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flow (v =[1,0], p = 1). We also show that this solution is unique in a class of small
perturbations of the constant flow (v, p). In order to show the existence of the solution
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1. Introduction and main results

The problems of steady compressible flows described by the Navier-Stokes equations are usually considered with the ho-
mogeneous Dirichlet boundary conditions on the velocity. It is worth from the mathematical point of view, as well as in the
eye of applications, to investigate different types of boundary conditions. A significant feature of the compressible Navier-
Stokes system is its mixed character: the continuity equation is elliptic in the velocity whereas the continuity equation is
hyperbolic in the density. If we assume that the flow enters the domain, then the hyperbolicity of the continuity equation
makes it necessary to prescribe the density on the inflow part of the boundary. A time-dependent compressible flow with
inflow boundary condition has been considered by Valli and Zajaczkowski in [18]. The authors showed existence of a global
in time solutions under some smallness assumptions on the data. They also obtained a stability result and existence of
a stationary solution.

Plotnikov and Sokolowski investigated shape optimization problems with inflow boundary condition in 2D [16] and
3D [15], working with weak solutions. The analysis of domain dependence and other qualitative aspects of compressible
flows in the framework of strong solutions encounters a barrier of lack of general existence results. Hence it is worth to
cite two recent papers [13] and [14] by Plotnikov, Ruban and Sokolowski. In [13] an isentropic flow in a bounded domain
past an obstacle is investigated. The authors show existence of a strong solution to the system with the right-hand side
dependent on the obstacle. The result is subject to a certain condition on the geometry of the boundary and the boundary
data. Next the convergence of appropriately defined finite differences with respect to the deformation of the obstacle is
shown, that enables to define the shape derivative of the drag functional. In [14] Plotnikov, Ruban and Sokolowski investi-
gated a complete heat-conducting system, showing existence of a strong solution for potential mass forces. A convergence
to the solution of incompressible system when the viscosity tends to zero is also shown. The results are again subject to
restrictions on the boundary and the boundary data similar as in [13].

Regular solutions to problems with inflow boundary conditions have been investigated by Kellogg and Kweon [6] and
Kweon and Song [8]. The results obtained by these authors require some assumptions on the geometry of the boundary
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in the neighborhood of the points where the inflow and outflow parts of the boundary meet. In [7] Kweon and Kellogg
investigated the case when the inflow and outflow parts of the boundary are separated, obtaining regular solutions.

What seems to be interesting is to investigate an inflow condition on the density combined with slip boundary conditions
on the velocity, that allow to describe precisely the action between the fluid and the boundary. The slip boundary conditions
have been investigated by Mucha [9] for incompressible flows, and also by Fujita [3] and Mucha and Pokorny [10] for
compressible flows.

Here we investigate a steady flow of a viscous, barotropic, compressible fluid in a square domain in R? satisfying inho-
mogeneous slip boundary conditions on the velocity combined with an inflow condition on the density. We impose that
there is no flux across the bottom and the top of the square, so that it can be considered a finite, two-dimensional pipe.
From the analytical point of view our domain prevents the singularity that appears in a general domain where the inflow
and outflow parts of the boundary coincide.

We show existence of a solution that can be considered as a perturbation of a constant solution (v = (1,0), p =0).
Under some smallness assumptions we can show an a priori estimate in a space W%(Q) X W},(Q) that is crucial in the
proof of existence of the solution. Now let us formulate the problem under consideration more precisely.

The stationary compressible Navier-Stokes system describing the motion of the fluid, supplied with the slip boundary
conditions, reads

pv-Vv—uAv —(u+v)Vdivv+ Vp(p)=0 in Q,

div(pv) =0 in Q,

n-T(v.p¥) - T+ fv-t=b onT,

n-v=d onlr,

p=pin on iy, (11)

where Q = [0, 1] x [0, 1] is a square domain in R? with the boundary I" and I}, = {x € I": ¥ -n(x) < 0}. We will also denote
Tow=1{xel: ¥-n(x)>0} and lp={xe: v -n(x) =0} Next, be Wy "/P(I'), d e W™"P(I") and pin € W5™"/P(In)
are given functions. v = (v(D, v®) is the velocity field of the fluid and p is the density of the fluid. We assume that the
pressure is a function of the density of the form p(p) = p¥ for some y > 1. The outward unit normal and tangent vectors
are denoted respectively by n and 7. We assume d = 0 on Ip, what means that there is no flow across these parts of the
boundary. Moreover,

T(v, p) =2uD(v) + vdivvi — pl

is the stress tensor and
D(v) = l{vi +v) }
Ty Xifi j=1,2

is the deformation tensor. ;& and v are viscosity constants satisfying ;4 > 0 and v+2u > 0 and f > 0 is a friction coefficient.
The slip boundary conditions (1.1)3 4 are supplied with the condition (1.1)s prescribing the values of the density on the
inflow part of the boundary. Under the assumptions on @ and v the momentum equation (1.1); is elliptic in u, whereas the
continuity equation (1.1), is hyperbolic in p.

Our method would also work with no modification if we considered a perturbation of the constant flow (v, p) satisfy-
ing (1.1); with a term pF on the rh.s. provided that ||F||;, was small enough.

Since T(v, p¥) =0, the constant flow (v, p) fulfills Egs. (1.1) with boundary conditions fv -7 = ft™ and n-v =n®,

Our main result is

Theorem 1. Assume that |b— frD Iy and || pin — 1| are small enough and f is large enough.

_nM
11Uy ld—n IIW;—l/p(r)
Then there exists a solution (v, p) € Wﬁ(Q) X W;(Q) to the system (1.1) and

w, VP (M)

IV = Plwz + 110 = llyy <E, (12)

where E is a constant depending on the data, i.e. on d, pi, b, the constants in the equation and the domain, that can be arbitrarily
small provided that the data is small enough.
Moreover, if (v1, p1) and (va, p2) are two solutions to (1.1) satisfying the estimate (1.2) then (v1, p1) = (v2, p2).

There are several difficulties in the proof of Theorem 1 that result, roughly speaking, from the mixed character of the
problem. In a general domain a singularity appears in the points where the inflow and outflow parts of the boundary meet
and we cannot apply the method used in this paper to obtain an a priori estimate. However, there is another difficulty in
the analysis of the steady compressible Navier-Stokes system, independent on the domain. This difficulty lies in the term
u - Vw. Namely, if we want to apply some fixed point method then this term makes it impossible to show the compactness



T. Piasecki / J. Math. Anal. Appl. 357 (2009) 447-467 449

of the solution operator. We overcome this difficulty applying the method of elliptic regularization. We solve a sequence of
approximate elliptic problems and show that this sequence converges to the solution of (1.1). This is a well-known method
that has been usually applied to the issue of weak solutions [12,10], and differs from the approach of Kweon and Kellogg
used to derive regular solutions in [6,7].

Let us now outline the strategy of the proof, and thus the structure of the paper. In Section 2 we start with removing
inhomogeneity from the boundary conditions (1.1)4 5. It leads to the system (2.3), and we can focus on this system instead
of (1.1). In the same section we define an e-elliptic regularization to the system (2.3) and introduce its linearization (2.4). In
Section 3 we derive an e-independent estimate on a solution of the linearized elliptic system (Theorem 2). Although linear,
the system (2.4) has variable coefficients and thus its solution is not straightforward. In order to solve (2.4) we apply the
Leray-Schauder fixed point theorem in Section 4, using a modification of the estimate from Theorem 2. In Section 5 we
use the a priori estimate to apply the Schauder fixed point theorem to solve the approximate elliptic systems. In Section 6
we prove our main result, Theorem 1. The proof is divided into two steps. First we show that the sequence of approximate
solutions converges to the solution of (2.3) and thus prove the existence of the solution to (1.1) satisfying the estimate (1.2).
Next we show that this solution is unique in a class of small perturbations of the constant flow (v, p). We see that the
estimate from Theorem 3 is in fact used at three stages of the proof, therefore we show it in a detailed way in Section 3.

2. Preliminaries

In this section we remove the inhomogeneity from the boundary conditions (2.3)4 5. Then we define an e-elliptic reg-
ularization to the system (1.1). We also make some remarks concerning the notation. Let us construct ug € W;(Q) and

wg € Wﬁ(Q) such that
n-uolr=d—nY and wolr, = pim — 1. (2.1)

Due to the assumption of smallness of d —n|r and pi, — 1|1;, we can assume that

Huollwg, IIWollwg <1 (2.2)

Now we consider

u=v—-v—uy and w=p—p— wo.

One can easily verify that (u, w) satisfies the following system:

Bxlu—MAu—(v—I—M)Vdivu—i-y(w—i-w0+1)7’_1Vw=F(u,w) inQ,
(Ww+wo+ Ddivu+ oy, w+ (u+ug)- Vw=G(u,w) in Q,
n-2uD)-t+ fu-t=B on T,
n-u=0 onrl,
w=0 on [}, (2.3)
where
F(u,w):—(w—|—wo+1)(u0~Vu+u~Vuo)—w(u0~Vu0)—(w+w0+1)u-Vu—y(w+w0+1))”1Vw0
+ nAug + (v + u)Vdivug — (wo + 1)ug - Vo,
Gu,w)=—(w+wg+1)divug — (u+up) - Vwg — dx; Wo

and

B=b—2un-D(ug) -7 — fr'V.

In order to prove Theorem 1 it is enough to prove the existence of a solution (u, w) to the system (2.3) provided that
IIUollwg, ||w0||W5 and ||B||W171/p(r) are small enough. As we already mentioned, the presence of the term u - Vw in the
p

continuity equation makes it impossible to show the compactness of a solution operator if we try to apply fixed point
methods directly to the system (2.3). We overcome this difficulty applying the method of elliptic regularization. The method
consists of adding an elliptic term —e Aw to the r.h.s. of (2.3); and introducing an additional Neumann boundary condition.
Since the density is already prescribed on the inflow part of the boundary by (2.3)s, we impose the Neumann condition
only on the remaining part of the boundary. While we are passing to the limit with the density in Wg,-norm, the Neumann
condition will disappear. Similar approach has been applied to the issue of inviscid limit for the incompressible Euler system
in [5]. Consider a following linear system with variable coefficients:
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axlue—MAue—(v+u)Vdivu€+y(v’v+wo+1)7”1Vw€:Fe(ﬁ,v'v) in Q,
W+ wo + D divie + 0y, We + (U 4+ ug) - VWe —€AWe =G (U, w) in Q,
n-2uD(ue)- T+ fue-t=B on T,

n-u¢=0 on I,

we=0 on [,
A
on

=0 on I'\ Iy, (2.4)

where (i, W) € Wg(Q) X W;,(Q) are given functions and Fe(il, w) and G (ii, W) are regularizations to F(ii, w) and G(ii, W)
obtained by replacing the functions 1o and wq by their regular approximations u§ and wy.
Let us define an operator Te : D C W5(Q) x W, (Q) — W5(Q) x W}(Q):

(Ue, We) =Te(u,w) <& (Ue, We) is a solution to (2.4), (2.5)

where D is a subset of WIZ,(Q) X W;(Q) that we will define later. Using the operator T we define an e-elliptic regulariza-
tion to the system (2.3).

Definition 1. By an e-elliptic regularization to the system (2.3) we mean a system
(e, We) = Te (e, We). (2.6)

We want to show the existence of a solution to the e-elliptic regularization to the system (2.3) applying the Schauder
fixed point theorem. The strategy has been outlined in the introduction. In Section 4 we show that T is well defined, which
means that for given (u, w) there exists a unique solution to (2.4) (Theorem 3). In fact we show that T, is well defined
for € small enough, but it suffices since we are interested in small values of €.

In Section 5 we show that T, satisfies the assumptions of the Schauder fixed point theorem and thus we solve the
system (2.6) for € small enough.

As we already said, the key point is to derive an e-independent estimate for the system (2.4), which is used at different
stages of the proof. We derive such estimate in the next section. Before we proceed, we will finish this introductory part
with a few remarks concerning notation.

For simplicity we will denote

y(W+ wo +1)Y
v+20
a(W) =y (W +wo+ 171,

ap(w) =

)

ay(W) =y (W +wo + 1)V 2, (2.7)

By C we will denote a constant that depend on the data and thus can be controlled, not necessarily arbitrarily small. If
the constant depend not only on the data, but also on €, we will denote it by Cc. Finally, by E we will denote a constant
dependent on the data that can be arbitrarily small provided that the data is small enough.

Since we will usually use the spaces of functions defined on Q, we will omit Q in the notation of a space, for example
we will denote the space L,(Q) by Ly. The spaces of functions defined on the boundary will be denoted by L, (I"), etc.

We do not distinguish between the spaces of vector-valued and scalar-valued functions, for example we will write
ue Wﬁ instead of u € (Wf,)z.

3. Apriori estimate for the linearized elliptic system

In this section we show an e-independent estimate on ||u, ng + lwe ||W11], where (ue, W) is a solution to (2.4). The first

step is an estimate in H' x L,. Next we eliminate the term divu from (2.4); applying the Helmholtz decomposition and the
properties of the slip boundary conditions. Then we derive the higher estimate using interpolation.

3.1. Estimatein H! x Ly

In order to prove a priori estimates on H'-norm of the velocity and L?-norm of the density for the system (2.4) let us
define a space

V={veH"(Q;R*): v-n|r=0}. (3.1)

The estimate is stated in the following lemma.
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Lemma 1. Assume that €, ||ﬂ||W§ and ||V_V||w}, are small enough and f is large enough. Then for sufficiently smooth solutions to
system (2.4) the following estimate is valid

ullyy +lIwll, < C[[ Fe@, w)|

where V* is the dual space of V.

Before we start the proof, we shall make a remark concerning the term ||w/||,,1, that is rather unexpected in an energy

estimate. Its presence is due to the functions a;(w) and (w + wg + 1) on the r.h.s. of (2.4). However, this term does not
cause any problems when we apply (3.2) to interpolate in the proof of Theorem 2, since it is multiplied by a small constant.

Proof of Lemma 1. The proof is divided into three steps. First we multiply (2.4); by u and integrate over Q. We obtain
an estimate on |lul|y1 in terms of the data and [|w||,. Then we apply the second equation to estimate ||w]|;, and finally
combine these estimates to obtain (3.2). For simplicity we will write F and G instead of F¢ (i, w) and G¢ (U, w).

Step 1. We multiply (2.4); by u and integrate over Q. Using the boundary conditions (2.4)3 4 we get
(1)
n

/2,uD2(u)+vdiv2udx+/<f+7)|u|2do+/[a1(\7v)]undx:/Fudx—e—/B(u~7:)da. (3.3)
Q r Q Q r

The boundary term on the Lh.s. will be positive provided that f is large enough. Next we integrate by parts the last term
of the Lh.s. of (3.3). Using (2.4); we obtain

/[m(v’v)]undx: —/[al(v‘v)] divuwdx—/uwv[m (w)]dx

Q Q Q
:f%"_")]wznmdo - %/wz[axlaz(v'v)+(ﬁ+ug)Va2(\7v)] dx — %/[az(v'v)] div(i + ug)w? dx
r Q Q
—/[az(v'v)]G(ﬂ,v'v)wdx—e/[az(v'v)]wAwdx—/uwv[m(v'v)]dx.
Q Q Q

Since nV|,, =1, using (3.3) and the Korn inequality ((A.1), Appendix A) we get

CQ||u||§V% + /[az(W)]WZda

Tout
</az(v'v)div(ﬁ+u0)w2dx+f[a2(ﬁ/)]6wdx+/Fuclx+/B(u.r)do
Q Q Q r
Ih Iz
+6/[az(v_v)]wAwdx+/qu[a1(17v)]dx+fwz[axlaz(v'v)-l—(l]+uo)Va2(\7v)]dx. (3.4)
Q Q Q

I3 Ig Is

Obviously we have I1 < E[|w||,. Now we have to deal with the term with Aw. Due to the boundary conditions (2.4)s s
we have

I3=¢ /[az(v_v)]wAwdx =—€ /[az(W)]|Vw|2dx —€ / wV[ay(W)]Vwdx. (3.5)
Q Q Q
Using Holder inequality we get
‘/Wv[az(‘/_\’)]VWdX < | V][az(w)] HLPHWVWHLP* < | V[@2(w)] “Lp VWL, llwli, < CIVw(,.
Q
where q = % < +o0 and p* = p%]. Thus the term with € on the r.h.s. of (3.4) will be negative provided that ||17v||W£7 will

be small enough. Next,

I4 < ‘/uwv[m(v_v)]dx <C[V[ar W], el 1wl < E(luly,, + 1wli,).
Q
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The last term of the r.h.s. is the most inconvenient and it must be estimated by W;—norm of w, and this is the reason why
this term appears in (3.2). Fortunately it is multiplied by a small constant what will turn out very important in the proof of
Theorem 2. We have

Is < Cllaz (@) |y Wiy < ENWIG,,-

Provided that the data is small enough, using the trace theorem to estimate the boundary term and the Hoélder inequality
we get

||u||‘2/v% +C / w2do < C[|[Fe(@, w)|
Tout

e FGe@ Wy + IIBIILZ(D](IIUIIW; +Iwll,) + EIIWII‘Z,VA- (36)

Step 2. In order to derive (3.2) from (3.6) we need to find a bound on [|w||;,. From (2.4), we have

w=G—(U+up) -Vw— W+ wo+1divu +e€Aw,

thus
X1

w2(x1, x2) = w2(0, xz)+/2wws(s,xz)d5

0
X1 X1 X1
:/ZW[G — (W4 wo + D divu](s, xz)ds—/Zw(ﬁ +ug) - Vw(s, xp) ds + 2¢ / WAW(s, xp)ds.
0 0 0
S1 S2
S1 can be estimated directly:
/&<mmm+aMmem. (3.7)

Q
It is a little more complicated to estimate S;. We have
X1 X1 X1
Sy =— /(ﬁ +ug) Vo, w2 (s, x3) ds — /(ﬁ + u0)<2>3x2 W2(s, x3) ds + 2¢ f WAW(S, x2)ds.
0 0 0

Now we integrate first and second component by parts. In the second component we use the fact that the integration
interval does not depend on x;. We get

X1
Sy = —(@+ug) P wi(x1,x2) +/(ﬁ +u0),(<?w2(s, x2)ds

0
X1

X1 X1
d _ _
~ /(u +ug) P ws, xz)ds+/(u +uo),g)wz(s,xz)ds+26fwAw(s,xz)ds
2
0 0

0
X1 X1 X1
_ _ a _
= —{@+ug)Pw?(x1, %) + / w2 div(i + ug)(s, x2) ds — Fyo. /(u +ug)Pw2(s, xp) ds + 2¢ / WAW(S, x2)ds
2
0 0 0

=Sy +S3+53+53.

The integrals of S% and S% can be estimated in a direct way:

/w%/wa<mwm. (3.8)
Q Q

Next,

X1 X1

/S%:/%[/u@wz(s, xz)ds} dx:/n(2)|:/(fI+uo)(2)w2(s, xz)ds:| do.
2
r

Q Q 0 0
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Now we remind that w =0 on Ij,. Moreover, the boundary conditions yield (u + uo)(z) =0 on [p. Finally, on Iy, we have
2) —
n'“) =0. Thus

[sgzo. (3.9)
Q
Finally,
1 1 x1 1
/S‘Z‘dx:/[//WAw(s,xz)dsdx2:| dxq :[|: / WAw(x)dxi| dxq,
Q 0 -0 0 0 Py

1

where Py, :=[0, x1] x [0, 1]. We have

(2.4)5.6
/wAwdx:—/|Vw|2dx+ / wVw . -ndo < /wwx](x1,x2)dx2,

Py, Py, dPy, 0
thus
11
/S‘édnge/fwwx1 (%1, X2) dxo dx; =e/8x1w2dx=e / w2nVdo. (3.10)
Q 00 Q Tout

Combining (3.8), (3.9) and (3.10) we get

/52_/52+s +53+55< E||w||L2+e/w2da.
Tout

Combining this estimate with (3.7) we get

IwiiZ, < C(|Get@, W, + lullys)* +Elwlz + e / w?do,

Tout
and thus
R 2
IwiZ < C(|Ge@ )], + lullyy)’ +Ce f w2do. (311)
Tout
Step 3. Substituting (3.11) to (3.6) we get
lullfys + / wdo < CD(lullyy + IWlliy) +CD* + E[ Wi, (312)

Tout

where D = [|Fe(it, W)|lv= + [|Ge (@, W)l 2 + |Bll2(y)- Combining this inequality with (3.11) we get

2
(el + IWlz,) +<C—e)/w2do (||u||w1+||w||L2)+D2+E||w||W1,
Tout

thus for € small enough we obtain (3.2). O
3.2. Estimate for ||””w,§ + ||W||W;

The following theorem gives an e-independent estimate on ||ue ”WE + [|we ||W; where (u¢, We) is a solution to (2.4).

Theorem 2. Suppose that (u., we¢) is a solution to (2.4). Then the following estimate is valid provided that the data, ||ﬂ||W§ and
||v'v||W; are small enough and f is large enough

luellwg + lIwellyy < C[[Fe@ W, + [Ge@ )|y + 1Blly1-10 - (313)

where the constant C depends on the data but does not depend on €.
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The proof will be divided into three lemmas. In the first lemma we eliminate the term divu from (2.4),.

Lemma 2. Let us define

H:=—+2p)divue + [a; (W) ] we, (3.14)
where (U¢, W¢) is a solution to (2.4) and a1 (w) is defined in (2.7). Then

IVHIL, < C|[Fe@, W), + 1Bl 1-p py + Nelly1vm oy + 1l ]+ ElW Iy (315)

and we satisfies the following equation

[ao(W)]w + wx, + (@ +up) - Vw —eAw = H, (3.16)
where
- HWw 1
g=HWHEWorD | i w), (317)
v+2u

Proof. Let us rewrite (2.4)1 as

O Ue — AU — (V4 )V divie + Yy Vwe = Fe(il, W) — [a1 (W) — ¥ [Vwe.

Taking the two-dimensional vorticity of (2.4); we get
dy, 0te — LAQe =TOt[Fe (@, V) — (a1 (W) — ¥)Vwe] in Q,

f B
ode=——(Ue¢-T)+— on T, (3.18)
u 2

where o =rotue = ugf{] — ugf(z. The boundary condition (3.18); has been shown in [11] in a more general case; a simplifi-

cation of this proof yields (3.18),. Since our domain is a square, we can use the symmetry to deal with corner singularities
and apply the standard LP theory of elliptic equations [4] to obtain the estimate

o i} B
lete llyy < C[H Fe (i, w) \|Lp + [ (a1 (W) — y) Vwe ||Lp + H—ﬁ(ue ST+ — (3.19)

“n le‘,‘/"(r)].
From the definition of a;(w) of (2.7) we see that ||(a;(w) — y)l|lL,, can be arbitrarily small provided that ”W”w; is small

enough. Moreover, from the boundary condition (2.4)4 we have ue = 7(ue¢ - T) on I, thus (3.19) can be rewritten as

lete g < CLIFe@ W], + 1By + Ttelly1-m y + ElWellyy ] (3.20)

Now we apply the Helmholtz decomposition of u. (see Appendix A, (A.2)):

Ue =V¢ + VTA. (3.21)

For simplicity we omit the index e in the notation of ¢ and A. We have n- VtA=1.VA= %A, thus the condition
n-V4LA|r =0 yields Al = const. Moreover,

rotu = rot(Ve + V=A) = rot V:A = AA.
We see that A is a solution to the following boundary value problem:
AA=ac e W)H(Q),
A|r = const.
Applying again the elliptic theory we get
1Al < ey < C{[FeC@ )|, + 1Bl + ey o ) (322)
Substituting the Helmholtz decomposition (A.2) to (2.4); we get
O, (Vo + VEA) — uA(Vo + VEA) — (v + )V div(Ve + VEA) + [ar (W) [Vw = Fe (@, W),
but divV¢ = A¢ and thus



T. Piasecki / J. Math. Anal. Appl. 357 (2009) 447-467 455
—(V+ 2 VA + V([ar(W)]w) = F(il, W) + uAVFA + (u+ 1)V divVEA — 85, VEA + 3y, Vo + wV[ar (W)]
=:F, (3.23)
what can be rewritten as
V(—=(v+2u)Ad + ya;(w)w) =F.
We have A¢ =divu, thus F = VH where H is defined in (3.14). From (3.23) we have
IFllz, < C[[Fe@ w)|, +1Alys + V2], ]+ [ V[ao®)]], Iwelloo
SC[|Fe@ W) + 1Ally3 + 101l w2] + Ellwelly

and from (3.22) and (A.3) we get (3.15). The proof is thus completed. O

In the next lemma we will use Eq. (3.16) to estimate ||W||W; in the terms of functions H and G (i, w).

Lemma 3. Under the assumptions of Theorem 2 the following estimate is valid:

IWellwy + 1Wex Ly < CIHIw ) (3.24)

where

H= G(u, w). 3.25
v+2u+ @, w) (3.25)

Proof. Throughout the proof we will omit the index € denoting w. by w. The proof will be divided into four steps. First
we estimate |[w||.,, then [[wy, ||, and [[wy, |1, and finally combine these estimates.

Step 1. Multiplying (3.16) by |[w|P~2w and integrating over Q we get

/ao(v'v)lwlp +/|w|1’—2wwx] +f(a+u0)-VW|w|P—2w—e/Aw|w|P—2w=/H|w|P—2w. (3.26)
Q Q Q Q Q
I 13 3 11 13
We have
I?:l/(u+u0)~V|W|pdx=—l/|w|pdiv(ﬁ—|—uo)dx+l / u(()1)|w|pda.
P2 P2 P

Next,

1 1 1
If:—/8x1|wlpdx:—/\w|pn“)da:— / lw|Pdo.
p p p
Q r Tout

Combining the last two equations we get

1
—(F+1)<EIwIf, —cC / (1+ul”)w|P do.
Tout
The boundary term is positive due to the assumption of smallness of ug. The term with Aw:
ow
If=e / Vw - V(lwP2w)dx — e/ |w|P—2wa— do.
n
Q r

The boundary term vanishes due to the conditions (2.4)5 ¢ and the first term of the r.h.s. is equal to

(p— 1)/ [w[P~2|[Vw|?dx > 0.
Q

The r.h.s. of (3.26) can be estimated directly:

~ _ ~ —1)p*\1/p* ~ -1
I?=/H|w|" 2wdx<||H||Lpf(|w|<P VPP dx= | HIlL, Il
Q Q



456 T. Piasecki / J. Math. Anal. Appl. 357 (2009) 447-467

The smallness of w and wq in W; implies that ag(w) > C > 0, thus combining the above estimates we get C||W||fp <

[] -1
\|H||Lp||w||fp +E||w||fp,thus

Iwllz, < CIHL,- (3.27)

Step 2. In order to estimate wy, we differentiate (3.16) with respect to x, multiply it by |wy, |P—2 Wy, and integrate over Q.
We get

/[ao(ﬂ/)]|wX2|p+/[a0(W)]X2W|WX2|PWX2 +/|WX2|p_2WX2WX2X1 +[((ﬁ+UO)xz 'VW)\Wx2|p_2Wx2

Q Q Q Q
I 13 ;3 13
+/((l_l+u0) 'VWX2)|WX2|p_2WX2 _G/AW)QlWlep_ZWXZ :/QX2|WX2|p_2WX2
Q Q Q
3 13 K
We have
1 1 1
;= —/Bx]|WX2|de= - / Wy, |Pdo + — / |wy, | do,
p p p
Q Fin rou[
but the condition w =0 on I}, implies wy, =0 on I}, thus
3 1 p
L= E [wy, [P do. (3.28)

Tout

Obviously we have I3 < E||Vw\|‘zp. Next,

1 _ 1
IS’:—E/div(u+uo)|wa|pdx+E / us"nMwy, P do.
Tout

Combining this equation with (3.28) we get

1 . 1
1§+1§=_5/cllv(u+uo)|wXZ|P+E /(1+ug>)|wx2wda.
Tout

The boundary term is nonnegative due to the smallness of ug.
The last part of the Lh.s.:

— ow -
ISZ—G/AWX2|WXZ|IJWX2 dXZG/VWXZ 'V(|WX2|p 2WXZ)dX_FE‘/ 8nxz |sz|p ZWXZ do.
Q Q r

The first term equals fQ (p — 1)|WX2|p_2|VWX2|2dX > 0 and the boundary term vanishes due to the boundary condi-
tion (2.4)4,5. Using the definition of ag(w) of (2.7) we get

— - - -1
/ [a0(m)],, wiws " 2wy < CJW +wol [ Iwx I, IWlly < ENWIG,. (3:29)
Q

thus I% < E||w|\€v1. In order to estimate the r.h.s. we use the definition of H and the Hélder inequality. We get
p

- _ -1
zg:‘/HwaxJP g, dx| < Cl1H Iy, 12, (3:30)
Q

The important fact that we could write H instead of H on the rhs. easily results from the definition of H of (3.17).
Combining the above estimates we get

-1
Wiy Iy < CLEIVWIL + CllHIyy I wag 1]. (331)
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Step 3. In order to estimate wy, we differentiate (2.4) with respect to x; and multiply by [wy, |P—2 Wy, :
/aO(V_V)|Wx1|p+f [ao(V'V)]Xllwxll"’zwx1 Jr/wx]xllwm‘”wx1 +/(ﬁ+uo) VWi, Wy, [P 2wy,
N — e’
Q Q p Q 2
13 1
_/GAWM IWX1 |p72WX1 = / FIX] |WX1 |p72Wx1 - (ﬁ + uO)X] . VW|Wx1 |p72WX1 .
Q Q
1 18
We have
1 1
;3= —/Bxllwxlﬂ’dx: ——[|wxl|”da.
p p
Q Iin
Next,
_P = p—2 _ Wy, p—2
B=¢€ [ Vwy - V(Iwx [P ?wy, ) dx — € o [wy, [P wy, do.
Q r
The first term is nonnegative and the boundary term reduces to
€ f Wiy x; [ W, P2 Wy, do. (3.32)
Tin
Note that on I3, Eq. (3.16) takes the form:
(1 + a' + ug))w)ﬁ —E€EWxix = I:”Fin'
Thus (3.32) can be rewritten as
/[(1 il +ub)|wy P — Hwy, [P2wy, | do.
Iin
Finally,
4 1 P 1 1
I5=—— [ div(i + up)|wy, [Pdx — — [ uglwy, [P do.
b p
Iin
Combining the above results we get
p 11 p
C | |wx [Pdx+ 1—u —E |wy, |P do
Q Iy
1 o ~ _ _ _
< E/dlv(u+uo)|wxl|pdx+/Hx1|wxl|p 2wy, dx—f[ao(w)]xlw|wxl|p 2wy, dx
Q Q
~ [t uong Il P it [ Fiw 172wy, do
Q Iin
thus using (3.30) and (3.29) we obtain
(€= Bl I g, + (1= = — E ) w17
XLy (Q) p XLy ()
-1 - -1
< CIH I wa I, @) + EIVWIL, q) + 1H 1Ly i 1Wxi 1, 1y + ENWI - (3.33)

Step 4. Combining (3.33) and (3.31) we get

p p p—1 I p—1
VWP, + 1w IF, gy < CLAH Iy + IW ) IYWIE 1 W, 1 )]
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Combining this estimate with (3.27) we get
Wi, + VWi, + 1w L, < C(I1HIL, + IH s + 1AL (53)- (3.34)

Due to (3.30) we have ||H||W117 instead of ||I:I||W117 on the r.h.s. and the proof of (3.24) is almost complete. Now it is enough
to note that due to the smallness of w and wg in W; we have

AL, <CIHIL, and [HlL,r < CIHIL 0

thus (3.34) can be rewritten as

||W||W11, Hlwx L, < C[||H||W; + 1H L, (53 ]- (3.35)

but we have |[HllL,r;,) < IHllL,r) < C||H||W117 by the trace theorem, thus (3.35) implies (3.24) O

In order to complete the proof of Theorem 2 we have to estimate H. We will make use of the interpolation inequality
(Lemma 11 in Appendix A).

Lemma 4. Under the assumptions of Theorem 2, V§ > 0 we have
IHllyy < 8llullwz +CO[|Fe@ W, + |Ge@ w1 + 1Bl 1-p ) + Elwlly]. (336)
where H is defined in (3.25).

Proof. For simplicity let us denote F := F¢(i, w) and G := G¢(u, w). Applying the interpolation inequality (A.4) to the
term ||u||W; in (3.15) we get

IVHIlL, < C[IIFllL, + Gy + IIBIIW;—l/p(,-) + IIHIIW;—U::(F) +8illullyz + CEDIully ]+ Elwly;.
In order to estimate ||H||, we need to apply the interpolation inequality (A.4) and then the energy estimate (3.2). We get

IHllt, <820 VHIlL, +CE)(IFll, + Gl + I1Blliyr) + ElWely)-
Combining the above estimates we get

IVHIL, + 1HllL, < (1 +8)IVHIIL, + CED[IFlliz + G2 + 1Blli2(ry + ElWellw]

S O3lluellwz + C@)[IIFIL, + Gl + IIBIIW;—l/p(F) + [lue IIW;—l/p(,-) + Ellwe IIW;]. (3.37)
Using the trace theorem, (A.4) and (3.2) we estimate the boundary term ||u||W1_1/p(F):
p

llue IIW;—l/p<F) < Salluellwz + CED[IFlIL, + IGllL, + 1Bl 2y + Ellwe IIW;]- (3.38)

Substituting (3.38) to (3.37) we get (3.36) with § arbitrarily small since &1 ...384 can be arbitrarily small. O
We are now ready to complete

Proof of Theorem 2. Let us fix n > 0. Provided that w and wg are small enough, combining (3.24) and (3.36) we get

Iwellwyo) < Mllullw +COD[[Fe(@ )], +[Ge@. )|y +1Blly1-1 ] (339)
The theory of elliptic equations applied to (2.4); yields

lluellyz < |Fe(@, W), + llwe llw- (3.40)
Combining this estimate with (3.39) we get

el + IWellwy < nlltielly +Col | Fe @ W), + [ Ge@ @)y + 1Bl 1-vm |-

Choosing for example 1 = % we get (3.13). O
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4. Solution of the linear system

In this section we will show that the operator T is well defined. We have to show that the system (2.4) has a unique
solution (u, w) € W7 x W for (ii, w) € W3 x W) small enough. The necessary result is stated in the following

Theorem 3. Assume that ||L_l||W§ + ”W”va is small enough. Then the system (2.4) has a unique solution (u¢, we) € Wﬁ X Wf, and
the estimate (3.13) holds.

We shall make here one remark concerning the above theorem. The fact that (ue, we) € Wﬁ X Wg is a consequence of
the ellipticity of the system (2.4), but the estimate on ||w|\Wg depends on €. What will be crucial for us is that (3.13) does
not depend on €.

The system (2.4) has variable coefficients thus its solution is not straightforward. In order to prove Theorem 3 we

will apply the Leray-Schauder fixed-point theorem. Given (u, w) € Wﬁ X W;, we define an operator Sfﬁ W) WIZ, X WI% —
Wi x Wp: (u, w) = S (@, W) & (u, w) is a solution to

axlu—/LAu—(v+u)Vdivu+wa:Ffayw)(ﬁ,v7v) in Q,
divu+8xlw—eAw:Gfﬂ’v-v)(ﬁ,17v) inQ,
n-2uD)-t+ fu-t=B on T,

n-u=0 onrl,

w=0 on [},

ow
%ZO on I'\ I}y, (4.1)

where

Fla, i@ W) = —(a1(W) = y) VW + Fe (@, w),

Gy (I, W) = —(W + wo) divil — (il +up) - VW + Ge (I, ). (4.2)
We have to show that Sfﬂ ) is well defined and verify that it satisfies the assumptions of the Leray-Schauder theorem. The

reason to consider Sg; ;) on W7 x W instead of W3 x W, is that it is straightforward to show its complete continuity.

4.1. Solution of the system with constant coefficients

In this section we show that the operator Sfﬁ.ﬁ/) is well defined. Thus we have to show that the system
O u —puAu — 4+ pu)Vdivu+yVw=F inQ,
divu+ 0y, w —€eAw=G inQ,
n-2uD)-t+ fu-t=B on T,
n-u=0 onrl,

w=0 on [},

ow
— =0 on '\ I, (4.3)
on

where F,G € W;(Q) are given functions, has a unique solution (u, w) € Wf, X Wg. We start with showing existence of a
weak solution to the system (4.3). Let us recall the definition of space V of (3.1) and introduce another functional space
W={weH(Q): w|r;, = 0}. Consider a bilinear form on (V x W)2:

B[(u,w),(v,n)]=/{v8x1u+2pcD(u): Vv+vdivudivv}dx+/f(u-r)(v~r)da
Q r
—y/wdivvdx+y/ndivudx+y/n8x1wdx+yerw~Vndx

Q Q Q

Q
and a linear form on (V x W):

F(VJI)=/F-vdx+/B(v~t)dx+/Gndx.
Q r Q
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By a weak solution to the system (4.3) we mean a couple (u, w) € V. x W satisfying

B[(u, w), (v, )] =F(v,n) Y(v.meV xW. (4.4)

Using the definition of V and W we can easily verify that

Bl w). . w)] > [ 2002w +vdiPuder e [19wR > Cllulln g, + 1wl ]
Q Q

thus existence of the weak solution to (4.3) easily follows from the Lax-Milgram lemma. Using standard techniques we
show that the weak solution belongs to W5(Q) x W3(Q) and

lullwz + 1wz < Ce[lFllL, + Gl + I1Bly1-1m -

4.2. Complete continuity of S€

(u,w)

In this section we show that Sfﬂ W) is continuous and compact. Since it is a linear operator, it is enough to show its

compactness, and this is quite obvious due to elliptic regularity of the system (4.3). Namely, if we take a sequence (ii", w")
bounded in W} x W, then the sequence

(Fa, i (@", W"), Gy (@, W"))

is bounded in W) x W . Thus the sequence (u", w") = St
depends on €, but at this stage € is fixed, so it does not matter). The compact imbedding theorem implies that (u", w™) has

a subsequence that converges in W%(Q) X W%(Q). Thus Sfa W) is compact.

,@@", w") is bounded in W3 x W, (the bound on 1wy

4.3. Leray-Schauder a priori bounds

Next we have to show a A-independent a priori estimate on solutions to the equations (u;, wy) = ASS. - (u;, wy), that

(u,w)
read
O Up — AU, — (v + )V divuy, + yVw, =AF(EL-"V-V)(uA, wy) in Q,
divu; + dx, Wi —eAw;L:}LGfﬁ’V-V)(ux,wA) inQ,
n-2uD(;)- T+ fu,-T=B on T,
n-uy,=0 onlr,
w, =0 on [,
aw
2 —0 onTI'\ T, (4.5)
on

for A € [0, 1]. Actually we should write (u§, w$), but we will omit € as it should not lead to any misunderstanding. The
result is stated in the following

Lemma 5. Let (u;, w;) = AS¢.

(@) (s> W2), then

luxllwg + Iwallwy < Ce[[F@ W, + 6@ W)y + 1Bl y-p - (4.6)

Proof. The proof is very similar to the proof of Theorem 2. First we repeat the proof of Lemma 1 obtaining the A-
independent energy estimate

Nl + 1wally < CLIFG gy @ il + 165 5 @ wl, + 1Bllze] + ENW Iy - (4.7)

Next we take the vorticity of (4.5):
Ox, 0 — LAQ; = rot()\FfM)(ux, w;)) inQ,
f B
o =—=—W,-7)+~— onlr,
2 “w
where o, =rotu,. Thus

et llwr < c{ HF(GL-,,\-,)(UA, W/\)”L,,(Q) + IIBIIW;—l/p(m + HUAHW;—UP(F)}-



T. Piasecki / J. Math. Anal. Appl. 357 (2009) 447-467 461

Now let u; = V¢, + Akl. Substituting this decomposition to (4.5) we get
— (W + 2V AP, + V(Y Wi) = AFG 5 U, ;) + LAAL — By AF + 0y, Ve — =1 F,
what can be rewritten as V(—(V +2)A¢y + ywy) = F).. We denote as previously
(= +2p)divuy, + [a3(W)]w;) = Hy.
Combining this identity with (4.5), we get an analog of (3.16):
G(W)Wi + Wiy, + AU +ug) - VW, — €Aw, = Hj, (4.8)

where ¢, (W) = ﬁ[l +2(W+wp)] and H; = W—ZZ"VU)IZIA + AG. Now we can repeat step by step the proof of Theorem 2

obtaining the estimate

IWallwy < nliwllwg + Col[F ) @ wll L, + 165 5 @ Wiy + 1Bl 1 )] (49)

for each n > 0. The estimates for ||ux||le) and ||W)L||le) now easily result from the system (4.5). Namely, applying the
standard elliptic theory to (4.5); we obtain an estimate

Hu)»llwﬁ < C[”W}L”W; + H F(eﬁ’\;,) (uy, W)L)HLP] (4.10)
that does not depend on A. Next, from (4.5), we get an elliptic estimate

Iwallwg < Ce(lwallwy + luallwy + G ) @as wi |, )- (411)

Combining (4.9), (4.10) and (4.11) we get
luxllwg + IWallwp < Ce[IBlly-p py + [ FG ) (s Wil , + 166 ) @ w [y ] (4.12)

and G¢

@.w) we have

but from the definition of F(eﬁ,v'v)
1P sy @re wlly, + 6.y W wid [y < EQlualls + Iwallyz) + |Fe@ i), + [Ge@ )]y
and thus (4.12) yields (4.6). O

Now we are ready to complete

Proof of Theorem 3. We have shown that the operator S¢ satisfies the assumptions of the Leray-Schauder theorem.

(u,w)
Thus there exists a fixed point (ue, we) = Sfa_w)(ue,we). The fixed point is a solution to (2.4). Its uniqueness follows
directly from the estimate (3.13). O

We have shown the existence of a unique solution to the system (2.4) under some smallness assumptions on u and w.
Thus we define the domain D of the operator T:

D= {(i1i, w) e Wp(Q) x W,(Q): Theorem 3 holds for (ii, w)}. (413)
5. Solution of the regularized system

In this section we show existence of a solution to an e-elliptic regularization to the system (2.3). The result is stated in
the following

Theorem 4. Assume that the data and € > 0 are small enough and f is large enough. Then there exists a fixed point (u}, w}) =
Te(uf, w}) and

luelwz +[welwy <M. (51)

where M depends on the data but does not depend on € and can be arbitrarily small provided that the data is small enough.

In order to prove Theorem 4 we apply the Schauder fixed point theorem to the operator T¢ defined in (2.5). We start to
verify the assumptions of the Schauder theorem with the following

Lemma 6. Assume that ug and wq are small enough. Then T¢(B) C B for some ball B C Wg(Q) X W;(Q).
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Proof. From the definition of F.(ui, w) and G¢(u, w) we have
_ _ _ _ 2
| Fe (@, W)ng + ||Ge (@, W)HW; SE+ (Ilullwlz] + HWIIW;) . (5.2)
Thus we can rewrite the estimate (3.13) as

— _ 2
luellwg +IWellwy < C[D+ (Il + 1)), (53)

where D can be arbitrarily small provided that ||“0||W§ and ||w0||W; are small enough. In (3.13) we only need an estimate

on |[Fe(@, w)lr, that holds also for F(u,w), but we will need the estimate in Wll, to show the compactness of T and

1

this is the reason why we introduce the regularization F. Let us assume that the data is small enough to ensure D < T

where C and D are the constants from (5.3). Assume further that ||ﬁ||Wg + ||v'v||W; < +/D. Then from (5.3) we get
e llwz + IWellyy <2€D < V/D.

Thus Te¢(B) C B where B = B(0, +/D) C Wi(Q) x Wy(Q). O

In the next lemma we show that T, is a continuous operator on D, where D is defined in (4.13). The proof applies the
estimate (3.13) which requires some smallness assumption, but this assumption is also included in the definition of D and
therefore we can prove the continuity on the whole D.

Lemma 7. T is a continuous operator on D.

Proof. Let us have (ui, w1) = T(u1, wq) and (uz, wy) = T(u2, wy), then the functions u; — uy and wi — wy satisfy the
equations
O, (U1 — ) — AU — ) — (v + PV div(u —uz) + ¥ (W1 + wo + DY 7' V(wy — wy)
=Fe(lly, W1) — Fe(lla, W2) — ¥y [(W1 + wo+ 1DV = (W2 + wo + )Y 1]V,

and

(W1 + wo + 1) div(ug — up) + dx, (W1 — wa) + (Ug +up) - V(W1 — w2) — €A(W1 — wp)
= Ge(U, W) — Ge(iz, wa) — (Wq — wa)divuy — (17 — Up) - Vwa,

supplied with boundary conditions

n-2uD(u; —up) -7+ f(ug —up)-t=0 on T,

n-(uy—ux)=0 onlr,

w1 —w2=0 on Iy,

d(w1 —wy)
on

If (11, wq), (U2, wp) € D then the system on (uj; — uy, w; — wy) satisfies the assumptions of Theorem 2 and thus (3.13)
yields

=0 on I'\ [y (54)

lur —uzllwz + llws = wally
< | Fe(@tr, W) — Fe (2, V_Vz)HLp + |Ge (@1, W) — Ge(ita, V_Vz)HW;
+ |1+ wo + 1Y — (W1 + wo + 1)V T [V, ”Lp + [ (W1 — w2) divuy Hw; + | @1 —i2) - Vwg | Wi (5.5)
From the definition of F¢(u, w) and G¢(u, w) we directly get
| Fe(ity, W) — Fe(ilz, V_Vz)HLp + || Ge (@1, W1) — Ge (12, W) || w}
+ (W1 +wo+ 1771 — (W1 +wo+ DY [Vwa |+ (W1 — W) divua
< C (|l lwys Wil w2l IIVVZI\W;)[IIﬁl =2z +liwr — V_V2||W}1)]~
In order to estimate the last term of the r.h.s. of (5.5) we have to use higher norm of w;:

|| (@4 —flz)'VWz”W; < C(Ilwzllwg)\lm —u2llwz-
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Since on this level € is fixed, we can use the elliptic regularity of the system (2.4) that yields
W2l < Cel[[Fetitz, Wa) ) + [ Ge (@2, Wa) |y + I1BllLy(r]-
Combining the above estimates we get from (5.5):
ur —u2llyz + llwr = wally) < Ce[lly — Uzllyz +IIwr — V_V2||W;], (5.6)

what completes the proof of continuity of Te. O
Now we need to prove that T¢ is a compact operator. The key is in the following lemma:
Lemma 8. Let us have (u, w) = Te (i, W). Then (u, w) € W (Q) x W3(Q) and

ullwsz +lIwllwz < Ce[llﬂllwg Wl + E]. (5.7)

Proof. If (u, w) =T¢(u, w) then in particular w satisfies

—€AW =Ge(U, W) — 0, w— (U +ug)- Vw — (W + wo + 1) divu.
Thus by (3.13) we have

Il < Ce[lGet@ W), +C(lullz + 1Wlyg)] < Ce[|Fe@ )|, +|Ge@. )] g + 1Bl 1-1m ) ] (5.8)
Next, u satisfies the equation

—pAu — (04 w)Vdivi = Fe(il, W) — d,u — y (W + wo + 1) 7' Vw,
what yields

o (5.8) o o
ity < CLNFe@ ®) ]y +IWlwa] < Ce[[Fe@ ) yyy + [ Ge @ )]y + 1Bl 11 ] (5.9)
Now, from (5.2) we get (5.7). O

With Lemma 8 the compactness of T, is a straightforward consequence of the compact imbedding theorem. Namely,
if we take a sequence (u", w") that is bounded in Wg(Q) X W;(Q) and consider (u", w") = T, (u", w"), then from (5.7)

the sequence (u", w") is bounded in W;(Q) X WIZJ(Q). Thus the compact imbedding theorem implies the existence of a
subsequence (u", w') that converges in Wﬁ(Q) X W;(Q), what means that T, is compact.

Proof of Theorem 4. The theorem results directly from the Schauder fixed point theorem for the operator Te. O

6. Proof of Theorem 1

In this section we prove our main result, Theorem 1, passing to the limit with € in (2.4). The proof will be divided into
two steps: the proof of existence of the solution and the proof of its uniqueness. These steps are quite separated since in
order to prove uniqueness we will go back to the original system (1.1) and modify the proof of the estimate (3.2).

Step 1: Existence. Consider a decreasing sequence €, — 0. If €7 is small enough that Theorem 4 holds (what we can assume
without loss of generality), then for each n € N Theorem 4 gives a solution (ue,, w¢,) to an €,-elliptic regularization to (2.3).
By (5.1) the sequence (ue,, We,) is uniformly bounded in Wﬁ X W;. The compact imbedding theorem implies that there

exists a couple (u, w) € W5 x W such that (up to a subsequence)

wi w]
p b
Ue, ~u and we, — w. (6.1)

From the definition of F¢ and G, we easily get

L L
Fe(ue, We) = F(u,w) and Ge(Uue, we) = G(u, w). (6.2)
We have to show that (u, w) satisfies the system (2.3). Clearly we have

Lp . Lp .
Aue, — Au, Vdivue, — Vdivu,

Lp Lp
Ox, We, = Oy W, Vw — w. (6.3)
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Thus it remains to show convergence in nonlinear terms, but this is also straightforward. We have V¢ € Lg:

/¢(wE +wo+ 1Y Vw, dx:/(p[(wE +wo+ 17— (w+wo+ 17 Vwe +[¢(W+W0+1)V_1VW€ dx.
Q Q Q

Since p(w +wo+ 1)V 1 e Lg, the second term converges to fQ ¢ (W + wo + 1)~ 1Vwdx. The first term
‘/qﬁ[(we +wo+ DT —(w+wo+ 1Y Vwedx| < |¢[(we+wo+ 1Y —(w+wo+ 1)V*1]HLq|\w€||W;
Q

€e—0
— 0,

L
since by the compact imbedding theorem w, Swvig q < +0o0. Thus

/qﬁ(w€ +wo+ DY 'Vwedx — /¢(w+wo+1)}”]dex. (6.4)
Q Q

Similarly we can show that

L
(We +wo + 1)divue + (ue + ug) - Vwe =X (w+wo+1)divu + (u+up) - Vw. (6.5)
From (6.2), (6.3), (6.4) and (6.5) we see that (u, w) satisfies (2.3)1 2 a.e. in Q. The trace theorem implies that

Lp(Iin) Lp(I') Lp(Iin)
Wely, = wln,,  ulr > ulp, D@ =" ur. (6.6)
Thus u satisfies (2.3)3 4 a.e. on I" and w satisfies (2.3)5 a.e. on Ij,. Now take v=u+up+ v and p =w + wg + p, where
up and wy are extensions to the boundary data defined in (2.1) and (v, p) = ([1, 0], 1) is the constant solution. Then (v, p)
satisfies the system (1.1).
In order to show the estimate (1.2) we repeat the proof of Theorem 2 obtaining

Iz + 1wl < CLIF@w) ], + 6wyl + 1Bl -p - (6.7)
We have
| F(u, w) HL,, + |G, w) }|W; <D+ (||u||Wg + ||w||W;)2, (6.8)

where D can be arbitrarily small provided that the data is small enough. From (6.7) and (6.8) we conclude (1.2).

Step 2: Uniqueness. In order to prove the uniqueness of the solution in a class of small perturbations of the constant flow
(v, p) consider (v1, p1) and (va, p2) both being solutions to (1.1) satisfying the estimate (1.2). We will apply the ideas of
the proof of the energy estimate (3.2) in order to show that

Ivi = v2llfn + o1 = p2llf, = 0. (6.9)

For simplicity let us denote the differences u := vy — v, and w := p; — p. We will follow the notation of constants
introduced before, namely E shall denote a constant dependent on the data that can be arbitrarily small provided that the
data is small enough, whereas C will denote a constant dependent on the data that is controlled, but not necessarily small.
In order to show (6.9) it is enough to prove that

lullyr < Ellwlig, (6.10)
and
IwllL, <Cllully. (6.11)

If we subtract the equations on (v1, p1) and (v3, py) there appears a term ,o%/ - p;’. We will use the fact that p1, 00 ~1=
pl — pJ ~y(p1 — p2), more precisely, we can write

1
Py =3 =(p1—p2) / y[tor+ 1 —0p]" dt
0

Iy
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and we have I,, >~ y. Now we easily verify that the difference (u, w) satisfies the system

wvy - Vv + p1u- Vv + p1vq - Vu — pAu — (u+v)Vdivu + I, Vw =0,

prdivu+wdivvy +u-Voy +vy-Vw =0,

n-2uD) - 7| =0,

n-ulp=0,

wlr, =0. (6.12)

We modify the proof of (3.2), multiplying (6.12); by piu and integrating over Q (the reason why we take pju instead of u
will be explained soon). We get

/(ZuDz(u) +vp1 diviu)dx + /[(m —1DD): Vu+D): (u® Vpy)]dx—I, / wpr divudx + / o1 fu?do
Q Q Q r

I

—/wudex—l—/p%uz~szdx+/uwp1vz-szdx+/p12(v1 -Vu) -udx=0.
Q Q Q Q

Iy I3 I4 Is

We have |I1] + [I2] + |I3] + |I4] < E(||u\|i,] + ||w||§z). Now let us split I5 into two parts:

215=/(pfv§1)—1)8xl|u|2—|—,012v§2)6,(2|u|2dx+/8X1|u|2dx.
Q Q

12

1
I 5

5

We have |I§| < El|ul?, and I = [ |u[>n do. The last term can be integrated by parts and combined with the boundary
term involving friction. Thus applying the Korn inequality (A.1) we get

Cllul, + /(mf +n)u*do ~1, / wdivudx < Ellul}.
r Q

For the friction coefficient f large enough the boundary term will be positive and thus

lull?, < wam divu dx. (6.13)
Q

The reason why we multiplied (6.12); by pqu is that now we have this function on the r.h.s. of (6.13) instead of divu. In
order to derive (6.10) from (6.13) we express p; divu in terms of w using Eq. (6.12);. Thus we can rewrite (6.13) as

|\u||lz_11 g—/wzdivvzdx—/wv1 ‘dex—/wwv,ozdx. (6.14)
Q Q Q

Is I7 Is

Obviously |Ig] < E||w||%2 and, since p > 2, we have |Ig| < Vo2, WL, lullL, for some q < co. Thus from the imbedding
theorem we get |Ig| < E(||w||f2 + ||u||ill). Integrating by parts in I7 and using the boundary conditions we get

—217:/w2divv1dx— / vgl)do.
Q Tout

The boundary term is positive since vi” ~ 1, thus —I7 < C|\Vv]||oo|\w||%2 = E||w||L%. Combining the estimates for Ig, I7
and Ig we get (6.10).

Now in order to complete the proof we have to show (6.11). Note that it is useless to multiply (6.12), by w since we
would obtain a term w2 divv,. Thus we adapt again the approach from the proof of (3.2) and write an expression on a
pointwise value of w?:
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X1

w2(x1, x0) = /wws(s,xz)ds

’ e
1 vy
= /T)wdwu(s xz)ds—/—l)(wzdivvz+wu.sz)(s,xz)ds—/ mwaxzw(s xp)ds
v
o 1 0

— 2
= wi+ w3+ w3

Note that we have pq, vgl) ~ 1 and thus V§ > 0:
/w% dx < C(Iwl, I divull,) <SIwlZ, +C@)ull,. (6.15)

Next we easily get fQ w2dx < E(||w||%2 + ||U||?,1), and we only have to deal with w2. We have fQ w2dx= fol [fp., w3dx]dx;.
X1
Consider the inner integral

)
V
/w%dx:—/ﬁxl (UW 2dx + f 2y(DyPn@dg.

Py, Py, 0Px,

The boundary term vanishes and thus

e
[

(1)
Choosing for example § = % in (6.15) we get (6.11), what completes the proof of (6.9). We have shown that the solution is
unique, and thus completed the proof of Theorem 1.

C |3 L ||w||%2 <Elwl,. (6.16)
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Appendix A
Lemma 9 (Korn inequality). Let V. = {v € H1(Q): (n- V)| =0}. Then 3C = C(Q):

/zunz(u)+vdiv2udx>cQ||u||5vl. (A1)
2
Q

The proof can be found in [9, Lemma 2.1] or in [17, Lemma 4].

Lemma 10 (Helmoltz decomposition). For v € W (Q) there exists a couple of functions (¢, A) € (W5)? such thatn- V- Al =0

v=Ve¢+ VA (A.2)

Moreover,
#llwz +1Alwz < Cliviiwg- (A3)
The proof can be found in [2]. The last auxiliary result we need is the following interpolation inequality:
Lemma 11. Ve > 0 3C(€, p, Q) such that Vf € W;(Q):
I fllL, <€V Fli, +C€, p, O flL,- (A4)
Proof. Inequality (A.4) results from the following inequality [1, Theorem 5.8]:
10y < KIS Iy 1AL (A5)

for each 2 < p < oo, where 6 = "(p 2 and K = K(p, Q). Using Cauchy inequality with € we get (A4). O
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