J.=0\Q.,
Jo=0\Qs. Then, by (7.8),

10040 =10 40.1 = [ Iso() =50 >0 if T=7,-0. (112)

For any ¢ € L'(Q)

Jo, v =] T¥xe,=| (To=T)wxo+ | Towxe,=hi+1,

and 7, - 0 by (7.7) whereas

LI<[ AT W10
Qof’gt,,

by (7.7), (7.12). It follows that T,=0 on J,.
To prove (7.11) we denote the right-hand side by g, and proceed to
show that g, = g,. For any ¥ e L'(Q),

(T~ T +]  (8,—ZoW

QOAQr,,

J, (&g =]

N Qr,

=J'Qo (T, — To)¥ —JQ (T, — To)y

T

+ (g g)U=Si T+,
QOAQt,,

By (7.7), J, = 0 and, by (7.7), (7.12), J, = 0 and J; — 0. Hence g, = go.
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Consider now the solution (A4, B, s) of (2.8)-(2.12), (6.1) constructed in
Section 6, and the corresponding functions T, g..

Multiplying(2.2) by ¢, and (2.1) by ¢ where ¥(x, t) is any smooth
function and integrating over 0 < x <s(t), 0 <t <1, we easily obtain, after
using (2.3), (2.4),

[ JrTp+ 0+ Ty, dxdit [ Ta.0, 0900, 1)+ T.(0, 1) (0,0
Q- [
$(0) s(r)
+L u+num»w%m¢—L (14 T.(x, t,)W(x, 1,) dx
s(t) s(0)
=1 {j qz(x’ tl ) l//x(xa tl) dX‘_J qr(x’ 0) l//x(-x’ 0) dx
0 0
—f muJ)WAntﬁkd&. (7.13)
Q.
Choose ¥ such that

Yix, t,)=0, ¥(0,1)=0. (7.14)

Then, taking =1, — 0 and using (7.2) and Lemma 7.2, we obtain

s(0
4]

| [ ot alT b 3+ [ A0 0,00, 0 1+ [ a9t i, 0) =0
(7.15)
where

a(To(x. 1)) = {1 + To(x, t) if  x<so(t)

0 if x> s4(2),
1+ d(x) if x<s(0)
“¢“»={0 if x> s(0).

Since Ty = 0 and T, satisfies the heat equation (in the distribution sense) in
Q*={0<x<sy(t—0), 0<r<t,}, the maximum principle shows that
Ty,>0 in 2* and thus, a.ec.,

L4+ Tofx, t) if Tyo(x, t}y>0

a(To(x,t))={0 if To(x, 1)=0.

Let u be the solution of the 1-phase Stefan problem corresponding to
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the data f(z), #(x), s(0). Writing the weak formulation for # and
subtracting from (7.15), we get

J, J (o vt (@(To)— aw) y.1=0
with y as in (7.14), or

J, ] @) -atnw +ex 0 y.0=0

where
(To—w)/(a(To)—a(u)) if To#u

e, ’)={0 if T,=u.

We can now proceed as in [8] to construct suitable y’s and show that
a(Ty) = a(u). Consequently,

T, is uniquely determined as the solution of the 1-phase
Stefan problem. (7.16)

This implies, of course, that the free boundary x=s,(¢) is C*. We have
thus proved the following result:

THEOREM 7.3. Let (3.1), (3.2), (3.5), (3.6), and (6.3) hold. Then the
solution T, of (2.8)~(2.12), (6.1) (extended by zero to {x>s,(1)}) satisfies:
T, > uweakly in (L*{0<x< M, 0<1<1,})* for any M >0, t, >0, where
u is the solution of the Stefan problem (with free boundary x = s(t)):

u,—u,, =0 if 0<x<s(t), >0,
u(x, 0)=f(1) if t>0,u(x,0)=¢(x)if 0<x<s(t),
u=0, u, = —g on x=s(t).

Remark 7.1. Lemma 3.3 shows that for the Neumann problem the
solution (7, s.) satisfies 5.(¢) < C, if 1 <1,, where C| is a constant indepen-
dent of 7. However, we were not able to extend Theorem 7.3 to this case.

Remark 7.2. The free boundary problem with (1.10) replaced by (1.11)
leads to the free boundary conditions

ds A(s(2), 1)

dr— J*

instead of (2.9), (2.10). Since in general 4 is not bounded above by 1, the
system (2.8), (2.9) cannot be solved by integration along characteristics.

B(s(1), 1) = A(s(2), 1),
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