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Abstract

We obtain a compactness result for various classes of Riemannian metrics in dimension four;
in particular our method applies to anti-self-dual metrics, Kähler metrics with constant scalar
curvature, and metrics with harmonic curvature. With certain geometric non-collapsing assump-
tions, the moduli space can be compactified by adding metrics with orbifold-like singularities.
Similar results were obtained for Einstein metrics in (J. Amer. Math. Soc. 2(3) (1989) 455,
Invent. Math. 97 (2) (1989) 313, Invent. Math. 101(1) (1990) 101), but our analysis differs
substantially from the Einstein case in that we do not assume any pointwise Ricci curvature
bound.
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1. Introduction

Critical points of the total scalar curvature functional (restricted to the space of unit
volume metrics)

R : g �→
∫
M

Rg dVg, (1.1)

are exactly the Einstein metrics, and the structure of the moduli space of Einstein
metrics has been extensively studied[And89,BKN89,Nak88,Tia90]. In particular, with
certain geometric assumptions on non-collapsing, this moduli space can be compactified
by adding Einstein metrics with orbifold singularities.
The motivation for this paper is to prove a similar compactness theorem for various

classes of metrics in dimension four, where one does not assume a pointwise bound
on the Ricci curvature. We will consider the following cases:

(a) half-conformally flat metrics constant scalar curvature,
(b) metrics with harmonic curvature,
(c) Kähler metrics with constant scalar curvature.

Half conformally flat metrics are also known as self-dual or anti-self-dual ifW− = 0
or W+ = 0, respectively. These metrics are, in a certain sense, analogous to anti-
self-dual connections in Yang–Mills theory (see[FU91,DK90]). The local structure of
the moduli space of anti-self-dual metrics, by examining the linearization of the anti-
self-dual equations, has been studied, for example, in [AHS78,IT98,KK92]. There has
been a considerable amount of research on the existence of anti-self-dual metrics on
compact manifolds. In the paper [Poo86], Poon constructed a one-parameter family

of anti-self-dual conformal classes onCP
2
#CP

2
. LeBrun [LeB91a] produced explicit

examples onnCP
2
for all n�2. We also mention the work of [Flo91,DF89] for other

methods and examples. See also [LeB95] for a nice survey and further references.
A very important contribution is Taubes’ stable existence theorem for anti-self-dual

metrics: for any compact, oriented, smooth four-manifoldM, the manifoldM#nCP
2

carries an anti-self-dual metric for somen (see [Tau92]). This shows that anti-self-dual
metrics exist in abundance, so one would like to understand the moduli space.
In [Bou81], it was proved that a compact four-dimensional Riemannian manifold with

harmonic curvature and non-zero signature must be Einstein. Therefore (b) is larger
than the class of Einstein metrics only in the case of zero signature. In particular, we
have locally conformally flat metrics with constant scalar curvature, which have been
studied in [SY88,SY94,Sch91]. For more background about cases (a)–(c) above, see
[Bes87]. We also note that case (c) is an important class of extremal Kähler metrics
[Cal82,Cal85].
In the sequel, when we saycritical metric we will mean any of (a)–(c) above. For

M compact, we define the Sobolev constantCS as the best constantCS so that for all
f ∈ C0,1(M) we have

‖f ‖L4�CS‖∇f ‖L2 + V ol−1/4‖f ‖L2, (1.2)
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whereVol is the volume. Note that (1.2) is scale-invariant. ForM non-compact,CS is
defined to be the best constant so that

‖f ‖L4�CS‖∇f ‖L2 (1.3)

for all f ∈ C0,1(M) with compact support.
We define aRiemannian orbifold(M, g) to be a topological space which is a smooth

manifold with a smooth Riemannian metric away from finitely many singular points. At
a singular pointp, M is locally diffeomorphic to a coneC on S3/�, where� ⊂ SO(4)
is a finite subgroup acting freely onS3. Furthermore, at such a singular point, the
metric is locally the quotient of a smooth�-invariant metric onB4 under the orbifold
group �. We note that the notions of smooth orbifold, orbifold diffeomorphism, and
orbifold Riemannian metric are well-defined, see[Sat56,Sat57,Thu97,Bor93,TY87] for
more background. A Riemannian orbifold(M, g) is aKähler orbifold if g is Kähler, all
of the orbifold groups� are inU(2), and at each singular point, the metric is locally
the quotient of a smooth Kähler metric on a ball inC2 under the orbifold group.
Consider the disjoint union

M̃ =
N∐
i=1

Mi, (1.4)

where eachMi is a Riemannian orbifold. Then aRiemannian multi-fold Mis a con-
nected space obtained from̃M by finitely many identifications of points. Note that
points fromMi andMj , i 
= j can be identified, as well as several points from the
sameMi . For example, takeM1 andM2 to be smooth manifolds, and identifyp1 ∈ M1
with p2 ∈ M2. Another example would be to take just one smooth manifoldM1, and
identify p1 ∈ M1 with p2 ∈ M1. The singular setof M is the set of points whereM
is not a smooth manifold—this will come from the non-trivial orbifold singular points
of eachMi , as well as new singular points from the identifications. These latter points
look like multiple cone points, thus the terminologymulti-fold. If there is more than
one orbifold in (1.4) (N > 1), someMi is compact, and has only one point which gets
identified to the other orbifoldsMj , i 
= j to form M, then we sayM splits off the
compact orbifoldMi . If there is only one cone at a singular pointp, thenp is called
irreducible.
A smooth Riemannian manifold(M, g) is called an asymptotically locally Euclidean

(ALE) end of order� if there exists a finite subgroup� ⊂ SO(4) acting freely on
R4 \ B(0, R) and aC∞ diffeomorphism� : M → (R4 \ B(0, R))/� such that under
this identification,

gij = �ij + O(r−�), (1.5)

�|k|
gij = O(r−�−k) (1.6)

for any partial derivative of orderk as r → ∞. We say an end is ALE of order 0 if
we can find a coordinate system as above withgij = �ij + o(1), and�|k|

gij = o(r−k)
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as r → ∞. A complete, non-compact Riemannian multi-fold(M, g) is called ALE if
M can be written as the disjoint union of a compact set and finitely many ALE ends.
We say that a sequence of Riemannian manifolds(Mj , gj ) convergesto the Rieman-

nian multi-fold (M∞, g∞) if the following is satisfied. For� > 0, considerM∞,� =
M∞ \S�, whereS� is the �-neighborhood ofS, andS is a finite set of points containing
all of the singular points ofM∞. Then there exist domains�j (�) ⊂ Mj , and diffeo-
morphisms�j,� : M∞,� → �j (�), such that�∗

j,�gj converges tog∞ in C∞ asj → ∞,
on compact subsets ofM∞,�. Furthermore, there exist constants�, N depending upon
�, such that

max{V ol(Mj \ �j (�)), diam(Mj \ �j (�))} < � (1.7)

for j > N and � → 0 as� → 0, whereVol anddiam denote the volume and diameter
with respect to the metricgj , respectively. A sequence of pointed Riemannian manifolds
(Mj , gj , pj ) converges to the pointed Riemannian multi-fold(M∞, g∞, p∞) if for all
R > 0, B(pj , R) converges toB(p∞, R) as above as pointed spaces.
We state our main convergence theorem:

Theorem 1.1. Let (Mi, gi, pi) be a sequence of critical metricsgi on smooth, complete,
pointed four-dimensional manifoldsMi satisfying

CS�C1, (1.8)

∫
Mi

|Rmgi |2 dVgi ��, (1.9)

V ol(gi) > � > 0, (1.10)

b1(Mi) < B1, (1.11)

whereC1,�, � are constants, and b1(Mi) denotes the first Betti number. Then there
exists a subsequence{j} ⊂ {i}, a pointed, connected, critical Riemannian multi-fold
(M∞, g∞, p∞), and a finite singular setS ⊂ M∞ such that

(1) (Mj , gj , pj ) converges to(M∞, g∞, p∞).
(2) The limit space(M∞, g∞, p∞) does not split off any compact orbifold.
(3) If M∞ is non-compact, then (M∞, g∞, p∞) is ALE of order� for any � < 2.
(4) If b1(Mi) = 0, then (M∞, g∞, p∞) is a Riemannian orbifold.
(5) In the Kähler case(c), (M∞, g∞, p∞) is a Kähler orbifold.

Remark. We note that the definition of convergence given here implies, in particular,
Gromov–Hausdorff convergence. Moreover, we will show in Section7 that the con-
vergence is even stronger, in the sense that suitable rescalings of the metrics near the
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singular points converge to ALE multi-folds. The singular setS is the singular set of
convergence, it necessarily contains the multi-fold singular set ofM∞, but it is possible
for some points inS to be smooth points ofM∞. This is in contrast to the Einstein
case, where the Bishop–Gromov volume comparison theorem implies that convergence
is smooth at any smooth point inM∞.

Remark. A positive lower bound on the Yamabe invariantY (Mi, [gi]) will imply
the Sobolev constant bound, and in certain geometric situations, this bound will be
automatically satisfied. The bound in (1.9) will also follow automatically in certain
geometric situations. We will discuss these points in Section 3 below. Furthermore, the
main elements of our proof only require alocal Sobolev constant bound, see Theorem
7.3 below.

In conjunction with Theorem 1.1, we have the volume comparison theorem:

Theorem 1.2. Let (M, g) be a critical metric on a smooth, complete four-dimensional
manifold M satisfying

CS�C1, (1.12)

∫
M

|Rmg|2 dVg ��, (1.13)

b1(M) < B1, (1.14)

whereC1,�, and B1 are constants. Then there exists a constantV1, depending only
uponC1,�, and B1, such thatV ol(B(p, r))�V1 · r4, for all p ∈ M and r > 0.

Finally, we restate Theorem1.1 in the compact case:

Theorem 1.3. Let (Mi, gi) be a sequence of critical metrics on smooth, closed four-
dimensional manifoldsMi satisfying

CS�C1, (1.15)

∫
Mi

|Rmgi |2 dVgi ��, (1.16)

V ol(Mi, gi) = 1, (1.17)

b1(Mi) < B1, (1.18)

whereC1,�, B1 are constants. Then the conclusion of Theorem1.1 holds. That is, the
limit space(M∞, g∞) is a compact, connected, critical Riemannian multi-fold which
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does not split off any compact orbifold. In the Kähler case(c), or if b1(Mi) = 0, then
M∞ is an orbifold.

Remark. All of our results hold in the more general Bach-flat case (see Section2),
with the exception that at a singular point, we can only show the metricg is locally
the quotient by the orbifold group of aC0 metric on a standard ball, smooth away
from the origin, and in the ALE case, the metric is ALE of order 0.

2. Critical metrics

In this section, we discuss the systems of equations satisfied in cases (a), (b), and
(c), and justify the terminologycritical metric.

2.1. Half-conformally flat metrics and metrics with harmonic curvature

These systems were discussed in [TV], so we just briefly review them here.
The Euler–Lagrange equations of the functional

W : g �→
∫
M

|Wg|2 dVg, (2.1)

in dimension four, are

Bij = ∇k∇ lWikjl + 1

2
RklWikjl = 0. (2.2)

whereWijkl and Rkl are the components of the Weyl and Ricci tensors, respectively
(see[Bes87,Der83]). Since the Bach tensor arises in the Euler–Lagrange equations of
a Riemannian functional, it is symmetric, and since the functional (2.1) is conformally
invariant, it follows that the Bach-flat equation (2.2) is conformally invariant. The Bach
tensor arises as the Yang–Mills equation for a twistor connection [Mer84], see also
[BM87,LeB91b] for other occurrences of the Bach tensor.
We note that (see [ACG03])

Bij = 2∇k∇ lW+
ikj l + RklW+

ikj l = 2∇k∇ lW−
ikj l + RklW−

ikj l, (2.3)

so that both self-dual and anti-self-dual metrics are Bach-flat.
Using the Bianchi identities, a computation shows that we may rewrite the Bach-flat

equation (in dimension four) as

(�Ric)ij = 2(Rilgjk − Rikjl − Wikjl)(Rkl − (R/6)gkl). (2.4)
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Introducing a convenient shorthand, we write this as

�Ric = Rm ∗ Ric. (2.5)

The condition for harmonic curvature is that

�Rm = −Rijkl;i = 0. (2.6)

This condition was studied in[Bou81,Der85,Bes87], and is the Riemannian analogue of
a Yang–Mills connection. An equivalent condition for harmonic curvature that�W = 0
andR = constant . In particular, locally conformally flat metrics with constant scalar
curvature have harmonic curvature. A computation shows (2.5) is also satisfied, but in
this case we moreover have an equation on the full curvature tensor. We compute

(�Rm)ijkl = Rijkl;m;m
= (−Rijlm;k − Rijmk;l );m
= −Rijlm;mk − Rijmk;ml + Q(Rm)ijkl = Q(Rm)ijkl .

whereQ(Rm) denotes a quadratic expression in the curvature tensor. In the shorthand,
we write this as

�Rm = Rm ∗ Rm. (2.7)

2.2. Kähler metrics with constant scalar curvature

We assume that(M, g) is a Kähler manifold with Kähler metricg. In [Cal82] it
was shown that ifdR is a holomorphic vector field, theng is critical for theL2 norm
of the scalar curvature, restricted to a Kähler class. In particular Kähler and constant
scalar curvature implies extremal.
The bisectional curvature tensor is given by

Rijkl = − �2gij
�zk�zl

+ gst
�gsj
�zl

�git
�zk

,

in local coordinates(z1, . . . , zn) of M. Contracting with the inverse of{gij }, we obtain
for the Ricci and scalar curvature

Rij = − �2

�zi�zj
(log det(gkl)),

R = −2�g log det(gkl) = −2
�2

�zk�zk
(log det(gij )).
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In particular these imply the following Bianchi identities

Rijkl;m = Rijml;k,

Rij ;k = Rik;j ,

Rijkl = Rkjil .

It follows then that in local unitary frames

�g(Ric)ij = Rij ;k;k
= Rkj ;i;k
= Rkj ;k;i + RisRsj − RksRijsk

= 1

2
R;i;j + RisRsj − RksRijsk.

Therefore if the scalar curvature is constant, we have

�g(Ric)ij = RisRsj − RksRijsk

= (Risgkj − RksRijsk)Rks, (2.8)

so in this case, we again have the equation

�Ric = Rm ∗ Ric. (2.9)

3. Geometric bounds

In this section, we will discuss some special cases for which various assumption
in Theorem1.1 will be automatically satisfied. We recall that the Yamabe invariant in
dimension four is defined by

Y (M, [g0]) = inf
g∈[g0]

V ol(g)−1/2
∫
M

Rg dVg.

We define the Sobolev constant as the best constant such that for all� ∈ C
0,1
c (M),

‖�‖L4�CS‖∇�‖L2 + V ol−1/4‖�‖L2.

Proposition 3.1. If g is a Yamabe minimizer, and Y (M, [g]) > 0, thenCS(M, g)�
√
6

Y (M, [g])−1/2.
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Proof. From the definition of the Yamabe invariant, for anyu ∈ L2
1(M),

∫
M

(
6|∇gu|2g + Rgu

2
)
dVg �Y (M)

{∫
M

u4 dVg

}1/2

,

where we useg as the background metric. Sinceg has constant scalar curvature, this
implies

6

Y (M)

∫
M

|∇u|2 + RgV ol(g)1/2

Y (M)
V ol(g)−1/2

∫
M

u2�
{∫

M

u4
}1/2

.

Sinceg is Yamabe, we haveRgV ol(g)1/2 = Y (M), so we obtain

‖u‖L4�
√
6Y (M)−1/2‖∇u‖L2 + V ol(g)−1/4‖f ‖L2. �

In dimension four, the Gauss–Bonnet and signature formulas are (see[Bes87])

8�2�(M) = 1

6

∫
M

R2 − 1

2

∫
M

|Ric|2 +
∫
M

|W |2, (3.1)

12�2�(M) =
∫
M

|W+|2 −
∫
M

|W−|2. (3.2)

In the anti-self-dual case,W+ ≡ 0, we have

8�2�(M) = 1

6

∫
M

R2 − 1

2

∫
M

|Ric|2 +
∫
M

|W−|2, (3.3)

12�2�(M) = −
∫
M

|W−|2. (3.4)

Since the anti-self-dual equation is conformally invariant, we can make a conformal
change to a Yamabe minimizer (see[Aub82,Sch84,LP87]), and add these equations
together to obtain

8�2�(M) + 12�2�(M) = R2

6
V ol(M) − 1

2

∫
M

|Ric|2. (3.5)

If R > 0, and 2�(M) + 3�(M) > 0 then we obtain the estimate

Y (M, [g]) = RV ol(M)1/2�2
√
6�(2� + 3�) > c > 0. (3.6)
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Proposition 3.2. Let (M, g) be Yamabe withR > 0, and anti-self-dual. Then‖Rmg‖L2

< C, where C depends only on�(M), �(M). Furthermore, if 2�(M)+3�(M) > 0, then
the Sobolev constant is uniformly bounded from above,

2�(CS)
2�

√
6(2�(M) + 3�(M))−1 . (3.7)

Proof. For the first statement, (3.5) gives a bound on‖Ric‖L2, sinceY (M, [g])�Y (Sn)

(see [LP87]). Eq. (3.4) gives a bound on‖W‖L2. The second statement follows from
(3.6). �
We next consider the Kähler case. Letc1(M) denote the first Chern class ofM. It

is known that for complex surfaces,

c21(M) = 2�(M) + 3�(M)

and therefore on a complex surface,

Q′(M, [g]) ≡ c21(M) − 1

3

(c1(M) · 	g)
2

	2
g

(3.8)

is a conformal invariant. It follows that whenQ′(M, [g]) > 0,

Y (M, [g])�3�2
√
Q′(M, [g]). (3.9)

This implies

Proposition 3.3. For (M, g) Kähler satisfying

3c21(M) > (c1(M) · [	g])2, (3.10)

the Sobolev constant is uniformly bounded from above.

3.1. On the Sobolev inequality

All of the results in this paper are still valid if the weaker Sobolev inequality is
assumed

‖�‖L4�CS

(
‖∇�‖L2 + V ol−1/4‖�‖L2

)
(3.11)

with the exceptions being in (2) in Theorem1.1,M∞ might split off a compact orbifold,
and in (4) of Theorem 1.1, even ifb1(Mi) = 0, the limit may be reducible, see the
proof of Proposition 7.2 below. Furthermore, as remarked in the introduction, the main
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elements of our proof only require alocal Sobolev constant bound, see Theorem7.3
below.
If we have a conformal class with positive Yamabe invariant, we have shown above

that the Sobolev constant of the Yamabe minimizer is bounded. However, if we instead
choose a non-minimizing constant scalar curvature metric, we will have a Sobolev
inequality of type (3.11).

4. Local regularity

In all the above cases, the equation take the form

(�Ric)ij = AikjlRkl, (4.1)

where Aikjl is some linear expression in the curvature tensor. Using a convenient
shorthand, we write this as

�Ric = Rm ∗ Ric. (4.2)

Using the Bianchi identities, any Riemannian metric satisfies

�Rm = L(∇2Ric) + Rm ∗ Rm, (4.3)

where L(∇2Ric) denotes a linear expression in second derivatives of the Ricci
tensor.
Even though second derivatives of the Ricci occur in (4.3), overall the principal

symbol of the system (4.2) and (4.3) in triangular form. The Eqs. (4.2) and (4.3), when
viewed as an elliptic system, together with the bound on the Sobolev constant, yield
the following �-regularity theorem:

Theorem 4.1 (Tian and Viaclovsky[TV, Theorem 3.1]). Assume that(4.2) is satisfied,
chooser < diam(M)/2, and let B(p, r) be a geodesic ball around the point p, and
k�0. Then there exist constants�0, Ck (depending uponCS) so that if

‖Rm‖L2(B(p,r)) =
{∫

B(p,r)

|Rm|2 dVg

}1/2

��0,

then

sup
B(p,r/2)

|∇kRm|� Ck

r2+k

{∫
B(p,r)

|Rm|2 dVg

}1/2

� Ck�0
r2+k

.
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Remark. We state the following slight variation of the above. LetCS(r) denote the
Sobolev constant for compactly supported functions inB(p, r), that is,

‖f ‖L4(B(p,r))�CS(r)‖∇f ‖L2(B(p,r)) (4.4)

for all f ∈ C
0,1
c (B(p, r)). Then there exists a universal constant�0 such that if

{
CS(r)

4 ·
∫
B(p,r)

|Rm|2 dVg

}1/2

��0, (4.5)

then

sup
B(p,r/2)

|Rm|� C

r2

{
CS(r)

4 ·
∫
B(p,r)

|Rm|2 dVg

}1/2

� C�0
r2

,

whereC is a universal constant, the proof being the same as that of Theorem4.1. It is
also interesting to boundCS(r) in terms of the volume ofB(p, r). For the manifolds
being considered in this paper, it may be possible thatCS(r) · V ol(B(p, r))1/4 < Cr,
for some uniform constantC.

Theorem 4.1 may be applied to non-compact orbifolds to give a rate of curvature
decay at infinity. Assume that(M, g) is a complete, non-compact orbifold with finitely
many singular points, with a critical metric, bounded Sobolev constant (for functions
with compact support), and finiteL2 norm of curvature. Fix a basepointp, and let
r(x) = d(p, x). Given � < �0 from Theorem 4.1, there exists anR large so that there
are no singular points onD(R/2) and

∫
D(R)

|Rm|2 dVg < � < �0,

where D(R) = M \ B(R). Choose anyx ∈ M with d(x, p) = r(x) > 2R, then
B(x, r) ⊂ D(R). From Theorem4.1, we have

sup
B(x,r/2)

|∇kRm|� Ck

r2+k

{∫
B(x,r)

|Rm|2 dVg

}1/2

� Ck�
r2+k

,

which implies

|∇kRm|(x)� Ck�
r2+k

.

As we takeR larger, we may choose� smaller, and we see thatM has better-than-
quadratic curvature decay, along with decay of derivatives of curvature.
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5. Volume growth

One of the crucial aspects of this problem is to obtain control on volume growth
of metric balls from above. We let(M, d) be a length space with distance functiond,
and basepointp ∈ M.

Definition 5.1. We say a componentA0(r1, r2) of an annulusA(r1, r2) = {q ∈ M | r1 <

d(p, q) < r2} is bad if S(r1) ∩ A0(r1, r2) has more than 1 component, whereS(r1) is
the sphere of radiusr1 centered atp.

As we remarked after[TV, Theorem 4.1], the proof of our volume growth theorem
requires only that there are finitely many disjoint bad annuli, therefore we have

Theorem 5.2 (Tian and Viaclovsky[TV, Theorem 4.1]). Let (M, g) be a complete,
noncompact, four-dimensional Riemannian orbifold(with finitely many singular points)
with base point p. Assume that there exists a constantC1 > 0 so that

V ol(B(q, s))�C1s
4 (5.1)

for any q ∈ M, and all s�0. Assume furthermore that asr → ∞,

sup
S(r)

|Rmg| = o(r−2), (5.2)

where S(r) denotes the sphere of radius r centered at p. If(M, g) contains only
finitely many disjoint bad annuli, then (M, g) has finitely many ends, and there exists
a constantC2 so that

V ol(B(p, r))�C2r
4, (5.3)

Furthermore, each end is ALE of order0.

Proof. Since there are no orbifold singular points outside of a compact set, the proof
of [TV, Theorem 4.1] is valid in this case. To see this, from [Bor93, Proposition 15]
any minimizing geodesic segment cannot pass through the singular set unless it begins
or ends on the singular set, and the setM \ S is geodesically convex. Therefore, all of
the standard tools from Riemannian geometry used in the proof of [TV, Theorem 4.1]
apply in this setting. �
By taking instead sequences of dyadic annuliA(s−j−1, s−j ),1< s, around a singular

point, the proof of [TV, Theorem 4.1] can also be applied directly to components of
isolated singularities:
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Theorem 5.3. Let (X, d, x) be a complete, locally compact length space, with base-
point x. LetB(x,1) \ {x} be aC∞ connected four-dimensional manifold with a metric
g of class(a), (b), or (c) satisfying

∫
B(x,1)

|Rmg|2 dVg < ∞, (5.4)

‖u‖L4(B(x,1)\{x})�Cs‖∇u‖L2(B(x,1)\{x}), u ∈ C0,1(B(x,1) \ {x}), (5.5)

b1(X) < ∞, (5.6)

where Cs, V1 are positive constants. Then there exists a constantC1 > 0 so that
V ol(B(x, r))�C1r

4. The basepoint x is an orbifold point, and the metric g extends
to B(x,1) as aC0-orbifold metric. That is, for some small� > 0, the universal cover
of B(x, �) \ {x} is diffeomorphic to a punctured ballB4 \ {0} in R4, and the lift of g,
after diffeomorphism, extends to aC0 metric g̃ on B4, which is smooth away from the
origin.

Remark. This is valid for components ofB(x, �) \ {x}, we will prove below that there
are finitely many components for the limit space arising in Theorem1.1. To show
x is a C0-orbifold point, one uses a tangent cone analysis as in [TV, Theorem 4.1].
Furthermore, in Theorem 6.4 below, we will showg is a smoothorbifold metric.

6. Asymptotic curvature decay and removal of singularities with bounded energy

We first discuss curvature decay results from [TV, Section 6], and using the same
technique, we prove a singularity removal result.

Theorem 6.1. Let (M, g) be a complete, non-compact four-dimensional irreducible
Riemannian orbifold with g of class(a), (b), or (c), and finitely many singular points.
Assume that

∫
M

|Rmg|2 dVg < ∞, CS < ∞, and b1(M) < ∞. (6.1)

Then (M, g) has finitely many ends, and each end is ALE of order� for any � < 2.

Remark. In case(M, g) is a manifold, from[Car99, Theorem 1], we have a bound
on the number of ends depending only upon the Sobolev constant and theL2-norm
of curvature (moreover, all of theL2-Betti numbers are bounded). In the Kähler case,
an argument as in [LT92] shows that there can be at most 1 non-parabolic end, we
remark that the analysis there is valid for irreducible orbifolds with finitely many
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singular points. Since any ALE end is non-parabolic, this implies there only one end.
The argument in[LT92, Theorem 4.1] is roughly, to construct a non-constant bounded
harmonic function with finite Dirichlet integral if there is more than 1 non-parabolic end.
This function must then be pluriharmonic, and under the curvature decay conditions, it
must therefore be constant.

Proof. Theorem 6.1 was proved in [TV, Theorem 1.3], the proof there is also valid
for orbifolds. We briefly outline the details.

Lemma 6.2. If (M, g) satisfies(a), (b), or (c), then

∣∣∇|E|∣∣2� 2

3
|∇E|2, (6.2)

at any point where|E| 
= 0, where E denotes the traceless Ricci tensor.

This is due to Tom Branson, the proof follows from his general theory of Kato
constants developed in[Bra00], see [TV, Lemma 5.1] for the details of this case, the
proof being valid also in all cases (a), (b), and (c). We remark that the same constant
follows from the methods in [CGH00]. The case considered in Lemma 6.2 is exactly
the caser = s = 2 in the last line of the table on [CGH00, p. 253], giving immediately
the best constant 2/3.
Using this improved Kato constant, we now have the equation

�|E|1/2� − C|E|1/2|Rm|. (6.3)

Using a Moser iteration argument from[BKN89], and since the scalar curvature is
constant, this allows one to improve the Ricci curvature decay to|Ric| = O(r−2−�)

for any � < 2, wherer(x) = d(p, x) is the distance to a basepointp. Next, using a
Yang–Mills argument (inspired by the proof of Uhlenbeck for Yang–Mills connections
[Uhl82], also [Tia90, Section 4]) the following was proved in [TV, Lemma 6.5]

Lemma 6.3. Let D(r) = M \ B(p, r). For � < 2, and r sufficiently large, we have

sup
D(2r)

‖Rmg‖g � C

r2+�
. (6.4)

The result then follows by the construction of coordinates at infinity in
[BKN89]. �
Next we discuss a removable singularity result, this is an analogue of [BKN89,

Theorem 5.1], [Tia90, Lemma 4.5]. This theorem is crucial to obtain smoothness of
the limit orbifold.



G. Tian, J. Viaclovsky /Advances in Mathematics 196 (2005) 346–372 361

Theorem 6.4. Let (X, d, x) be a complete; locally compact length space, with base-
point x. LetB(x,1) \ {x} be connectedC∞ four-dimensional manifold with a metric g
of class(a), (b), or (c) satisfying

∫
B(x,1)

|Rmg|2 dVg < ∞, (6.5)

‖u‖L4(B(x,1)\{x})�Cs‖∇u‖L2(B(x,1)\{x}), u ∈ C0,1(B(x,1) \ {x}), (6.6)

V ol(B(x, r))�V1r
4, r > 0, (6.7)

whereCs, V1 are positive constants. Then the metric g extends toB(x,1) as a smooth
orbifold metric. That is, for some small� > 0, universal cover ofB(x, �) \ {x} is
diffeomorphic to a punctured ballB4\{0} in R4, and the lift of g, after diffeomorphism,
extends to a smooth critical metric̃g on B4.

Proof. The argument in[TV, Lemma 6.5] for ALE spaces examined the behavior
at infinity, we now imitate the argument using balls around a singular point. From
Theorem 5.3 above, we know the singularity is orbifold of order 0, and the tangent
cone at a singularity is a cone on a spherical space formS3/�, We lift by the ac-
tion of the orbifold group to obtain a critical metric inB(0, �) \ {0} with bounded
energy, bounded Sobolev constant, andV ol(B(0, s)) < Cs4. From the Kato inequal-
ities in cases (a), (b), and (c), we obtain the estimate|Ric| = O(r−2+�), where r
now denotes distance to the origin, for any� < 2. The argument from [TV, Lemma
6.5] shows that|Rm| = O(r−2+�). As in [Tia90, Lemma 4.4], we can then find a
self-diffeomorphism
 of B(0, �) so that∇(
∗g) = O(r−1+�), and 
∗g = O(r�).
Choosing� close to 2, the metric
∗g has aC1,� extension across the origin. From
the results of [DK81], this is sufficient regularity to find a harmonic coordinate system
around the origin. We view the equation as coupled to the equation forg in harmonic
coordinates:

�Ric = Rm ∗ Ric, (6.8)

�g = Ric + Q(g, �g). (6.9)

From (6.8), as in [BKN89, Lemma 5.8], it is not hard to conclude thatRic ∈ Lp for
any p < ∞ (this is because from assumption we have a Sobolev constant bound, and
we also have an upper volume growth bound). Sinceg is C1,�, from elliptic regularity,
(6.9) implies thatg ∈ W2,p, and thereforeRm ∈ Lp for any p. Equation (6.8) then
implies Ric ∈ W2,p, and (6.9) givesg ∈ W3,p. Bootstrapping in this manner, we find
that g ∈ C∞. �
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7. Convergence

In this section, we complete the proofs of Theorems1.1, 1.2, and 1.3. We first
describe the construction of the limit space, we will be brief since this step is quite
standard (see for example [Aku94, Section 4], [And89, Section 5], [Nak88, Section 4],
[Tia90, Section 3]). From the Sobolev constant bound (1.8) and lower volume bound
(1.10), we obtain a lower growth estimate on volumes of geodesic balls. That is, there
exists a constantv > 0 so thatV ol(B(x, s))�vs4, for all x ∈ Mj and s�s0, for some
s0 > 0 [Heb96, Lemma 3.2]. ForR > 0 large, letMj,R = Mj ∩B(pj , R), and forr > 0
small, we take a maximallyr-separated set ofMj,R, that is, a collection of pointspi,j ∈
Mj,R so thatB(pi,j , r)∩B(pi′,j , r) = ∅ for i 
= i′, and the collectionB(pi,j ,2r) covers
Mj,R. From the assumed bound (1.9) on theL2-norm of curvature, only a uniformly
finite number of the ballsB(pi,j , r) may satisfy

∫
B(pi,j ,r)

|Rmgj |2 dVj ��0, where�0 is
the constant from Theorem 4.1. By passing to a subsequence, we may assume that the
number of these points is constant. Let us denote this collection of points bySj , let
Sj (r) denoted ther-neighborhood ofSj , and let�j (r) = Mj,R \ Sj (r). From Theorem
4.1, the curvature and all covariant derivatives are uniformly bounded on compact
subsets of�j (r). Furthermore, the lower volume growth estimate implies an injectivity
radius estimate (see [CGT82]), so we may apply a version of the Cheeger-Gromov
convergence theorem (see [And89,Tia90]) to find a subsequence such that(�j (r), gj )

converges smoothly to(�∞(r), g∞) asj → ∞ on compact subsets. That is, there exist
diffeomorphisms�j,r : �∞(r) → �j (r) such that�∗

j,rgj converges tog∞ in C∞ on
compact subsets of�∞(r). By choosing a sequenceri → 0, and by taking diagonal
subsequences, we obtain limit spaces with natural inclusions�∞(ri) ⊂ �∞(ri+1).
Letting i → ∞, we obtain a limit space(M∞,R, g∞). This is done for eachR large,
and taking a sequenceRi → ∞, we obtain a pointed limit space(M∞, g∞, p∞).
We will now show how the main part of Theorem 1.1 follows assuming Theorem

1.2, and then we will complete the proof of Theorem 1.2 below. In fact, we only
require the volume growth estimate from Theorem 1.2 to hold only forr�r0, where
r0 is some fixed scale. That is, let us assume that

V ol(Bgi (p, r))�V r4 (7.1)

for all p ∈ Mi , and all r�r0. The volume growth estimate (7.1) implies that we
may add finitely many points toM∞ to obtain a complete length space; this follows
since #|Sj | is uniformly bounded (see [And89, Section 5], [Tia90, Section 3]) for more
details). For notational simplicity, we will continue to denote the completion byM∞.
The estimate (7.1), together with a global lower volume bound, imply a lower di-

ameter bound diam(Mi, gi) > � > 0, which implies thatM∞ 
= S. From (7.1), it
follows also that we have local volume convergence, and(Mj , gj , pj ) converges to
(M∞, g∞, p∞) in the Gromov–Hausdorff distance, moreover, the convergence is of
length spaces.
To analyze the singular points ofM∞, for p ∈ S we look atB(p, �)\{p} for � small.

The volume growth estimate (7.1) implies the number of components ofB(p, �) \ {p}
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is finite (see[Tia90, Lemma 3.4]). Restricting to each component, Theorem 6.4 implies
that the singularities are metric orbifold singularities, that is, the metric is locally a
quotient of asmoothmetric on each cone. Consequently,M∞ is a Riemannian multi-
fold. Using what we have proved so far about limits (i.e., under the assumption (7.1)),
we next prove Theorem 1.2.

Proof of Theorem 1.2.By Theorem 4.1, ifg is critical, and

‖Rm‖L2(B(p,2)) =
{∫

B(p,2)
|Rm|2 dVg

}1/2

��0,

then

sup
B(p,1)

|Rm|� 1

4
C�0.

By Bishop’s volume comparison theorem, we must haveV ol(B(p,1))�A0, whereA0
depends only on the Sobolev constant.
We also note the following fact, for any metric,

lim
r→0

V ol(B(p, r))r−4 = 	4,

where	4 is the volume ratio of the Euclidean metric onR4. Clearly,A0�	4.
For any metric(M, g), define the maximal volume ratio as

MV (g) = max
x∈M,r∈R+

V ol(B(x, r))

r4
. (7.2)

If the theorem is not true, then there exists a sequence of critical manifolds(Mi, gi),
with MV (gi) → ∞, that is, there exist pointsxi ∈ Mi , and ti ∈ R+ so that

V ol(B(xi, ti)) · t−4
i → ∞, (7.3)

as i → ∞. We choose a subsequence (which for simplicity we continue to denote by
the indexi) and radii ri so that

2 · A0 = V ol(B(xi, ri)) · r−4
i = max

r � ri
V ol(B(xi, r)) · r−4, (7.4)

We furthermore assume thatxi is chosen so thatri is minimal, that is, the smallest
radius for which there exists somep ∈ Mi such thatV ol(Bgi (p, r))�2A0r

4, for all
r�ri .
First let us assume thatri has a subsequence converging to zero. For this subsequence

(which we continue to index byi), we consider the rescaled metricg̃i = r−2
i gi , so that
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Bgi (xi, ri) = Bg̃i (xi,1). From the choice ofxi and ri , the metricsg̃i have bounded
volume ratio, in all balls of unit size.
From the argument above, some subsequence converges on compact subsets to a

complete length space(M∞, g∞, p∞) with finitely many point singularities. The limit
could either be compact or non-compact. In either case, the arguments above imply
that the limit is a Riemannian multi-fold.

Claim 7.1. The limit (M∞, g∞, p∞) contains at mostB1 disjoint bad annuli.

Proof. We know that (Mi, g̃i , xi) converges to(M∞, g∞, p∞) as pointed spaces.
Assume that(M∞, g∞, p∞) containsB1 + 1 disjoint bad annuliAl,1� l�B1 + 1.
Then there exists a radiusR so that∪Al ⊂ B(p∞, R). Since the convergence is of
pointed spaces, given any� > 0, there exist pointed, continuous�-almost isometries
�i,� : Bg̃i (xi,2R) → Bg∞(p∞,2R + �) for i sufficiently large (see[BBI01]). For �
sufficiently small, it is easy to see that for eachl, �−1

i,� (Al) will be �-close to a bad
annulus in (Mi, g̃i , xi). Applying the Mayer–Vietoris argument in [TV, Lemma 4.7]
to this collection, we conclude that the number must be bounded byB1, a contra-
diction. �
If M∞ is noncompact, the remarks at the end of Section 4 shows that assumption

(5.2) is satisfied. Also, from [TV, Lemma 6.1], the Sobolev constant bound implies a
lower volume growth bound (this is valid for orbifolds), so (5.1) is satisfied. Theorem
5.2 then implies thatM∞ has only finitely many ends, and that there exists a constant
A1�2A0 so that

V ol(Bg∞(p∞, r))�A1r
4, for all r > 0. (7.5)

If M∞ is compact, then clearly the estimate (7.5) is valid for some constantA1�2A0,
since the limit has finite diameter and volume, and the estimate holds forr�1.
The inequality

∫
Bgi

(xi ,ri )

|Rmi |2 dVi ��0, (7.6)

must hold; otherwise, as remarked above, we would haveV ol(Bgi (xi, ri))�A0r
4
i , which

violates (7.4).
If the ri are bounded away from zero then there exists a radiust so that

V ol(Bgi (p, r))�2A0r
4, for all r� t, p ∈ Mi. (7.7)

We repeat the argument from the first case, but without any rescaling. Since the maximal
volume ratio is bounded on small scales, we can extract an orbifold limit. The limit
can either be compact or non-compact, but the inequality (7.5) will also be satisfied for
someA1, Following the same argument, we find a sequence of balls satisfying (7.6).
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We next return to the (sub)sequence(Mi, gi) and extract another subsequence
so that

200· A1 = V ol(B(x′
i , r

′
i )) · (r ′

i )
−4 = max

r � r ′
i

V ol(B(x′
i , r)) · r−4. (7.8)

Again, we assume thatx′
i is chosen so thatr ′

i is minimal, that is, the smallest radius
for which there exists somep ∈ Mi such thatV ol(Bgi (p, r))�200A1r

4, for all r�ri .
Clearly, ri < r ′

i .
Arguing as above, ifr ′

i → 0 asi → ∞, then we repeat the rescaled limit construction,
but now with scaled metric̃gi = (r ′

i )
−2gi , and basepointx′

i . We find a limiting orbifold
(M ′∞, g′∞, p′∞), and a constantA2�200A1 so that

V ol(Bg′∞(p′∞, r))�A2r
4 for all r > 0.

For the same reason as above, we must have

∫
Bgj

(x′
j ,r

′
j )

|Rmj |2 dVj ��0.

If r ′
i is bounded below, we argue similarly, but without any rescaling.
We claim that fori sufficiently large, the ballsB(xi, ri) (from the first subsequence)

andB(x′
i , r

′
i ) (from the second) must be disjoint because of the choice in (7.8). To see

this, if B(xi, ri)∩B(x′
i , r

′
i ) 
= ∅, thenB(x′

i , r
′
i ) ⊂ B(xi,3r ′

i ). Then (7.5) and (7.8) yield

200A1(r
′
i )
4 = V ol(B(x′

i , r
′
i ))�V ol(B(xi,3r

′
i ))�2A1(3r

′
i )
4 = 162A1(r

′
i )
4,

which is a contradiction (note the last inequality is true fori sufficiently large since
(7.5) holds for the limit).
We repeat the above procedure. The process must terminate in finitely many steps

from the bound‖Rmi‖L2 < �. This contradicts (7.3), which finishes the proof.�
The convergence statement in Theorem 1.1 now follows from Theorem 1.2, since

(7.1) is satisfied. Statement (3) follows from Theorem 6.1, since the multi-fold is the
union of irreducible orbifolds. Note also that the volume bound in Theorem 1.2 gives
a uniform bound for the number of irreducible pieces, and the number of ends of the
limit multi-fold.
To finish the proof of Theorem 1.1 we need to verify statements (2), (4), and (5).

The next proposition gives a direct argument to bound the number of components of
B(p, �) \ {p} for � small in terms of the Sobolev constant and first Betti number.

Proposition 7.2. For p ∈ M∞, and � sufficiently small, the number of components
of B(p, �) \ {p} can be estimated in terms of the first Betti number and the Sobolev
constant(defined as in(1.2 or 1.3)). If b1(Mi) = 0, then p is irreducible. Furthermore,
M∞ does not split off any compact orbifold.
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If the weaker Sobolev inequality(3.11) is assumed, then the number of components
of B(p, �) \ {p} can be still be estimated in terms of the Sobolev constant and the first
Betti number(but in this case it is possible that ifb1(Mi) = 0, a singular point could
be reducible, and it is also possible thatM∞ could split off a compact orbifold).

Proof. Let p be a non-irreducible singular point. We have shown aroundp, M∞ is a
finite union of orbifold cones, with the basepoints identified. For each orbifold, since
the convergence is smooth away from the singular points, we look before the limit, and
this gives us a portion of a cone onS3/� in the original manifold, very small, which
we callNi ⊂ Mi andNi = (ai,2ai)× (S3/�), which is close, in anyCm-topology, to
an annulusA(ai,2ai) in a cone on a spherical space formC(S3/�), and whereai → 0
as i → ∞.
If {ai} × S3/� bounds a region inMi , equivalently, ifNi separatesMi into two

components, then this decomposesMi into a disjoint unionAi ∪ Ni ∪ Bi . Since the
point p is non-irreducible and the convergence is smooth away from the singular points,
we must haveV ol(Ai) andV ol(Bi) uniformly bounded away from zero. Without loss
of generality, assumeV ol(Ai)�V ol(Bi).
We take a functionfi which is 1 onAi , 0 onBi , since the neckNi is Cm-close to

the annulusA(ai,2ai) in a flat cone, we may take|∇f | = 1/ai on the neck portion
Ni . We compute

‖fi‖L4 =
{∫

Ai

1dVgi +
∫
Ni

fi dVgi

}1/4

∼ V ol(Ai)
1/4. (7.9)

Next,

‖∇fi‖2L2 =
∫
Ni

1

ai
dVgi ∼ 1

ai
C((2ai)

4 − (ai)
4) = Ca3i , (7.10)

sinceNi is Cm-close toA(ai,2ai). Using the Sobolev inequality (1.2), we obtain

V ol(Ai)
1/4�CSC

′a3/2i + V ol(Mi)
−1/4V ol(Ai)

1/2, (7.11)

Rearranging terms,

V ol(Ai)
1/4(1− V ol(Mi)

−1/4V ol(Ai)
1/4)�CSC

′a3/2i . (7.12)

We haveV ol(Mi)�2V ol(Ai), therefore

V ol(Ai)
1/4(1− 2−1/4)�CSC

′a3/2i . (7.13)

Since V ol(Ai) is uniformly bounded away from zero, this is a contradiction fori
large. Therefore none of the necksNi around a non-irreducible singular point can
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bound regions inMi . Using the intersection pairing, any of these embedded space
forms will give a generator ofb1(Mi). At most two of these may give rise to the same
generator, so from the assumed bound onb1(Mi), there may only be finitely many,
and if b1(Mi) = 0, the singular pointp must be irreducible.
Note that in case of the Sobolev inequality (1.3), a similar argument works, and a

similar argument shows thatM∞ does not split off any compact orbifold.
In the case (3.11) is satisfied, letp be non-irreducible singular point. Again, we have

shown aroundp, M∞ is a finite union of orbifold cones, with the basepoints identified.
For each orbifold group�j at p, since the convergence is smooth away from the
singular points, we look before the limit, and this gives us a portions of cones on
S3/�j in the original manifold,Ni,j ⊂ Mi , very small,Ni,j = (ai,2ai) × (S3/�j ),

which is close, in anyCm-topology to an annulusA(ai,2ai) in a cone on a spherical
space formC(S3/�j ), and whereai → 0 as i → ∞.
Take any collection ofQ > 16C4

S irreducible orbifolds atp. Then we claim at least
one of the necksNi,j cannot bound a region inMi , i.e.,Ni,j cannot separateMi into
2 components. If all of theNi,j bound, then this decomposesMi into a disjoint union
Ai ∪ (∪jNi,j )∪Bi , whereAi is taken to be on the side of the neck where convergence
is smooth,Bi is the rest ofMi . Since we have a finite collection, and convergence
is smooth onAi , so V ol(Ai) is uniformly bounded away from zero. NowAi is the
union of Q regions, therefore, one of the regions, which we callRi,j , must satisfy
V ol(Ri,j ) <

1
Q
V ol(Ai).

We take a functionfi which is 1 on the regionRi,j , since the neckNi,j bounding
Ri,j is C∞-close to the annulusA(ai,2ai) in a flat cone, we may take|∇f | = 1/ai
on the neck portionNi , with fi = 0 otherwise.
As in (7.12) above, but using the Sobolev inequality (3.11), we obtain

V ol(Ri,j )
1/4(1− CSV ol(Mi)

−1/4V ol(Ri,j )
1/4)�CSC

′a3/2i . (7.14)

We haveV ol(Mi)�QVol(Ri,j ), therefore

V ol(Ri,j )
1/4(1− CsQ

−1/4)�CSC
′a3/2i , (7.15)

from the choice ofQ, we obtain

1

2
V ol(Ri,j )

1/4�CSC
′a3/2i . (7.16)

SinceV ol(Ri,j ) is uniformly bounded away from zero, this is a contradiction fori large.
Therefore, for any collection ofQ > 16C4

S irreducible orbifolds atp, one of the neck
Ni,j cannot bound a regions inMi . Using the intersection pairing, the corresponding
embedded space formS3/�i,j will give a generator ofb1(Mi).
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If there arek ∗ Q orbifolds at p, then we findk generatorsb1(Mi). At most 2 of
these may give rise to the same generator, so from the assumed bound onb1(Mi),
there may only be finitely many. �
We remark that we may characterize the singular set as follows: with�0 as in

Theorem4.1, we have

S = {x ∈ M∞| lim inf
j→∞

∫
B(xj ,r)

|Rmgj |2 dvolgj ��0

for any sequence{xj } with lim
j→∞ xj = x, and all r > 0}. (7.17)

We next give a description of the convergence at the singular points, by rescaling
the sequence at a singular pointx ∈ S. Several bubbles may arise in the degeneration,
so we have to rescale properly, and possibly at several different scales. This was done
in [Ban90a] for the Einstein case, and with a few minor changes, the proof works
in our case. We outline the details here. For 0< r1 < r2, we let D(r1, r2) denote
B(p, r2) \ B(p, r1). Given a singular pointx ∈ S, we take a sequencexi ∈ (M, gi)

such that limi→∞ xi = x andB(xi, �) converges toB(x, �) for all � > 0. We choose
a radiusr∞ sufficiently small and the sequencexi to satisfy

sup
B(xi ,r∞)

|Rmgi |2 = |Rgi |2(xi) → ∞ as j → ∞, (7.18)

and ∫
B(x,r∞)

|Rg∞|2 dVg∞ ��0/2. (7.19)

We next chooser0(j) so that

∫
D(r0,r∞)

|Rgj |2 dVgj = �0, (7.20)

where �0 is as in Theorem4.1, and againD(ro, r∞) = B(xi, r∞) \ B(xi, r0). An
important note, which differs from the Einstein case, the annulusD(r0, r∞) may have
several components.
Since the curvature is concentrating atx, ro(j) → 0 as j → ∞. From Theorem

1.1, the rescaled sequence(M, ro(j)
−2gi, xi) has a subsequence which converges to a

complete, non-compact multi-fold with finitely many singular points, which we denote
by Mi1,1� i1�#{S}. Since∫

D(1,∞)

|Rm|2 dVg ��0, (7.21)

there are no singular points outside ofB(x,1).
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On the non-compact ends, from Theorem6.1, the metric is ALE of order� for any
� < 2. As in [Ban90a, Proposition 4], we conclude that the neck region (for largei)
will be arbitrarily close to a portion of a flat coneR4/�, possibly several cones ifMi1

has several ends. So the convergence at a singular pointxi1 is that the ALE multi-fold
Mi1 is bubbling off, or scaled down to a point in the limit.
To further analyze the degeneration at the singular points, we look at the multi-fold

Mi1 with singular setSi1. If Si1 is empty, then we stop. We do the same process as
above for each singular point ofMi1, and obtain ALE multi-foldsMi1,i2,1� i2�#{Si1}.
If Mi1,i2 has singularities, then we repeat the procedure. This process must terminate
in finite steps, since in this construction, each singularity takes at least�0 of curvature.
As pointed out in [Ban90b], there could be some overlap if any singular point lies on
the boundary ofB(1) at some stage in the above construction. But there can only be
finitely many, and then there must also be a singular point in the interior ofB(1), so
we still take away at least�0 of curvature at each step.
In the Kähler case, one can use the methods of [LT92] to show that boundary of

sufficiently small balls around the singular points ofM∞ are connected. If a singular
point p ∈ M∞ is non-irreducible, then using the above bubbling analysis, at some step
one must find an irreducible Kähler ALE orbifold with more than one end. From the
remark following Theorem 6.1, this is not possible, therefore in the Kähler case (c),
the limit is irreducible. This completes the proof of Theorem 1.1.

7.1. Local Sobolev inequality

As we have noted throughout the paper, many of our results hold with a weaker
assumption on the Sobolev constant. We have the following notion of local Sobolev
constant. We defineCS(r) to be the best constant such that

‖f ‖L4�CS(r)‖∇f ‖L2 (7.22)

for all f ∈ C0,1 with compact support inB(p, r), and for allp ∈ M.
The following is the analogue of Theorem1.3 with a local Sobolev constant bound

(the proof is identical):

Theorem 7.3. Let (Mi, gi) be a sequence of critical metricsgi on smooth, four-
dimensional manifoldsMi satisfying

CS(r0)�C1 ( for some fixedr0 > 0), (7.23)

∫
Mi

|Rmgi |2 dVgi ��, (7.24)

Vol(gi) = 1, (7.25)

b1(Mi) < B1, (7.26)
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whereC1,�, � are constants, and b1(Mi) denotes the first Betti number, Then there
exists a subsequence{j} ⊂ {i}, a compact, connected, critical Riemannian multi-
fold (M∞, g∞), and a finite singular setS ⊂ M∞ such that(Mj , gj ) converges to
(M∞, g∞).

8. Further remarks

We conclude by listing here some interesting problems.
(1) We considered above the case of constant scalar curvature Kähler metrics. We

conjecture that these results extend to the more general extremal Kähler case in di-
mension four[Cal82,Cal85].
(2) It is an interesting problem to generalize our results to higher dimensions. We

conjecture that the following is true for the higher dimensional extremal Kähler case.
Assuming fixed Kähler class, first and second Chern classes, the limit space has at most
a codimension four singular set, and the singular set is a holomorphic subvariety. Even
in the case of Bach-flat or harmonic curvature in higher dimensions, under the bound
‖Rm‖L2 < �, the limit space should have a most a codimension four singular set,
with top strata modeled on orbifold singularities. This was proved for Einstein metrics
in [CC97,CC00a,CC00b,CCT02].
(3) It would be very interesting to remove the Sobolev constant assumption and

understand the collapsing case.
(4) In the general Bach-flat case in dimension four, one should be able to show that

the orbifold singularities aresmoothmetric singularities, and that in the ALE case, one
can obtain a positive order of decay.
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