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Abstract In this study, we propose an embedded real-time interval type-2 fuzzy proportional –

integral – derivative (IT2F-PID) controller which is a parallel combination of the interval type-2

fuzzy proportional – integral (IT2F-PI) controller and the interval type-2 fuzzy proportional –

derivative (IT2F-PD) controller. The proposed IT2F-PID controller is able to handle the effect

of the system uncertainties due to the structure of the interval type-2 fuzzy logic controller. The pro-

posed IT2F-PID controller is implemented practically using a low cost PIC microcontroller for con-

trolling the uncertain nonlinear inverted pendulum to minimize the effect of the system uncertainties

due to the uncertainty in the mass of the pendulum, the measurement error in the rotation angle of

the pendulum and the structural uncertainty. The test is carried out using the hardware-in-the-loop

(HIL) simulation. The experimental results show that the performance of the IT2F-PID controller

improves significantly the performance over a wide range of system uncertainties.
� 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.
1. Introduction

Most of the industrial processes are still the conventional PID

controllers due to their simple control structures, affordable
price, and effectiveness for linear systems [1]. However, when
the process to be controlled has a high level of complexity,
such as, time delay, high order, modeling nonlinearities, vague
systems without precise mathematical models, and structural

uncertainties, the performance of a PID control system be-
comes unsatisfactory and fails to guarantee the requirements
in most of the practical situations [2]. For these reasons, many

researchers have attempted to combine a conventional PID
controller with a fuzzy logic controller (FLC) in order to
achieve better system performance over a conventional PID

controller. The fuzzy PI controller [3] and the fuzzy PD con-
troller [4] are developed to improve the system performance
rather than the conventional PID controllers. The fuzzy PI

and the fuzzy PD controllers are combined to get a fuzzy
PID controller in order to improve the system performance
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[5]. It’s knowledge base consists of two dimensional rule base
for the PI and PD controllers to obtain overall improved per-
formance. There are different control structures for the fuzzy

PID controller mentioned in [6,7], in order to improve the
closed loop systems. Despite the significant improvement of
system performance with fuzzy PID controllers over their con-

ventional counterparts, it should be noted that they are usually
not effective if cases where the system to be controlled has sys-
tem uncertainties as ordinary fuzzy controllers (type-1 fuzzy

logic controllers; T1-FLCs) have limited capabilities to directly
handle data uncertainties [8].

The concept of type-2 fuzzy set (T2-FS) is an extension and
generalization of the type-1 fuzzy sets (T1-FSs) and it was first

introduced by Zadeh [9]. FLCs that are described with at least
one T2-FS are called type-2 fuzzy logic controllers (T2-FLCs)
[10]. It has also been shown that T2-FSs are much more pow-

erful to handle uncertainties and nonlinearities directly [11].
The major problem with T2-FLC is that the computations
are much more complicated compared to T1-FLCs. Therefore,

Mendel [10] has been proposed a special type of T2-FS called
an interval type-2 fuzzy set (IT2-FS) in which the output of
interval type-2 fuzzy is uncertain with an interval. The IT2-

FLCs have been successfully implemented in controller design
[12–25]. The structure of the IT2-FLC has four components,
which are a fuzzifier, a rule base, a fuzzy inference engine,
and an output processor. In the IT2-FLC, the output sets

are interval type-2, so we have to use an extended version of
type-1 defuzzification methods. The extended defuzzification
operation with the type-2 case gives a T1-FS at the output.

Since this operation takes us from the T2-FSs of the IT2-
FLC to a T1-FS, this operation is called type-reduction and
calls the type-1 set so obtained a type-reduced set [26]. The

type-reduced set is a collection of the outputs of all of the
embedded T1-FLCs [27]. The type-reduction is usually per-
formed by iterative Karnik–Mendel (KM) algorithms [28],

which are computationally intensive. However, the IT2-FLCs
have a computational overhead associated with the computa-
tion of the type-reduced fuzzy sets using the KM algorithm
[10]. This computational overhead reduces the real-time per-

formance of the IT2-FLC, especially when operating on indus-
trial embedded controllers which have limited computational
and memory capabilities. So, the type-2 computational over-

head can limit the application of the IT2-FLCs in industrial
embedded controllers. Wu and Mendel [29] proposed a meth-
od to approximate the type-reduced set, thus avoiding the use

of the iterative KM algorithm. This method calculates the in-
ner- and outer-bound sets for the type-reduced set. These two
sets can not only be used to estimate the uncertainty contained
in the output of the IT2-FLC, but can also be used to directly

derive the defuzzified output under certain conditions. Thus,
the inner- and outer-bound sets have the potential to eliminate
the computational bottleneck of an IT2-FLC.

As reported in [5,30], it is convenient to combine the fuzzy
PI and the fuzzy PD controllers in a parallel structure to form
a T1F-PID controller. Such a fuzzy PID structure is simple

and can be theoretically analyzed. However, the main draw-
back of the T1F-PID controller is its limited capability to di-
rectly handle data uncertainties [8]. Thus, the main objective

of this paper is developing and implementing an IT2F-PID
controller taking into its consideration the advantages of using
a parallel structure consisting of fuzzy PI and fuzzy PD con-
trollers and the advantages of the type-2 fuzzy controllers to
overcome the uncertainty problems. The proposed IT2F-PID
controller using the Wu-Mendel type-reduction method and
the Mamdani interval type-2 fuzzy rule base is implemented

practically using a low cost PIC microcontroller (P18F4685)
and its performance is tested using HIL simulation for control-
ling an uncertain nonlinear inverted pendulum. The main

problem in an inverted pendulum system is the uncertainty
which is divided into three groups; the uncertainty in the mass
of the pendulum, the structural uncertainty which caused by

parameters are difficult or impossible to get a precise measure
or that the parameters tend to vary as a function of time, tem-
perature, etc. and the uncertainty due to the measurement er-
ror in the rotation angle of the pendulum. The proposed IT2F-

PID controller is designed and implemented to overcome the
uncertainties in the inverted pendulum system. The rest of
the paper is organized as follows. In Section 2, the IT2F-

PID controller is included. The description of the mathemati-
cal model of the nonlinear inverted pendulum is presented in
Section 3. Section 4, presents the hardware implementation

of the IT2F-PID controller and practical results followed by
the conclusions and the relevant references.

2. Interval type-2 fuzzy PID controller

Generally, an IT2-FLC is either a PD or a PI depending on the
output of fuzzy control rules; if the output is the control signal

it is said to be an IT2F-PD controller and if the output is the
change of control signal it is said to be an IT2F-PI controller.
An IT2F-PID controller may be constructed by introducing
the third information besides error and derivative of the error,

which is sum of error, with a 3-D rule base. Such an IT2F-PID
controller with a 3-D rule base is difficult to construct because
a 3-D rule base can be very complex when the number of quan-

tizations of each rule dimension increases; in this case, the con-
trol rule number increases cubically with the number of
quantizations. In this paper, we propose a parallel combina-

tion of an IT2F-PD controller and an IT2F-PI controller to
achieve an IT2F-PID controller. The proposed IT2F-PID con-
troller uses the Mamdani interval type-2 fuzzy rule and the

Wu-Mendel type-reduction method for the IT2F-PI controller
and the IT2F-PD controller. The proposed controller structure
using the Wu-Mendel type-reduction method is suitable for
real-time applications and implement in industrial embedded

controllers, thus avoiding the use of the iterative KM algo-
rithm which not suitable for real-time applications. The struc-
ture of the controller is first presented along with the

interaction rules, followed by the description of the fuzzifica-
tion, rule base and finally defuzzification involving type
reduction.

2.1. The structure of the proposed controller

The overall structure of the proposed IT2F-PID controller is

shown in Fig. 1. In Fig. 1, e(k) and De(k) represent the input
variables and uPID(k) represents the output variable. For an
IT2F-PI controller, two scaling factors Ge1 and GDe1 are em-
ployed to scale e(k) and De(k), the error and the derivative er-

ror respectively, as follows:

EPIðkÞ ¼ Ge1eðkÞ ¼ Ge1ðyrðkÞ � yðkÞÞ
DEPIðkÞ ¼ GDe1DeðkÞ ¼ GDe1ðeðkÞ � eðk� 1ÞÞ ð1Þ



Figure 1 Overall structure of the interval type-2 fuzzy PID controller.
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where yr(k) is the system output reference signal, y(k) is the
output of the system under control, and k is the sampling in-
stance. The output variable of an IT2F-PI controller uPI(k) is

obtained from the incremental output DuPI(k) and the previous
output uPI(k � 1) as follows:

uPIðkÞ ¼ uPIðk� 1Þ þ DuPIðkÞ ð2Þ

Now, internal variable DUPI(k) and its scaling factor GDu are
introduced such that

DuPIðkÞ ¼ GDuDUPIðkÞ ð3Þ

Also, there are two scaling factors Ge2 and GDe2 are employed

to scale e(k) and De(k), respectively, for an IT2F-PD controller
as follows:

EPDðkÞ ¼ Ge2eðkÞ ¼ Ge2ðyrðkÞ � yðkÞÞ
DEPDðkÞ ¼ GDe2DeðkÞ ¼ GDe2ðeðkÞ � eðk� 1ÞÞ ð4Þ

The output variable uPD(k) of an IT2F-PD controller and its

scaling factor Gu are given by the following equation:

uPDðkÞ ¼ GuUPDðkÞ ð5Þ

Therefore, the output of an IT2F-PID controller uPID(k) is ob-

tained by the following equation:

uPIDðkÞ ¼ uPIðkÞ þ uPDðkÞ ð6Þ

The structure of the IT2F-PI controller and the IT2F-PD con-
troller is elaborated in Fig. 2. These are works as follows [8]:

The crisp input from the input variables is first fuzzified into
input IT2-FSs. The input IT2-FSs then activate the inference
Crisp 

Inputs 

Rule Base

Type-
Inference

Fuzzy

Type-2 Input 

Fuzzy Sets 

Fuzzifier 

Figure 2 Structure of the inte
engine and the rule base to produce output IT2-FSs. The
IT2-FLC rules remain same as those for a T1-FLC, but the
antecedents and/or the consequences are represented by IT2-

FSs. The inference engine combines the fired rules and gives
a mapping from input IT2-FSs to output IT2-FSs. The IT2
fuzzy outputs of the inference engine are then processed by

the type reducer, which combines the output sets and
performs a centroid calculation that leads to T1-FSs called
the type-reduced sets. In this paper, the Wu-Mendel uncer-

tainty bounds method [29] has been used to approximate the
type-reduced set. After the type reduction process, the approx-
imate type-reduced sets are defuzzified (by taking the average

of the approximated type-reduced set) to obtain crisp outputs
that are sent to the actuators.

2.2. Interval type-2 fuzzification

The fuzzification for an IT2F-PI controller is essentially same
as that for an IT2F-PD controller. Fig. 3, shows an example
for fuzzification of an IT2-FS. For each point of the universe

of discourse, two membership levels are computed, one called
upper membership value which is obtained from the upper mem-
bership function, and the other called lower membership value

which is obtained from the lower membership function. For
the IT2F-PI controller as shown in Fig. 3, when EPIðkÞ ¼ x01,

the vertical line at x01 intersects footprint of uncertainty

FOUð eAÞ everywhere in the interval ½leAðx01Þ; �leAðx01Þ�; and,

when DEPIðkÞ ¼ x02, the vertical line at x02 intersects FOUð eBÞ
everywhere in the interval ½leBðx02Þ; �leBðx02Þ�.
Defuzzifier 
Crisp Output 

Approximate Type-Reduction 
using the Wu-Mendel 

Uncertainty Bounds Method 

2 Output 

 Sets 

rval type-2 fuzzy controller.



Figure 3 Fuzzification and inference of the IT2F-PI controller

[8].
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2.3. Rule base and inference engine

The structure of the Mamdani interval type-2 fuzzy rule for the
IT2F-PI controller and the IT2F-PD controller is written as
described in Eqs. (7) and (8), respectively.

IF EPIðkÞ is eA AND DEPIðkÞ is eB THEN DUPIðkÞ is eC ð7Þ

IF EPDðkÞ is eA AND DEPDðkÞ is eB THEN UPDðkÞ is eC ð8Þ

where eA; eB, and eC are IT2-FSs. The inference engine com-
bines the fired rules and gives a mapping from input IT2-FSs
to output IT2-FSs. The inference process for a single rule is

shown in Fig. 3. Two firing levels are then computed, a lower

firing level, f, and an upper firing level f, where f= min

½leAðx01Þ; leBðx02Þ� and f ¼ min ½�leAðx01Þ; �leBðx02Þ�. The main ob-

served comment from the result of input and antecedent oper-

ations is the firing interval F, where F ¼ ½f; f�. Note that other

structures of fuzzy rules and the product t-norm also be used in

Eqs. (7) and (8). However, this paper focuses on the Mamdani
fuzzy rule and minimum t-norm.

2.4. Type-reduction and defuzzification

In this paper, the Wu-Mendel uncertainty bounds method is
used to calculate the output of the IT2F-PI controller and

the IT2F-PD controller. The steps of this method are calcu-
lated as follows [8]:

A. Computation of centroids of M consequent IT2-FSs:

Ui
l and Ui

r (i= 1, . . ., M), the end points of the centroids of
the M consequent IT2-FSs, are computed using KM algo-

rithms [10,31]. These computations can be performed after
the design of the IT2-FLC has been completed and the only
have to be done once.

B. Computation of boundary T1-FLC centroids:

An IT2-FLS can be interpreted as a collection of embedded

T1-FLCs. The following embedded T1-FLCs only use the
LMFs (or UMFs) of the input and antecedent fuzzy sets, to-
gether with the left (or right) end point of the centroids of

the consequents:

U
ð0Þ
l ðxÞ ¼

XM
i¼1

fiUi
l

XM
i¼1

fi

,
U
ðMÞ
l ðxÞ ¼

XM
i¼1

fiUi
l

XM
i¼1

fi

,

Uð0Þr ðxÞ ¼
XM
i¼1

fiUi
r

XM
i¼1

fi

,
UðMÞr ðxÞ ¼

XM
i¼1

fiUi
r

XM
i¼1

fi

,
ð9Þ

These equations refer to as boundary T1-FLCs for an IT2-

FLC. These boundary T1-FLCs are very important in deriving
the inner- and outer-bound sets of a type-reduced set.

C. Computation of uncertainty bounds:

The inner-bound set ½UlðxÞ;UrðxÞ� and the outer-bound set
½UlðxÞ;UrðxÞ� for the type-reduced set are calculated as

follows:

UlðxÞ 6 UlðxÞ 6 UlðxÞ; UrðxÞ 6 UrðxÞ 6 UrðxÞ ð10Þ

UlðxÞ ¼ minfUð0Þl ðxÞ;UM
l ðxÞg;

UrðxÞ ¼ maxfUð0Þr ðxÞ;UM
r ðxÞg ð11Þ

UlðxÞ ¼ UlðxÞ

�
PM

i¼1ðfi � fiÞPM
i¼1f

i
PM

i¼1f
i

PM
i¼1f

iðUi
l �U1

l Þ
PM

i¼1f
iðUM

l �Ui
lÞPM

i¼1f
iðUi

l �U1
l Þ þ

PM
i¼1f

iðUM
l �Ui

lÞ

" #
ð12Þ

UrðxÞ ¼ UrðxÞ

þ
PM

i¼1ðfi � fiÞPM
i¼1f

i
PM

i¼1f
i

PM
i¼1f

iðUi
r �U1

r Þ
PM

i¼1f
iðUM

r �Ui
rÞPM

i¼1f
iðUi

r �U1
r Þ þ

PM
i¼1f

iðUM
r �Ui

rÞ

" #
ð13Þ

D. Computation of the approximate type-reduction sets:

The two end points [Ul(x), Ur(x)] for the type-reduced set

are calculated as follows:
½UlðxÞ;UrðxÞ� � ½ bUlðxÞ; bUrðxÞ�
¼ ½ðUlðxÞ þUlðxÞÞ=2; ðUrðxÞ þUrðxÞÞ=2� ð14Þ

E. Computation of approximate defuzzified output:

Finally, the crisp output of an IT2-FLC is calculated as:
UðxÞ � bUðxÞ ¼ 1

2
½ bUlðxÞ þ bUrðxÞ� ð15Þ
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Figure 4 Inverted Pendulum on a cart.
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3. Uncertain nonlinear inverted pendulum and its controller

3.1. Mathematical model

The inverted pendulum system defined here is shown in Fig. 4,
which is formed from a cart, a pendulum and a rail for defining
the position of the cart. The pendulum is hinged in the center

of the top surface of the cart and can rotate around the pivot in
the same vertical plane with the rail. The cart can move right
or left on the rail freely. It is given that no friction exists in
the system between the cart and the rail or between the cart

and the pendulum [32].
The dynamic equations of the uncertain inverted pendulum

system can be expressed as [32–34]:

_x1

_x2

� �
¼

x2

f1ðx1; x2Þ

� �
þ DA

x1

x2

� �
þ

0

f2ðx1Þ

� �
u ð16Þ

a ¼ mp þ Dmp þmc;

b ¼ 4l

3
� ðmp þ DmpÞlcos2ðx1 þ Dx1Þ

a
ð17Þ

f1ðx1;x2Þ¼ gsinðx1þDx1Þ�
ðmpþDmpÞlx2

2 sinðx1þDx1Þcosðx1þDx1Þ
a

� ��
b

ð18Þ

f2ðx1Þ ¼ cosðx1 þ Dx1Þ=ab ð19Þ

where x1 is the angle of the pendulum, x2 ¼ _x1 is the rate
change of the pendulum angle, and u is the control force in

the unit (Newton) applied horizontally to the cart. The param-
eters, mc and mp are, respectively, the mass of the cart and the
mass of the pendulum in the unit (kg), and g = 9.8 m/s2 is the

gravity acceleration. The parameter l is the half length of the
pendulum in meters. DA is the structural uncertainty of the in-
verted pendulum which indicate the parameter uncertainties

which can be caused by parameters are difficult or impossible
to get a precise measure or that the parameters tend to vary as
Figure 5 Interval type-2 fuzzy PID co
a function of time, temperature, etc. For this pendulum sys-

tem, the mean uncertain parameters are the Coulomb friction
constants. Also, this uncertainty indicates to unmodelled dy-
namic uncertainty. Dmp is the uncertainty in the mass of the

pendulum. Dx1 is a disturbance element which is caused by
measurement error.

3.2. The proposed controller for the inverted pendulum

Fig. 5, shows the block diagram of the IT2F-PID controller for
balancing an inverted pendulum on a cart. yr denotes the de-
sired angular position of the pendulum. The goal is to balance

the pendulum in the upright position (i.e., yr = 0) when it ini-
tially starts with nonzero angle of the vertical (i.e., x1 „ 0). uPID
is the control signal (force). The proposed IT2F-PID controller

for the inverted pendulum uses triangular membership func-
tions. Figs. 6 and 7 show the membership function for the er-
ror signal (e(k)) and the derivative of the error signal (De(k)).
Figs. 8 and 9 show the output signal of the IT2F-PI controller

(DUPI(k)) and the output of the IT2F-PD controller (UPD(k)).
The universe of discourse is divided into five overlapping inter-
val type-2 fuzzy set values labeled NL (Negative Large), NS

(Negative Small), Z (Zero), PS (Positive Small) and PL (Posi-
tive Large). The rule base for the IT2F-PI and the IT2F-PD
controllers is described in Tables 1 and 2 respectively. The

scaling factors of the IT2F-PID controllers are Ge1 = �1,
GDe1 = �12, Ge2 = 0.5, GDe2 = 30, Gu = 2 and GDu = 1.

4. Implementation of the interval type-2 fuzzy PID controller

4.1. Hardware-in-the-loop simulation

Hardware-in-the-loop simulation is used increasingly required
for the design, implementation and testing of control systems,

where some of the control loop components are real hardware
and some are simulated. Usually, the controlled system is sim-
ulated in real-time and the controllers are in hardware [35].
HIL simulation has been developed in industrial control for

testing of systems comprising some physical and some simu-
lated components [36–38]. Simulation is used to represent pro-
cesses that are physically unavailable, or whose use would be

too costly, dangerous, or time-consuming. Proven benefits of
HIL simulation include reproducibility of experiments and
the ability to perform tests which would otherwise be impossi-

ble, impractical or unsafe. The proposed IT2F-PID controller
which described in Sections 2 and 3 is implemented using a low
cost PIC microcontroller (P18F4685). The architecture of the
P18F4685 is Harvard architecture which the program memory

(14 bit) and the data memory (8 bit) as separate memories and
are accessed from separate buses. With P18F4685, the instruc-
tion is fetched in a single instruction cycle (execution time
ntroller for an inverted pendulum.



Figure 6 Membership functions for the error signal.

Figure 7 Membership functions for the derivative of error

signal.

Figure 8 Membership functions for the output signal of the

IT2F-PI controller.

Figure 9 Membership functions for the output signal of the

IT2F-PD controller.

Table 1 The rule base for the IT2F-PI controller.

Derivative of error signal Error signal

N NS Z PS PL

NL NL NL NL NS Z

NS NL NL NS Z PS

Z NL NS Z PS PL

PS NS Z PS PL PL

PL Z PS PL PL PL

Table 2 The rule base for the IT2F-PD controller.

Derivative of error signal Error signal

N NS Z PS PL

NL PL PL PL PS Z

NS PL PL PS Z NS

Z PL PS Z NS NL

PS PS Z NS NL NL

PL Z NS NL NL NL

480 A.M. El-Nagar, M. El-Bardini
equal 0.1 ls) which reduces the computation time and im-
proves the performance. The P18F4685 has high computa-

tional performance at an economical price with the addition
of high-endurance, 98 kB of internal read only memory
(ROM), 32 kB of internal random access memory (RAM),
40 MHz crystal frequency and addressable universal
synchronous asynchronous receiver transmitter (USART).

All programming is done in the C language using the mikroC
environment. The nonlinear inverted pendulum is simulated
using MATLAB via real-time toolboxes where the sampling

time for the system is 0.01 s. The communication between
the MATLAB and PIC microcontroller is performed by serial
communication via RS232. Fig. 10, shows the schematic

diagram of the HIL simulation for the system. Fig. 11, shows
the real implementation of HIL simulation setup for the
nonlinear inverted pendulum.

4.2. Practical results

In this section, the real-time simulation results for a system
representing an inverted pendulum-cart system controlled

using the proposed IT2F-PID controller are presented. In or-
der to clarify the improvements of the proposed controller,
the simulation results with a T1F-PID controller also are

implemented for comparison purposes using the same number
of membership functions, a number of rules, the same universe
of discourse and the gains that shown in Fig. 1. The parame-

ters of an inverted pendulum-cart system are given in Table 3.
There are three experimental tasks performed for the inverted
pendulum. For all the experimental tasks the initial conditions
are x1 = 0.3 rad and x2 = 0 rad/s.

4.2.1. Task 1: Uncertainty in the mass of the pendulum

Fig. 12, shows the response of an inverted pendulum when

adding Dmp = 2.5 kg after 2 s from starting the experiment.
The proposed IT2F-PID controller can realize tracking of an
inverted pendulum with good robustness with small overshoot
and settling time rather than the T1F-PID controller. Fig. 13,

shows the response of the inverted pendulum when adding
Dmp = 2.7 kg after 2 s. It’s clear that, the response of the in-



Figure 10 Schematic diagram of the HIL simulation of the system.

Figure 11 Experimental setup used in the study.

Table 3 The parameters of the inverted pendulum system.

Symbol Parameter name Values

mc The mass of the cart 0.5 kg

mp The mass of the pendulum 0.2 kg

I The half length of the pendulum 0.5 m

g The gravity acceleration 9.8 m/s2
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verted pendulum system remains stable for the proposed IT2F-
PID controller and unstable for the T1F-PID controller. To

show the improvements of the proposed controller, the mean
absolute error (MAE) which is defined in Eq. (20) for the pro-
posed IT2F-PID controller and the T1F-PID controller is

shown in Figs. 14 and 15. It’s clear that the MAE for the pro-
posed IT2F-PID controller is lower than that obtained for the
T1F-PID controller. So, the response of the proposed IT2F-

PID controller is made significantly better than the T1F-PID
controller to handle the uncertainty due to the mass of the
pendulum.

MAE ¼ 1

N

XN

i¼1
jeðtÞj ð20Þ



Figure 12 Response of the inverted pendulum system for uncertainty in the mass of the pendulum (Dmp = 2.5 kg).

Figure 13 Response of the inverted pendulum system for uncertainty in the mass of the pendulum (Dmp = 2.7 kg).
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4.2.2. Task 2: Uncertainty due to the measurement error in the
angle of the pendulum

This task shows the effect of the uncertainty due to the mea-
surement error in the angle of the pendulum. The response
of an inverted pendulum for this task using Dx1 = 0.052 rad
after 2 s from starting the simulation is shown in Fig. 16. It

is clear that, the response of the proposed IT2F-PID controller
after adding uncertainty value is better than the T1F-PID



Figure 16 Response of the inverted pendulum system when the value Dx1 = 0.052 rad.

Figure 15 MAE for uncertainty in the mass of the pendulum (Dmp = 2.7 kg).

Figure 14 MAE for uncertainty in the mass of the pendulum (Dmp = 2.5 kg).
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Figure 17 MAE for the uncertainty due to the measurement error in the angle of the pendulum.
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controller where the settling time for the proposed IT2F-PID
controller after adding the uncertainty value is less than the
settling time for the T1F-PID controller. Fig. 17, shows the

MAE for both the proposed and the T1F-PID controller.
The MAE for the proposed IT2F-PID controller is lower than
the T1F-PID controller. So, the proposed IT2F-PID controller

is able to respond the uncertainty due to the measurement er-
ror of the pendulum angle rather than the T1F-PID controller.

4.2.3. Task 3: Structural uncertainty

To simulate this type of uncertainty, we add the value of DA to
the system states (x1 and x2) as shown above in Eq (16).
When this value is added, this mean that the parameters of
Figure 18 Response of the inverted pendul
the inverted pendulum are changed. Fig. 18, shows the re-
sponse of an inverted pendulum system using the IT2F-PID
and the T1F-PID controllers for this task. The uncertainty

value, DA is defined as:

DA ¼
0:03 0:03

0:03 0:03

� �
This value is added at time equal 2 s. As shown in Fig. 18, the
response of the pendulum angle which is seemed to oscillate far

from the origin after adding the uncertainty value for the T1F-
PID controller but, the response of the pendulum angle for the
proposed IT2F-PID controller is good without an oscillation

after adding the uncertainty value. The MAE for the proposed
um system for the structural uncertainty.



Figure 19 MAE for the structural uncertainty.
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IT2F-PID controller and the T1F-PID controller is shown in

Fig. 19. It’s clear that, the MAE for the proposed controller
is lower than the T1F-PID controller. So, the proposed
IT2F-PID controller is superior to respond the uncertainty

rather than the T1F-PID controller.
To show the visual indications of control performance, an

objective measure of error performance was made using the
integral of square of errors (ISE), the root mean square error

(RMSE) and the integral of the absolute error (IAE) criteria.
The ISE, the RMSE and the IAE are defined in Eqs. (21)–
(23) respectively.

ISE ¼
Z 1

0

½eðtÞ�2dt ð21Þ

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1
ðeðtÞÞ2

r
ð22Þ

IAE ¼
Z 1

0

jeðtÞjdt ð23Þ
Table 6 IAE values.

Task 1 (Dmp = 2.5 kg) Tas

T1F-PID 29.39 120

IT2F-PID 16.55 16

Table 4 ISE values.

Task 1 (Dmp = 2.5 kg) Tas

TIF-PID 2.733 18.6

IT2F-PID 2.047 2.0

Table 5 RMSE values.

Task 1 (Dmp = 2.5 kg) Tas

TIF-PID 0.0477 0.12

IT2F-PID 0.0413 0.04
Tables 4–6 list the ISE, the RMSE and the IAE values respec-

tively, for the T1F-PID controller and the proposed IT2F-PID
controller for all the above experimental tasks. As shown in
Tables 4–6 the values of the ISE, the RMSE and the IAE

for the proposed IT2F-PID controller are lower than that
the values obtained for the T1F-PID controller. So, the pro-
posed IT2F-PID controller is superior to respond the uncer-
tainties in the inverted pendulum system rather than the

T1F-PID controller.
The used memory for the proposed IT2F-PID controller is

32% of RAM and 43% of ROM and for the T1F-PID control-

ler is 14% of RAM and 23% of ROM. The computation time
for the proposed IT2F-PID controller is 4.5 ms and 2.4 ms for
the T1F-PID controller. It’s mean that, the computation time

for the proposed IT2F-PID controller is less than the sampling
time for the system (0.01 s). Although the computation time
for the proposed controller is larger than the time for the
T1F-PID controller, the proposed IT2F-PID controller

improves the performance and respond to the uncertainties
rather than the T1F-PID controller.
k1 (Dmp = 2.7 kg) Task 2 Task 3

.04 21.71 30.23

.6 15.68 12.25

k1 (Dmp = 2.7 kg) Task 2 Task 3

2 4.0432 3.434

55 2.713 1.965

k1 (Dmp = 2.7 kg) Task 2 Task 3

46 0.0821 0.0756

14 0.0672 0.0572
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5. Conclusions

In this paper, the IT2F-PID controller is proposed for control-
ling the uncertain inverted pendulum on a cart. The proposed

IT2F-PID controller is a parallel combination of IT2F-PI
controller and IT2F-PD controller. The IT2F-PID controller
is implemented using a low cost PIC microcontroller

(P18F4685). The test is carried out using HIL simulation.
The inverted pendulum system is simulated using a MATLAB.
The communication between the controller and the simulated
system is performed using serial communication. The pro-

posed IT2F-PID controller has been tested by using three
experimental tasks including the mass uncertainties of the pen-
dulum, the structural uncertainties, and the uncertainty due to

the measurement error in the angle of the pendulum. The
experimental results of the proposed controller are compared
with the results of the T1F-PID controller. For the mass uncer-

tainty case, the proposed IT2F-PID controller can realize
tracking of an inverted pendulum with good robustness, small
overshoot and small settling time rather than the T1F-PID

controller. When the uncertainty value of the mass of the pen-
dulum increased, the proposed controller remains the stability
of the system. For the structured uncertainty case, the inverted
pendulum system remains stable for the proposed controller.

But, it becomes unstable for the T1F-PID controller. For the
uncertainty due to the measurement error case, the proposed
controller has the ability to respond the effect of this type of

uncertainties rather than the T1F-PID controller. Four perfor-
mance indices; MAE, ISE, RMSE and IAE are measured for
the proposed IT2F-PID controller and the T1F-PID controller

for all cases and these indices establish the superiority of the
proposed controller to respond to system uncertainties rather
than the T1F-PID controller. Thus, the methodology proposed

in this study can be used to realize a robust, practically realiz-
able, fuzzy controller capable of controlling a real-life plant
with system uncertainties with acceptable closed-loop re-
sponse. For the calculations of the proposed IT2F-PID con-

troller, the Wu-Mendel method is used to perform the type-
reduction which decreases the time of computation rather than
KM algorithms. So, in the future work we can propose an-

other type-reduction methods which decrease the time of com-
putations rather than Wu-Mendel method.

The major contributions of this study are: (1) the successful

development of the fuzzy PID controller to the IT2F-PID con-
troller. (2) The successful implementation of the proposed
IT2F-PID controller using a low cost PIC microcontroller.
(3) The successful application of an embedded IT2F-PID con-

troller for controlling the uncertain inverted pendulum on a
cart system using the HIL simulation. (4) The success of the
proposed controller to minimize the effect of the system uncer-

tainties where the MAE, ISE, RMSE and IAE for all HIL sim-
ulation results obtained for the proposed controller are lower
than that obtained for the T1F-PID controller.
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