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Abstract

This is a continuation of our paper [2]. We prove that for functions f in the Holder class Ay (R) and
I < p < 00, the operator f(A) — f(B) belongs to S, /,, whenever A and B are self-adjoint operators with
A — B € §p. We also obtain sharp estimates for the Schatten—von Neumann norms || f(A) — f(B)|| Sp/a
in terms of ||A — B|| S, and establish similar results for other operator ideals. We also estimate Schatten—
von Neumann norms of higher order differences Z'j":O( —1m=J ('ln) f(A+ jK). We prove that analogous
results hold for functions on the unit circle and unitary operators and for analytic functions in the unit
disk and contractions. Then we find necessary conditions on f for f(A) — f(B) to belong to S; under
the assumption that A — B € §,. We also obtain Schatten—von Neumann estimates for quasicommutators
f(A)R — Rf(B), and introduce a spectral shift function and find a trace formula for operators of the form
f(A-K)=2f(A)+ f(A+K).
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is a continuation of our paper [2]. In [2] we obtained sharp estimates for the norms
of f(A) — f(B) in terms of the norm of A — B for various classes of functions f. Here A and
B are self-adjoint operators on Hilbert space and f is a function on the real line R. We also
obtained in [2] sharp estimates for the norms of higher order differences

m

(A% F)(A) E D (=1 (’j)f(AﬂK), (L.1)

j=0

where A and K are self-adjoint operators. Similar results were obtained in [2] for functions of
unitary operators and for functions of contractions.

In this paper we are going to obtain sharp estimates for the Schatten—von Neumann norms of
first order differences f(A) — f(B) and higher order differences (A} f)(A) for functions f that
belong to a Holder—Zygmund class A4 (R), 0 < o < 00, (see Section 2 for the definition of these
spaces).

In particular we study the question, under which conditions on f the operator f(A) — f(B)
(or (A% f)(A)) belongs to the Schatten—von Neumann class S, whenever A — B (or K) belongs
o S),.

We also obtain related results for more general ideals of operators on Hilbert space (see Sec-
tion 3 for the introduction to operator ideals on Hilbert space).

In connection with the Lifshits—Krein trace formula, M.G. Krein asked in [16] the ques-
tion whether f(A) — f(B) € S1, whenever f is a Lipschitz function (i.e., |f(x) — f(y)] <
const|x —y|, x,y € R) and A — B € S;. Functions f satisfying this property are called trace
class perturbations preserving.

Farforovskaya constructed in [13] an example that shows that the answer to the Krein question
is negative.

Later in [27] and [29] necessary conditions and sufficient conditions for f to be trace class
perturbations preserving were found. It was shown in [27] and [29] that if f belongs to the Besov
space Béol (R) (see Section 2), then f is trace class perturbations preserving. On the other hand,
it was shown in [27] that if f is trace class perturbations preserving, then it belongs to the Besov
space Bl1 (R) locally. This necessary condition also proves that a Lipschitz function does not
have to be trace class perturbations preserving. Moreover, in [27] and [29] a stronger necessary
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condition was also found. Note that a function is trace class perturbations preserving if and only
if it is operator Lipschitz (see [27] and [18]).

We also mention here the paper [28], in which analogs of the above results were obtained for
perturbations of class S, with p € (0, 1).

On the other hand, Birman and Solomyak in [9] proved that a Lipschitz function f must
preserve Hilbert—Schmidt class perturbations: f(A) — f(B) € S», whenever A — B € S, and

Lf ) — F)I

|A—Bls,.
lx — yl ?

| £~ F(B) g, < sup
Xy

To prove that result, Birman and Solomyak developed in [7,8], and [9] their beautiful theory
of double operator integrals and established a formula for f(A) — f(B) in terms of double
operator integrals (see Section 4). Note also that the paper [18] studies functions that preserve
perturbations belonging to operator ideals.

We mention here two recent results. In [22] it was proved that if f is a Lipschitz function
and rank(A — B) < oo, then f(A) — f(B) belongs the weak space S1,« (see Section 3 for the
definition). It was also shown in [22] that if A — B € S, then f(A) — f(B) belongs to the
ideal S, i.e.,

> si(f(A) = £(B)) < constlog(2 +n)

j=0

(here s; is the jth singular value). This allowed the authors of [22] to deduce that for p > 1
and ¢ > 0, the operator f(A) — f(B) belongs to S, whenever f is a Lipschitz function and
A—BeS,.

The epsilon was removed later in [34] in the case 1 < p < oo. It was shown in [34] that for
p € (1, 00), the operator f(A) — f(B) belongs to §),, whenever A— B € §), and f is a Lipschitz
function.

Note that similar results also hold for functions on the unit circle T and unitary operators.

It was shown in [6] that if A and B are positive self-adjoint operators and J is a normed
ideal of operators on Hilbert space with majorization property, then for « € (0, 1), the following
inequality holds:

|4% = B*[; <[14 - BI*]|,.

In this paper we study the problem under which conditions on a function f and a (quasi)normed
ideal J of operators on Hilbert space the following inequality holds:

74— £ B, <const] 14 - B,

In Section 5 of this paper among other results we show that if f belongs to the Holder class
Ay, 0<a<1l,and 1 < p < oo, then f(A) — f(B) € Sp/q and

| ) = B, ,, < constl flla,mlA = BIS,.

On the other hand, this is not true for p = 1 (a counter-example is given in Section 9).
Nevertheless, for p = 1, under the assumptions that f € Ay(R) and A — B € S, we
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prove that f(A) — f(B) belongs to the weak space Si/4,00- To make the conclusion that
f(B) — f(A) € S1/¢ under the assumption that A — B € S, we need the stronger condition:
f belongs to the Besov space B, ;. We also obtain similar results for other ideals of operators
on Hilbert space. In particular, we show that for every p € (1, 00) and every [ > 0, the following
inequality holds

! I

Y (il fy - F®[V)? <const||f||%1°zR) (s;(A— B))",

j=0 j=0

where the constant does not depend on /. We also establish in Section 5 similar results for higher
order differences (A% f)(A) and functions f € Ay(R) witha € [m — 1, m).

In Section 6 we obtain analogs of the result of Section 5 for functions on T and unitary
operators, while in Section 7 we establish similar results for functions analytic in the unit disk
and contractions.

In Section 8 we obtain refinements of some results of Section 6 in the case of finite rank
perturbations of unitary operators. We also give some necessary conditions on a function f for
fWU) — f(V) to belong to Sy, whenever U — V € §,. Analogs of the results of Section 8 for
self-adjoint operators are given in Section 9.

In Section 10 we consider the problem of evaluating the trace of f(A — K) —2f(A) +
f(A 4+ K) under the assumptions that K € S, and f belongs to the Besov class Bgo 1 (R). We
introduce a spectral shift function ¢ associated with the pair (A, K) and establish the following
trace formula:

trace(f(A — K) —2f(A) + f(A+K)) = / f(x)c(x)dx.
R

We also show that similar results hold in the case of unitary operators.

The final Section 11 is devoted to estimates of commutators and quasicommutators in the
norm of Schatten—von Neumann classes (as well as in the norms of more general operator ideals).
We consider a bounded operator R, self-adjoint operators A and B and for a function f € Ay (R),
we prove that f(A)R — Rf(B) € Sp/o, Whenever p > 1 and AR — RB € §,. We also obtain
norm estimates for f(A)R — Rf (B) that are similar to the estimates obtained in Section 5 for
first order differences f(A) — f(B).

In Section 2 we give a brief introduction to Besov spaces and, in particular, we discuss Holder—
Zygmund classes Ay (R), 0 < o < oo.

In Section 3 we introduce quasinormed ideals of operators on Hilbert space and define the
upper Boyd index of a quasinormed ideal.

In Section 4 we give an introduction to double and multiple operator integrals which will be
used in the paper to obtain desired estimates. We also define multiple operator integrals with
respect to semi-spectral measures.

Note that in this paper we give detailed proofs in the case of bounded self-adjoint operators
and explain briefly that the main results also hold in the case of unbounded self-adjoint operators.
We are going to consider in detail the case of unbounded self-adjoint operators in [3]. Note also
that we are going to consider separately in [4] similar problems for perturbations of dissipative
operators and improve earlier results of [20].

The main results of this paper have been announced without proofs in [1].
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2. Besov spaces

The purpose of this section is to give a brief introduction to Besov spaces that play an impor-
tant role in problems of perturbation theory. We start with Besov spaces on the unit circle.

Let0 < p,q < oo and s € R. The Besov class B;q of functions (or distributions) on T can be
defined in the following way. Let w be an infinitely differentiable function on R such that

1
w >0, suppw C |:52] and w(x):l—w(%) forx €[1,2]. (2.1)
Consider the trigonometric polynomials W,,, and W,? defined by

k\ g . " _
Wa@ =) w(5 )¢ n=l We@=i+l+z ad Wi@=W,@). n>0.
keZ
Then for each distribution f on T,
F=) FaWat Y faWL

n=0 n>1

The Besov class B[S, q consists of functions (in the case s > 0) or distributions f on T such that

(12 # Wl )y €89 and (27 2 WE] ),y 00 02

Besov classes admit many other descriptions. In particular, if s > O and s > 1/p — 1, the space

B, admits the following characterization. A function f € L belongs to By, s > 0, if and only
if

q
AT fIIZp

mdm(f)<oo forq<oo
T

and

A7 fllLr

I B <oo forg=o0, (2.3)
T#£1 — T

where m is normalized Lebesgue measure on T, n is an integer greater than s, and A;, t € T, is
the difference operator:

AN =) - f(©Q), ¢eT.

3 N N
‘We use the notation Bp for B op

The spaces Ay &ef BS, form the Holder-Zygmund scale. If 0 < o < 1, then f € A, if and
only if

|F(©) = f(©)| <constlc — /%, ¢, TeT,
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while f € A if and only if f is continuous and

|f(cT) =2£(@) + f(&T)| <constil —z|, ¢, T€T.

By (2.3), ¢ >0, f € Ay if and only if f is continuous and
def — n
Iflla, = supll = || AL f] oo < 00,
T

where 7 is the positive integer such thatn — 1 < o < n.
Note that the || f| 4, is equivalent to

[/ = 7 @) % Woll o+ 50p 2" (I 5 Wl o - | # Wi ).

where for a function or a distribution f on T, f (n) is the nth Fourier coefficient of f.
It is easy to see from the definition of Besov classes that the Riesz projection P,

Pif=3 fme

n=>0

. . C . def . .
is bounded on qu. Functions (or distributions) in (B;q)+ = P+B;q admit a natural extension

to analytic functions in the unit disk ID. It is well known that the functions in (B, )+ admit the
following description:

1
fe (ij,q)+ — /(1 —p)ar=9-1 || f,(”) ”(;dr <00, g <00,
0

and

fe(Bl), < supl(l — )" £ ||p < 00,

O<r<

where f;(¢) def f(r¢) and n is a nonnegative integer greater than s.

Let us proceed now to Besov spaces on the real line. We consider homogeneous Besov spaces
B;q (R) of functions (distributions) on R. We use the same function w as in (2.1) and define the

functions W,, and W,Tf on R by

ﬁwn(x)=w<2x—n>, FWEx) = FWo(—x), nel,

where .% is the Fourier transform:

(Z )= f f(x)e ™™ dx, felLl.
R
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With every tempered distribution f € .%’(R) we associate a sequences { f; }nez,

L rew, + Fewl

Initially we define the (homogeneous) Besov class Bf,q (R) as the set of all f € .%’(R) such that

(21 fullr ), g € L (D). 2.4)

According to this definition, the space B; ¢ (R) contains all polynomials. Moreover, the distribu-
tion f is defined by the sequence { f;, },cz uniquely up to a polynomial. It is easy to see that the
series ), - fn converges in .’(R). However, the series ), _, fu can diverge in general. It is

easy to prove that the series ), _, f,,(r) converges uniformly on R for each nonnegative integer
r>s—1/pif g >1 and the series ), _, fn(r) converges uniformly, whenever r > s — 1/p if
g <L

Now we can define the modified (homogeneous) Besov class B‘I‘;q (R). We say that a distribu-
tion f belongs to B3, (R) if {2 || fullLr bnez € €9(Z) and £ =Y, 5 £ in the space . (R),
where r is the minimal nonnegative integer such that r > s — 1/p in the case ¢ > 1 and r is the
minimal nonnegative integer such that r > s — 1/p in the case ¢ < 1. Now the function f is
determined uniquely by the sequence { f,},cz up to a polynomial of degree less that r, and a
polynomial ¢ belongs to B‘;,q (R) if and only if degp < r.

We use the same notation W,, and ani for functions on T and on R. This will not lead to a
confusion.

Besov spaces By, (R) admit equivalent definitions that are similar to those discussed above in

the case of Besov spaces of functions on T. In particular, the Holder—Zygmund classes A, (R) &ef

BS (R), a > 0, can be described as the classes of continuous functions f on R such that
|(AY" f)(x)| < constt|*, €R,
where the difference operator A, is defined by

A fH)x)=fx+1)— fx), xeR,

and m is the integer such thatm — 1 <o <m.
As in the case of functions on the unit circle, we consider the following (semi)norm on Ay (R):

suIZ)Z’“”(IIf « Wallo + [ £ % Wi 1), f € Aa(R).
ne

We refer the reader to [24] and [30] for more detailed information on Besov spaces.
3. Ideals of operators on Hilbert space

In this section we give a brief introduction to quasinormed ideals of operators on Hilbert
space. First we recall the definition of quasinormed vector spaces.
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Let X be a vector space. A functional || - || : X — [0, 00) is called a quasinorm on X if

(1) |lx|| =0 if and only if x = 0;
@ii) |joex|| = |e] - ||lx]||, for every x € X and « € C;
(iii) there exists a positive number ¢ such that ||x + y|| < c(||x]| + ||¥|]) for every x and y in X.

We say that a sequence {x;};>1 of vectors of a quasinormed space X converges to x € X
if limj_, o0 [[x; — x|l = 0. It is well known that there exists a translation invariant metric on X
which induces an equivalent topology on X. A quasinormed space is called quasi-Banach if it is
complete.

To proceed to operator ideals on Hilbert space, we also recall the definition of singular values
of bounded linear operators on Hilbert space. Let T be a bounded linear operator. The singular
values s;(T), j > 0, are defined by

s;(T) =inf{||T — R||: rank R < j}.

Clearly, so(T) = ||T'|| and T is compact if and only if 5;(T) — 0 as j — oo.
For a bounded operator T on Hilbert space we also introduce the sequence {0, (T)},>0 defined
by

dof 1
on(T) = —— "s;(T). (3.1)
n+1 o, /

Definition. Let .7 be a Hilbert space and let J be a nonzero linear manifold in the set Z(J7)
of bounded linear operators on .7 that is equipped with a quasi-norm | - |3 that makes J a
quasi-Banach space. We say that J is a quasinormed ideal if for every A and B in #(J¢) and
T €7,

ATB €T and |ATBly <|Al-IBI-ITIs5. (3.2

A quasinormed ideal J is called a normed ideal if | - |5 is a norm.
Note that we do not require that J # ().

It is easy to see that if 77 and T, are operators in a quasinormed ideal J and s;(77) = 5;(12)
for j > 0, then ||T1|l5 = ||T>]|5. Thus there exists a function ¥ = ¥y defined on the set of
nonincreasing sequences of nonnegative real numbers with values in [0, oo] such that T € J if
and only if ¥ (so(T), s1(T), s2(T), ...) < 0o and

ITll5 =¥ (s0(T),s1(T),52(T),...), TeT.
If T is an operator from a Hilbert space .7/ to a Hilbert space 73, we say that T belongs to J if

Y (so(T), s1(T), 52(T), ...) < o0.
For a quasinormed ideal J and a positive number p, we define the quasinormed ideal 37} by

I =T (T 7)Y €3}, TNy € (T7T)P Y7
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If T is an operator on a Hilbert space .7# and d is a positive integer, we denote by [T'], the
operator on the orthogonal sum @7: 1 Tj,where T; =T, 1< j <d.lItis easy to see that

sa([T1a) = spya)(T), n >0,

where [x] denotes the largest integer that is less than or equal to x.

We denote by B3 4 the quasinorm of the transformer 7 + [T']4 on J. Clearly, the sequence
{B7,4}a>1 is nondecreasing and submultiplicative, i.e., B3 4,4, < B3,d,87,4,- It is well known
that the last inequality implies that

logBya . ,logBya
m = inf .
d—oo logd d>2 logd

(3.3)

An analog of (3.3) for submultiplicative functions on (0, o) is proved in [17], Ch. 2, Theo-
rem 1.3. To reduce the case of sequences to the case of functions, one can proceed as follows.
Suppose that {8,},>1 is a nondecreasing submultiplicative sequence such that ; = 1. We can
define the function v on (0, 0o0) by v(t) = min{B,: n > t}. Then v(n) = B, and to prove (3.3), it
suffices to apply Theorem 1.3 of Ch. 2 of [17] to the function v.

Definition. If J is a quasinormed ideal, the number

def . logBya . . logBsu
= lim = inf
d—oo logd d>2 logd

B3

is called the upper Boyd index of J.

It is easy to see that S5 < 1 for an arbitrary normed ideal J. It is also clear that By < 1 if and
only if limy_, 0o d ™' 85,4 =0.

Note that the upper Boyd index does not change if we replace the initial quasinorm in the
quasinormed ideal with an equivalent one that also satisfies (3.2). It is also easy to see that

By =p~' Ba.

Theorem 3.1 below is known to experts. Its analog for rearrangement invariant spaces can be
found in [17], Ch. 2, Theorem 6.6 (see also [19], Theorem 2(i)). A similar method can be used
to prove Theorem 3.1.

We give a proof here for reader’s convenience.

Theorem 3.1. Let J be a quasinormed ideal. The following are equivalent:

@ By <1y

(ii) for every nonincreasing sequence {s,}>0 of nonnegative numbers,
3 ({on}n=0) < constWs ({sn}n>0), (3.4

where o, d=ef(1 +n)! Z?:O sj.
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In the proof of Theorem 3.1 we are going to use an elementary fact that if Zn>1 X, is a
series of vectors in a quasi-Banach space X such that ||x,| < consty” for some y < 1, then
the series converges in X. This is obvious if ¢y < 1, where c is the constant in the definition of
quasinorms. In the general case we can partition the series Zn>1 Xy in several series, after which
each resulting series satisfies the above assumption.

Proof of Theorem 3.1. Let us first show that (i) = (ii). Suppose that S5 < § < 1. Then there
exists C > O such that 5 4 < C 84 for all positive d. Let {sn}n>0 be a nonincreasing sequence of
positive numbers such that ¥ ({s,},>0) < 00. Let {e;} ;>0 be an orthonormal basis in a Hilbert
space . For k > 0, we consider the operator Ay € #(J) defined by Age; = Sk j1ej» J = 0.
It is easy to see that A is unitarily equivalent to the operator [Ag],x and

I Aklly < C2%% )| Aolly = C2%%W ({s4}n>0)-

It follows that the series A = Zk —02~ kA converges inJand [|Ally < c¥ ({sn}n>0), Where c is
a positive number. Clearly, s, (A) = Zk:o 2k S[L1-
o

We have

I+[logy n] [27%+1p]—1

Zsf—w 2 2w

Jj=[27%n]

1+[log, n]

S'n + Z 2_k+l [Z_kn])s[szn]

1+[log, n]
<sp + Z 27 n 41 S[2—kn) sn+3n22 S[2~kn]

3(n+1)22 S[—kn)-

k=0
Hence, 0, < 3s,(A), n >0, and so
q/j({an}n20) < 311/({0',1(14)}’12 ) =3|Allz < 3CW§({Sn}n>O)

Let us prove now that (ii) = (i). Let {s,},>0 be a nonincreasing sequence of nonnegative
numbers. Put

def 1 n 1 n 1 k 1 n n 1
(&
E”_n+1];)a”_n+1 (k+1jz;)sf>_n+1z<l;k+1>sf

k=0
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For an arbitrary positive integer d, we have

s Jd] [n/d] n 1
2 n
n n+1 Z(Zk+1>
J=0 \k=j

Sin/d) 1
| 3 11

k=[n/d]

n

> ([n/d] + l)S[n/d] / dx

n+1 x+1
[n/d]

> S[n/d) log n—+2
d [n/d]+1
logd

d

>

S[n/d]-

This together with inequality (3.4) applied twice yields

d
p 5 ({sn}tn>0)

5 ({stn/ain=0) < —— %3 ({&n}n>0) < const og

logd
for d > 2. Thus B3 4 < d for sufficiently large d, and so f5 <1. O
Remark. Suppose that J is a normed ideal and let C5 be the best possible constant in inequal-
ity (3.4). It is easy to see from the proof of Theorem 3.1 that

o0
Cy<3) 27% By . (3.5)
k=0

Let §p,0 < p < 00, be the Schatten—von Neumann class of operators T on Hilbert space such
that

def p 'p
ITls, = (Z(s,-(T)) ) :
Jj=0

This is a normed ideal for p > 1. We denote by S, ~, 0 < p < 00, the ideal that consists of
operators 7' on Hilbert space such that

: . v
1715, o & (sup+ ) (s;)") "
>0

iz
The quasinorm || - || p,0 is not a norm, but it is equivalent to a norm if p > 1. Itis easy to see that
1
ﬂspzﬂsp.oozz, O<p<OO

Thus S, and S o satisfy the hypotheses of Theorem 3.1 for p > 1.
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It follows easily from (3.5) that for p > 1,

Cs, <3(1-2"7"1)7".
Suppose now that J is a quasinormed ideal of operators on Hilbert space. With a nonnegative

integer [ we associate the ideal ('3 that consists of all bounded linear operators on Hilbert space
and is equipped with the norm

Yiy5(s0, 51,82, ...) =¥ (s0,51,...,5,0,0,...).

It is easy to see that for every bounded operator 7',

IT oy =sup{IRT ll3: IR <1, rank R <!

1)
1),

+
=sup{ITRl5: |Rl <1, rank R <+

The following fact is obvious.

Lemma 3.2. Let J be a quasinormed ideal. Then for all | > 0,
Cuny<Cs.

Note thatif 3= S, p > 1, then Slp def (OF p is the normed ideal that consists of all bounded
linear operators equipped with the norm

! 1/p
ITllg € (Z(sj(n)”) .
P =

It is well known that || - || ¢ is a norm for p > 1 (see [10]).
P
We need the following well-known inequality:

ITi allge < I Tillgt 1721l (3.6)

where 71 and 7> bounded operator on Hilbert space and 1/p 4+ 1/g = 1/r. Inequality (3.6) can
be deduced from the corresponding inequality for S, norms. Indeed, let R be an operator of
rank [ such that ||T1 72|l g = |T1T2R]|s, . There exists an orthogonal projection P of rank / such
that |71 T2 R||s, = ||PTlf"2R||Sr. Then

ITi2llg = 1P\ T2R]|s, < [I1PTils, IT2R]ls, < IITlllszplszllsé-

We refer the reader to [14] and [10] for further information on singular values and normed
ideals of operators on Hilbert space.
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4. Multiple operator integrals
4.1. Multiple operator integrals with respect to spectral measures

In this subsection we review some aspects of the theory of double and multiple operator
integrals. Double operator integrals appeared in the paper [12] by Daletskii and S.G. Krein. In
that paper the authors obtained the following formula

(f(A+tK)—f(A) / @) (x,y)dEa(x) KdEA(y)

for a function f of class C%(R), and bounded self-adjoint operators A and K (E4 stands for the
spectral measure of A). Here we use the notation

@ f)(x, )dﬁf%i(”, x#y,  @HE0)E @), xyeR

However, the beautiful theory of double operator integrals was developed later by Birman and
Solomyak in [7-9], see also their survey [11].

We are not going to define double operator integrals f f D(x,y)dE1(x) QdE>(y) in the case
of Hilbert—Schmidt operators Q that was the starting point in [7-9]. We use the approach based
on (integral) projective tensor products. In the case of bounded or trace class operators Q this
approach is equivalent to the approach of Birman and Solomyak, see [27].

Let (2, E1) and (¢, E») be spaces with spectral measures £ and E; on Hilbert spaces
JA and 4. Suppose that a function @ on 2~ x % belongs to the projective tensor product
L®(E1) ® L®(E») of L>°(E) and L®(E,), i.e., ® admits a representation

D(x.y) =Y Pa®)Yn(y), (4.1)

n=>0

where ¢, € L°(E1), ¥, € L*°(E>), and

> lnll oo ¥l oo < 0. (4.2)

n=0
Then for an arbitrary bounded linear operator Q : % — S we put

[ [owniriw e défz(fwnd&) (/wm)
X v

n>=0
Note that if & belongs to the projective tensor product L™ (E1) ® L™ (E»), its normin L*®(E;) ®

L (E3) is, by definition, the infimum of the left-hand side of (4.2) over all representations (4.1).
It is easy to see that

H//QD(XaY)dEl(x) QdEZ()’)H < ||¢||LOQ(E1)®LOO(E2)”Q”'
PARYS
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Moreover, if Q belongs to a normed ideal J and @ € L*®(E{) ® L (E»), then
//‘D(xa VAE1(x) QdEx(y) €T
X Y

and

< ||q§||Loc(E])®L00(Ez)||Q”3-
J

H//‘P(x,y)dEl(JC)QdEz(y)
2w

We can enlarge the class of functions @, for which double operator integrals can be defined
by considering integral projective tensor products. We do this in the case of multiple operator
integrals. This approach for multiple operator integrals was given in [32]. To simplify the nota-
tion, we consider here the case of triple operator integrals; the case of arbitrary multiple operator
integrals can be treated in the same way.

Let (27, E1), (¢, E3), and (Z, E3) be spaces with spectral measures E;, E>, and E3 on
Hilbert spaces .71, .75, and .73. Suppose that @ belongs to the integral projective tensor product
L®(E}) ®; L®(E») ®; L>®(E3), i.e., ® admits a representation

D(x,y,2) =/<p(x,w)1#(y,w)x(z,w) do(w), (4.3)
2

where (£2, o) is a measure space with a o -finite measure, ¢ is a measurable function on 2" x 2,
¥ is a measurable function on %" x §2, x is a measurable function on Z x 2, and

/||‘/’(" ) HLDO(EI) [EASXD) ||L°°(E2) [xC.o) ||L00(E3)d6(“’) < ©0. (“4.4)
2

Suppose now that 77 is a bounded linear operator from 7% to J#] and T is a bounded linear
operator from .77 to .#%. For a function @ in L™ (E1) ®; L (E>) ®; L>(E3) of the form (4.3),
we put

/[/CD(X,y,Z)dEl(x)TldEz(y)Tsz3(Z)
2y Z

dﬁ/(/g;(x,w)dEl(x))Tl</l/f(y’w)dE2(Y)>T2</X(Z’w)dE3(Z)> do(w). (4.5)
2 x 4 2

It was shown in [32] (see also [5] for a different proof) that the above definition does not
depend on the choice of a representation (4.3). The norm ||@|| LooG; L& L is defined as the
infimum of the left-hand side of (4.4) over all representations (4.3).
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It is easy to see that the following inequality holds

< ||¢||L°°®1L°°®1L°°”Tl || : ||T2||

H///‘p()ﬁy7Z)dEl(x)TldEZ(y)TZdE3(Z)

X Y Z

In particular, the triple operator integral on the left-hand side of (4.5) can be defined if @
belongs to the projective tensor product L®(E}) ® L®(E2) ® L>(E3). It is easy to see that if
Ty eSpand T, € Sy, and 1/p + 1/g < 1, then the triple operator integral (4.5) belongs to S,
and

S Pl pogroogroe ITis, - 1 T21ls,
S,

H///¢(x,y,z)dE1(X)TldEz(y)T2dE3(Z)

X Y Z

where 1/r=1/p+1/q.

Note tat similar inequalities hold for multiple operator integrals and for Slp norms.

Recall that multiple operator integrals were considered earlier in [23] and [36]. However, in
those papers the class of functions @ for which the left-hand side of (4.5) was defined is much
narrower than in the definition given above.

It follows from the results of Birman and Solomyak [9] that if A is a self-adjoint operator (not
necessarily bounded), K is a bounded self-adjoint operator, and f is a continuously differentiable
function on R such that ® f € L®(Es4x) ®; L®(E,4), then

f(A+K)—f(A)=/ @ f)(x,y)dEa+k (x) KdE(y) (4.6)
RxR

and if K belongs to a normed ideal J, then f(A + K) — f(A) € J and

”f(A + K) — f(A) ”j <ceonst|D fll oo (g, )o1K 13-

Incase J=S, orJ= Sé,, p > 1, the last inequality admits the following improvement:

| f(A+K) = F(A)| 5 <constD fll g, , ¢yéroeEn 1K 13- (4.7)

Similar results also hold for unitary operators, in which case we have to integrate the divided
difference ® f of a function f on the unit circle with respect to the spectral measures of the
corresponding operator integrals.

It was shown in [27] that if f is a trigonometric polynomial of degree d, then

19 fllemac < constd]| fllz. (4.8)
On the other hand, it was shown in [29] that if f is a bounded function on R whose Fourier

transform is supported on [—o, o] (in other words, f is an entire function of exponential type at
most o that is bounded on R), then ® f € L*® ®; L and

||©f”Loo®iLoo <L consto ||f||L°°(R)~ (49)
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In this paper we are going to integrate divided differences of higher orders to estimate the
norms of higher order operator differences (1.1).
For a function f on R, the divided difference © f of order k is defined inductively as follows:

def

= S
if k > 1, then in the case when x1, x3, ..., Xx41 are distinct points in R,

k-1 k=1
(i)kf)(xl,~--,Xk+1)d§t O ) (x1y s Xk—15 Xk) — (DT (X1, - Xk—15 Xk+1)
Xk — Xk+1

(the definition does not depend on the order of the variables). Clearly,
Df=2'f.
If f e C*(R), then D f extends by continuity to a function defined for all points x1, x2,

cos Xk41-
It can be shown that

n+1 k—1 n+1
@)ty =Y fa) [T —xp™ [T Gw—xp7
k=1 j=1 j=k+1

Similarly, one can define the divided difference of order k for functions on T.
It was shown in [32] that if f is a trigonometric polynomial of degree d, then

1Dl cenyg-cem < comstd®ll £l (4.10)

It was also shown in [32] that if f is an entire function of exponential type at most o and is
bounded on R, then

|95 £ 1| gy e < cONSLO™ 1 fll o) (4.11)
4.2. Multiple operator integrals with respect to semi-spectral measures

Let S be a Hilbert space and let (:Z", *8) be a measurable space. A map & from B to the
algebra A(7) of all bounded operators on J# is called a semi-spectral measure if

E(A) 20, A €’B, E@)=0 and &(Z)=I,

and for a sequence {A};>1 of disjoint sets in ‘B,

00 N
& Aj)=1i &(Aj) inth k tor topology.
(LJI j) NI_I)IIOO'Z1 (Aj) in the weak operator topology
J= j=

Multiple operator integrals with respect to semi-spectral measures were defined in [33] (see
also [28]); the definition is based on integral projective tensor products of L°° spaces.
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If T is a contraction on a Hilbert space .77, then by the Sz.-Nagy dilation theorem (see [37]),
T has a unitary dilation, i.e., there exist a Hilbert space .#" such that # C ¢ and a unitary
operator U on % such that

T" = Py U, n>0, 4.12)

where Pz is the orthogonal projection onto 7. Let Eyy be the spectral measure of U. Consider
the operator set function & defined on the Borel subsets of the unit circle T by

E(A) = Py Ey(A)|#, ACT.

Then & is a semi-spectral measure. It follows immediately from (4.12) that
T"=/§”d<§(C)=Pf/C”dEu(§)I%”, n 0. (4.13)
T T

Such a semi-spectral measure & is called a semi-spectral measure of T. Note that it is not unique.
To have uniqueness, we can consider a minimal unitary dilation U of T, which is unique up to
an isomorphism (see [37]).

The following analog of the Birman—Solomyak formula holds:

f(R)_f(T)://(gf)(fsf)d@@R(f)(R_T)d@@T(T)-
TxT

Here T and R contractions on Hilbert space, &7 and &% are their semi-spectral measures, and f
is an analytic function in D of class (B;o1 )+ (see [28] and [33]).

5. Self-adjoint operators. Sufficient conditions

Recall that for / > 0 and p > 0, the normed ideal Sé, consists of all bounded linear operators
equipped with the norm

l 1/p
1Tl & (Z(Sjm)p) -
j=0

Theorem 5.1. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every [ > 0,
p €[l,00), f e Ay(R), and for arbitrary self-adjoint operators A and B on Hilbert space with
bounded A — B, the following inequality holds:

(£ () = F(B)) <ell Fll a1 +0) /P14~ B,

forevery j <.
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Proof. Put f, = £« W, + f % WE, n € Z, and fix an integer N. We have by (4.7) and (4.9),

N N
Y (LA = LB < D A - f(B)]g
n=—oo S’p n=—oo r
N
<const ) 2'[fullz<llA ~ Bllg,
n=—oo
N
<constl| flla,m Y 2"VIA = Blg
n=—oo
< const 2V £l 4, ) 1A = Bl gt -
)4
On the other hand,
D (falA) = fn<B>)” <2 lfalles
n>N n>N
< const]| fll 4, ) Y 27"
n>N
<const2™ N £ 4, m)-
Put
def al def
RyE Y (fu(A) = fu(B)) and Oy = D (fu(A) = fu(B)).
n=—o0 n>N

Clearly, for j <1,

si(f(A) = F(B)) <s;(Rw)+ 1 Qn |l
SA+NPrA) = fB)| g +l10n]

< const((1+ )72V flla, @) 1A = Bllg + 27" llaum).
To obtain the desired estimate, it suffices to choose the number N so that
27N <+ pTMIA-Blg <27V O
Theorem 5.2. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every

f € Ay (R) and arbitrary self-adjoint operators A and B on Hilbert space with A — B € Sy, the
operator f(A) — f(B) belongs to S1;a,00 and the following inequality holds:

[ )= rB)s,, . <clflamlA—BIS,.
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Proof. This is an immediate consequence of Theorem 5.1 inthe case p=1. O

Note that the assumptions of Theorem 5.2 do not imply that f(A) — f(B) € S /4. In Section 9
we obtain a necessary condition on f for f(A) — f(B) € S1/, whenever A — B € §j.

The following result ensures that the assumption that A — B € S implies that f(A) — f(B) €
S1/¢ under a slightly more restrictive condition on f.
Theorem 5.3. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every

f € B, (R) and arbitrary self-adjoint operators A and B on Hilbert space with A — B € S},
the operator f(A) — f(B) belongs to S1,, and the following inequality holds:

| £ = £ B, <elfllpe, @A = BIS,.
Note that in the case o = 1 this was proved earlier in [29].

Proof of Theorem 5.3. Put f, = f « W, 4+ f % W,r,j . Clearly, f, is trace class perturbations
preserving and it is easy to see that

A ESAC PR FACYESACH P FACYEFAC) (5.1
Since f(A) — f(B) =),z (fu(A) — fu(B)), it suffices to prove that

DI = £ B, , < o0

nez

We have by (5.1) and (4.7),

Yla@ =L@, <1 = LB, - | fat) = fuB]

nez nez
1— 1—
<const Y 2" fullfeo - 2" full 111 A — BIIS,
nez
<const Y 2" full= A — B,
nez
<const|| fllge, @lA—BI§,. O

Theorem 5.4. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every
f € Ay(R) and arbitrary self-adjoint operators A and B on Hilbert space with bounded A — B,
the following inequality holds:

1 1 .
si(|£(A) = FB)|) el FIY g0 (A= B)., j=0.
Proof. It suffices to apply Theorem 5.1 with/=jand p=1. O

Now we are in a position to obtain a general result in the case f € Ay(R) and A — B € J for
an arbitrary quasinormed ideal J with upper Boyd index less than 1.
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Theorem 5.5. Let 0 < o < 1. Then there exists a positive number ¢ > O such that for every
f € Ay (R), for an arbitrary quasinormed ideal J with By < 1, and for arbitrary self-adjoint
operators A and B on Hilbert space with A — B € J, the operator | f (A) — f(B)|'/* belongs to
J and the following inequality holds:

1/a 1/a

[1£CA) = FB |5 <cCall fll{ mIA = Bll5.

Proof. Theorem 3.1 implies that
w3 ({on(A = B}, ) < constl|A - B,

and Theorem 5.4 implies that

I£) = £B |5 <l fIm@a(lonA—B),5o). O

We can reformulate Theorem 5.5 in the following way.

Theorem 5.6. Under the hypothesis of Theorem 5.5, the operator f(A) — f(B) belongs to 311/}
and

1£(A) = fFB)| 51/ < *CEIf Il a,@) |1 A — B
We deduce now some more consequences of Theorem 5.5.

Theorem 5.7. Let 0 < o < 1 and 1 < p < o0o. Then there exists a positive number ¢ such that
for every f € Ay(R), everyl € Z+, and arbitrary self-adjoint operators A and B with bounded
A — B, the following inequality holds:

l 1
S (i (1) = £B)” <l fIN S D (siA - BY)Y.
j=0 j=0

Proof. The result immediately follows from Theorem 5.5 and Lemma 3.2. O

Theorem 5.8. Let 0 <o < 1 and 1 < p < oo. Then there exists a positive number ¢ such that
for every f € Ay(R) and for arbitrary self-adjoint operators A and B with A — B € §),, the
operator f(A) — f(B) belongs to S, and the following inequality holds:

| £ = 1B, <clflamllA-BIS,.
Proof. The result is an immediate consequence of Theorem 5.7. O

Suppose now thatm —1 <o <m and f € A, (R). For a self-adjoint operator A and a bounded
self-adjoint operator K, we consider the finite difference

(A% £)(A) d°fZ< 1y (J ) FA+ K.

j=0
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In the case when A is unbounded, by the right-hand side we mean the following operator

ZZ( "= f( )fn(A+JK)

neZ j=0

where as usual, f,, = f*x W, + f * W,EI . It has been proved in [2] that under the above assumptions,

2

nez

Z( "= ,< )fn(A+JK)

j=0

(We refer the reader to [3], where the situation with unbounded A will be discussed in detail.)
We are going to use the following representation for (A%} f)(A) in terms of multiple operator
integrals:

(A% £)(A)
:m!/"'/(@mf)(xl»~~-»xm+1)dEA(X1)KdEA+K(X2)K"'KdEA+mK(xm+l)’ (3.2)
h\/_d
m+1
where A is a self-adjoint operator, K is a bounded self-adjoint operator, and f € B, (R). For-
mula (5.2) was obtained in [2].

It follows from (5.2), (4.11), and (3.6) thatif p >m > 1,1 >0, and f is an entire function of
exponential type at most o that is bounded on R, then

[(AR D], < consto™Fl= K, (5.3)

Moreover, the constant in (5.3) does not depend on p.

Theorem 5.9. Let o« > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
everyl 20, p € [m,0), f € Ay(R), and for arbitrary self-adjoint operator A and bounded
self-adjoint operator K, the following inequality holds:

si((A% £)(A) el fllagm (1 + )~ “/PnKu
for j <.

Proof. As in the proof of Theorem 5.1, we put

Ry & Z(A’;;fn)(A) and QNd_efZ(A’,'éfn)(A)-

n<N n>N
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It follows from (5.3) that

IRnllg < E const 2" || full L |1 K I
p/m r
n<N

IR I A Y, 20"
P n<N

2N flla,m 1K I -
P
On the other hand, it is easy to see that

1ol <const Y [l fullos < I fllag 27" <27N | £ auw-

n>N n>N

Hence,
s (A% fa)(A)) < 5 (Rw) + 1O
<SA+NT"PIRNllg A+ 1ON]

< const] 1l a, @) ((1+ )P0V K g +277).
To complete the proof, it suffices to choose N such that
27N <+ pTIKlg <27V o
The following result is an immediate consequence from Theorem 5.9.

Theorem 5.10. Let o > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € Aq(R), and for an arbitrary self-adjoint operator A and an arbitrary self-adjoint
operator K of class Sy, the operator (A'¢ f)(A) belongs to S%’OO and the following inequality
holds:

[k Nl  <clflamIKIs,.

As in the case 0 < @ < 1 (see Theorem 5.3), we are going to improve the conclusion of
Theorem 5.10 under a slightly more restrictive assumption on f. Note that in the following
theorem « is allowed to be equal to m.

Theorem 5.11. Let o > 0 and m — 1 < a < m. There exists a positive number c such that for
every f € BS | (R), and for an arbitrary self-adjoint operator A and an arbitrary self-adjoint
operator K of class Sy, the operator (A} f)(A) belongs to Sn and the following inequality
holds:

[(a% £) ), <elflse,@IKIS, -

m
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Proof. Clearly,
[(a% @l <IAFLOIG" (A% O]
By (5.3),

[(A% £u)(A) 5, < const2™|| full < 1K I,

Thus

2@kl <2 (8% 5) Y (A% )]

ne’ nez
a/m l—a/m
< const 22°‘”||nt| 1K, I full o
neZz
<const|[ KI5, D 2% Il full
nez
<const| fllge, @ KIS, O

Recall that for a bounded linear operator T the numbers, o (T') are defined by (3.1).

Theorem 5.12. Let o« > 0 and m — 1 < o < m. There exists a positive number c¢ such that for ev-
ery f € Ay(R), and for arbitrary self-adjoint operator A and bounded self-adjoint operator K,
the following inequality holds:

s (1A% )™)Y < el I os (KT, >0,
Proof. The result follows immediately from Theorem 5.9 in the case j =/ and p=m. O

Theorem 5.13. Let a« > 0 and m — 1 < o < m. There exists a posznve number ¢ such that for
every f € Ay(R), every quasinormed ideal J with By < m™", and for arbitrary self-adjoint
operator A and bounded self-adjoint operator K, the following inequality holds:

1/a 1/m 1/a

[[(A% YD < eCytml FIl Ao m 1K N5

Proof. Clearly, |K|" € t/m} and Bst/m =mpPy < 1. Therefore, by Theorem 5.12,

I |(A"1§f)(A)|mm | 30m < CC:M'/'")”f”%?R) KT [ 50/m

which implies the result. O
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Theorem 5.14. Let o« > 0, m — 1 <o <m, and m < p < oo. There exists a positive number ¢
such that for every f € Ay(R), every | € Z4, and for arbitrary self-adjoint operator A and
bounded self-adjoint operator K, the following inequality holds:

l

1
Z (J(a% £)@)]")” cIIfIIA(R) (s,-<1<))f’.

Proof. The result follows from Theorem 5.13 and Lemma 3.2. O
The last theorem of this section is an immediate consequence of Theorem 5.14.

Theorem 5.15. Let o« > 0, m — 1 <o <m, and m < p < 0o. There exists a positive number ¢
such that for every f € Aq(R), for an arbitrary self-adjoint operator A, and an arbitrary self-
adjoint operator K of class S p, the following inequality holds:

[(A% D, <elflamIKIS,-
6. Unitary operators. Sufficient conditions

In this section we are going to obtain analogs of the results of the previous section for functions
of unitary operators. In the case of first order differences we can use the Birman—Solomyak
formula for functions of unitary operators and the proofs are the same as in the case of functions
of self-adjoint operators. However, in the case of higher order differences, formulae that express a
difference of order m involves not only multiple operator integrals of multiplicity m + 1, but also
multiple operator integrals of lower multiplicities, see [2]. This makes proofs more complicated
than in the self-adjoint case.

We start with first order differences. If U and V are unitary operators, then by the Birman—
Solomyak formula,

FW) = f(V) 2/ %dEU@)(U —V)dEy(v), (6.1)

TxT

whenever the divided difference © f belongs to L ® L*. Here Ey and Ey are the spectral
measures of U and V. Recall that it was shown in [27] that (6.1) holds if f € Béo 1

It follows from (4.8) that if J is anormed ideal, U — V € J and f is a trigonometric polynomial
of degree d, then f(U) — f(V) € J and

| ()= f(V)| 5 < constd| fllL= U — V5. (6.2)
Moreover, the constant does not depend on J.
Theorem 6.1. Let 0 < o < 1. Then there exists a positive number ¢ > O such that for every l > 0,

p €[l,00), f € Ay, and for arbitrary unitary operators U and V on Hilbert space, the following
inequality holds:
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si (FO) = fW) <l flla, A+ D70 = VI

for every j <.

Theorem 6.2. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every
f € Ay and arbitrary unitary operators U and V on Hilbert space with U —V € S, the operator
fW) — f(V) belongs to 14,00 and the following inequality holds:

[F@) = W, SCNfIaNU = VIS,

As in the self-adjoint case, the assumptions of Theorem 6.2 do not imply that f(U) — f(V) €
S1/o. In Section 8 we obtain a necessary condition on f for f(U) — f(V) € 81,4, whenever
U-Ves.

Theorem 6.3. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every
f € B, and arbitrary unitary operators U and V on Hilbert space with U — V € Sy, the
operator f(U) — f(V) belongs to S1,q and the following inequality holds:

| F@W) = fWs,,, <cllfllpz, IU = VIS,
Note that in the case o = 1 this was proved earlier in [27].

Theorem 6.4. Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that for every
f € Ay and arbitrary unitary operators U and V on Hilbert space, the following inequality
holds:

si([f @) = Fn") el 1o, = V). j>o0.

Recall that the numbers o; (U — V) are defined in (3.1).

Theorem 6.5. Let O < o < 1. Then there exists a positive number ¢ > 0 such that for every
f € Ay, for an arbitrary quasinormed ideal J with By < 1, and for arbitrary unitary operators
U and V on Hilbert space with U — V €3, the operator | f (U) — f(V)|'/% belongs to J and the
following inequality holds:

I £ @) = |5 <cCall £1Y e 1T = Vi
«R)

Theorem 6.6. Let 0 < o < 1 and 1 < p < 0o. Then there exists a positive number ¢ such that for
every f € Ay, everyl € Z, and arbitrary unitary operators U and V, the following inequality
holds:

1 1

S (i ([ @) = )T el IR (siU = V)P

=0 j=0
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Theorem 6.7. Let 0 <o < 1 and 1 < p < oo. Then there exists a positive number ¢ such that
for every f € Ay and for arbitrary unitary operators U and V with U — V € S, the operator
fWU) — f(V) belongs to S,y and the following inequality holds:

[r@) = s, <clflalv—=VIS,.
The proofs of the above results are almost the same as in the self-adjoint case. The only
difference is that we have to use (6.2) instead of the corresponding inequality for self-adjoint
operators.

We proceed now to higher order differences. Let U be a unitary operator and A a self-adjoint
operator. We are going to study properties of the following higher order differences

> (=1F (’Z) f(e*U). 6.3)
k=0

As we have already mentioned in the introduction to this section, such finite differences can be
expressed as a linear combination of multiple operator integrals of multiplicity at most m + 1.
We refer the reader to [2], Theorem 5.2. For simplicity, we state the formula in the case m = 3.
Let f € Bgol. Let Uj, Us, and U3 be unitary operators. Then

fUD) =2fWU) + f(U3)
=2 / / f (D% £) (¢, T, V) AEI(§) (Uy — Us) dE2(v) (Us — Us) dE3(v)
+/ @&, )dE1(8) (U —2U + Us)dE3(7). (6.4)
Let Uy = U, Uy =AU, and Uz = 24U .

Lemma 6.8. Let J be a normed ideal such that 31V/? is also a normed ideal. If f is a trigono-
metric polynomial of degree d and A € 3, then f(U) —2f(e'AU) + f(e?4U) € 311/ and

| £ @) =27 (V) + f(24U) |10 < comst- @[ fll= | A5
Moreover, the constant does not depend on J.

Proof. Let Uy =U, U; = AU, and Us = Ay, By (4.10), we have

H///(sz)({m V)AE(§) (Uy — Uz)dEx(t) (U2 — U3) dE3(v)

Fi1/2)
2
<const-d”|| fliLe|Uy — U2|511U2 — U3l 5.

Clearly,

IU\ = Uall5 = IUy — Usll5 = |1 — €5 < const|| A5
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On the other hand, by (4.8),

H / / ® £)(¢, 1) dEL(¢) (Uy — 2Us + Us) dE3(t)

<const-d||Uy —2Us + Usllu/2
5U172)

and
iA\2
U1 — 2Us + Usllyum = | (1 — €4) ”5(1/2; < const|| A3
The result follows now from (6.4). O

In the general case, for a trigonometric polynomial f of degree d, the following inequality
holds:

<const-d™ | fllLe A5, (6.5)

k=0

5(1/m)

whenever J is a normed ideal such that 31!/ is also a normed ideal. This follows from an analog
of formula (6.4) for higher order differences, see [2], Theorem 5.2.

We state the remaining results in this section without proofs. The proofs are practically the
same as in the self-adjoint case. The only difference is that instead of inequality (5.3), one has to
use inequality (6.5) with J = Slp, p=m.

Theorem 6.9. Let o« > 0 and m — 1 < o < m. There exists a positive number ¢ such that for

everyl >0, p € [m,00), f € Ay, and for arbitrary unitary operator U self-adjoint operator A,
the following inequality holds:

sj (D—l)" (’}j) f(e”‘AU)> <ellflla, 1+ D7PIANG
k=0

for j <.

Theorem 6.10. Let « > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € Aqy, and for an arbitrary unitary operator U and an arbitrary self-adjoint operator A
of class Sy, the operator (6.3) belongs to S%’oo and the following inequality holds:

o
<ellfllag AN .
Sm o

Z(_l)k (’;:) f(elkAU)
k=0

Theorem 6.11. Let o > 0 and m — 1 < a < m. There exists a positive number c such that for
every f € BS |, and for an arbitrary unitary operator U and an arbitrary self-adjoint operator
A of class S,,, the operator (6.3) belongs to S m and the following inequality holds:

<cllfllge AN, -

k=0

N

RIF
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Theorem 6.12. Let o > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € Ay, and for arbitrary unitary operator U and bounded self-adjoint operator A, the
following inequality holds:

|

Theorem 6.13. Let « > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € Ay, every quasinormed ideal 3 with B3 < m~", and for arbitrary unitary operator U
and bounded self-adjoint operator A, the following inequality holds:

Theorem 6.14. Let o« > 0, m — 1 <o <m, and m < p < oo. There exists a positive number ¢
such that for every f € Aqy, every |l € Z4, and for arbitrary unitary operator U and bounded
self-adjoint operator A, the following inequality holds:

3| S (1) o

Theorem 6.15. Let o« > 0, m — 1 <o <m, and m < p < 0o. There exists a positive number ¢
such that for every f € Ay, for an arbitrary unitary operator U, and an arbitrary self-adjoint
operator A of class S p, the following inequality holds:

m/o
) < c||f||’/';/"‘aj(|A|m), j=0.

i(_l)k (7]7:> F(e*4v)

k=0

1/
l/m

Sum L

1
HeAls.

J

Layy\ P l
)) el FIREY (55

j=0

<cllfllalllAll,-

Xr:: l)k< ) (ikAU)

Spla

7. The case of contractions

In this section we obtain analogs of the results of Sections 5 and 6 for contractions. To obtain
desired estimates, we use multiple operator integrals with respect to semi-spectral measures.

Suppose that 7 and R are contractions on Hilbert space and f is a function in the disk-
algebra C4 (i.e., f is analytic in D and continuous in closID). We are going to study properties
of differences

Z(—l)k<lz>f<T+£(R—T)>, m>1. (7.1)
k=0

In particular, when m = 1, we obtain first order differences f(7) — f(R). In this section we are
not going to state separately results for first order differences. They can be obtained from the
general results by putting m = 1.
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It was shown in [2] that
m [ m k
=D ( ) f(T +—(R- T))
k=0 k n

|
=%/"'/(me)(él,---,§m+1)d51(C1)(R—T)-~-(R—T)dEm+1(Cm+1), (7.2)

—_——
m+1

where & is a semi-spectral measure of 7 + %(R -T).

Suppose now that J is a normed ideal such that 31/} is also a normed ideal. It follows from
(7.2) and (4.11) that for an arbitrary trigonometric polynomial f of degree d,

“ k
(—D* <’”) f<T+ “(R- T))

where the constant can depend only on m.
We state the results without proofs. The proofs are almost the same as in the self-adjoint case.
The only difference is that to estimate higher order differences, we should use inequality (7.3).

<const-d”| fll=lIT — RI7, (7.3)
Ji1/m}

Theorem 7.1. Let o > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
everyl 20, p € [m,00), f € (Ay)+, and for arbitrary contractions T and R on Hilbert space,
the following inequality holds:

m k
S <Z(—1>" (’,’j) f(T +—(R - T))) <ellflla, (4 )"PIT = Rl

k=0
for j <.

Theorem 7.2. Let o« > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € (Ay)4, and for arbitrary contractions T and R with T — R € S,,, the operator (7.1)
belongs to S LIS and the following inequality holds:

<cllfla T = RIS .

Sm
o ®

< k
> =D (’}j) f<T + (R — T))
k=0 "

Theorem 7.3. Let o« > 0 and m — 1 < o < m. There exists a positive number ¢ such that for
every f € (B3, )+, and for arbitrary contractions T and R with T — R € S, the operator (7.1)
belongs to S m and the following inequality holds:

St () s(retw-m)

k=0

<l fllpe, IT = RIS, .
Sm
o
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Theorem 7.4. Let o > 0 and m — 1 < o < m. There exists a positive number ¢ such that for every
f € (Ay)+, and for arbitrary contractions T and R, the following inequality holds:

s.,~< =k (’Z) f(T + %(R - T))
k=0

Theorem 7.5. Let « > 0 and m — 1 < a < m. There exists a positive number c such that for every
f € (Ag) 4, every quasinormed ideal 3 with B5 < m~", and for arbitrary contractions T and R,
the following inequality holds:

m/o
) <elfIy/ o (1T = RI™). j>0.

1/

1 1
<cCUIFILNT = R,

J

m L (m k
Z(:)(—l) (k)f<T+Z(R—T))

Theorem 7.6. Leta > 0, m — 1 <o <m, andm < p < 00. There exists a positive number ¢ such
that for every f € (Ay)+, every l € Z, and for arbitrary contractions T and R, the following
inequality holds:

a(l

Theorem 7.7. Leta > 0, m — 1 <o <m, andm < p < oo. There exists a positive number c such
that for every f € (Ay)+, for arbitrary contractions T and R with T — R € S, the following
inequality holds:

" k
(—1* (’”) f(T+ “(R- T))

m

> D (’,f) f(T + %(R - T))

k=0

1jay \ P l
)) <clFIFE Y (55T = R)).

j=0

<cllfladlT — RIS, -
Spla

8. Finite rank perturbations and necessary conditions. Unitary operators
In this sections we study the case of finite rank perturbations of unitary operators. We also ob-
tain some necessary conditions. In particular we show that the assumptions that rank(U — V) =1

and f € Ay, 0 <a < 1, do notimply that f(U) — f(V) € S1/q.
Let us introduce the notion of Hankel operators. For ¢ € L*(T), the Hankel operator H,

from the Hardy class H? to H? L2 © H? is defined by
Hyg=P_¢g, geH’,

where IP_ is the orthogonal projection from L? onto H2. Note that the operator H, has Hankel
matrix

£ .
Fwd:e {o(=J _k)}j>1,k>o

with respect to the orthonormal bases {zk}k>0 and {7/} j>10f H 2 and H2.
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We need the following description of Hankel operators of class S, that was obtained in [25]
for p > 1 and [26] and [35] for p < 1 (see also [30], Ch. 6):

HyeS, <= P_¢eB)/’, 0<p<oo. (8.1)

The following result gives us a necessary condition on f for the assumption U — V € §; to
imply that f(U) — f(V) € S1/q.

Theorem 8.1. Suppose that 0 < p < oo. Let f be a continuous function on T such that
fWU)— f(V)eS,, whenever U and V are unitary operators with rank(U — V) = 1. Then
feBy”.

Proof. Consider the operators U and V on the space L2(T) with respect to normalized Lebesgue
measure on T defined by

Uf=2f and Vf=if-2fDz fel’.
It is easy to see that both U and V are unitary operators and
rank(V —U) = 1.

It is also easy to verify that for n > 0,

i, j=n,
Vizl =1 —zi7", 0<j<n,
Z/n, j <O.

It follows that for f € C(T), we have

(f(vV) = )z, 2"
=D fo((V"e. ) = () + D F (Ve ) = (7. 2)

n>0 n<0

fGi—hk), j=0,k<0,
=-21 f(j—k), j<0, k=0,
0, otherwise.

If f(U)— f(V)eS,,itfollows that the operators on £? with Hankel matrices
{fG +k)}j>o,k>1 and  {f(—j _k)}j>o,k>1

belong to §,. It follows now from (8.1) that f € B}/p. O
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Remark. Recall that Theorem 6.2 says that under the assumptions U — V € 7 and f € A,,
0 < o < 1, the operator f(U) — f(V) belongs to Sl,oo' On the other hand, Theorem 6.3 shows
that the slightly stronger condition f € BS_; impligs that f(U) — f(V) € S1/o. However, the
above theorem tells us that even under the much stronger assumption rank(U — V) =1 the
condition f € Ay does not imply that f(U) — f(V) € S1/q. Indeed, Ay ¢ Bf‘/a. This follows
from the fact that

k
Ya ede = (2] €™ (8.2)
k>0
and from the fact that
k
Yo eBy, = {2%a} el (8.3)
k>0

Both (8.2) and (8.3) follows easily from (2.2).

Note that the proof of Theorem 8.1 shows thatif U and V are the unitary operators constructed
in the proof of Theorem 8.1 and J is a quasinormed ideal, then f(U) — f(V) € J if and only if
both Hy and H 7 belong to J

The following result is closely related to Theorem 6.2, it shows that if we replace the assump-
tion U — V € §; with the stronger assumption rank(U — V) < 400, we can obtain the same
conclusion for all o > 0.

Theorem 8.2. Let 0 < o < 00 and let U and V be unitary operators such that rank(U — V) <
+o00. Then f(U)— f(V) € Sl‘oofor every function f € Ay (T).

Proof. Let m be a positive integer and let f € A,. By Bernstein’s theorem, we can represent
f in the form f = f1 + f», where fj is a trigonometric polynomial of degree at most m and
| f2llLe < constm ™ (this can be deduced easily from (2.2)). It is easy to see that

m—1
U —vr=Y Ui -vyvr-i,
j=0
Hence,
m
Range(f1(U) — f1(V)) C Y _(Range(U/ (U — V)) + Range(U ™/ (U* — V*))),
j=1
and so

rank (f1(U) — f1(V)) < 2mrank(U — V),

while || /2(U) — f2(V)|| < 2|l f2llLe < constm ™. It follows that

Somrank(—v) (f(U) — f(V)) < constm ™. O
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We can compare Theorem 8.2 with the following result obtained in [28]: if 0 < p < 1, and U
and V are unitary operators such that U —V € §, then f(U) — f(V) € §), forevery f € Bééﬁ,’.
The following result allows us to estimate the singular values of Hankel operators with sym-

bols in Ag.

Lemma 8.3. Let 0 < a < 0o. Then there exists a positive number ¢ such that for every f €
Ay (T), the following inequality holds:

sm(Hp) <cll flla, (1 +m)~

Proof. We canrepresent f in the form f = fj + f2, where fj is a trigonometrical polynomial of
degree at most m and || f2|| < const(1+m)~%. Thenrank Hy, <m and ||Hp, || < const(1+m)™%
which implies the result. O

The following theorem shows that Theorems 8.2 and 6.2 cannot be improved.

Theorem 8.4. Let o > 0. There exist unitary operators U and V and a real function h in Ay
such that

rank(U —V)=1 and sm(h(U) — h(V)) >1+m™%, m=0.

Proof. Let U and V be the unitary operators defined in the proof of Theorem 8.1.
Consider the function g defined by

(e¢]

g(0) d=efZ4*“” (¥ +¢%), ¢eT. (8.4)

n=1

It follows easily from (2.2) that g € Ay (T). By Lemma 8.3, s,, (Hg) < const(1 +m)™%, m > 0.
Let us obtain a lower estimate for s,, (Hy).

Consider the matrix I’y of the Hankel operator H, with respect to the standard orthonormal
bases:

Fe={2(=j=0};5 150={80G+0} 51 150

Let n > 1. Define the 3 - 4"~ x 3. 4"~! matrix T, by

To={e(j +k+4""+ 1)}0§j,k<3~4”*"

Clearly, 4*"T;, is an orthogonal matrix. Hence, ||T,, — R| > 4~%" for every 3 - 4"~ ! x 3.4"~1
matrix with rank R < 3 - 4"~!. The matrix 7}, can be considered as a submatrix of I';. Hence
Iy — R|l > 47%" for every infinite matrix R with rank R <3 - 4"~ Thus, si(Ig) = 47%" for
j<3.4rl

To complete the proof, it suffices to take & = cg for a sufficiently large number c. O
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In Section 6 we have obtained sufficient conditions on a function f on T for the condition
U -V €S, toimply that f(U) — f(V) € §, for certain p and g. We are going to obtain here
necessary conditions and consider other values p and ¢.

We denote by U(S,,S;) the set of all continuous functions f on T such that
fWU)— f(V)eS,, whenever U and V are unitary operators such that U — V € §,.

We also denote by Uc(S,,S,) the set of all continuous functions f on T such that
fW)— f(V)€S§,, whenever U and V are commuting unitary operators such that U —V € §,.

Obviously, both U(S,, §;) and Uc(S, S4) contain the set of constant functions. We say that
U(Sp, 8y) (or Uc(Sp, Sy)) is trivial if it contains no other functions.

Recall that the space Lip of Lipschitz functions on T is defined as the space of functions f
such that

et 1f Q)= @)
||f||Lip =Sup——"F"7" <0
L#T |§ _T|

Theorem 8.5. Let 0 < p, g < +00. Then

Apjgs P <4,

U(S,.S)=1"
«(5p-5¢) {Llp, p=q.

The space Uc (S, Sy) is trivial if p > q.

Proof. It is easy to see that f € Uc(S), Sy) if and only if for every two sequences {¢,} and {7, }
in T,

Dltn—wlP <oo = Y |f) — f@)]! <oo. (8.5)

Clearly, the condition | f(¢) — f(&)] < const|¢ — £|P/4 implies (8.5).
Consider the modulus of continuity w y associated with f:

() E sup{| fx) = fO)|: Ix =yl <8}, 80,

Condition (8.5) obviously implies that w ¢ (§) < oo for some 6 > 0, and so it is finite for all § > 0.
We have to prove that (8.5) implies that w () < const - 8P/4. Assume the contrary. Then there
exist two sequences {¢,} and {7,,} in T such that ¢, # t, for all n,

— q
lim ¢, —1,|P =0 and lim MZOO
n—oo n—oo |{n _.L.n|p

Now the result is a consequence of the following elementary fact:

If {ox} and {Bi} are sequences of positive numbers such that limy_. fr = 0 and
limy 00 i By ' = 400, then there exists a sequence {ny} of nonnegative integers such that
> ngBr < +ooand Y nroy =+oo. O
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Corollary 8.6. Let 0 < p, g < +00. Then

Ap/qs p<q9

Ues,, s
S q)C{Lip, p=q.

The space U(Sp, Sy) is trivial if p > q.

It has been shown recently in [34] that if f is a Lipschitz function on R and 1 < p < oo, then
I f(A) — f(B)lls, < const|A — B||s,, whenever A and B are self-adjoint operators such that
A—BeS,.

Remark 1. The Potapov—Sukochev theorem implies an analogous result for unitary operators: if
U and V are unitary operators such that U —V € §,, 1 < p <00, and f is a Lipschitz function
onT, then f(U) — f(V) €S and || f(U) — f(V)lls, <const|U — V]s,.

Indeed, it is easy to reduce the general case to the case when the support of f is contained in
an arc I with m(I) = 1/4. Without loss of generality, we may assume that —/ = . Then

F@OQ+fE)=2g¢+¢) and f(&)—fQQ) =20 —ODhG+0), €T,

for some functions g, & € Lip(R) N L>°(R). Hence

@) =g +0)+Ch(C+E) —Ch( +0).

It remains to apply the Potapov—Sukochev theorem to the self-adjoint operators U + U*, V 4+ V*,
and the functions g, A.

We are going to use this analog of the Potapov—Sukochev theorem for unitary operators in the
following result.

Theorem 8.7. Let 1 < q < p < +00. Then

Apjg» P <4,

Proof. By Corollary 8.6, it suffices to show that A,,, C U(S,,S,) for p < g and Lip C
U(S,, S,) for p = g. The fact that A,,, C U(S),S,) for g < p is a consequence of The-
orem 6.7. The inclusion Lip C U(S,, S,;) for ¢ = p is the analog of the Potapov—Sukochev
theorem mentioned above. O

Remark 2. There exists a function f of class Lip such that f ¢ U(S,, S,) for any p > 0 and
q € (0, 1]. Indeed, if U and V are the unitary operators constructed in the proof of Theorem 8.1,
thenrank(U — V) =1and f(U)— f(V) € S;ifandonly if f € Bll. It suffices to take a Lipschitz

function f that does not belong to Bll.

Remark 3. Let « > 0. There exists a function f in A, such that f ¢ U(S,, S,) for any p > 0
and g € (0, 1/«]. Indeed, it suffices to consider the unitary operators U and V constructed in the
proof of Theorem 8.1 and take a function f € A, that does not belong to Bf‘/a.
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Theorem 8.8. Let 0 < p, g < +00. Then Ap;y CU(Sp, 8y) ifand only if 1 < p <gq.

Proof. If 1 < p,q <400 or p > ¢, the result follows from Corollary 8.6 and Theorem 8.7. On
the other hand, if p < g and p <1, then A,/; Z U(S,, S,) by Remark 2. O

Theorem 8.9. Let 0 < p, g < +00. Then Lip C U(S ), Sy) ifand only if l < p<gorp<1<gq.

Proof. As in the proof of Theorem 8.8, it suffices to consider the case p < 1. It was shown
in [22] that Lip C U(S1, S4) C U(S,, Sy) if p <1 < ¢. It remains to apply Remark 1. O

Now we are going to obtain a quantitative refinement of Corollary 8.6. Let f € C(T). Put

R4.p.q©) dgsup{”f(U) - f(V)||Sq: IU—Vls, <8, U, V are unitary operators}.

Lemma 8.10. Let Uy and U, be a unitary operators with Uy — Uy € S,. Then there exists a
unitary operator V such that

7|Ur = Usalls,

m||Ui — Ualls,
1 —_—

UL —=Vls, < )

and Uz —=Vls, <

Proof. Clearly, there exists a self-adjoint operator A such that exp(id) = U 1U2 and [|A] < 7.
Note that 7 |el? — 1| > 2|6]| for |#] < 7. Hence, ||A|gr < %||U1 — Uz|ls,. It remains to put
V =Uexp(}4). O

Corollary 8.11. Let 0 < g < +00. Then there exists a positive number c, such that for every
p € (0, 00),

2£,p,q(28) <cy82f,p4), §>0.
Lemma 8.12. Let 0 < p,q < 0o and let f € U(S ), Sy). Then
$2f.p.q ("Up 8) > ”l/qgf,p,q (4)
for every positive integer n.

Proof. The result is trivial if £2¢,,(8) =0 or £2f,,(5) = co. Suppose now that
0<82¢pq(8) <oo.Fixe e (0,1). Let U and V be unitary operators such that ||[U — Vlgr <3
and || f(U) = f(V)lls, = (1 —&)24.p 4(8). PutU = @7‘:1 UandV = @?:1 V (the orthogonal
sum of n copies of U and V). Clearly, ||/ — V||s, < sn'/P and

[fan—rmlfs, >0 -on'2;,,6)

Hence, 2, p.4(n'/78) > (1 —e)n'/982;., ,(8) forevery e € (0,1). O
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Theorem 8.13. Let 0 < p,q < 0o and let f € U(S), Sy). Then $2y,, 4(8) < 400 for all § > 0
and

2 8 2 8 2 8 2 8
f.p.q(8) — inf £.0.4() <su f..q4(8) — lim f.0.4(8)
5—0  8rld 50  8P/4 5~0 8P4 500 8P/

’

where both limits exist in [0, +00]. In particular, if f is a nonconstant function, then 2, 4(8) <
c187/1 for every § € (0, 1] and 2fp.q0) = c28P/4 for every § € [1, 00), where c¢1 and ¢ are
positive numbers.

Proof. Since £2¢ p 4 is nondecreasing, Corollary 8.11 implies that either £, ,(8) is finite for
all 5 > 0 or £2¢,, 4(8) = oo for all § > 0. The latter is impossible because we would be able to
find sequences of unitary operators {U;} and {V;} such that

Pw;-vpes, bu@FU)-FV)ES,.
j j

Hence, 27, 4(8) < +oo for all § > 0. We can find a sequence {3 }?021 of positive numbers such
that 8; — 0 and lim_oe 87792, 4 (6) = limsup, (87742, 4(8) € a. Fix & € (0, 1).
Then there exists a positive integer N such that 8j_p/q9f,p,q(8j) > (1 —é&)a forall j >N.

Lemma 8.12 implies $2,, ,(n'/78;) > (1 — e)a(n'/P §;)P/4 for all j > N and n > 0. Hence,
2448 = (1 —)asP/d forall § > 0 and ¢ € (0, 1). Thus 2., 4(8) > adP/? for all § > 0 and
limg_, o8~ P/1 §2¢ p,4(8) = a. In the same way we can prove that

$2£.p,q() — lim R4
s=0 O8P/4 5o 8P/4

9. Finite rank perturbations and necessary conditions. Self-adjoint operators

We are going to obtain in this section analogs of the results of the previous section in
the case of self-adjoint operators. We obtain estimates for f(A) — f(B) in the case when
rank(A — B) < co. We also obtain some necessary conditions. In particular, we show that
f(A) — f(B) does not have to belong to Si/, under the assumptions rank(A — B) = 1 and
f € A(R).

However, there is a distinction between the case of unitary operators and the case of self-
adjoint operators. To describe the class of functions f on R, for which f(A) — f(B) € S,
whenever A — B € S, we have to introduce the space A, of functions on R that satisfy the
Holder condition of order « uniformly on all intervals of length 1.

We are going to deal in this section with Hankel operators on the Hardy class H>(C,) of
functions analytic in the upper half-plane C. Recall that the space L*(R) can be represented
as L>(R) = H>(C4) ® H*(C_), where H>(C_) is the Hardy class of functions analytic in the
lower half-plane C_. We denote by P and P_ the orthogonal projections onto H2(C,) and
H?(C_). For a function ¢ in L>(R), the Hankel operator H,, : H*(C1) — H?(C_) is defined
by

def
Hpg = P_gg. geH*(Cy).
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As in the case of Hankel operators on the Hardy class H? of functions analytic in ID, the Hankel
operators H,, of class S, can be described in terms of Besov spaces:

H,eS, < P_geB/’R), 0<p<oo, ©.1)
where the operator P_ on L°°(R) is defined by

P_o def (P_(¢ ow)) ow™!, 9eL™®),

and w(¢) d:efi(l + )1 — {)_1, ¢ € T. This was proved in [25] for p > 1, and in [27] and [35]
for 0 < p < 1, see also [30], Ch. 6.

Note also that by Kronecker’s theorem, H, has finite rank if and only if 7P_¢ is a rational
function (see [30], Ch. 1).

Recall that the Hilbert transform H is defined on L>(R) by Hg = —ig +ig_, where we use

the notation g4 &ef P ,gand g_ Lp_ g.

Theorem 9.1. Let A and B be bounded self-adjoint operators on Hilbert space such that
rank(A — B) < oo and let o« > 0. Then f(A) — f(B) € Si’oofor every function f in Ay(R).

Proof. Consider the Cayley transforms of A and B:
U=A—-iDA+il)"" and V=B-il)(B+iH~".

It is well known that U and V are unitary operators. Moreover, it is easy to see that
rank(U — V) < oo. Indeed,

(A—iDA+iD™' = (B -iDB+iD™ "' =2i((B+iD' - (A+iD™!)
=2i(A+i)""(A—= B)(B+iD)7!,

and so rank(U — V) < rank(A — B).

Without loss of generality, we may assume that f has compact support. Otherwise, we
can multiply f by an infinitely smooth function with compact support that is equal to 1 on
an interval containing the spectra of A and B. Consider the function 2 on T defined by
h(¢) = f(—i(c +1)(¢ —i)~"). Obviously, & € Ag.

By Theorem 8.2, h(U) — h(V) € S1/a,00- It remains to observe that A(U) = f(A) and h(V) =
f(B). O

In Section 5 we have proved Theorem 5.2 that says that the condition f € A4 (R),0 <o <1,
implies that f(A) — f(B) € $1/4,00, Whenever A — B € §1. On the other hand, by Theorem 5.3,
the stronger condition f € B ;(R), 0 < a < 1, implies that f(A) — f(B) € S1/4, whenever
A — B € §1. The following result gives a necessary condition on f for the assumption A — B € S
to imply that f(A) — f(B) € S1/«. It shows that the condition f € A4 (R) does not ensure that
f(A) — f(B) € §1/4 even under the much stronger assumption that A — B has finite rank.
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Theorem 9.2. Let f be a continuous function on R and let p > 0. Suppose that
f(A)— f(B)eS),, whenever A and B are bounded self-adjoint operators such that

rank(A — B) < occ. Then foh € B,l,/P (R) for every rational function h that is real on R and has
no pole at oo.

Proof. Let ¢ € L>(R) and let M,, denote multiplication by ¢. For g € L*(R), we have

Myg—H 'MyHg =9g+ H(p(Hg))
=¢ — (p8+)+ + (98-)+ + (9g+)- — (pg-)-
=g+ +8-) — (pg+)+ + (98- )+ + (pg4+)- — (pg-)-
=2(pg+)- +2(pg-)+ =2Hypg+ +2H, 8. 9.2)

Hence, by (9.1), M, — H’IM(/,H €8, if and only if ¢ € B,l,/p(R). Moreover, by Kronecker’s
theorem, rank (M, — H_IH(p H) < +o0 if and only if ¢ is a rational function.

Suppose now that # is a rational function that takes real values on R and has no pole at co.
Define the bounded self-adjoint operators A and B by

AYM,, and BYH'M,H.

By (9.2), rank(A — B) < 0o. Again, by (9.2) with ¢ = f o h, the
f(A) = f(By=Myop, —H "My H
belongs to S, if and only if f ok € B)/”(R). O

Note that the conclusion of Theorem 9.2 implies that f belongs to B 11,/ P(R) locally, i.e., the

restriction of f to an arbitrary finite interval can be extended to a function of class B ,1,/ P(R).

Now we are going to show that Theorem 5.2 cannot be improved even under the assumption
that rank(A — B) = 1.

Denote by Lg(]R) the set of even functions in LZ(R) and by L%(R) the set of odd functions in
L2(R). Clearly, L3(R) = L%(R) ® L%(R). Let ¢ be an even function in L*°(R). Then Lg(R) and
L%(]R) are invariant subspaces of the operators M, and H ’1M¢,H . The orthogonal projections
P and P, onto L2(R) and L2(R) are given by

() +g(=x)) and (Pog)(x) =5 (g(x) — g(=x)).

N =

(Peg)(x) =

|-

Lemma 9.3. Let ¢(x) = @2+ DL x eR. Then (Hp)(x) =x(x24+ 1D and

1 1
Myf—H 'MyHf=—(f,0)¢ - —(f, Hp)Hg.
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In particular,

1 .
= ([ 9o, [ is even,

Myf—H 'M,Hf =
of oHT {—%(f,ng))Hw, fis odd.

Proof. It is easy to see that ¢ (x) = m, o—(x) = —ﬁ, and (Hp)(x) = x(x>+ 1)1,
x € R. Hence,

Myf —H 'MyHf =of + HpH f =2(¢f 1) +2(of-)+
=2(p— f+)- + 2(p+ f-)+

:_i< f+'> +i< f'> _ O D
xX—1)_ x+1 + X —1 X +1
_ 1 1 1 1 1 1
“ () = )

2 2
=—(fiop)o- + ;(f, O-)P+

T
1 1
= 2—(f,<p +iHp)(p —iHp)+ —(f. 9o —iHp)(¢ +iHp)
T 27
1

1

T

Corollary 94. Let ¢(x) = (x> + D7, x € R. Then rank(M, — H"'M,H) = 2,
rank(Pe(My, — H='M,H)P.) = 1 and rank(Po(M, — H~'M,H) Py) = 1.

Lemma 9.5. Let ¢ be an even function in L (R). Then

sn((My — H "My H) Pe) > ~/2s,(H,)
and

su((My — H™'MyH) Po) > V25, (H,).

Proof. Note that P_ (M, — H~'M,H)|H?(C) = 2H,,. It remains to observe that v/2P_ acts
isometrically from Lg(R) onto H*(C) and from Lg(R) onto H*(Cy). O

Lemma 9.6. There exists a function p € C*°(T) such that p(¢) + p(i¢) =1, p(¢) = p(¢) for all
¢ €T, and p vanishes in a neighborhood of the set {—1, 1}.

Proof. Fix a function ¢ € C°°(T) such that ¢ vanishes in a neighborhood of the set {—1, 1},
Y >0,and Y (¢) + Y (i¢) > 0forall ¢ € T. Put

v +¥(=0)
Y (©) + YA + ¥ (=) + ¥ (=if)

po(¢) =
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Clearly, po vanishes in a neighborhood of the set {—1, 1}, pp = 0, and po(¢) + po(i5) = 1 for all
¢ € T. Tt remains to put p(¢) = 3(00(¢) + po(2)). O

In what follows we fix such a function p.

Lemma 9.7. Let g be a function in Ay such that g(it) = g(¢) for all ¢ € T. Suppose that
inf,>0(n + 1)*s,(Hg) > 0. Then inf,»0(n 4 1)%s,(H,g) > 0.

Proof. Fix a positive p such that ap < 1. Clearly, there exists a positive number ¢ such that
| H, ||pn > c1n! P for all n > 0. Note that ||Hp(z)g(z)||5n = ”Hp(iz)g(z)”S” Hence, ||Hpg||§,l >
zclnl "‘P for all n > 0. By Lemma 8.3, there exists a positive number ¢, such that ||Hpg||p,, <
con' =P for all n > 1. Hence, there exists an integer M such that ||Hpg|| ”Hpg”s';, 1 —op

for all n > 1. Note that

SMn

”H,og”SMn ”Hpg”p»; < (M — l)n(sn(Hpg))p-

Thus (s, (Hpg))? 2 3= ]n_o‘p foralln>1. O

Lemma 9.8. There exists a real function gy € Aq that vanishes in a neighborhood of the set
{—1, 1} and such that go(¢) = g0(¢), ¢ €T, and s,(Hgy) = (n +1)7% forall n > 0.

Proof. Let g is the function given by (8.4). We can put gg &ef Cpg for a sufficiently large num-
berC. O

Theorem 9.9. Let o > 0. Let o(x) = (x> + 1)~\. Consider the operators A and B on Lg(R)
defined by Ag = H_IM(pHg and Bg = ¢g. Then

(i) rank(A — B) =1,
(ii) there exists a real bounded function f € Ay (R) such that

sa(f(A—fFB))=m+1D)"% n>0.

Proof. The equality rank(A — B) = 1 is a consequence of Corollary 9.4. Let go be the function
obtained in Lemma 9.8. It is easy to see that there exists a real bounded function f € A, (R) such
that f(p(x)) = go(X_H) It is well known (see [30], Ch. 1, Section 8) that H y., can be obtained
from H,, by multiplying on the left and on the right by unitary operators. Hence, by Lemma 9.5,

sn(F(B) = F(A)) = V255 (Hpop) = V2su(Hgy) = V2 + 1) O

Remark. The same result holds if we consider operators A and B on L2(R) defined in the same
way.

In Section 5 we have obtained sufficient conditions on a function f on R for the condition
A — B e S, toimply that f(A) — f(B) € S, for certain p and g. We are going to obtain here
necessary conditions and consider other values p and ¢.
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As in the case of functions on T, we consider the space Lip(R) of Lipschitz functions on R
such that

I/ ILipr) défSup{w: x,yeR, x ;éy} < 400.

For « € (0, 1], we denote by A, the set of all functions defined on R and satisfying the Holder
condition of the order « uniformly on all intervals of a fixed length:

def Lf ) = F)I
IIfIIAuésup{ﬁ:x,yeR,x?fy, lx =yl <1 < +oo0.

Clearly, f € Ay if and only if w ¢ (8) < const 8 for & € (0, 1]. Note that
Lemma 9.10. Let 0 < @ < 1. Then Ay = Ay (R) + Lip(R).

Proof. The inclusion Ay (R) + Lip(R) C Ay, is evident. Let f € A,. We can consider the piece-
wise linear function fj such that fo(n) = f(n) and fy|[n,n + 1] is linear for all n € Z. Clearly,
foeLipR) and f — foe A,(R). O

Denote by SA(S ), S;) the set of all continuous functions f on R such that f(B)— f(A) € Sy,
whenever A and B are self-adjoint operators such that B — A € §,.

We also denote by SA.(S,,S,) the set of all continuous functions f on R such that
f(B) — f(A) € §;, whenever A and B are commuting self-adjoint operators such that
B—-AecS,.

As in the case of unitary operators we say that the class SA(S ), S;) (or SA.(S, Sy)) is trivial
if it contains only constant functions.

Theorem 9.11. Let 0 < p,q < +00. Then SAc(S,,Sy) = A, for p < q and the space
SA:(Sp, Sy) is trivial for p > q.

Proof. To prove the inclusion A/, C SAc(Sp, Sy), it suffices to observe that f € SA:(S,, Sy)
if and only if for every two sequences {x,} and {y,} in R

Dol —wal? <400 = Y [0 = fO]! < +oo. 9.3)
Condition (9.3) easily implies that w 7 (§) < +o0 for some § > 0, and so for all § > 0. To complete
the proof, we have to prove that (9.3) implies that w ¢ (§) < C8P/4 for § € (0, 1]. This can be done
in exactly the same way as in the case of unitary operators, see the proof of Theorem 8.5. O

The following result is an immediate consequence of Theorem 9.11.

Theorem 9.12. Let 0 < p,q < +o0co. Then SA(S ), Sy) C Apq for p < g and SA(S,, S,) is
trivial for p > q.
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Theorem 9.13. Let 1 < p < q < +00. Then SA(S ), Sy) = Ay

Proof. In view of Theorem 9.12, we have to prove that A/, C SA(S,, S;). In the case p =¢q
this was proved by Potapov and Sukochev [34]. Suppose now that p < g. By Lemma 9.10,
it is sufficient to verify that Lip(R) C SA(S,,S;) and A,/ (R) C SA(S),S,). The first
inclusion follows from the results of [34] as well as from the results of [22]. Indeed,
Lip(R) C SA(S ), Sp) CSA(S), Sy). The inclusion A/, (R) C SA(S),, S;) follows from The-
orem5.8. O

Theorem 9.14. If 0 < p,q < 1, then Lip(R) ¢ SA(S,,8,). If 0 <a <1, 0<p <1, and 0 <
g < 1/a, then Ay(R)  SA(S ), Sy).

Proof. The result follows from Theorem 9.2. Indeed, there exists a function in Lip(R) which
does not belong to B]1 (R) locally, and for each « € (0, 1) there exists a function in Ay (R) that
does not belong to Bf‘/ . (R) locally. O

Theorem 9.15. Let 0 < g, p < +00. Then A,/ (R) C SA(S,, Sy) ifand only if 1 < p < q.

Proof. If 1 < ¢, p < +o00 or g < p, the result follows from Theorems 9.13 and 9.12. If p < ¢
and p <1, then A,,,(R) ¢ SA(S,, S,) by Theorem 9.14. O

Theorem 9.16. Let 0 < p,q < +oo. Then Lip(R) C SA(S,, Sy) if and only if 1 < p < g or
p<l<g.

Proof. In the same way as in the proof of Theorem 9.15, we see that it suffices to consider the
case p < 1. From the results of [22] or the results of [34] it follows that Lip(R) C SA(S1, S,) C
SA(S,, S,) if p <1 < g. The converse follows from Theorem 9.14. O

Now we are going to obtain a quantitative refinement of Theorem 9.12. Let f € C(R). Put

R4.p.q©) def sup{| f(A) — f(B)”Sq: IA— B|s, <8. A, B are self-adjoint operators}.

It is easy to see that given ¢ > 0, there exists a positive number ¢, such that £y, ,(26) <
Cqg 27.p.q(5).

Theorem 9.17. Let 0 < p,q < 0o and let f € SA(Sp, Sy). Then 24, 4(8) < +o0 forall § >0
and

22 ) 2 ) 22 ) 2 )
lim £.p.q(8) —inf £.p.q(8) <su £.p.q(8) — lim £.p.q(8)
5—0  8p/4 5>0 §Pld 5~0 8P4 §—>+o0  8P/4

3

(both limits exist and take values in [0, 00]). In particular, if f is a nonconstant function, then
240,40 <1 8P/ for every § € (0, 1] and Rfpq0) =2 8P/ for every § € [1, +00), where
c1 and cy are positive numbers.

The proof of Theorem 9.17 is the same as that of Theorem 8.13.
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Theorem 9.18. Let f € C(R) and p € [1, 4+00). Then either Q27,, ,(8) = +oo for all § > 0 or
24 p,p is a linear function.

Proof. If f ¢ SA(S,,S,), then £2¢,, ,(8) =+oo for all § > 0.

Suppose now that f € SA(S,, Sp). By the analog of Lemma 8.12 for self-adjoint operators
(it is easy to see that it holds for self-adjoint operators), 21, , ,(né) = n82y p, ,(8) for all positive
integer n. On the other hand, clearly, 2, ,(nd) <n$2y p ,(8) for all positive integer n. Hence,
§2¢ p,p is a linear function. O

10. Spectral shift function for second order differences

In this section we obtain trace formulae for second order differences in the case of self-adjoint
operators and unitary operators.

By Theorem 5.11, if A is a self-adjoint operator, K is a self-adjoint operator of class S, and
fe Bgol (R), then f(A+ K)—2f(A)+ f(A— K) € §1. We are going to obtain a formula for
the trace of this operator.

In this section m denotes Lebesgue measure on the real line.

Theorem 10.1. Let A be a self-adjoint operator and K a self-adjoint operator of class Sa. Then
there exists a unique function ¢ € L' (R) such that for every f € Bgo 1 (R),

trace(f (A + K) —2f(A) + f(A — K)) = / ()¢ (x) dm(x). (10.1)
R

Moreover, ¢(x) 20, x € R.

Definition. The function ¢ satisfying (10.1) is called the second order spectral shift function
associated with the pair (A, K).

We are going to use the spectral shift function of Koplienko. Koplienko proved in [15] that
with each pair of a self-adjoint operator A and a self-adjoint operator K of class S, there exists
a function n € L' (R) such that 7 > 0 and for every rational function f with poles off R, the
following trace formula holds

d
trace(f(A +K) - f(A) - Ef(A +IK)L=O) = / fCOn ) dm(x). (10.2)
R

The function 7 is called the Koplienko spectral shift function associated with the pair (A, K).
Note that later in [31] it was proved that trace formula (10.2) holds for f € Bgo 1 (R). Note that
the derivative

d
Z f(A+tK
dtf( +1 )t:0
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exists under the condition f € B ;Ol (R) (see [29] and [32]) and does not have to exist under the
condition f € Bgol(R). However, in the case f € Bgol(]R), by

d
FA+K) = f(A) = S fA+1K)|

we can understand

d
Z(fn(A +K) = fulA) = = ful4 +ZK)L_0)’

nez

and the series converges absolutely, see [31]. Here, as usual, f, & W, + fx* W,f .

Proof of Theorem 10.1. Let 1 be the spectral shift function associated with the pair (A, K)
and let 7, be the spectral shift function associated with the pair (A, —K). We have

d
tralce(f(A +K)— f(A) - Ef(A +tK)’t=O> = / f7Cm1(x) dm(x)
R

and

d
trace(f(A —K) = f(A) = f(A - ”{)L_o) = [ @ dmeo)
R

for f € B2 | (R). Taking the sum, we obtain

trace(f (A + K) —2f(A) + f(A - K)) = / @) (m ) 4+ n2(x)) dm(x).
R

. def
It remains to put ¢ = n1 + na2.
Uniqueness is obvious. O

We proceed now to the case of unitary operators. Suppose that U is a unitary operator and ¥’
is a unitary operator such that I — 7% € S». It follows from Theorem 6.11 that if f € Bgol , then
fPU)Y=2fU)+2(¥*U) € S1. We are going to obtain a trace formula for this operator.

Theorem 10.2. Let U be a unitary operator and let V' be a unitary operator suchthat I —V € S».
Then there exists an integrable function ¢ on T such that

trace(f(YU) —2f(U) +2(V*U)) =/f”gdm. (10.3)
T
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It is easy to see that ¢ is determined by (10.3) modulo a constant. It is called a second order
spectral shift function associated with the pair (U, V).

We are going to use a trace formula of Neidhardt [21], which is an analog of the Koplienko
trace formula for unitary operators.

Suppose that U and V be unitary operators such that U — V € S,. Then V can be represented
as V =AU, where A is a self-adjoint operator of class S> whose spectrum o (A) is a subset of
(—m, m]. It was shown in [21] that one can associate with the pair (U, V) a function 7 in LY(T)
(a Neidhardt spectral shift function) such that if the second derivative f” of a function f has
absolutely converging Fourier series, then

d .
trace(f(V) — W) = —(F(e"V)) S_O) = f f'ndm. (10.4)
T

Later it was shown in [31] that formula (10.4) holds for an arbitrary function f in Bgol.

Proof of Theorem 10.2. We can represent ¥ as ¥ = ¢4, where A is a self-adjoint operator of

class S such that the spectrum o (A) of A is a subset of (—m, w]. Let V| défﬂ/U. Clearly, V) isa

unitary operator and U — V; € S». We have V| = ¢AU . Let V, def ¥*U.Then U — V, € S, and

Vo =e My,
Let 1 be the Neidhardt spectral shift function associated with (U, V1) and let i, be the
Neidhardt spectral shift function associated with (U, V,). We have

S_O) =/f”mdm
T

trace(f(V1) - fU) - %(f(eimU))

and

d .
trace(f(Vz) — f(U) - a(f(e—“AU))

S:O) =/f”nzdm
T

for f € Bgo]. Taking the sum, we obtain
trace(f(YU) = 2f(U) +2(¥*U)) =trace(f (V1) —2f (U) + f(V2))

=/f//(fl1 +m)dm.
T

. £
It remains to put ¢ def n+mn. O
11. Commutators and quasicommutators
In this section we obtain estimates for the norm of quasicommutators f(A)R — Rf(B) in

terms of |AR — R B]|| for self-adjoint operators A and B and a bounded operator R. We assume
for simplicity that A and B are bounded. However, we obtain estimates that do not depend on
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the norms of A and B. In [3] we will consider the case of not necessarily bounded operators A
and B. Note that in the special case A = B, this problem turns into the problem of estimating
the norm of commutators f(A)R — Rf(A) in terms of |AR — RA]||. On the other hand, in the
special case R = I the problem turns into the problem of estimating || f(A) — f(B)|| in terms
A =B

Similar results can be obtained for unitary operators and for contractions.

Birman and Solomyak (see [11]) discovered the following formula

f(A)R—Rf(B)=//‘%§()})dEA(x)(AR—RB)dEB(y), (11.1)

whenever f is a function, for which ® f is a Schur multiplier of class 9(E 4, Ep) (see Sec-
tion 4).

Theorem 11.1. Let 0 < o < 1. There exists a positive number ¢ > 0 such that for every | > 0,
p €ll,00), f € Ay(R), for arbitrary bounded self-adjoint operators A and B and an arbitrary
bounded operator R, the following inequality holds:

$)(F (AR = RF (B)) <cllflaum 1+ D" PIRITIAR = RBI,

forevery j <.

Proof. Clearly, we may assume that R # 0. As usual, f, = f *« W, + f x W,EI , n € Z. Fix an
integer N. We have by (11.1) and (4.9),

N N
Y (OR=REB)| < Y [fa(DR-RHB) g
n=—00 st n=—00 !
P
N
<const Y 2" fullL=llAR — RBl|g
n=—oo r
< const 2V £l 4. ®) IAR — RB|g .
14
On the other hand,
D (faAR = RA(B))| 2RI Ml full oo
n>N n>N
< const]| £l a, @ IR Y 27"
n>N

< const 27V £l 4, IR
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Put

N
def def

XyE D ((DR=Rf(B) and Yy =Y (fu(AR — Rfu(B)).

n=-—00 n>N

Clearly, for j <1,

55 (F(OR = RF(B)) <550+ IYnll < (1+ ) 7 |AR = RBllgy + Y|
< constl /1.4, (1 + )" 721" AR = RB|Lg, +27"||RI).
To obtain the desired estimate, it suffices to choose the number N so that
27V <1+ )HTVPIAR - RB g [R]T <27V O

The proofs of the remaining results of this section are the same as those of the results of
Section 5 for first order differences.

Theorem 11.2. Let 0 < a < 1. There exists a positive number ¢ > 0 such that for every
f € Ay(R), for arbitrary bounded self-adjoint operators A and B with AR — RB € S and
an arbitrary bounded operator R, the operator f(A)R — Rf(B) belongs to 814,00 and the
following inequality holds:

| f(AR—Rf(B)| <clflla,®lIRI"IAR — RB|% .
S1/a,00 1

Theorem 11.3. Let 0 < o < 1. There exists a positive number ¢ > 0 such that for every [ €
BS, | (R), for arbitrary bounded self-adjoint operators A and B with AR — RB € Sy and an
arbitrary bounded operator R, the operator f(A)R — Rf (B) belongs to Sy, and the following
inequality holds:

[ F(DOR=RFB)| g, <cllfllpe, @RI IAR ~ RBIS,.

Theorem 11.4. Let 0 < o < 1. There exists a positive number ¢ > 0 such that for every [ €
Ay (R), for arbitrary bounded self-adjoint operators A and B and an arbitrary bounded operator
R on Hilbert space, the following inequality holds:

1 1 l—a .
si(|F(R = RFB)| ) <l f1} o IRI = 0, (AR~ RB), j 0.

Theorem 11.5. Let 0 < o < 1. There exists a positive number ¢ > 0 such that for every [ €
Aq(R), for an arbitrary quasinormed ideal J with By < 1, for arbitrary bounded self-adjoint
operators A and B with AR — RB € J, the operator | f (A)R — Rf (B)|'/* belongs to J and the
following inequality holds:

1/a

[ £ R = Rf(B)|"™ |5 <cCall £ IRI I AR — RB]5.



A.B. Aleksandrov, V.V. Peller / Journal of Functional Analysis 258 (2010) 3675-3724 3723

Theorem 11.6. Let 0 <« < 1 and 1 < p < oo. There exists a positive number ¢ such that for
every f € Aq(R), every | € Z, for arbitrary bounded self-adjoint operators A and B and an
arbitrary bounded operator R, the following inequality holds:

(57(|F R = REB[V) <l F17% IRIPE D (s, (AR — RB))”.
0 j=0

I !
j:

Theorem 11.7. Let 0 <« < 1 and 1 < p < o0o. There exists a positive number c such that for
every f € Ay(R), for arbitrary bounded self-adjoint operators A and B, and for an arbitrary
bounded operator R, the operator f(A)R — Rf (B) belongs to S /o and the following inequality
holds:

[ FOR=RFB)|g,, <clflaumlRIIAR— RBIS,.
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