Computers and Mathematics with Applications 58 (2009) 449-463

Contents lists available at ScienceDirect

Computers and Mathematics with Applications Z

journal homepage: www.elsevier.com/locate/camwa it

On certain classes of meromorphically multivalent functions associated
with the generalized hypergeometric function

M.K. Aouf*, M.F. Yassen

Department of Mathematics, Mansoura University, Mansoura 35516, Egypt

ARTICLE INFO ABSTRACT

Article history: Making use of a linear operator, which is defined here by means of the Hadamard product
Received 23 September 2007 (or convolution), involving the generalized hypergeometric function, we introduce two
gggeslved in revised form 24 September novel subclasses $2,,q.s(o1: A, B, 1) and 27 («a1; A, B, 1) of meromorphically multivalent

functions of order A (0 < A < p) in the punétured disc U*. In this paper we investigate the
various important properties and characteristics of these subclasses of meromorphically
multivalent functions. We extend the familiar concept of neighborhoods of analytic
Generalized hypergeometric function functhns to tl_)ese subclasses of meromorphically multlvalenF functions. We also derive
Hadamard product many interesting results for the Hadamard products of functions belonging to the class

Meromorphic functions 2 (@15 A, B, A).
Neighborhoods © 2009 Elsevier Ltd. All rights reserved.

Accepted 4 April 2009

Keywords:

1. Introduction

Let Zp denote the class of functions of the form:

f@ =274+ az? (peN={(1,2,..1)). (1.1)
k=1

which are analytic and p-valent in the punctured disc
U'={z:ze€Cand0 < |z| < 1} = U\ {0}.
For functions f(z) € ) _, given by (1.1), and g(z) € }_, given by

g =2"+) b (peN), (1.2)

k=1

we define the Hadamard product (or convolution) of f (z) and g(z) by

Fx9)@ =27+ abz*?. (1.3)
k=1

For complex parameters
ai,...,0q and By, ..., B (Bi¢Zy, ={0,—-1,-2,...};j=1,2,...,9),

* Corresponding author.
E-mail addresses: mkaouf127@yahoo.com (M.K. Aouf), mansour66eg@yahoo.com (M.F. Yassen).

0898-1221/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2009.04.013



https://core.ac.uk/display/82483884?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:mkaouf127@yahoo.com
mailto:mansour66eg@yahoo.com
http://dx.doi.org/10.1016/j.camwa.2009.04.013

450 M.K. Aouf, MLF. Yassen / Computers and Mathematics with Applications 58 (2009) 449-463

we now define the generalized hypergeometric function ¢Fs(aq, . .., og; B1, ..., Bs; 2) by

o (o) - - ()i 2
qu(al,...,oeq;ﬂl,...,ﬂs;z)=;H.H (@<s+1:q5€Ne=NU{0)z € U), (14)

where (), is the Pochhammer symbol defined, in terms of the Gamma function I', by

©) _re+v) |1, (v=0;0 € C\{0}), (1.5)
YToorE) PO+ @+v—1), (veN;0€C). )
Corresponding to the function hy(ct1, ..., ag; B, ..., Bs; 2), defined by

hp(oer, ... 0q; Br, oo Bss2) =2 P gFs(an, ..., g Brs - -, Bs3 2),

Liu and Srivastava [1] (see, for details, [2] and [3]) introduced a linear operator:
Hp(oq, ..., 0q; B,y Bs) 0 Xp — X,

which is defined by the following Hadamard product (or convolution):

Hp(a1, ... 0 Bro ooy Bf(2) = hp(an, ... ags Brs .-, B 2) % f(2). (1.6)

We observe that, for a function f (z) of the form (1.1), we have

o0
_ @)k (ogk g
Hy(aq, ..., 0q; Bly ..., Bs)f () =z7P + — L 7P, (1.7)
P e ‘ ,; Bk -~ (B k!

If, for convenience, we write

Hp,q,s(al) :Hp(a1,~-~aq;,31,--~»,35)7 (18)

Hpgs(ar +1) =Hpy(ar +1,..., a4 B1, ..., Bs), '
where oy, ..., aq, Bi1, ..., Bs € C remain fixed, then one can easily verify from the definition (1.6) that

Z(Hp.q,s(al)f(z))/ = olal,q,s(Ofl + Df (@) — (o +p)Hp,q,s(051)f(z)~ (1.9)

Some interesting subclasses of analytic functions, associated with the generalized hypergeometric function, were
considered recently by (for example) Gangadharan et al. [4] and Liu [5].
Let f(z) and g(z) be analytic in U. Then we say that the function g(z) is subordinate to f(z) if there exists an analytic
function w(z) in U such that w(0) = 0,
lw@)| < 1(zeU) and gz) =f(w(2)).

For this subordination, the symbol g(z) < f(z) is used. In case f(z) is univalent in U, the subordination g(z) < f(z) is
equivalent to

g0)=f(0) and g(U) Cf(U).

In this paper we generalize the classes 2, 4513 A, B) and Q;qu(al; A, B) studied by Liu and Srivastava [1] as follows:

Making use of the operator H, ¢ s(c1), we say that a function f(z) € Zp is in the class £2p 4 s(a1; A, B, A) if it satisfies the
following subordination condition:

1 ((Hp,q,s(m +Df@) 1) . (A—B)z
p—A (Hp,q.s(a)f (2)) a1(1+Bz)’
(zeU;—-1<B<A<1,00€C\{0};p,q,s€EN;0 <A <p), (1.10)

or, equivalently, by using (1.9), if

Z(Hp.q.s(al )f (@)

1+ Ty as@r@y TP 1 )
Z(Hp.q.s(al)f(z))” ' ‘
B(1+ < ayay ) T PB+@A =B -]

Furthermore, we introduce a second class ‘Q;q,s(a]; A, B, 1) defined as follows:

We say that a function f(z) € ng,s(al; A, B, 1) wherever f(z) is of the form:

f@ =27+ lal (peN). (1.12)
k=p
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We note that: 22, , (@13 A, B,0) = £2, , («1; A, B) and Q;q,s(al; A,B,0) = .Q;q,s(a]; A, B) (Liu and Srivastava [1]). Also
we observe that:

25 s B, =B, 1)

2y 5@ 2, B)
Z(Hp.q.s(ul)f(z))”

i@ ez, and 1+ Hys@ray TP <8
o p 14 2pgs@f@)" 4 oy
Hpgs@f@) P
(zeU;0<i<p:0<B<T1peN). (1.13)

Meromorphic multivalent functions have been extensively studied by (for example) Mogra [6,7], Uralegaddi and
Ganigi [8], Uralegaddi and Somanatha [9], Aouf[10,11], Aouf and Hossen [12], Srivastava et al. [13], Owa et al. [ 14], Joshi and
Aouf [15], Joshi and Srivastava [16], Aouf et al. [17], Raina and Srivastava [18], Yang [19,20], Kulkarni et al. [21], Liu [22] and
Liu and Srivastava [23,24].

In this paper we investigate the various important properties and characteristics of the classes 2, ¢s(ct1; A, B, A)
and .Q;fq’s(oel;A, B, ). Following the recent investigations by Altintas et al. [25, p. 1668], we extend the concept of
neighborhoods of analytic functions, which was considered earlier by (for example) Goodman [26] and Ruscheweyh [27],
to meromorphically multivalent functions, belonging to the classes £2,, 4 s(c¢1; A, B, A) and .Q;fq,s(ot] ; A, B, A). We also derive
many interesting results for the Hadamard products of functions belonging to the p-valently meromorphic function class
Q;q’s(ahA, B, 1).

The main results of the first class £2, ¢ s(21; A, B, ) are mentioned in Theorems 1 and 2, respectively. Moreover, for the

second class Q;fqﬁs(a]; A, B, 1), the main results will be included in Theorems 3 and 6-11, respectively.

2. Inclusion properties of the class $2, ¢ s(o15 A, B, 1)

We begin by recalling the following result (popularly known as Jack’s lemma [28]), which we shall apply in proving our
first inclusion theorem (Theorem 1).

Lemma 1 (See [28]). Let the (nonconstant) function w(z) be analytic in U with w(0) = 0. If |w(z)| attains its maximum value
on the circle |z| = r < 1ata point zy € U, then

zow'(z9) = yw(2o), (2.1)

where y is a real number and y > 1.

Theorem 1. Let oy € R\ {0}. If

_A=B®—7)

oy > T+B (—-1<B<A<1;,0<XA<p;peN), (2.2)

then
2pqs(ar +1;A,B, 1) C 2, q5(1; A, B, 1).

Proof. Letf(z) € £2, 4s(o1 + 1; A, B, A) and suppose that
(Hp.qs(0n + Df ) _q1_ A—=B)(p—MNw(2)
(Hp.q.s(a)f (2)) a1(1+ Bw(z))

where the function w(z) is either analytic or meromorphic in U, with w(0) = 0. By differentiating (2.3) with respect to z
logarithmically and using (1.9), we have

) (2.3)

(Hp,q.s(al +2)f (@) >
1 -1
st D ((Hp,q,sml T f @)
_B=AP-Muw@) (B—A)(p — Mzw'(2) (2.4)
14 Bw(z) (1+Bw(2))[ay + (Bay — (A—B)(p — M)w(2)]’ ’
Now, if we suppose that
[max lw@)| =|wz)| =1 (20 € U), (2.5)

and apply Jack’s lemma, we find that

Zow'(z) = yw(zo) (y = 1). (2.6)
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Writing
w(z) =€’ (0<6 <2m)
and putting z = zp in (2.4), we get after some computations that
‘ (@1 + DI(Hp g0 + 2)f 20)) — (Hp g5l + DF@)'T |? _
B(a1 + DI[(Hp,qs(1 + 2)f (20)) — (Hp g,s(c1 + 1)f (20))']1 + D
(a1 +y) + [Bay — (A—B)(p — M)]e? |°
a1+ [B(ar — y) — (A—B)(p — A)]e"
y2(1 — B?) 4 2y[a;(1 + B%) —B(A —B)(p — A)] + 2y[204B — (A — B)(p — A)] cos 6

= , (2.7)
|t + [Blar — y) — (A= B)(p — M)e |*
where
D= (A—B)(p— N (Hpgslar + Df(2)).
Set
g(0) = y*(1 — B*) + 2y[ey(1+ B*) — B(A— B)(p — 1)] + 2y [2Ba; — (A— B)(p — A)] cosf (0 <6 < 27)
(-1<B<A=<1;0<A<p;peN;a; eR\{0};y >1;0<6 <2m). (2.8)
Then, by hypothesis, we have
g2(0) =y*A=B)+2y(1+B)la1(1+B) —(A—B)(p—1)] =0
and
g(m) =y*(1—=B*) +2y(1 —B)la;(1—B)+(A—B)(p— )] >0
which, together, show that
g®) >0 (0=<0 <2n). (2.9)

In view of (2.9), (2.7) would obviously contradict our hypothesis that f (z) € £2, ¢ (o1 + 1; A, B, A). Hence, we must have
lw@)| <1 (zeU)), (2.10)
and we conclude from (2.3) that
f@) € 2p45(a1; A, B, A).
The proof of Theorem 1 is thus completed. O

Next we prove an inclusion property associated with a certain integral transform introduced below.

Theorem 2. Let 1 be a complex number such that

A-B@-2) _ _
Re(u)>17+3 (—-1<B<A<1,0<XA<p;p€eN).

Iff(z) € £2p qs(a1; A, B, 1), then the function F (z) defined by

Fz) = Z% /OZ £HP=1F (6 de (2.11)
also belongs to the class §2; 4 s(ct1; A, B, A).
Proof. From (2.11), we readily have

Z(Hp,qs(1)F(2))" = 1tHp q5(01)f (2) — (& + P)Hp,qs(1)F (2). (2.12)
Suppose that f(z) € £, 4s(1; A, B, 1) and put

(Hpgs(an + DF@)" _ 1 A=Bp-NVwE)
(Hp.q.s(@)F(2)) a1(1+ Bw(2))

, (2.13)
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where the function w(z) is either analytic or meromorphic in U, with w(0) = 0. Then, by using (2.12),(2.13) and the identity
(1.9), we find after some calculations that

((Hp.q,s(otl +Df@) 1) _B=AP-MHwE (B—A)(p — Mzw!(z)
"\ Hygs@f @) 1+ Bw(z) (1+Bw(@)[p+ (uB— (A—B)(p — 1) w(2)]
The remaining part of the proof of Theorem 2 is similar to that of Theorem 1 and so is omitted. O

3. Properties of the class _Q",': q’s(ocl; A,B,))

In this section we assume further that
a>0 (G=1,...,9), Bi>0 (=1,...,5), 0<B<1, 0<Ai<p, and peN.
We first determine a necessary and sufficient condition for a function f(z) € X, of the form (1.12) to be in the class
.Q; 0.s(@1; A, B, &) of meromorphically p-valent functions with positive coefficients.

Theorem 3. Let f(z) € X, be given by (1.12). Then f (z) € Q;:fq.s(“ﬁ A, B, )) ifand only if

Z kCyeyp(e1)[(k +p)(1+ B) + (A — B)(p — M]lax| < p(A—B)(p — A), (3.1)
k=p
where, for convenience,
@)m- .. (aq)m
(ﬂ])m cee (,Bs)mm!
Proof. Letf(z) € 2. (aq; A, B, A) be given by (1.12). Then from (1.11) and (1.12), we have

p.q,s
051[(Hp,q,5(011 + 1)f(Z))/ - (Hp,q.s((xl)f(z))/]
a1B[(Hp qs(a1 + Df(2)) — (Hp q.s(1)f (2))'] + (A — B)(p — L) (Hp g s(1)f (2))’

o0
> k(k + p)Tisp(er)|agl 2P
k=p

pA—B)(p—2) — ’fj [B(k + p) + (A — B)(p — L) ]kD ey p(0rq) lag|2K+P
k=p

Im(ar) = (m eN). (3.2)

<1 (zel).

Since |[Re(z)| < |z|(z € C), we have

o0
> k(k + p)Tiesp(rr) |ag| 2P
Re k= <1 (zeU). (3.3)

pA=B)(p—4) — ’Z [B(k + p) + (A — B)(p — M)IKkTieyp(or) |ax|2HP
k=p

We consider real values of z and take z = r with 0 < r < 1. Then, for r = 0, the denominator of (3.3) is positive and so is
positive forallr (0 < r < 1). Lettingz =r — 17,(3.3) yields

> k(k+ p)Tigplena < p(A—B)(p — ) — Y [Blk+p) + (A— B)(p — M) IKTiewp(@1) ],
k=p k=p

which leads us at once to (3.1).
In order to prove the converse, we assume that the inequality (3.1) holds true. Then we get

a1[(Hp g.s(or + 1Df (2)) — (Hp g.s(a1)f (2))']
a1B [(Hp,q,s(oﬁ + Df (@) — (Hp,q,s(al)f(z))/] +A-B)(p— )L)(Hp,q,s(al)f(z))/

o0
Z k(k + p)Fk+p(al) |a|

< k=p
pA—=B)(p—-2) - ’Z [B(k +p) + (A —B)(p — A)IkTjeyplal
K=p
<1 (zel).

Hence, by the maximum modulus theorem, we have f (z) € .Qqu,s(oq; A, B, 1). This completes the proof of Theorem 3. O
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Corollary 1. Let f(z) € X, be given by (1.12).If f(z) € .Q;qﬁs(oel; A, B, 1), then

@l < PA—B)p ) (k=p;pen). (3.4)
= kTyyp(ar) [(k+p)(1+ B) + (A= B)(p — 1)] -
The result is sharp for the function f (z) given by
f@) =77+ PA—B)®—2) 2 (k=ppeN). (35)

kTip(a)[(k +p)(1+B) + (A —B)(p — )]

Putting A = 0 in Theorem 3, we obtain

Corollary 2. Let f(z) € X, be given by (1.12). Then f (z) € .Q;qis(al; A, B), if and only if

D kTiyp(@)[(k + p)(1+ B) + p(A — B)] x| < p*(A — B).
k=p

Remark 1. We note that the result obtained by Liu and Srivastava [1, Theorem 3] is not correct. The correct result is given

by Corollary 2.

Next we prove the following growth and distortion properties for the class Qljf a.s(@15 A, B, A).

Theorem 4. Let the function f (z) of the form (1.12) belong to the class 2 (aq; A, B, A). If the sequence [Cy] is nondecreasing,

then "
;p_PA-BOP-M , <If@|<r?+ PA=BP =4 , O<lzl=r<1), (36)
G G
where
Ce = kDiyp(@)D[(k+p)(1+B) + (A—B)(p—1)] (k=>p;peN) (37)

and Ty, () is given by (3.2).
If the sequence {%} is nondecreasing, then

o _PA-Be-M PA-BpP-2) ,,

pr? <[F@|=<pr? '+ O<lzl=r<1). (3.8)
G G
Each of these results is sharp with the extremal function f (z) given by
A—B)(p—A
f@ =27+ Q=B %) P (peN). (3.9)

Top(@)2p(1+B) + A—B)(p— M)~

Proof. Let the function f(z), given by (1.12), be in the class £2.

p.q,s(“1§ A, B, )). If the sequence {C;} is nondecreasing and
positive, then, by Theorem 3, we have '

o A—B)(p—A

> lal < w, (3.10)
k=p p

and if the sequence {%} is nondecreasing and positive, Theorem 3 also yields

s 2A—B)(p— A

3 klad < PFA-Bp -4 (3.11)
k= G

=p

Making use of the conditions (3.10) and (3.11), in conjunction with the definition (1.12), we readily obtain the assertions
(3.6) and (3.8) of Theorem 4.

Finally, it is easy to see that the bounds in (3.6) and (3.8) are attained for the function f(z) given by (3.9).

Next we determine the radii of meromorphically p-valent starlikeness of order ¢ (0 < ¢ < p) and meromorphically
p-valent convexity of order ¢ (0 < ¢ < p) for functions in the class .prq’s(al; A/B/A). O
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Theorem 5. Let the function f (z) defined by (1.12) be in the class 27 (a1; A, B, 1). Then (i) f (z) is meromorphically p-valent

p.q.s
starlike of order ¢ (0 < ¢ < p) in the disc |z| < rq, that s,

Re{_zf’(l)} >¢ (z]<r;0<¢ <p;peN),

f@)

where
- { KTksp (@) (p — $Ik+ )1+ B) + (A— B)(p — 1] }k
T e pA—B)(p— 1) (k+ ) '

(ii) f (z) is meromorphically p-valent convex of order ¢ (0 < ¢ < p) in the disc |z| < r, that s,

R{ ( Zf//(Z))} . .
el— 1+ >¢ (zl <r;0<¢ <p;peN),
@

where

1

Ciipl@n)(p — @)k +p)(1+B) + (A—B)(p — A)] ] kP
A-=B)(p—1(k+e) '

and Iy, (1) is given by (3.2). Each of these results is sharp for the function f(z) given by (3.5).

r, = inf
k=p

Proof. (i) From the definition (1.12), we easily get

o0
> (k+ p)lagl 2|+

7f' (2)
@ TP k=p
#§f'@ _ - ) ’
i P20 2(p—¢) — Y (k—p+2¢)laillz[*+
k=p

Thus, we have the desired inequality:

#f' @)
o TP

7@
fo —Pt2¢

<1 0<¢<p;peN)

> <k+¢) lail 2] < 1.
p—¢

k=p
Hence, by Theorem 3, (3.18) will be true if
(k + d>> 2 < kLyesp(o1)[(k +p)(14+ B) + (A — B)(p — A)]
p—¢ B p(A—B)(p—»)

The last inequality (3.19) leads us immediately to the disc |z| < rq, where r; is given by (3.13).
(ii) In order to prove the second assertion of Theorem 5, we find from the definition (1.12) that

(k= p;p €eN).

oo
” k+p
zf (2) Z k(k+P)|a/<||Z|
e e | P

2" (2) _ — o '
T+ 5% =P+201 2pp—¢) — 3 k(k— p + 2¢)|acl|z]+P
k=p

Thus we have the desired inequality:
7" @)
1+ e TP

1+ 48 —p+2¢

<1 (0<¢ <p;p€eN),

S ML) iz < 1.
— p(p—¢)

k=p

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Hence, by Theorem 3, (3.22) will be true if
k(k + ¢) 2] < kTyeyp(ee1)[(k +p)(1 4+ B) + (A — B)(p — A)]
p(p—9) - p(A—B)(p—21)

This last inequality (3.23) readily yields the disc |z| < r, with r; defined by (3.15), and the proof of Theorem 5 is completed
by merely verifying that each assertion is sharp for the function f (z) given by (3.5). O

(k= p;p €N). (3.23)

4. Neighborhoods

In this section, we also assume that
>0 (G=1,...,9) and B>0 (=1,...,5).

Following the earlier works (based upon the familiar concept of neighborhoods of analytic functions) by Goodman [26] and
Ruscheweyh [27], and (more recently) by Altintas et al. [29,30,25], Liu [22], and Liu and Srivastava [23,24,1], we begin by
introducing here the §-neighborhood of a function f (z) € X, of the form (1.1) by means of the definition given below:

)
Ns(f) = 1g:8€ %,,8(2) :Z*p_i_zbkzkfp and
k=1

lay — byl <6

§3w+mnwmm—mm—xnwa+wm
s p(A—B)(p— 1)

(—1<B<A<1;6>0,0<A<p;peN);. (4.1)

Making use of the definition (4.1), we now prove Theorem 6.

Theorem 6. Let the function f (z) defined by (1.1) be in the class §2, q s(ct1; A, B, 1). If f(2) satisfies the following condition:

z z7P
f()i € 2pqs(a1; A, B, 1) (e €C,le] <4,8>0), 42
1+e€
then
Ns(f) C $2p,qs(c1; A, B, A). @)

Proof. It is easily seen from (1.11) that g(z) € £2; qs(ct1; A, B, A) if and only if, for any complex o with |o| = 1,

Z(Hp,q,s(al)g(l))”

1+ - - +p
2yt )ggfﬁq’S( P #0 (zeU;oeClo|=1), (4.4)
20p.q.s\*1)E1Z)) _ .
B (1 T T gsane@) ) +[PB+(A=B)(p— )]
which is equivalent to
* h)(z
% #0 (zel), (4.5)

where, for convenience,

o0
h(z) =z7P + Z az" P
k=1

R i (k= p)Ti(e1)[(A = B)(p — A)o + k(Bo — 1)]zk_p.

(4.6)
= po(B—A)(p—A)
From (4.6), we have
] = (k= p)Tk(@)[(A—B)(p — )0 + k(Bo — 1)]
‘ poB—A)(p— 1)
_ (k+pTia)l(A = B)(p — ) + k(1 + [BD] kpen. )

B p(A—=B)(p—4)
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Now, if

o0
f(z) =2 + Z @z P e z

k=1
satisfies the condition (4.2), then (4.5) yields
% >68 (zeU;s >0). (4.8)
Let
g@)=z"+ i bz“"? € N5(f), (4.9)
k=1
so that

[f@) - g(Z) 1*h(z)

Z(ak — bycz*

< Iz Z (k+p)Tk(@)(A—B)(p— 1) + k(1+ IBI)]
p(A—B)(p—2)
<48 (zeU;§>0), (4.10)

which leads us to (4.5), and hence also (4.4) for any o € C such that |o| = 1. This implies that g(z) € £2, 4s(ct1; A, B, 1),
which evidently completes the proof of the assertion (4.3) of Theorem 6. O

ba, — bl

We now define the §-neighborhood of a function f (z) € X, of the form (1.12) as follows:

NS () = {g g€ %.8@) =27+ |blz* and
k=p

i kliip(a1)[(A—=B)(p — 4) + (k+p)(1+B)]

pA—B)(p—2) laxl — bl <

k=p

(O§B<A§1;8>0;O§A<p;p€N)}. (4.11)

Theorem 7. Let the function f (z) defined by Eq. (1.12) bein theclass.(zqu(al—i—l;A, B,AD)O<B<A<T1;,0<A<p;p€eN).
Then

2p
N (f) c 2F 1A, B, X 8= . 412
5 () s (1 ) o+ 2p (4.12)

The result is sharp in the sense that § cannot be increased.
Proof. Making use of the same method as in the proof of Theorem 6, we can show that [cf. Eq. (4.6)]

o0
hz) = z7P + chzk
k=p

_ kTiqp(a1)[(A — B)(p — A)o + (k+ p)(Bo — 1)] S
p 2 :
= po(B—A)(p—X)

Iff(z) e pqs(al + 1; A, B, A) is given by (1.12), we obtain

(4.13)

h
(f’;i(z) = l‘*'XI;CIJGMZHP
S Zkl":<+p(a1+1)[(f\ B)(p — A)+(k+p)(1+3)]| X
a1 +2p = PA—-B)(P—2)
o1 2p

_(x1+2p:(x1+2p:
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by appealing to assertion (3.1) of Theorem 3. The remaining part of our proof of Theorem 7 is similar to that of Theorem 6,
and we skip the details involved.
To show the sharpness of the assertion of Theorem 7, we consider the functions f(z) and g(z) given by

_ A—B)(p—2)
— P p + .
f@=zP+ (@1 + DIA—B)(p — 2 + 2p(1 —|—B)]Z S Qp,q,s(al + 1;A,B, A) (4.14)
and

gz =27 +[ A-Be-2) + A-Bp -1y ]zp, (4.15)

Fyplar + DIA=B)(p—2) +2p(1+B)]  Tap(a)[(A—B)(p —2) + 2p(1 + B)]

where

P S

o +2p

Clearly, the function g(z) belongs to N;(f ). On the other hand, we find from Theorem 3 that g(z) is not in the class
ng.s(“ﬁ A, B, ). Thus the proof of Theorem 7 is completed. O

Finally, we prove the following theorem.

Theorem 8. Let f(z) € X, be given by (1.1) and define the partial sums s1(z) and s,(z) as follows:

n—1
s12) =z and sp(z) =z7P+ Z az" P (neN), (4.16)
k=1

it being understood that an empty sum is (as usual) nil. Suppose also that

id g < 1 (d _ (k+p(a)[A=B)p —2) +k(1+ IBI)]> (4.17)
A S PA—B)(p— 1) ' -
Then
(i) f(2) € -Qp,q,s(a1§ A, B, 1),
(ii) If {Tx(cx1)}(k € N) is nondecreasing and
Ty (@) > PA-B® -4 (4.18)
T A+ plA-Bp -1+ 1+ B)I '
then
Re{:((zz))}>1—dl (zeU:neN), (4.19)
and
$n(2) dn
Re{f(z)}> T+ d (zeU;neN). (4.20)

Each of the bounds in (4.19) and (4.20) is the best possible for each n € N.

Proof. (i) It is not difficult to see thatz™? € £, 4 («t1; A, B, A)(p € N). Thus, from Theorem 6 and the hypothesis (4.17) of
Theorem 8, we have

Ni(z7™P) C 2pgs(a1;A,B,A) (0<A<p;p€eN), (4.21)

which shows that f (z) € £2, ¢ s(a1; A, B, 1).
(ii) Under the hypothesis in Part (ii) of Theorem 8, we can see from (4.17) that

depr > de>1 (ke N). (4.22)

Therefore, we have

n—1 00 00
Dolad+dn Y lad <) didal <1, (4.23)
k=1 k=n k=1

where we have used the hypothesis (4.17) again.
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By setting
i k
d axz
f(Z) 1 " k=n '
g1(2) =dy —-|(1-=)|=1+— (4.24)
sn(2) dy n-l
14+ ) azk
k=1
and applying (4.23), we find that
(o]
dn Y lag|
-1 -
£@ ’5 ken <1 @eu), (4.25)
g2 +1

n—1 o0
2-2 Z lax| — dp Z |ay|
k=1 k=n

which readily yields the assertion (4.19) of Theorem 8. If we take
n—p

_ z
f@=27"- a

i (4.26)

then
@ _, 2

1
=l-——>1-— (z—- 1),
Sn (Z) dn dn
which shows that the bound in (4.19) is the best possible for each n € N. Similarly, if we put

sn(2) _

)
dn>
f@ 1+d,

(I +dp) Y. azk
=1-— k= (4.27)

o0
14+ ) apzt
k=1

&) = (1+dy) (

and make use of (4.23), we can deduce that

1+d, 3
gz(Z)—1|< (a+ )’§1|ak|

@) +1 n-l &
2-2 Z |ak| + (1 - dn) Z |ak|
k=1 k=n

<1 (zel, (4.28)

which leads us immediately to the assertion (4.20) of Theorem 8.
The bound in (4.20) is sharp for each n € N, with the extremal function f (z) given by (4.26). The proof of Theorem 8 is
thus completed. O

5. Convolution properties

For the functions

o0
[@ =27+ lajl (=1.2peN), (5.1)
k=p

we denote by (f; ® f)(z) the Hadamard product (or convolution) of the functions f;(z) and f,(z), that is,

hef)@ =27+ Z |ae 1lay.212". (5.2)

k=p

Throughout this section, we assume further that the sequence {I";;(«1)}(m € N) is nondecreasing, where I';; («1) is given
by (3.2),

Cp, 4, A B k) =(k+p(1+B+(A—-B)(p—21) (k=p) (5.3)
and
D(p, A,A,B) =p(A—B)(p — )\). (5.4)
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Theorem 9. Let the functions fi(z) (j = 1, 2) defined by (5.1) be in the class .Q;fq’s(oz]; A,B, )). Then (f; ® f2)(z) € -Q;q,s
(a1; A, B, y), where

2(1+B)Y(A—B)(p — 1)?
y=p|1l-— 5 5 5 ) (5.5)
[op(a)[2p(1+B) + (A=B)(p -] = (A—=B)*(p — )
The result is sharp for the functions f;(z) (j = 1, 2) given by
A—B)Y(p— A
fie)y=z""+ ( )b — 1) Z? (=1,2;p€N). (5.6)
[op(e)[2p(1 + B) + (A — B)(p — A)]
Proof. Employing the technique used earlier by Schild and Silverman [31], we need to find the largest y such that
& kTyerp(@1)C(p, v, A, B, K)
P a1 llagal < 1 (5.7)
p D(p,y.A,B)
forfi(z) € 2, (@1 A, B, ) (j = 1,2).Since fj(z) € 2, (215 A, B, 1) (j = 1, 2), we readily see that
X kI C(p, A, A, B, I
3 Kl (@)Ck Vol <1 G=1,2). (58)
p D(p, A, A, B)
Therefore, by the Cauchy-Schwarz inequality, we obtain
s I<Fk+p(a])c(pa )“7 A» Ba k)
a1llagz] < 1. 59
’; poAp VIl < (5.9)
This implies that, we only need to show that
C(p,y,A,B, k) C(p, A, A, B, k)
————ag1llak 2] € ———/lak1lla k > 5.10
o= laallagal < o—7 Viaeallagz| (k= p) (5.10)
or, equivalently, that
(p—y)C(p,2,A B, k)
V0akllagz| < (k= p). (5.11)
(p—2)Cp,v,A B, k)
Hence, by the inequality (5.9), it is sufficient to prove that
D(p, »,A, B —v)C(p, A, A, B, k
(p ) < (p—y)Cp k) > p). (5.12)
kTyp(a1)C(p, 2, A, B, k) = (p — 2)C(p, v, A, B, k)
It follows from (5.12) that
k 1+ B)(A—B)(p — 1)?
y<p p(k+p)(1+ B)( )(p— M) U= p). (5.13)

 kTpsr(@)[C(p, 2, A, B, k)2 — p(A — B)2(p — 1)?

Now, defining the function & (k) by

_ pk +p)(1 4 BY(A — B)(p — 1)
2 P i e (Cp. A B O —pA— B — 27 P .

we see that @ (k) is an increasing function of k. Therefore, we conclude that

(5.15)

21+ B)(A—B)(p — 1)’ )

P(p)=p(1—

which evidently completes the proof of Theorem 9. 0O
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PuttingA = Band B= —f$ (0 < 8 < 1) in Theorem 9, we obtain the following consequence.

Corollary 3. Let the functions fi(z) (j = 1,2) defined by (5.1) be in the class §2;, (132, B). Then (fi ® f)(2) €
2, (1 y, B), where

_ B = B)(p — 1)
! _p<] - sz(a1>(p—xﬁ)2—ﬁ2(p—x>2>' (5.16)

The result is sharp for the functions f;(z) (j = 1, 2) given by
Po-»
Top(a1)(p — AB)

Using arguments similar to those in the proof of Theorem 9, we obtain the following result.

@) =27+ (G=12peN). (5.17)

Theorem 10. Let the function f;(z) defined by (5.1) be in the class .Q;fq,s(al ; A, B, A). Suppose also that the function f,(z) defined

by (5.1) be in the class .Q;q’s(oq; A,B,y).Then (f; ® f»)(2) € .prq’s(al; A, B, §), where
E=p(l— 20+B)A—-B)(p—2M)p—v) )
[op(a)[2p(1+B) + (A—=B)(p — MI2p(1+B) + (A—B)(p —y)] — 2
(R=A-B’@—-1P—17). (5.18)

The result is sharp for the functions fj(z) (j = 1, 2) given by

A—B)(p— 1) »
Top(@)(2p(1 4 B) + (A — B)(p — )]

fiy =277+ (peN) (5.19)

and

A-B)(p-y) »
op(e)[2p(1+B) + (A—B)(p — y)]
PuttingA = Band B= —8 (0 < 8 < 1) in Theorem 10, we obtain Corollary 4.

h@) =27+

(peN). (5.20)

Corollary 4. Let the function f;(z) defined by (5.1) be in the class 27, (a1; A, B). Suppose also that the function f,(z) defined

by (5.1) be in the class 2, (15 v, B). Then (fi ® ) () € .Q;fqys(ozf;q;qs, B), where

n=p(l— BA=Bp—-2{p-y) ) (521)

Copla)p— 2B —yB) — B0 — V(P —y)
The result is the best possible for the functions fj(z) (j = 1, 2) given by
_ Blp—»)
=zP4 —— - 7P N 5.22

@y =27"+ sz(Oh)(p—)»ﬁ)Z (peN) (5.22)
and

b=+ PPV o e, (5.23)

Cypla)(p —yB)

Theorem 11. Let the functions f;(z) (j = 1, 2) defined by (5.1) be in the class .Q;fq’s(oz]; A, B, ). Then the function h(z) defined
by

(o]
h@) =27+ (lal® + laal)z* (5.24)
k=p

belongs to the class .Q;q’s(al; A, B, ¢), where

o _ 2
41+ B)Y(A—B)(p — 1) ) , (5.25)

= 1—
¢ p( Top(@)(2p(1+B) + (A—B)(p — M2 — 2(A— B)2(p — 1)2

This result is sharp for the functions f;(z) (j = 1, 2) given already by (5.6).
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Proof. Noting that

<1 (j=1,2), (5.26)

[D(p. 1, A, B)I & D(p.1.AB)

o0 2 0 2
[kTkyp(a1)C(p, A, A, B, k)] kTiyp(a)C(p, A, A, B, k)
E Kl laI* < E k1 ayjl

k=p

for fi(z) € prq’s((x];A, B,A) (j =1, 2), we have

i [I(Fk+p(a1)C(p, }‘" A7 B? k)]2

2(D(p, », A, B) (al* + laea*) < 1. (5.27)

k=p

Therefore, we have to find the largest ¢ such that

C(p,¢,A B, k) - KTpetp (@) [C(p, A, A, B, k)]

MP—¢) ~  2p(A—B)(p — 1)? (k= p), (5.28)

that is,

3 2p(k+p)(1+B)A=B)(p— )
kTiep()[C(p, A, A, B, K)]* — 2p(A — B)*(p — A)?

Now, defining a function ¥ (k) by

{<p (k= p). (5.29)

2p(k 1+ B)(A—B)(p — A)?
Wik =p— p(k+p)(1+ B)( )(p—2) k> p). (5.30)
klkyp(a)[C(p, A, A, B, k)]> — 2p(A — B)*(p — 1)?
we observe that ¥ (k) is an increasing function of k. We thus conclude that
4(1+B)(A—B)(p — 1)? )
Top(c1)[2p(1+B) + (A—B)(p — 1))* —2(A—B)2(p — 1)? )’

which completes the proof of Theorem 11. O

Csw(p)zp(l (5.31)
PuttingA = 8and B = —f (0 < 8 < 1) in Theorem 11, we obtain the following corollary.

Corollary 5. Let the functions f;j(z) (j = 1, 2) defined by (5.1) be in the class ‘Q;,_q,s(a]; A, B). Then the function h(z) defined by
(5.24) belongs to the class 2 (a1; T, B), where

p.q,s
28(1— B)(p — 1) )
= 1— . 5.32
’ ”( Tap(e1)(p — AB)% — 2P2(p — 1)? (5.32)

The result is sharp for the functions f;(z) (j = 1, 2) given already by (5.17).

Remark 2. We note that the results obtained by Liu and Srivastava [1, Theorems 4, 5 and 7], are not correct. The correct
results are given by Theorems 4, 5 and 7, respectively, after putting > = 0.
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