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Abstract

By means of Mawhin’s continuation theorem, we stuehpoint boundary value problem at reso-
nance in the following form:

2O @) = ft,x@), x' @), ..., x* D) +e@), 1e(01),
F0=0x"0=0 ..., x¢DO)=0, xV)=Y"Pax@),

wherem > 3,k > 2 are two integersy; € R, & € (0,1) (i =1, 2,..., m — 2) are constants satisfying
Zf”:_ll ai=1and 0< &) <& <--- <&, _2. Anew result on the existence of solutions is obtained.
The interesting is that we do not need all #és (1 <i < m — 2) have the same sign, and also
the degrees of some variables amongx1, ..., x;_1 in the function f(z, xg, x1, ..., Xxt_1) are
allowable to be greater than 1. Meanwhile, we give some examples to demonstrate our result.
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1. Introduction

The multi-point boundary value problem for second order ordinary differential equa-
tions has been extensively studied in papers [1-14]. For instance, Feng and Webb studied
the boundary value problem in [11] as follows:

x"(t) = f(t,x@),x' (1)) +e(), te(0D), (1.1)
x'(0)=0, x(L) =YY" Pax (), (1.2)
where f € C([0,1] x R%, R), e € L}[0,1] anda; > 0, n; € (0,1) are constants with

m—2

i1 a; = 1. However, the linear growth condition

|ft.x, )| <a@®x|+b@]y|+r@), Y(,x,y)€[0,1] x R?, 1.3)
imposed onf (z, x, y) is needed, where, b, r € L1[0, 1]. In [12], Feng and Webb again
investigated the solvability of three-point BVP

{x”(t) = f(t,x(),x' (1)) +e(), t€(0,1), (1.4)

x'(0)=0, x(D) =x(n), (1.5)

where f ande are defined as abovg,c (0, 1) is a constant. By assuming thAthas the
decomposition

f@t,x,p)=g(t, x,p)+h(t,x,p), (1.6)
whereg andh : [0, 1] x R2 — R are two continuous functions satisfying the conditions

pg(t,x,p) <0, V(t,x,p)e[0,1]x[-M,M]x R,

and

|h(t, x, p)| <a@®)lx|+b@)|pl +u@®)|x|" + v(®)|plF + (@),
Y(t,x, p) €[0,1] x [-M, M] x R, (1.7)

where 0< r, k < 1 are constants and b, u, v, ¢ € L*[0, 1] with |b|1 < 1/2, the authors
obtain an existence result [3, Theorem 3.2]. But the problem corresponding to (1.1)—(1.2)
subject to the case of all the’s (1 < i < m — 2) not having the same sign, as far as we
know, has been studied far less often. The reason for this is that if all;heél <i <

m — 2) have the same sign, then BVP (1.1)-(1.2) can be studied via the existence of a
solution for the following three-point BVP [13,14]:

{X”(t) = [, x@),x' ) +e), 1€(01),
x'(0) = x (D) =x(),

which is crucial to estimate a priori bound of solution. When alldhe (1 <i <m — 2)
have no same sign, Liu studied BVP (1.1)—(1.2) in [15]. But the growth condition

|f . x, )| <a@®x|+b@)|y|+c@®)]yl’ (1.8)

is imposed onf, wheref € [0, 1) is a constant.
In this paper, we considet-point boundary value problem for higher order differential
equation in the following form:
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x'(0)=0, x”(0)=0, ..., x* D) =0, (D) =Y"Pax (&), (1.10)

where 7:[0,1] x R¥ - R and¢:[0,1] — R are two continuous functionsy > 3,

k > 2 are two integersg; € R, & € (0,1) (i =1,2,...,m — 2) are constants satisfying
mla=1landO0<é& <& < <&u2. AsY " 3ta; = 1, it is well known from [9,

10] that BVP (1.9)—(1.10) is at resonance. By using Mawhin’s continuation theorem, we

obtain a new result on the existence of solutions to BVP (1.9)—(1.10). Even if for the case

ofk=2anda; >0 =1,2,...,m—2), the conditions imposed ofiand the approaches

to estimate a priori bound of the solutions to BVP (1.9)—(1.10) are different from the cor-

responding ones of the past work [11,12]. For example, we allow that the degrees of some

variables amongpo, x1, ..., xx—1 in the functionf (¢, xo, x1, ..., xx—1) are greater than 1.

Meanwhile, we give some examples in Section 3 to demonstrate our result.

{M(r) = £, x(t), X' @), ..., x*D@) +e@r), te(0,1) (1.9)

2. Somepreliminaries

In order to use Mawhin’s continuation theorem, first we recall this theorem.

Let X andZ be real Banach Spaces and1etD(L) C X — Z be a Fredholm operator
with index zero. This means that = kerL & X1 andZ = Im L & Z1. Furthermore, let
P:X — kerL andQ: Z — Z1 be the corresponding natural projections. Clearly,zker
(D(L) N X1) = {0}, thus the restrictiorL p := L|p(1)nx, IS invertible. Denote by the
inverse ofL p.

Now, let£2 be an open bounded subsetofvith D(L) N2 #£0. AmapN:2 — Zis
said to beL-compact in®2, if QN (£2) bounded and the operat&i(/ — Q)N : 2 — X is
compact.

Lemma2.1[16,17]. Assume thak, Z are two Banach spaces, is a Fredholm operator
with index zero anav is L-compact or2. Moreover assume that

(1) Lx #ANx, Vi e (0,1) andx € D(L) N 3S2.
(2) Nx¢ImL,Vx ekerLNos2.
(3) ded QN |kerr, $2 NkerL, 0} #0.

Then the equatiohx = Nx admits at least one solution iB(L) N £2.

Next, let C[0,1] = {x: x € C([0,1], R)} with the norm |x|p = maxe(o,1jx(®)];
C'[0,1] = {x: x € C'([0. 1], R)} with the norm|.x||; = max{|x|o. [x'lo. ... |xPlo} (i =
1,2,...,k). Clearly,C[0, 1] andC'[0,1] (i =1, 2,..., k) are Banach spaces.

3. Main result
Theorem 3.1. Suppose that there is a positive integee {1,2,...,m — 2} such that

ai >0,Vie{l,2,...,j},andq; <0O,Vie{j+1,j+2,...,m — 2}. Furthermore, we
assume that the following conditions are satisfied
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(H1) Yraigk #1.
(H2) There is a constanb > 0 such that

ft,x0,x1,...,xk-2,0) +e(t) >0,
VvVt €[0,1], xo> D, andxy1 >0, ..., x,_2 >0,
and
f(, xo0,x1,...,xk—2,0) +e(t) <O,
Vit €[0,1], xo<—D, andx1 <0, ..., x;_2<0.

(H3) The functionf has the decomposition

k—1
Ft,x0, X0, ... Xk-1) = ut, X0, X1, ... xk—1) + g(£,x0) + Y _ hi(t, x))
i=1
such that
Xg—qu(t, X0, X1, . .., Xk—1) < —Blae—1|" T,
Y(t, x0, X1, ..., xk—1) € [0, 1] x R¥, (3.1)
. 1,
lim g0l _ (3.2)
Ix|=+00 g0,y |x1”
and
. h ta
im  sup PCON L vic2 k-1, (3.3)

[x|=+00 ci0,1] X"
wheren >0, r;, >0,i € {1,2,...,k — 1}, are all constantsg(z, x) and k; (¢, y),
ie{l,2,...,k— 1}, are continuous ofi0, 1] x R.

Then BVR1.9)—(1.10has at least one solution, if
k—2

ri
Xia 2y e

i=0
Proof. Let X = C¥~1[0, 1] andZ = C[0, 1]. Considering the equation

Lx = Nx, »ée(0,1), (3.4)
whereL : D(L) C X — Z defined by

Lx =x(k),

m—2
D(L):={x: xeC¥0,1], ¥ (0 =0,...,.x*D0)=0, x(1) = Zaix(&)},
i=1
and
N:X—Z (N)®O=f(t.x0),x®),....x*V@®) +e@), te[0,1].



526 S.Lu, W. Ge / J. Math. Anal. Appl. 287 (2003) 522539

Clearly, kel = {c: ce R} and ImL = {y: y € C[0, 1], Z?leai [; ot Jo T yse) x
dsi...ds1 =0}. SoL is a Fredholm operator with index zero. Let
P:X — kerL, Px=x(0),
K [ fot o oty dsk. .. dsy
1- Y aikf
andLp = Llkerpnp(L)- ThenLp has a unique inversg :Im L — kerP N D(L) defined
by

Q:Z— 71, Qy=

’

Jot =)ty (s)ds
(k —1)!
It is easy to see from the definition &f and (3.5) thatV is L-compact on2, wheres? is

any bounded open subsetXf
Suppose € D(L) is an arbitrary solution of Eq. (3.4) for some= (0, 1). Then

(3.5)

(Ky)(®) =

xO@ =af(t,x0), X' @), ..., x*V(@0) +re(), 1€(0,1). (3.6)
First we will prove that
|x(0)| < D. 3.7)

Suppose the contrary. Thén(0)| > D. Without loss of generality, we may assume that
x(0) > D. Inview of x’(0) =0, x”(0) =0, ..., x* D) =0and

x® ) =2[ £(t,x(0),x'0), ..., x* V() + e(0)]
=A[f(,x(0),0,...,0) +e(0)],

we see from the first part of assumptiorpjHhatx ©)(0) > 0. By the continuity ofc ®)(r)
on [0, 1], one can find that there #se (0, 1) such thatc®)(s) > 0 for 7 € (0, §), and then
Vie(l2,... k-1,

t
, . , 1 ,
w%w=ﬂ%m+xW®mn+~47;—ff;/a—w“4ﬂummMs
—41—1):
0

t
1 .
ST /(r — )10, W) ds >0 fort € (0, 8]
—41—1).
0
and

t
1
_ / _ k=D (k)
x()=xO)+x" Ot +---+ D /(t s) x(s)ds
0

1

=xO+ =3

'
/(t —)*Dx®(5)ds > x(0)> D forr e (0,35].
0



S. Lu, W. Ge / J. Math. Anal. Appl. 287 (2003) 522539 527
In what follows, we will prove that
& V>0, Vie(01). (3.8)
Otherwise, there must be a constant (0, 1) such that
x*V@y>0 forre (0, 1), (3.9)
andx*=D(19) = 0, which deduce thati € {1,2,...,k — 2},
1 13
D0 =xP0) +x O+ + ——— / (t — ) 2 Dx* D (5) ds
k—2—1i)!
0
1 t
=—— / (t —)* 2 Dx*&D(5yds >0 forr e (0,10 (3.10)
k—2—-1)!
0
and
1 t
x(t)=x0)+x' 0t +---+ 2 /(t — ) D5 *k=D 5y g5
0
1 13
=x(0) + =21 /(r —5)*Dx*D ey ds > x(0)> D forr e (0, tol,
° (3.11)
and also
x® (1) 0. (3.12)

But by (3.10), (3.11) and the fist part of assumption)¥e see that
x®@t0) = A[ f (to, x(t0), X' (t0), . ... x* P (t0)) + e(t0)]
= [ f (10, x(t0), x'(t0), . ..., %= (19), 0) + e(10)] > O,
which contradicts (3.12). So (3.8) holds. However, as

m—2
xH=) axE)= Y  ax@E)+ > aix (&),
i=1

i€{1,2,....j} ie(j+1,j+2,...m—2}
it follows from (3.10) that

X< Y ax@E)+ > a;x(&))
i€{l,2,...,j} ie{j+1,j+2,....m—2}
m—2
=Y aix(§) =x(&) <x(1),

i=1



528 S.Lu, W. Ge / J. Math. Anal. Appl. 287 (2003) 522539

which is also a contradiction. This contradiction implies that (3.7) holds. Thus

tee _ Nk=2)(,(k—1) 1 (k-1
\x(t)\g\x(O)‘+/0(t s) |x (s)Ids<D M

(k —2)! h (k —2)!

and

O] < fc;(f — 5)*k=2=D 1 x k=D(g)| ds - fol|x(k_1)(s)|ds

(k—2—1)! k—2—0)
that is
1, (k=1
lx* =D ()| ds

|x|O<D+% (3.13)

and
. L= 5y g
KO DO s g, (3.14)

(k—2—1)!

On the other hand, multiplying the two sides of (3.6)% Y (r) and integrating them
over|O, 1], we have

1
%(x“—l)(l))zz)\/u(s x(5), x'(s), ..., x* D () x®D(5) ds

1 1,1
+)L/g s, x(s) (k= l)(s)ds—i-)»/Zh s, x(’)(s)) *k=D(s)ds
0 i=1

+A e(s)x(k_l)(s) ds.

o—_ .

So by (3.1), we have

1 1
A,B/|x(k_l)(t)|n+1dt < —)\/u(t,x(t),x/(t),...,x<’<—1>(t))x<’<—1>(t) dt
0 0

1
= ‘%(x("*”)z(l) +2 / g(s.x()x*P(s)ds
0

k-1

1 1
+ A /h, (£, xD (@) x*= 1>(t)dt+)\/e(t)x<k D) dt,
i=1p 0

that is
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1
,8/|x(k_1)(t)|n+ldt

1 k—1 1
/g s x(s) (k= l)(s)ds Z/h, t, x(k)(t) (k= l)(t)dt
0 i=lyp
1
—l—/e(t)x(k*l)(t)dt
0
1 i1 1
</| (s, x(5))x*~ 1)(s)|ds+2/|h (t.xP@®)x* D) dr
0 =10
1
+ f le)x* D @)] dt. (3.15)
0
Let
k 2
,_Pm2izo 2~ k-1
2k '
We see from

_ ;
'8>;7[(k—2—i)!]" +rr—1

thate > 0. For such a positive, we find from (3.2) and (3.3) that there must be a constant
o> Dsuchthavi € {1,2,...,k—1},

hi(t, ;
% < (ri +¢) uniformly forz € [0, 1], |y| > p,
y
and
t ;
|g|( I’T)I < (ro+e¢) uniformlyforz € [0, 1], |x| > p,
X

ie,Vie{l,2,....k—1},

|hi(t, y)| < (ri +&)ly|" uniformly forz € [0, 1], |y| > p, (3.16)
and

|g(t,x)| < (ro+&)|x|" uniformly forz € [0, 1], |x| > p. (3.17)

Let Al,_{t t€[0,1], xD@)| < p}, Agi ={t: t €[0,1], [xD ()| > p}, Vi € (1,2,
— 1}, Az={r: t € [0,1], |x(®)| < p}, Aa={t: t € [0,1], |x(#)| > p}. Then we
have from (3.15) that
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1
,8/|x(k_1)(t)|"+ldt
0

< [Ie(sx@)x V)] ds+ [ lefox)x D )| ds

A3z Ay

k—1
—I—Z/‘hi(s,x(")(s))x(kfl)(s)‘ds

l:1Al,i

l:1A2,i

As we from (3.16) and (3.17) find that

1
/\g(s,x(s))x“—l)(s)\ds ggp/\x“—l)(s)\ds,
0

Az

1
/ |g(s,x())x*D(s)|ds < (ro+ &) |x[§ f |x*=D(s)| ds,
Ag 0

1

/ ‘h,- (s, x(")(s))x(kfl) (s)‘ ds < (ri + 8)|x(i)|’6/|x(k71) (s)‘ ds

Az,,- 0
(=12 . k-2,

1
f|h,~(s,x(">(s))x("*1>(s)|dsgh,-,p/|x(k*1>(s)|ds
0

Ag
i=12,...,k—2),

Azk-1
and
1
/ |hk,1(s,x(k_l)(s))x(k_l)(s)|ds <hk,1,p/|x(k_l)(s)|ds,
Agk-1 0

k=1 1
+Z / ‘hi (s,x(")(s))x(kfl)(s)‘ds+/‘e(t)x(k71)(t)|dt.
0

1
/ |h—1(s, x5V (5))x* Y (5)| ds < (rk_l+8)/|x(k_1)(s)|n+lds,
0

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

where g, = MaXco,1], |x|<p 18 X, hip = MaX%eo,1, 1yj<p i, Y, 1 € {L,2,...,
k — 1}. Substituting (3.13) and (3.14) into (3.20) and (3.21), respectively, we have
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1 (k=1 n L
/|g(s,x(s))x(k_1)(s)| ds < (ro+¢) |:D + MTZ(;)MS} /|x(k_1)(s)| ds

(3.25)

and

1 n+1
; i+ _
/ |hi (S’x(l)(s))x(kfl)(s)|ds < m(/h(k l)(s)|ds> ,
A 0

iel2.. . k-2, (3.26)
Substituting (3.19) and (3.22)—(3.26) into (3.17), we obtain that

1
ﬂ/\x<k*1>(t)|"“dt
0

1. (k=1 n L
< (ro+s)[D+ MTZ(;)MS} /|x(k_1)(t)|dt
0

n+1

1
ri+¢ - -
+Z[(k 2_ (/‘X(k 1)(t)|dt> +(rk,1+g)/‘x(k 1)(t)| Lt
0

[gp+|e|o+2h,p}/|x(k Yyl ar. (3.27)

i=1

From the knowledge of mathematical analysis, we know that there must be a constant
o € (0, 1) (independent of) such that

A+x)"<14+m+Dx, Vxe(,ol]. (3.28)
Thus, we have the following cases.

Casel. If [, [x*~D)|dr =0 or [ x*D ()| dr # 0 with
Dk —2)!

>0

Jo lx*=D@)|dr
then

1, (k=1
Jolx (s)lds < 2_
(k—2)! o

So from (3.28),

1, (k-1 ds" 1 !
[D+ Jo TRl ds Ix(k 2(;” s} /|x<k*1>(t)|dt < D"(1+<r*1)"/|x("*l)(s)|ds.
! J J

(3.29)
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Substituting (3.29) and Hélder’s inequalities

1 1 L
/‘x(k_l)(s)‘ds < (/‘x(k—l)(s)‘n-i-lds) ’
0 0

1 n+1 1
</|x(k—l)(s)|ds) </|x(k—l)(s)|n+1ds

0 0

into (3.27), we get

1
ﬁ/\x<’<—1>(t)|"“dt

k-1
|:(r0+8)D"(1+a—1)n +gp + lelo+ Zh, p:| (/‘x(k 1)(5)‘n+1

i=1

k—2
ri+¢€ (k—=1) n+1
" [Z Mke—2=0m (r"_1+8)] /'x O di
1= 0

Since ¥(n+1) <1 and

k—2
ri +¢ i
T 1+8+Z[(k 2o - 1+Z [k—2—np T

rk 1+Z 1m+,3<,3
2 9

it follows from (3.30) that there is a constaify > 0 such that

1
/|x<k*1>(t)|1+” dt < M.

Case2. If
Dk — 2)!
Jo 1x® =D @) dr
then from (3.28) we get

Lix®k=D n 1, -1 n _
[D+f0|x (s>|ds] :<f0|x (s>|ds) [1+ D(k —2)!

(k —2)! k — 2)!

<o,

1, (k-1 n _
< (fo |x (s)|ds> |:1+ (nl—i— D (k 2)!i|
(k—2)! fO Ix®=D (1) dt

S 1x®=D ()| dr

1
) n+1

(3.30)

(3.31)

T
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1, (k1) n 1 n—1
_ (/’0 I (S)lds> - 41D </|x(k_1>(s)|ds> _ 3:32)
0

(k—2)! (k—2)-1

Substituting (3.32) into (3.27), we have

1
ﬂ/|x<’<*l>(t)|"+ldt
0

1, (k1) n l
< (V0+8)<M) /|x(k_l)(s)|ds
0

(k—2)!
w+vp [ ] "
n—+ (k—1)
“rm(/‘x (s)‘ds)
0

n+1

1
e - n+1
+Z[(k 2= DI (/‘x(k l)(t)|dt> +(rk71+8)/‘x(k l)(t)| +1
0

1

k-1
i=1 0
T arop [ "
(k k=2 </|x (S)|ds) + [(k—2)!]"1(/|x (s)|ds>
0

k=2

n+1 1
ri+eé& k=1 (k=1) /|2 t1
+Z;m(/\x (t)|dt> +(rk—1+s)/\x 0| dr
i= 0 0

1

k—1
|:gp+|e|0+2h p}ﬂx(" Yw)|dt. (3.33)

i=1 0
By using inequalities

1

1 1 1
/‘x(k_l)(S)‘ds < (/‘x(k—l)(s)‘n+lds) 7
0 0
1 n+1 1
</|x(kl)(s)|ds) </|x(kfl)(s)|n+lds
0 0
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and

n

1 n 1 o
</|x<k—1>(s)|ds) < </|x<k—1>(s)\"+1ds) ,
0 0

we get from (3.33) that

1
,8/|x(k_1)(t)|n+ldt
0

\Z[(k r12+_8l)' /‘x(k 1)(t)|n+ldt+(rk l+8)/\x(k 1)(t)‘n+1 dt

n+1)D _ n o
+ W(/ S Hds)
1

n+1
|:gp+|e|o+2h,pj|</|x(k 1)(t)‘n+1 ) .

i=1
Since

k=2 k—2 ri
ri+e¢ B+ro+ri—1+ Zi:l [k—2—D1T"
_ < - )
Tk 1+§[(k—2—i)!]” > <B

n/(n+1) <land ¥(n+ 1) <1, itfollows from the above formula that there is a constant
M> > 0 such that

1
/|x'(t)|n+1dt < Mo
0

Thus, in either Case 1 or 2, we obtain that

1
/ \x<’<—1>(t)|"+1dt <max{Mo, M1} := M, (3.34)

which together with (3.13) yields

1

1 1 n+1
-2 </|x(k_1)(t)l"+ldt>
Y

1
(k—2)!

|xlo< D+

D+ M = Ag (3.35)

and
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1

+1 n+1 1 1
® S (k=1) t " < - Mnrl = A
@0 < <f|x ) ) T i

i=12 ... k-2 (3.36)
Multiplying the two sides of Eq. (3.6) by *~(r) again and integrating them ov, 1],
we get

1

Ol

t

t
:k/u(s,x(s),x/(s),...,x(k_l)(s))x(k_l)(s)ds+A/g(s,x(s))x(k_l)(s)ds
0

0
k—1 t t
+A /h, (s, xD(s))x*~ 1>(s)ds+)\/e(s)x<’< Dis)ds
i=1p 0
1 —1 1
</| (s x(s)) (k= 1)(s)|ds+2/|h s, x(’)(s)) (k= 1)(s)‘ds
0 i=1l9g

+v/|e(s)x(k71)(s)|ds

1 k—2 1
/| (s x(s)) (k= 1)(s)|ds+2/|h s, x(’)(s)) (k= 1)(s)‘ds
0 i=lyp

/|e(s)x(k Ds)|ds + / k=1 (s, x P (5))x* D) | ds

Ark-1
/ ‘hkfl(s,x(k_l)(s))x(k_l)(s)‘ds
A2 k-1
k—2
[g/thlA +|e|o]/\x<" Yis)|ds + (e 1+e>/|x(" Dioy|" " ar
i=1

+hi—1.p / |x®V(s)| ds

1

k—2 n+l
[g/thlA +hi 1p+|e|o}</|x(" V)" a )

i=1
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1
+(rk_l+8)/|x(k_l)(t)|n+ldt, (3.37)

whereAs ;—1 and Az ;1 are defined by the explanation preceding (3.18),

gao:= _ Ma max _|hi(t,x)| (=12...,k—2
1€[0,1], |x I<Ao 1€[0,1], [x|<A;
and
hi—1,p:= max |hk71(t,x)|.
te[0,1], [x|<p
Substituting (3.34) into (3.37) we get
k=2
PUIOIRES Z[hp +8a0+ ) hia +hio1,+ |e|o} MY 421 + )M
i=1
= M3, Vtel0,1],
that is
lx & Vo < Ma. (3.38)
If ¢ > D, then by assumption (H we get
m—2 1 s Sk~
// / f(sk.c,0,...,0) +e(sp)]dsk ....ds1
’=1 &
j 1 s Sk—1
:Za,// /[f(sk,c 0,...,0) +e(se)]dsk...ds1
=l & 0 0
m -2 1 s
+ a,// / f(sk,c,O,...,0)+e(sk)]dsk...ds1
=il 0
j 1 51 Sk—1
>Za,~//.../[f(sk,c,O,...,O)+e(sk)]dsk...ds1
i=1 % 5
m -2 1 s
+ a,// / f(sk,c,O,...,0)+e(sk)]dsk...ds1
i=j+1 £ 0 0
m—2 1 s1 Sk—1
= az// / f(sk,c,0,...,0) +e(sp) ] ds ...
=l &0 0
1 s Sk—1
:// /[f(sk,c 0,. 0)+e(sk)]dsk...ds1>0. (3.39)
£ 0 0
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Similarly, if c < —D, then we have

m—2 1 s k-1

Za,// / f(sk, ¢, 0,. .,O)+e(sk)]dsk...ds1<0. (3.40)

Now, if Nx e ImL, x e kerL, thenx =, ¢ € R, satisfyingQNx =0, that is
K'Yy 2 4; f; ot Jo | f(sk,c 0,...,0)+e(sp)]dsk...ds1

1-— Z 1 a;§;
So by (3.39) and (3.40) we see that < D. Let My = maXAg, A1, ..., Ax—2, M3} + 1
and2 = {x: x € X, |lx|lx—1 < M4}, and also set

H(x, ) = 1sg 1—Za,~gi’<>x+(1—u)gzvx, (x, 1) € £2 x [0, 1].

Itis to see from (3.39) and (3.40) thAk(x, 1) # 0, (x, u) € (382 NkerL) x [0, 1]. Thus
ded ON|ker., kerL N £2, 0} =deg{H (x, 0), kerL N 2, 0},

dedH (x, 1), kerL N £2,0} = deg{sgr( Z a;& )I kerL N §2 O} #0.
Therefore, by applying Lemma 2.1, we get BVP (1.9)—(1.10) has at least one solution.

Remark 3.1.If ¢; > 0,Vi € {1, 1, ..., m — 2}, then the positive integer of Theorem 3.1
can be chosen gs=m — 2, and then assumption {Hof Theorem 3.1 holds. So we have
the following result.

Corollary 3.1. Supposey; >0, Vi € {1,1,...,m — 2}, and assume that conditiorbl,)
and (H3) of TheorenB.1 are satisfied. Then BVE.9)—(1.10has at least one solution if

k-2

Ti
;m+rk71</3,

Example 3.1. Let us consider the boundary value problem as follows:

xX"(1) = =2+ x2(t)x"3(1) + x3(t) + x'¥3(t) + 12, t€(0,1), (3.41)
XO0)=0,  x(1)=3ix1/2)+3x2/3). (3.42)

Corresponding to BVP (1.9)—(1.10), we have= 1/4 > 0 andap = 3/4 > 0 with a1 +
az=1, f(t, x0,x1) = —(2+x2)x3 + x3 —|—x18/3+ 12 ande(r) = 0. So we can chosb = 2
such that assumption ghlof Theorem 3.1 is satisfied, and also we can chdsgexg, x1) =
-2+ xcz))xf, g(t,x) =x3+ 12 andhy(t, y) = y8/3 such thatf (¢, xo, x1) = u(t, xo, x1) +

g(t,xp) + h1(t,x1). Thenn=3,8=k =2,

L . hi(t,
ro= lim sup 801 _ 1 ang ri= lim  sup lha(z, y)I

3 3 =0
rl=>+o0 rero,) 1] =00 eoay 1Y
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that is
k—2 -
1
Y S ——tna=ro+tn=1<p=2
S k—2-D"

Hence, BVP (3.41)—(3.42) has at least one solution by applying Corollary 3.1.

Remark 3.2. From the above example, we see=1/4 > 0,a2 = 3/4 > 0. But the degrees

of the second variabley and the third variable; in f (¢, xg, x1) are all equal to 3, which is
different from the growth condition (1.3) assumed by [11]; and also the degree of variable
in the functionz1(¢, y) is equal to 83, which is different from the corresponding condition
of (1.7) assumed by [12].

Example 3.2. Let us consider the following boundary value problem:

x(t) ==+ x20))x'3() + x>(1) + x'4) +12, 1€ (0,1, (3.43)
X(0)=0,  x(D)=3x(1/2) - x(2/3). (3.44)

Corresponding to BVP (1.9)—(1.10), we have=5/4 > 0 andaz = —1/4 < 0 with
a1 +az=1, f(t,x0, x1) = —(2+x3)x3 +x3 +x7 + 12 ande(r) = 0. So assumption (J
of Theorem 3.1 holds, and we can chaBe= 2 such that assumption ¢ of Theo-
rem 3.1 is satisfied, and also we can chegexo, x1) = —(2+ x2)x3, g(t, x) = x° + 12
andh(z, y) = y* such thatf (¢, xo, x1) = u(t, xo, x1) + g(t, x0) + h1(t, x1). Thenn =5,
B=k=2,

. t,x . ha(t,
ro= lim sup 8¢ 5)|=1 and r1= lim sup Lsy)lzq
rl=>+o0 rero,y 1] =0 reoay 1Y
that is
k—2 N
1
—————— +rn_1=rnt+ri=1<p=2
;_0 2 =t B

Hence, BVP (3.43)—(3.44) has at least one solution by applying Theorem 3.1.

Remark 3.3. From the above example, we see= —1/4 < 0. So the above result cannot
be obtained by [1-14]. Also, the degrees of the second varigbded the third variable
x1 in the functionf (¢, xo, x1) are all equal to 5, which is different from the growth condi-
tion (1.8) assumed by [15].
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