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1. Introduction

For an n x n matrix M, the spread, S(M), of M is defined as the diameter of its spectrum, i.e., S(M) = max; |A; — Ajl,
where the maximum is taken over all pairs of eigenvalues of M. Suppose M is an adjacency matrix of a simple graph G
with n vertices. Since M is real and symmetric, we always assume the eigenvalues of M are A; > A, > --- > A,. Then,
S(M) = A1 — Ap. Let S(G) = S(M). The following theorem on S(G) is due to Gregory et al. [2].

Theorem A. For a graph G with n vertices and e edges,

S(G) < M +4/2e — A3 < 24/e.

If G has no isolated vertices, then equality holds throughout if and only if equality holds in the first inequality; equivalently, if and
only if G = K, forsome a,bwithe =abanda+b < n.

In this note we obtain some new upper bounds and lower bounds of S(G), which are some improvements of Gregory’s
bound on S(G) for graphs with additional restrictions.

2. An upper bound on the spread of a graph

Let G be a simple graph of order n with degree sequence dy, d>, .. ., dy, specially let d(v) be the degree of vertex v. We
call a graph G with n vertices and e edges an (n, e) graph. A; > A; > --- > A, denote the eigenvalues of A(G), where A(G)
is an adjacency matrix of G. Let M; = Y , d?. Then we have
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Theorem 2.1. For an (n, e) graph G with f4-cycles,

1
M; = 5rr(A“) +e—4f.

Proof. Let A(G) = (a;;) and Ak = (ag-). It is known (see [1]) that aﬁ is the number of all closed walks of length 4 from vertex
itoiinG. Let f; denote the number of 4-cycles located at vertex i. We write i ~ j if vertex i is adjacent to vertex j.

af = d7+ ) (d— 1) +2f

j~i

=d} + ) d—di+2f.

i

Thus,
n
tr (A% = Zaﬁ
i=1

=32+ 34— d+2) f
i=1 i=1 i=1

=1 ji
:M1+M1 —26+8f
We have My = Jtr(A*) +e—4f. =

Notice that ) I | A# = tr(A*), trace of A* (see [1]), we have

Corollary 2.1. For an (n, e) graph G with eigenvalues A1, A3, ..., An,
-l n
I § 4 _
M]—zi:]ki+€ 4f,

where f is the number of 4-cycles in G.

We call a graph without K;s a K4-free graph.
Theorem 2.2. For a K4-free (n, e) graph G, My < e? 4+ e — 4f . If G is connected and the equality holds, then IN(u) UN(v)| = n
holds for any {u, v} € E(G).

Proof. For any edge {u, v} € E(G), let f,;, denote the number of 4-cycles containing edge {u, v}. Since G is a K4-free graph,
thend(u) + d(v) < e+ 1 — f,,. Thus,

D dw +d) <D e+ 1= fu. (1)

It follows that M; < e? + e — 4f.

If equality holds in this theorem, by inequality (1), it follows that d(u) + d(v) = e 4+ 1 — f,,, holds for any {u, v} € E(G).
Let G’ denote the subgraph induced by N (u) UN(v), and e’ denote the number of edges of G'. Since G (and then G') is K,-free,
thene+1—f,, = duw) +dw) <e +1—f, <e+1-—f,, implies that e = €'. Moreover, since G is connected, then
INWUN@)|=n m

Aresult by E. Nosal [ 1] asserts that if)\f > Z?:z Al-z, equivalently, if A; > /e then G contains at least one K. The following
Corollary implies that if } ! ; A# > 2e? then G contains at least one K.

Corollary 2.2. For a Ky-free (n, e) graph, I | A} < 2€?,
where equality holds for G = K, or G = K.

Proof. Combining Theorem 2.2 and Corollary 2.1, we have
-1 n
— Y AMAe—4f <e*+e—4f.
> ; : f < f

Hence, Y I, A% < 2€%.

If G = Ky or G = Ks, it is easy to check that d(u) 4+ d(v) = e + 1 — f;, holds for any {u, v} € E(G). Thus, equality holds
in inequality (1), implies that equality holds in this corollary. =
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We now prove one of our main results.

Theorem 2.3. For an (n, e) graph G with eigenvalues A1, Az, ..., Ap,

S(G) < hy + y2M; — 2e + 8 — 24 < 29/M; — e + 4.

If G has no isolated vertices, then equality holds throughout if and only if equality holds in the first inequality; equivalently, if and
only if G = Ky for somea,bwithe =abanda+b < n.

Proof. By Corollary 2.1, )", A = 2M; — 2e + 8f. Thus, A + A} < 2M; — 2e + 8f and

—\‘/2M1—26+8f—k‘1‘§kn§{‘/2M1—26+8f—)\‘1‘.

Therefore,

S(G) = o — hy < Ay 2M; — 26 + 8 — A1,
Equality holds if and only if Ay = A3 = -+ = A,_1 = 0, that s, if and only if A(G) = 0 or rank(A) = 2, equivalently, if and
only if the non-isolated vertices of G have at most two distinct neighborhood sets. Thus, equality holds if and only ife = 0 or
G = K, p for some a, bwithe =aband a+ b < n.Ife = ab, then Ay = —A, = +/ab. Note that A; + \72M1 —2e+8f — )L;‘
is a strictly increasing function of A; when A, < /M; — e + 4f, it s strictly decreasing when A; > &/M; — e + 4f, we have

S(G)E)»]-l-\VZM]—2e+8f—)\‘]1§241\/1]_e+4f.

All equalities hold when Ay = =1, = +ab. ®
For a K4-free (n, e) graph, by Corollaries 2.1and 2.2, we have 2M; —2e+8f —A1 = Y i A} —A] < 2e?—1] < 4e?—4er?+21.

Thus, \72M1 —2e+8f — )L;‘ < \/Ze — A% holds for K4-free (n, e) graph. Hence we can conclude that if G is a K4-free (n, e)
graph, the bound of Theorem 2.3 is finer than that of Theorem A.

3. Lower bounds on the spread of a graph

Consider two sequence of real numbers: Ay > Ay, > --- > A, and wq > pupy > --- > uy, withm < n. The second
sequence is said to interlace the first one whenever A; > p; > Ay_py fori = 1,2 - .- m. The interlacing is called tight if
there exists an integer k € [1, m] such that A; = p; hold for 1 <i < kand A;,_4; = p; hold for k + 1 < i < m. Suppose
rows and columns of

A o Aum
Avcn=| -+~ ...
Am,] e Am,m

are partitioned by a partitioning X - - - X, of {1, 2, ..., n}. The quotient matrix is the matrix B, Whose entries are the
average row sums of the blocks of A,.,, namely the entry x; ; equals the quotient of row sums of A;; and the |X;|, where
1 <i,j < m.The partition is called regular if each block A; j of A has constant row (and column) sum.

Lemma 3.1 ([3]). Suppose B is the quotient matrix of a symmetric partitioned matrix A. Then the eigenvalues of B interlace the
eigenvalues of A. If the interlacing is tight, then the partition is regular.

Interlacing also occurs when one matrix is a principal submatrix of another.

Lemma 3.2 ([3)). If Bis a principal submatrix of a symmetric matrix A, then the eigenvalues of B interlace the eigenvalues of A.

By Lemma 3.2, we immediately have the following result.

Proposition 3.1 (/2]). If H is an induced subgraph of G, then S(G) > S(H).

In the following, let oy be the maximum size of the independent subset of neighborhoods of vertices of G, namely, a; =
max{k : Kj x is an induced subgraph of G}

Corollary 3.1. Let w denote the size of the largest clique of &G&, then S(G) > w + /a1 — 1. Moreover, if G is connected, then
equality holds if and only if G = K,,,.
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Proof. Suppose G contains a clique H = K, the size of which is w. Note that each vertex in H has degree w — 1. Then by
Lemma 3.2, 11(G) > A1(H) = o — 1. Bearing in mind that K ,, is an induced subgraph of G, then by Lemma 3.2 it follows
that 1,(G) < A;(K1,¢,) = —/a1. Thus, S(G) = A1(G) — 1,(G) > w + Jog — 1.

Moreover, if S(G) = w + /a7 — 1 holds, then 11(G) = A1(H) = w — 1. This implies that G = H = K, because G is
connected (see [4], p 17). On converse, if G = K,,, then S(G) = w. Note that o of K, equals to 1, the equality follows. =

In the following, if not specially indicated, we assume that G is a connected (1, e) graph having an adjacency matrix A(G),
short for A, with eigenvalues A; > A, > --- > X,,. The matrix B, with eigenvalues w1 > @, > --- > um,, will denote a
quotient matrix of A.

The size of the largest coclique (independent set of vertices) of G is denoted by «(G), short for «. Let A and § denote
the maximum vertex degree and the minimum vertex degree, respectively. Given a graph G, if V; C V(G), by the average
degree of V1, say dog, we mean thatdg = Zuew d(v)/|V4]. Avertex of degree k will be referred to as a k-vertex. The number of
k-vertices in G will be denoted by n,. In particular, n; is the number of pendant vertices. Given a graph G, if d(v) is a constant
for each v € V(G), then we call G a regular graph. Moreover, if the constant is k, we call G a k-regular graph or we say that
G is k-regular.

Proposition 3.2. If G has two induced subgraphs G, and G,, where G; has n; vertices and e; edges fori = 1, 2, V(G)NV(G,) = @
and ny + ny = n, then

2 2
e e e—e;—e
5(6)22\/<1_2> +u
nq nyp niny

Moreover, if equality holds, then each vertex in G; is adjacent to the same number of vertices in G;, where 1 <i <j < 2.

Zﬂ e—e;—ep
Proof. Note that A has B as its quotient matrix, where B= | , _ e”ll_ e Z"elz
ny ny
2 2
i i — & & e _ e (e=e1—ep) — e e _
Obviously, B has two eigenvalues pu; = T \/<n1 n2> + and u, = el

2
\/(ﬂ - 2) + M. Then Lemma 3.1 yields the results. B

n ny niny
The join of two vertex disjoint graphs G4, G, is the graph G; V G, obtained from their union by including all edges between
the vertices in G; and the vertices in G,.
Corollary 3.2 ([2]). Suppose G = G; V Gy, where each G; is a graph with n; vertices and e; edges for i = 1, 2. Then,
S(G) > \/(Zﬂ - %2)2 + 4nqny. If equality holds, then G, and G, are both regular graphs.

n

Proof. Note that G = G; V G;, then e — e; — e; = nyn,. By Proposition 3.2, the conclusions follow. B

Proposition 3.3. Suppose G contains t(t > 1) independent vertices, say T, the average degree of which is dy, then

“tdy\?  td? t
S@G) = 2\/<e °> + 0 > 2dy [——.
n—t n—t n—t

If equality holds between the first two expressions, then the vertex degrees are constant on T and also on V' \ T and each vertex in
V \ T is adjacent to the same number of vertices in T. If equality holds between the last two expressions, then G is bipartite with
vertex parts T and V \ T.

0 do
Proof. The t independent vertices give rise to a partition of A with quotient matrix B = ( tdg  2(e —tdp) ) Then B has two
n—t n—t
. e—td e—td 2 td? e—td e—td, 2 td? .
eigenvalues u; = ==+ ( n_[") + Landu, = =2 — ( n_to) + -%.Bylemma3.1,A; > pq > pa > Ay, which

implies the first inequality. The second inequality is obvious to the first one.

If equality holds between the first two expressions, then A1 = ©; and A, = u,, this implies that the interlacing is tight.
By Lemma 3.1, the corresponding statement follows.

If equality holds between the last two expressions, then e = tdy, therefore G is bipartite with vertex partsT and V\T. ®

Here we will give an illustration of the use of Proposition 3.3.

Example 3.1. Let G, be the graph, which is depicted in Fig. 1. Here we choose the two 4-vertices and the four 1-vertices as V;.
Obviously, V; are the independent vertices set with dy = 2, where dj is the average degree of V;. Note thate = 12,n = 10
and |V;| = 6. By Proposition 3.3, we have S(Gy) > 2+/6 because the conditions necessary for equality are not satisfied.
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Go

Fig. 1.

Corollary 3.3. If n > ny > 1inG, then S(G) > 2 /(%)2 + M Moreover, if equality holds, then each non-pendant vertex

n—nq’
has the same degree and is adjacent to the same number of pendant vertices.

By a semi-regular bipartite graph, we mean a bipartite graph G = (X, Y) with the vertex degree being constant on X and
alsoonY.

Corollary 3.4. S(G) > 24, /% If equality holds, then the graph is a semi-regular bipartite graph.

o

In the proof of Proposition 3.3 we show that A; > 1, the greatest eigenvalue of the matrix B. If we replace the matrix B
t

- 0 do - ~
with the similar matrix B = - 2(9_”;03 .Then p1(B) = p1(B) > ’;TT—B;‘ = 2 where x” = [/t, v/n — t]. It turns
n—t n—t

out that pu; > Z—Tf Thus, we have the following remark

Remark 3.1. Suppose G contains t(t > 0) independent vertices, the average degree of which is dy, then
e—td e—tdy\>  td? 2e
Mz ——4 \/ ( °> +—L >
n—t n—t n—t n

Proposition 3.4. If G (not necessary connected) has k(1 < k < n — 1) positive eigenvalues and 2e > kA?, then

2e — k)2
S@G) = A+ ——.
n—k

Equality holds if and only if G has two distinct eigenvalues A1 and A, where A1 has multiplicity k and A, has multiplicity n — k.

Proof. Note that Ay > A, > --- > A > 0 > Agyq > --- > Ap.Then, A2 < A2 holdfor1 < i < kand A? < A2
hold for k + 1 < i < n.Bearing in mind that 2e = ) ;' A%(see [4],p10), then 2e < kA7 + (n — k)A2, which implies that

2
An < —y/ Zen_k:] . The required inequality follows.
If equality holds, then A; = A; holdfor1 < i < kand A; = A, holdfork +1 < i < n,ie. G has two distinct

eigenvalues A and X, where A has multiplicity k and X, has multiplicity n — k. Conversely, if Ay = A, = --- = A, and
Y
A1 = Ao = -+ = Ap, then 2e = k)\% + (n— k)kﬁ, which implies that A, = —/ 2:7’?‘ , then the equality holds. ®

With some observation to the proof of Proposition 3.4, we also can obtain another form of lower bound with respect to
An.

Corollary 3.5. If G (not necessary connected) has k(1 < k < n — 1) negative eigenvalues and 2e > k)\ﬁ, then

2e — kA2
S(G) = [ —— — A
n—k

Equality holds if and only if G has two distinct eigenvalues A1 and A,,, where X1 has multiplicity n — k and A, has multiplicity k.

In [2], the upper bound for regular graph is given. Here we will give some lower bounds with the same methods present
in the former discussion.

Proposition 3.5. If G is a k-regular graph, then S(G) > % Moreover, if equality holds, then there exists a largest coclique C

such that every vertex not in C is adjacent to precisely n% vertices of C.
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0 k
Proof. Note that A has B as its quotient matrix, where B = ( ke PR ) Since B has two eigenvalues @1 = k and

n—o n—o
Uy = —H"T"‘a, then Lemma 3.1 gives the required inequality. If equality holds, then A = w; and A,, = u,. The interlacing is
tight and hence the partition is regular from Lemma 3.1. ®

Proposition 3.6. If G is a k-regular graph with two induced subgraphs G, and G,, where G; has n; vertices and e; edges for
i=1,2,V(G) NV(G) =@ andny + ny, = n, then

€1 €
S(G)zZ(k————).
nq ny

If the equality holds, then G, and G, are both regular graphs.

2202
n
Proof. Note that A has B as its quotient matrix, where B = ]26 ’e . Since B has two eigenvalues @, = k and
2 2

k— —
n n

= 2;—‘1 + 2% — k, then Lemma 3.1limplies the required inequality. If equality holds, then A; = @ and A, = 3. The
interlacing is tight and hence the partition is regular from Lemma 3.1. =
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