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MSC Abstract Formulae expressing explicitly the g-difference derivatives and the moments of the polynomials
Primary 42C10; P,(x;q) € T (T={P,(x;q) € Askey-Wilson polynomials: Al-Salam-Carlitz I, Discrete g-Hermite I, Little
33A50; (Big) g-Laguerre, Little (Big) g-Jacobi, ¢g-Hahn, Alternative g-Charlier) of any degree and for any order
65L05; in terms of P;(x; ¢) themselves are proved. We will also provide two other interesting formulae to expand
65L10 the coefficients of general-order g-difference derivatives D} f(x), and for the moments x* D} f(x), of an
KEYWORDS arbitrary function f(x) in terms of its original expansion coefficients. We used the underlying formulae to

relate the coefficients of two different polynomial systems of basic hypergeometric orthogonal polynomials,

g-classical orthogonal . . . . :
belonging to the Askey—Wilson polynomials and P,(x; g) € T. These formulae are useful in setting up the

polynomials;

Askey—Wilson algebraic systems in the unknown coefficients, when applying the spectral methods for solving g-difference
polynomials; equations of any order.

g-difference equations; © 2010 Cairo University. All rights reserved.

Fourier coefficients;
Recurrence relations;
Connection problem

Introduction

The expansion of a given function as a series in classical orthogonal polynomials is a matter of great interest in applied mathematics and
mathematical physics. This is particularly true for the connection problem between any two families of classical orthogonal polynomials.
Usually, the determination of the expansion coefficients of this series requires a deep knowledge of hypergeometric functions. It should be
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stressed that, even when explicit forms for these coefficients are available, it is often useful to have a linear recurrence relation satisfied by
these coefficients. This recurrence relation may serve as a tool for detection of certain properties of the expansion coefficients of the given
function, and for numerical evaluation of these quantities, using a judiciously chosen algorithm [1]. The construction of such recurrences
attracted much interest in the last few years. Special emphasis has been given to the classical continuous orthogonal polynomials (Hermite,
Laguerre, Jacobi and Bessel), the discrete cases (Hahn, Meixner, Krawtchouk and Charlier) and the basic hypergeometric orthogonal
polynomials, belonging to the Askey—Wilson polynomials.

The construction of recurrence relations for the coefficients of the Fourier series expansions with respect to the classical continuous/discrete
orthogonal polynomials is presented by many authors. Special emphasis by Lewanowicz [2-4] is given to solving the connection and
linearization problems. Ronveaux et al. [5], Godoy et al. [6] and Area et al. [7] have developed a recurrent method for solving the connection
problem for all families of classical orthogonal polynomials, as well as some special kind of linearization problems, and have used it for
solving different problems related to the associated Sobolev-type polynomials, etc. [see also, Godoy et al. [8,9]]. Also, different algorithms
for solving the connection problem of the four families of classical orthogonal polynomials of continuous variable (Laguerre, Hermite,
Jacobi and Bessel) are presented by Doha [10-12] and Doha and Ahmed [13] respectively, and for the discrete cases (Hahn, Meixner,
Krawtchouk and Charlier) by Doha and Ahmed [14,15].

Also, the construction of recurrence relations for the coefficients of the Fourier series expansions with respect to the g-classical orthogonal
polynomials are presented by Lewanowicz [16,17], Lewanowicz et al. [18], and Lewanowicz and Wozny [19]. A great importance of the
connection and linearization coefficients is appeared in [20-28].

Lately, there has been increasing interest in the g-orthogonal polynomials. This is due to their numerous applications in several areas
of mathematics, e.g., continued fractions, Eulerian series, theta functions, elliptic functions (cf. [29-31]), quantum groups and algebras
[32-34], discrete mathematics (combinatorics, graph theory) and coding theory, among others (see also [24]). There is also a connection
between the representation theory of quantum algebras (Clebsch—Gordan coefficients, 3j and 6j symbols), which play an important role
in physical applications, and the g-orthogonal polynomials; see [35] and the references cited there. This partially motivates our interest
in such polynomials. Another motivation is that the theoretical and numerical analysis of numerous physical and mathematical problems
very often requires the expansion of an arbitrary polynomial or the expansion of an arbitrary function with its g-derivatives and moments
into a set of g-classical orthogonal polynomials. This is also true for the basic hypergeometric orthogonal polynomials belonging to the
Askey—Wilson polynomials. They are important in certain problems of mathematical physics; for example, the development in quantum
groups has led to the so-called g-harmonic oscillators (see, for instance [36—-39]). The known models of g-oscillators are closely related
with g-orthogonal polynomials. The g-analogues of boson operators have been introduced explicitly in Askey and Suslov [36], where the
corresponding wave functions were constructed in terms of the continuous g-Hermite polynomials of Rogers (see [40,41]), in terms of the
Stieltjes-Wigert polynomials [42] and in terms of g-Charlier polynomials of Al-Salam and Carlitz [43]. Askey and Suslov [44] have shown
that Al-Salam-Carlitz I polynomials are closely connected with the g-harmonic oscillator. Also, Atakishiyev and Klimyk [45] have shown
that the little g-Laguerre polynomials are related to the problem of diagonalization (eigenfunctions, spectra, transition coefficients, etc.) of
some classes of operators for the discrete series representations of the quantum algebra U, (su;,;).

In this paper we introduce new knowledge and explicit formulae for the expansion coefficients of general-order g-derivatives and the
moments of an arbitrary function in terms of g-orthogonal polynomials. Similar formulae have been obtained by Karageorghis [46,47],
Phillips [48], Doha [10-12,49,50] and Doha and Ahmed [13-15] for classical orthogonal polynomials of continuous and discrete variables,
as well as Doha and Ahmed [51] for Al-Salam-Carlitz I polynomials and little (big) g-Laguerre, belonging to the Askey—Wilson polynomials,
which are unknown and traceless in the literature. To obtain such formulae, we require knowledge of the so-called structure and three-term
recurrence relations for the g-orthogonal polynomials.

The paper is organized as follows. In “Properties of the g-classical orthogonal polynomials in the Hahn sense” section, we give some
relevant properties of the polynomials P,(x; g) € T. In “Relation between the coefficients a” and a, and the pth g-derivative of P,(x;¢q)”
section, we prove a theorem that relates the P, (x ; ¢) expansion coefficients of the g-derivatives of a function in terms of its original expansion
coefficients. Explicit expressions for the g-derivatives of the polynomials P,(x; g) of any degree and for any order as a linear combination
of suitable P,(x; g) themselves are also deduced. In “Explicit formula for the expansion coefficients of the moments of Dy f(x)” section,
we prove a theorem that gives the P,(x ; ¢) expansion coefficients of the moments of one single P,(x; ¢) polynomial of any degree. Another
theorem that expresses the P,(x ; g) expansion coefficients of the moments of a general-order g-derivative of an arbitrary function in terms
of its P,(x ; ) original expansion coefficients is also discussed. In “Recurrence relations for connection coefficients between different monic
g-polynomials belonging to the Askey—Wilson polynomials” section, we give an application for these theorems that provides an algebraic
symbolic approach (using Mathematica) in order to build and solve recursively for the connection coefficients between two different
polynomial systems of basic hypergeometric orthogonal polynomials, belonging to the Askey—Wilson polynomials and P, (x;q) € T.

Properties of the g-classical orthogonal polynomials in the Hahn sense

The families of g-orthogonal polynomials belonging to the Askey—Wilson polynomials have the property that their derivatives form orthogonal
systems, and also satisfy second-order g-difference equation of the form

[U(X)DqDl/q + T(X)Dq + )"n,q]f)n(X; Q) = 0» (21)
where the g-derivative operator D, (also called Hahn operator) is defined (see Hahn [52]) by
flgx) — f(X)’ x40,

D f(x:={ (g—Dx 22)
£(0), x =0, provided f'(0)exists,
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Table 1  Polynomials o(x) and 7(x) in the g-difference equation (2.1).

Family o(x) 7(x)

Big g-Jacobi P,(x;a,b,c;q) (ag —x) (cqg — x) w
q-Hahn Qu(x;a,b,N;q) (ag—x (g —x 2al+x=Dba)— xtq " (1ag)
Little g-Jacobi pn(x;a, blg) x(x—1) %

Big gq-Laguerre Py(x;a,b;q) (x—aq)(bg —x) )Hatf%ﬁaqu
g-Meixner My (x;b,c;q) c(x — bq) W*y#
g-Alternative Charlier Ku(x;a;q) x(1—x) w

Little g-Laguerre Pulx;alg) x(1 —x) X-;afql_l

q-Laguerr Ly (x:q) x liqoﬁ—]z(zﬁl)
Stieltjes-Wigert NACH)) % = T
Al-Salam-Carlitz T U (x;) = Dx—a) 2

Discrete q-Hermit T hn(x 5 q) 1= -1
Al-Salam-Carlitz II Vi (x; q) « el

and o(x) = ax? + bx + ¢, T(x) =dx+ e are polynomials in x of degree at most 2 and exactly 1, respectively (but depending possibly on g), and
Ang=—[nlyln —11,(0"/2) + [n],7’, where the g-analogues of the real numbers, [x],, is defined by
1 —g*
xlg=9 1—4¢
0, x=0.

0,

For a brief background, definitions for some terminology and most basic properties of these polynomials, please refer to Gasper and Rahman
[[24], p. 3-6] and Koekoek and Swarttouw [[53], p.113-114].

Remark 1. For the sake of completeness, Table 1 is included at the end of this paper to give the expressions of o(x) and t(x) for most
monic g-polynomials belonging to the Askey—Wilson polynomials.

The following two recurrence relations (which may be found in Area et al. [23] and Medem [54]) are of fundamental importance in
developing the present work. These are:

(i) Recurrence relation

xXP,(x;q) = Po1(69) + B Pa(xs @) + vu P (X5q), (v #0), n >0,

2.3)
Py(x;q) =1, P_i(x;q9) =0,
where

_ 4" (—(ag(b(1 4 q) + e(g — 1))) — (a + d(q — D)g*" (b(1 + q) + e(q — 1))
a*q* + (a+d(q — ))’q* — a(a + d(q — D)g*(1 + ¢*)

¢*"(1 + q)(bla — d) + (a + d)q) + ae(qg — 1)q)
a’q? + (a+d(q — 1)’q* — a(a+d(g — D)g*(1 +¢*)’

_ q""'(¢" — D(—(ag®) + (a + d(g — 1))q")
(ag? — (a+d(q — 1)g*")’(ag — (a + d(q — 1)g*")ag® — (a + d(g — 1))g*")

x(a*cq* + cla+ d(g — 1))’q" — abq" (b + e(g — 1)) = bla+d(g — )¢ x (b+e(g — 1))

ﬁn:

Vo =

+g*" D (=2a%c + b*d(g — 1) + a(2b? + 2be(qg — 1) + (g — 1)(—2cd + €*(qg — 1))))).
(i) Structure formula

DyPii(x;q) o DgPu(x;q) _ DgP,_1(x;q)

n n ) n= 2, (24)
[n +1], (n], n —1],

P,(x;q) =
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where
- q"(q"—1)

T @@ +(a+dg— DPq" —ala+dq — D))g (1 + )
x((—(b(a + d(q — 1)g"(1 + @) + ag(b + e(q — 1)) + (a + d(g — D)g*(b + e(g — D)),
.- (a+dq— D)g"(@" = D" — q)
" (ag? — (a+d(g — )¢ (aq — (a + d(q — D))g*")ag? — (a+ d(g — 1)g>)
x(aPcq* + cla+d(q — 1)’q" — abg"™ (b + (g — 1)) — b(a + d(q — 1) """

x(b +elqg — 1) + ¢?"D(=2a%c 4+ b*d(qg — 1) + a(2b? + 2be(q — 1) + (g — 1)(—2cd + €*(g — 1))))).

Suppose that we have a smooth function f(x), which is formally expanded in an infinite series of P,(x;¢g). In the case of g-Hahn
polynomials, we assume that f is a polynomial belonging to the Askey—Wilson polynomials,

oo

FO) = a, P(x;), 2.5)

n=0

and for the pth g-derivatives of f{x), i.e. D f(x),
D! f(x) = Zaff’) P(x:q), d) =a,. 2.6)

n=0

It is possible to derive a recurrence relation involving the expansion coefficients of successive g-derivatives of f(x). Let us write

o0 o0
> R 4 =Y dr P,
n=0 n=0

then use of identity (2.4) leads to the recurrence relation

D,

a4+ Bua? + 7pid”, = [n1,a?", o, p>1. 2.7)
Relation between the coefficients a'”’ and a, and the pth g-derivative of P,(x ; q)

The aim of this section is to explicitly express the expansion coefficients a{” in terms of a,. It is easy to prove the following theorem:

Theorem 1.
n—p

DIP(x:q) = Y CpumPx;q), n, p=0, 3.
k=0

if and only if

a” = ZCM(H + p+k)aksnip, n, p=0, (3.2)

k=0

where the expansion coefficients Cy,x(n) are assumed to be known.

Proof. Suppose we are given the expansion (3.1); then by applying the operator D? f(x) to the expansion (2.5), we obtain

o0

DIf(x) = a,DIP,(x;q). O (3.3)

n=p

Substituting (3.1) into (3.3), expanding and collecting similar terms, we obtain

DI = | Conn+ p+ 00 pix | P(x:). (34)
n=0 | k=0
Identifying (2.6) with (3.4) gives immediately (3.2).
On the other hand, suppose we have (3.2). Substituting (3.2) into (2.6) gives (3.4). Expanding (3.4) and collecting similar terms and
identifying the result with (3.3), we get (3.1), which completes the proof of the theorem.
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Al-Salam-Carlitz I case [ P,(x; q) = U9 (x; ¢)]

In this problem the recurrence relation (2.7) has the form
a?, =[n],a? " n,p=1. (3.5)
Doha and Ahmed [51] have proved that

+
o = p), ;[ p} iy np >0, (3.6)
n q
and
prr@ (. |ntp @y
DU, (x;9) = [p],! " U(x;q), n,p>0. (3.7
q

Note 1. It is worth noting that the corresponding results for the case of discrete g-Hermite polynomials of the first kind, 4, (x;q) can be
easily deduced by taking o =— 1.

Little g-Laguerre cases [P,(x; q) = Pu(x;a, b; q), p.(x;alq)]

In these two cases, the recurrence relation (2.7) takes the form

LP)I +quaflp) a(p Do p>1, (3.8)

[n,

where u =abq(1 — g) and a(1 — g) for big and little g-Laguerre polynomials, P,(x;a, b q) and p,(x; al,) respectively.
The solution of (3.8) has the form (see Doha and Ahmed)

n+1 k X p ntp+l.
ail”) _ (q ,CI);;Z I q(n+1)k+(§) 4", q : 5Dk Qisnspe 1 >0, p>0, (3.9)
(—q/ =\g—1 @9,
and then
1 - ,uqk nk n—k+1 (q"“;q) (q”, "+”+‘,q)n k
DiPusi6i0) = 77 D (q —) 4 P Pix;q), n=0,p=0. (3.10)

Big g-Jacobi case [P,(x;q)=Pu(x;a, b, c;q)]

Theorem 2. The pth g-derivatives of monic big g-Jacobi polynomials of any degree in terms of monic big q-Jacobi polynomials with the
same parameters have the form

(q"

+1. ) n
Dy Priglxia. b, ciq) = q*"f’iq",,”zcn,k(aq", bq’,cq’,a,b,c, p)Pu(x;a, b,c;q), n=0, p=0, 3.11)
k=0

1-

and the relation between a'P and a, is given by

(r) —
an =
( Q)p

Zq*”*’”’(q"*‘“,q),)CH,n(aq” bq”,cq’,a,b, ¢, payipii, n,p =0, (3.12)

where

(é) q"("“)(aq, )/61, q)n (q—n’ '3 n+],q)
(@Bg"™5q),  (q.99.vg;9);

Corla, B, vsa,b,c,r) = (—1)q

- q —(n—i) Otﬂqn_H_H aqH—] qu-H ,q) qf(n—i—j)’ aﬂqn+i+j+l’ qr
XZ o+ ) i i
(thH'], ]/qH—l, q, abqZ(H—l)’q)J aq’““, yqt+j+l

q;q] . (3.13)

The following lemma is needed to proceed with the proof of the theorem.

Lemma 1. [t can be shown that

n

P(gx, B,y:q) = Cuile, B, v,a,b,c,)Pix;a, b, c;q), 1= 0, (3.14)

i=0

where the connection coefficients C, (o, B, v, a, b, c, r) are given as in (3.13).
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Proof of Theorem 2. In view of the formula (3.5.7) of Koekoek and Swarttouw [[53], p. 74], we can show that the monic big g-Jacobi
polynomials P,(x;a, b, c; q) satisfy the formula

—n+1 (1 - qn)
(1-9

and by using relation (0.8.4) of Koekoek and Swarttouw [[53], p. 20], one may obtain

DyP,(x;a,b,c;q) =q P,_1(gx;aq,bq, cq;q), n=>1, (3.15)

qn—p+l ; q)p

D! P,(x;a,b,c;q) = qz(g)*(”*l)é’( a7 P,_p(g°x;aq9”,bq", cq";q), n>=p=>0. O (3.16)

By making use of (3.14) and (3.16), we obtain (3.11). Relation (3.12) can be deduced immediately by the aid of Theorem 1, and this
completes the proof of the theorem.

Note 2. It is worth noting that the corresponding results for the case of monic g-Hahn polynomials Q,(x, a, b, N ; ¢) can be easily deduced
by using relation (3.5) of Doha and Ahmed [[51], p. 10115].

Little g-Jacobi case [P,(x; q) =pu(x; a, blg)]

Theorem 3. The pth g-derivatives of monic little g-Jacobi polynomials of any degree in terms of monic little g-Jacobi polynomials with
the same parameters have the form

G,
1-qF

n

D! psp(x;a, blg) = > Cuilaq’, ba’, a, b)pi(x;a,blg), n, p=0, (3.17)
i=0

and the relation between a'¥ and a, is given by

s (qn+i+l. q)
ailp) = (1_7)1,1)(:”+i,n(aqp, bqp, a, b)an+p+i» n, p=z 0, (318)
i=0 q
where
Coste, v, 0, B) = —1'¢*Cag; ), (g apg*'q), [ ", apg" !, ag™! va (3.19)
n,i\&, P, V, A&, (aﬂq"+’;q),,(q, aq;q)i 3¢2 aq”l,aqu(”l) 5 . .

The following lemma is needed to proceed with the proof of the theorem.

Lemma 2 ((see [55])). The connection problem between monic little g-Jacobi polynomials with different parameters is

puxia Blg) =Y _Crile, B,a, bpi(x; a, blg), (3.20)

i=0

where the connection coefficients C, (e, B, a, b) are given as in (3.19).

Proof of Theorem 3. In view of formula (3.12.7) of Koekoek and Swarttouw [[53], p. 93], it can be shown that the monic little g-Jacobi
polynomials p,(x; a, blg) satisfy the formula

d—-q"
Dyputsia, blo) = _qq) pa(xiaq.balg), n>1, (3.21)
and therefore
(qn—erl;q)p
D! py(x;a, blg) = ﬁpn,p(x;aq”, bg’lq), n>=p=>0. O (3.22)
-9

By making use of (3.20) and (3.22), we obtain (3.17). Relation (3.18) can be deduced immediately by the aid of Theorem 1 which
completes the proof of the theorem.

The monic alternative g-Charlier polynomials, K,(x;b;g), can be obtained from the monic little g-Jacobi polynomials by using the
relation (55) of Doha and Ahmed [[51], p. 10118], and accordingly, one can show that

b
l@JDgpn (x;a, “w q> = D/K,(x;b;q), n=>=p=0. (3.23)

In view of relations (3.17), (3.23) and the g-analogues of the Vandermonde summation formula [see Kokoek and Swarttouw [53], p. 15,
formula (0.5.8)], we obtain the following corollary.



Recurrences and connection coefficients in series of g-polynomials

199

Corollary 1. The pth g-derivatives of monic alternative q-Charlier polynomials of any degree in terms of monic alternative q-Charlier

polynomials with the same parameter have the form

» 3q)
DI K,y p(x:biq) = (1 @) E Coilb, Ki(x:biq), n, p =0, (3.24)
and the relation between aﬁf’) and a,, is given by
- @)
(P) :E : —+ip 4 ek in(by Panspis , >0, 3.25
a, q (1—q7 +in(b, p)a +pti n, p=z ( )

i=0
where

(q 7qn+2pb. q) (q[—n—2p+1.q)n »
(—=q" b q),(—=q* b1 q),_(q: Q)i

(b p) _( ])bn i (n+i+2p)(n—i) I+(;)

Remark 2. The formulae for a/”’ given by (3.12), (3.18) and (3.23) are the exact solutions of the difference equation (2.7) for the cases of

big (little) g-Jacobi and alternative g-Charlier polynomials respectively.

Explicit formula for the expansion coefficients of the moments of D7 f(x)

For the evaluation of the expansion coefficients of x* D? f(x) as expanded in series of P, (x ; g) polynomials, the following theorem is needed.

Theorem 4. In the expansion

2m

P =Y ama(DPjimoa(x@), m =0, j=0, @.1)
n=0
the coefficients a,, ,(j) can be computed as follows
() For Al-Salam-Carlitz I, U(x; q), we have
i o[ g g
A n(j) = —a) g2 A Sk 42
() AZ( g H +,n1¢1{0 qa} “2)
i=max(j—n,0) q
m m—n m—n
where b = o
Sl poli)
In particular, and for the special case a =— 1, explicit formula for the expansion coefficients of X" hj(x ; q) is obtained (see [51]).
(ii) For big g- Jacobi, P,(x;a, b, c; q), we have
. (]) B q(jer—n)(j—n)(aq’ cq;q)j(LIQQ)m y i |:q(max(é—i,0)) q(,,z,,») (_q(j7n+l))("*i)(_qf(j+m—i—l))max(jfi,O)
m,n\, (abqj+1 ; q)j(q; q)jer—n pn (q, abqZ(j+rrl—r1+l); q)n—l
« (aq]+m et CCI”’" - Q)n l(qm+l q - abqj+ q)max(J 10):|
(q’ q)max(ifj,O)(q’ aq, cq; q)max(jfi,())
qmax(—i,—j)’ abqj+max(j—i,0)+l , q—m-ﬁ—max(i—j,O)7 0 . 4 3
X4¢3 agm GO | amax(i=i 01| o= (=iy+2 max(j=i.0)+1 4| - “.3)

In particular, explicit formula for the expansion coefficients of P,(x;a, b; q) is obtained by using relation (34) of Doha and Ahmed

[[51], p. 10115).
(iii) For little g-Jacobi, p,(x ; a, blq), we have

amn(j) = (=1

24 1 j— —J 1. j+1 j—n+1 j+m—n+1 —Jj.
(aq’ abq (m+1)+r+j n’qr Jj+n+ ’q)]_(abqﬂr , qm+j n+ 7aq]er n+ .q ]’q)r+n

(gm*t, agmt, abgitt; ) (q, q, ag, abg? it g g),

1 1. max(—i,— j) j+max(j—i,0)+1 —m~+max(i— j,0)
DTG AR ST N D, abq’ q 0

(abqurrJrl7 qrfj;q)n4 > aqmax(j—i,O)Jrl’ Cqmax(j—i,O)Jrl, q—(jfi)+2max(j—i,0)+l

q;q] ,  r=max(j —n,0). “4.4)

In particular, explicit formulae for the expansion coefficients of x"'p;(x ; alq) and X" K;(x ; b ; q) are obtained by using relations (54)
and (55) of Doha and Ahmed [[51], p. 10118] respectively.
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The following lemma is needed to proceed with the proof of the theorem.

Lemma 3. [t can be shown that the coefficients a,, ,(j) of (4.2)—(4.4), satisfy the recurrence relation

am.n(j) = am—l,n(j) + ﬁ_/+m—nam—l.n—l(j) + )’_i+m—n+la/11—l,n—2(j)7 n= 07 1’ e 2m7 (45)
with apo(j)=1, am—1-¢()=0, Y£>0, ay,_1,()=0, r=2m—1, 2m.

Proof of Theorem 4. To prove this theorem we proceed by induction. In view of recurrence relation (2.3), we may write
xPi(x;q) = aw(j)Pjy1(x; @) + an () Pi(x; @) + ann(j)Pi-1(x; q), (4.6)

and this in turn shows that (4.1) is true for m = 1. Proceeding by induction, assuming that (4.1) is valid for m, we want to prove that

2m+2

KPR =Y ni1a(DPrimoni1 (33 9). @)
n=0

From (4.6) and assuming the validity for m, we have

2m

xm+1Pj(X; Q) = Zaln,n(j) [alo(j +m — n)Pj+mfn+l(X;q) + all(j +m — n)Pj+m7n(X;q) + alZ(j +m— n)Pjerfnfl(-x; Q)] .
n=0

Collecting similar terms, we get

mePj(fol) = Apo(Na10(j +m)Pjimi1(x; @) + [am (Paw(j +m — 1) + ano(far(j + m)1Pjym(x; q)

2m
+ 3 [am(aro( +m = n+ anaa(PanG+m—n+ D+ anu2(Dant +m —n+ 1P i (x:9)
n=0
+ [am,Zm(j)all(j - m) + am,lm—l(j)alZ(j —m+ 1)]P/—m(xvq) + am.2m(j)a12(j - m)Pj—m—l(x;q)' O (48)

Application of Lemma 3 given in (4.5) to Eq. (4.8) yields Eq. (4.7) and the proof of the theorem is complete.
According to Theorem 4, we can state the following theorem, which relates the P,(x ; ¢) expansion coefficients of x¢ D? f(x) in terms of
(p)
al.

Theorem 5. Assume that f(x), {7 (x) and lej(x 5 q) have the P,(x; q) expansions (2.5), (2.6) and (4.1) respectively, and assume also that
KDL f) =Y bR (x;g) = 17 say, 4.9)
i=0

then the connection coefficients b? * are given by

-1

Zae,k+é—i(k)a1(€p) + Zaé.kJrZZ—i(k + 5)61;5:@, 0<ic<y,

k=0 k=0
-1 i
B =0 ane e+ aria ik +0al, (+1<i<20-1, (4.10)

k=i—t k=0

i

D acpsaitk+0al,, iz 2t
k=i—2¢

Recurrence relations for connection coefficients between different monic g-polynomials belonging to the Askey—Wilson
polynomials

Let f(x) have the expansion (2.5), and assume that it satisfies the non-homogeneous linear g-difference equation of order m

> pi0OD] fx) = g(v), 5.1)

i=0
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where po, p1, ..., pm F 0 are polynomials in x, and the expansion coefficients of the function g(x) in terms of P,(x;q) are known, then
formulae (3.2), (4.1) and (4.6) enable one to construct in view of Eq. (5.1) the linear recurrence relation of order r,

> aja; =B, k=0, (5:2)
j=0
where ag, oy, ..., o, (g # 0, a, # 0) are polynomials of the variable k.

In this section, we consider the problem of determining the connection coefficients between different polynomial systems. An interesting
question is how to transform the Fourier coefficients of a given polynomial corresponding to an assigned orthogonal basis into the coefficients
of another basis orthogonal with respect to a different weight function. The aim is to determine the so-called connection coefficients of the
expansion of any element of the first basis in terms of the elements of the second basis. Suppose V is a vector space of all polynomials
over the real or complex numbers and V,, is the subspace of polynomials of degree less or equal to m. Suppose po(x), p1(x), p2(x), ...isa
sequence of polynomials such that p,(x) is of exact degree n; let go(x), g (x), g2(x), ... be another such sequence.

Clearly, these sequences form a basis for V. It is also evident that py(x), p;(x), p2(x), . . ., pw(x) and go(x), g1 (x), g2(%), . . ., gm(x) give two
bases for V,,. While working with finite-dimensional vector spaces, it is often necessary to find the matrix that transforms a basis of a given
space to another basis.

This means that one is interested in the connection coefficients a;(n) that satisfy

n

0,0 = _aimP(). (5.3)

i=0

The choice of P,(x) and Q,(x) depends on the situation. For example, suppose

Pn(x) = xn’ Qn(x) = (X; q),,,

then the connection coefficients a;(n) are given by (see [24])
ai(n) = [ } (=D gV
! q
If the roles of these P,(x) and Q,(x) are interchanged, then we get (see [[23], p.774, Eq. (3.3)])
ai(n) — |: :| (_1)1 q1(1+172n)/2.
i
q

Eq. (2.1) can be written in the form (see [[S1], p. 10113-10114])
6(x)D§y(x) + T(xX)Dyy(x) + Ay gy(x) =0, 5.4

where 6(x) = q’la(qx) + (¢ — Dxt(gx) and T(x) = t(gx) + A, 4(g — Dx.
Al-Salam-Carlitz I-Little g-Jacobi connection problem

The link between U®(x; ¢) and p;(x; a, blg) given by (5.3) can easily be replaced by a linear relation involving only p;(x; a, blg), using the
Al-Salam-Carlitz I g-difference equation, namely

[(g — 1’aD] + (g — Dg'"[—gx + ¢"(@+ DID; + ¢*(1 — g "HIUP(x; ) = 0, (5.5)

by substituting

n

UP(x:q) =Y _ain) pi(x;a, blg), (5.6)

i=0

and by virtue of formula (4.9), Eq. (5.5) takes the form
(g — D?ab*® — (g — Db + g(g — D(a + Db 4+ ¢*(1 — g ™b*° = 0.

By making use of formula (4.4) and (4.10), we obtain

yl.(g)ai(n) + )/,-(.l,)la,(-l,)l (n) + )/,-((l))af-l)(n) + ]/f?af-lr)l (n) + )/l-%)af-z)(n) =0, 5.7
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where

v =aq" =1, v =¢0-q),

v = 11 = beg?)(1 = beg? )™ x ¢ lag' (1 + b)(g® — 1) — (1 +a)g — DA + beg®™* )] + ¢ (g — (1 + a),
yi(ll) — (1 _ q)qi+2(1 _ aqi+l)(1 _abqi+1)[(abq2i+l)2]_l’ yl_(g) — qn(q _ 1)2a;

again, making use of formula (3.18) with (5.7) enable one to obtain the following recurrence relation,

Sioai(n) + 8i1air1(n) + Spnaiy2(n) + 83ai3(n) + Suaipa(n) =0, i=n-1, n—-2,...,0, (5.8)
where
Sio=1(q"—q),

8 = (@t = DIA = be@ ™)1 = bed N x [/ (=1 — ag"™' (1 + @) — abg" (1 + ¢ + ¢ + ag" (1 + @) + ¢" (1 + @)
+a*bg" (1 + bg" "' 1+ @) + ag”™ ' (1 + g+ ¢* — bg"(1 — q(1 + g+ ¢*) + & + g )],

n— i — i -1 i —ng n n+8i
80 =q" (g 9),(1 — @7 x |—a+[(abg® 5 q)s]1 x (1 —abg®)q' " (q"a + a*b*q" ¥

—Ll(l +a)(q _ 1)qn+i+2[l +b3a3q6i+15] +aq2i+3(l +a2b3q4i+10)(_1 +q2 +qn(q(q _ l)(b+ (Cl +b)q)
—b(142q+ gHa) + a*bg (g — D(g + 1)’ + ¢"((q — D(ag*(q + 1)* + b(—1 + ¢* +2¢°)) + 2b(1 + ¢° + ¢*)a))
+ (@bg’ ™ + ag’ ) (@ + b)(1 — ¢) + balg — Dg"(1 + o + q(1 + g) (=1 — 2q + (g — Dga)))] .

i i i i i i -1
83 = ¢0a’ (¢ @)s(1 — bg™)(1 — ag™ (1 — abg® ) (abg™; g)s]
X [14bg(=abg" (1 + ag"'(1+ ¢) — ¢ (1 + g+ ¢ + ag" (1 + @) + (1 + 0)q"[1 + @’b*¢* ]
+ag (1 + g+ ¢ —bg"(1 — (1 + g+ &) + (1 +¢N))] ,
1

(S,‘4 — q5i+l4a3b(qi+l;q)4(aqi+3;bqi+3;q)2(_1 +abqn+i+5)[(abq2(i+3);q)3(abq2i+5;q)5]_ ,

with a,,,(n) =0, s=1, 2, 3 and a,(n) = 1. The solution of (5.8) is

(— 1)@ gD (g q), k=~ @/ (g™ ag™ s q), [ gD .
ain) = T4 TN ) a2, i=01,....n (5.9)
(g:9); pae (g, abg* itV q); 0 o
Al-Salam-Carlitz I-Big g-Jacobi connection problem
In this problem
Ui q) =Y _aim)P(x;a,b, ¢;q), (5.10)
i=0
the coefficients a;(n) satisfy the fourth-order recurrence relation
Sipai(n) + 8j1ai+1(n) + 8paira(n) + izai3(n) + diuaiya(n) =0, i=n—-1,n-2,...,0, (5.11)

Sio=1(q"—q"),

81 =q (¢ — DI — acg®™)(1 — acd )N~ x [ (@ + b) — alb + )g" (1 + q) + acg” > (—ab + )g" (1 + q)
—(a+b)(1+g+a)+q" 0 +a)+d*cqg* b+ c+ cq"(1+ @) + ag® V(b + 0)g(1 + g + ¢°)
+oq"(@+ D)1 + )1 +¢°) — (1 + g1 + )],



Table 2  Formulae for the connection coefficients in problem (5.13) for the case of P;(x;q) =P;(x;a, b, c; q).

P (x;9) a;i(n) (0<i<n)
—(n—i) i+1 i+1 i
V,E’S)(X' q) (—1)"ﬂ"_i ni—(5) 4> 4i ("9 301 q 0 Qg0 Y 7 q!
(45 9); abg?+D B
B o i
Pu(x;a, B, v:q) (—l)iq(i?) @4, v4; nq ",aﬂq"+1;q)i4 3 A gt et q:q
n\ X, P, V5 (ocﬂq"‘*";q),,(q,aq, Vqu)i otqH'l H—l aqu("H) B
v . —n. —(n—i) it il il
=i (Y (B 9,75 q); q ,aq'™, cq q
M, (x; B, v59) (D" (/")) = g, 4 4 -
’ (g, Bg: @) Bg' L, abg?ith y
~ o . ) - o i
(x'a /3| ) (_1)" i+(;) (Olq' q) (q n n+1,q) Z( - 1)1 _(2) (q (n ’),Otﬂq"+’+1,aq’+1,cq’+l,q)j q (n—i j)’aﬂqn+l+j+ i
Pn(x; e, Blg q (aﬁqn+l’q) (q’aq D; (q,aqi+1,abq2(i+l);q)j gt q:q
i+1 it (i
1P 0) "¢ @, a ) Z( i 1@, ag™t, et g); ol S
e qO=D0HB (P g).(q: q); ; (¢, gPH+T, aqu(m) D, gPHHIH =4
_ S pn g o
Sp(x:q) (= 1)"4( )(q "9 Z( ) i(q "D, ag't! cq't ’q)j1¢1 g i
o S @) (q. abg? 1) g), 0 ’

srerirou&1od-b JO SOLISS UL SHUSIOLFI0I UOTIOIUUOD PUB SIOUILINIIY

€0¢



Table 3  Formulae for the connection coefficients in problem (5.13) for the case of P;(x;q) =p;(x;a, blg).

Py(x;9) ai(n) (0<i<n)

VP q)

i1y (@4, vg: 9u(g " "1 q);

. . _1igl
Pulzien fyi0) Dgt (@Bq™':9),(q. aq. vq: q);

'y =1q2) (Bas a5 g
q =D (q. B q),

M, (x;B,v:q)

(1yg+® LD 2By "),

(n—i)
n gn—i nt ()(q ’q) n ](q ' 99
(—1y"B ; Z( B g,

~(n=i—J)

q .0 .

40 260 9 i
T B

i+1.

qf(nfifj)7 aﬁqn+i+j+l ,0

q—(n—z)’ aﬂqn+’+l , aqi+1

Pa(x;a, Blg) = 32 q:9
(apg" ,q) (¢, 2q; 9); 4+ abgi D
—(n=i) it
i+1 _ q ,aq
@), 1'q"2) (P9, 9); it
Ly (x; ) = 242 q:—q
q=D0tB)  (gPtl; ).(q; q);
Bt gPHiTL | abg?i+D
—(n—i) i+1 7
i1 q > aq
—1"q"2) (g5 q); ;
Sn(x;q) — (.—)12¢2 @ —q"!
4 <O abg D0

Z( z)J (j+1 (q (n—i) aﬂq’””‘*" aql+1 q)J ¢ v
i+1 i+1 2(i+1). 5
a5 e el T R gt ygititt
—(n=i=j) 0
q s
i ; (2) q —(n—i) aql+1 q) ‘ qn+1
Z(q e (g, Bg' 1, abg®i+D; g); 20 7
ﬂqH-j-H

0¢

pawyy ‘IN'H pue eyod ‘H'H
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82 = (1@ x [¢" 20+ ag™t? (1 — ag™ (1 — bg*)(1 — cg™ )b — acq™*?)x [(1 — acg™ N acg” ¥ q)s] [ + acg™ ' (" — 2)]
_Ca2q2i+7[(1 _ acq21+6)(acq2i+5;q)3]71(1 _ aqi+3)(1 _ bqi+3)(1 _ cqi+3)(b _ acq[+3)(qi+2 —q"
101 = acg ™ (1~ acg V] x {ag? (B + 1+ acg ) —c(a+ b)g (1 + )1 +acg)a+ b+ alb + g™*)
—ag™ (1 + q)(b + ¢ + cla+ b)g" )] —ag" (1 — acg® )1 — acg® )1 + )b + )(1 + acg” ™)
—cla+b)g 0 +l}],

53 = a2q*5 (g™ @1 — ag ™)1 — g1 — e Nacg™ — HI(1 — acg” ) (acg?** q)s]
x [acg™* (1 +q) (" — D1 — acg® (b + (1 + acg™) — c(a+ b)g™*(1 + ¢*))]
+eq™ (1 —acg M@+ b+ ab + )g)(1 + acg™") — ag ™ (1 + )b + ¢ + c(a + b)g)]
+ (1 +ac(qg — 241 = acg™ (b + )1 + acg’™*) — c(a + b)g (1 + )]
+cq" (1 + a)(1 — acg”™)(1 — acg”*)(1 — acg”**)],

i i i i3 i+3 i i i n i i+ -1
Sia = @G @(ag P bg' ™ g @), (b — acg™ ) acqg ™ — B[ + acg (g — 2)] x [(abg* ;s g)5(abg* T q)s]

with a,,,(n) =0, s =1,2,3 and a,(n) = 1. The solution of (5.11) is

i+1

(1O g g xm oy @ ag gt [ gD g
ai(n) = 1 7 -4 Z(*ql /05)‘,61 ) ]2¢1
Jj=0

(4;9); (q, abg*™V; q); 0

Remark 3. Similar recurrence relations that are satisfied by the connection coefficients a;(n) in the relation

n

Py(xiq) =Y _ai(mPix;q), (5.13)

i=0

may also be obtained for the other families belonging to the Askey—Wilson polynomials, but details are not given here. In Tables 2 and 3,
we summarize the formulae of connection coefficients for most of the remaining monic families P;(x;q).

Remark 4. One of our goals is to emphasize the systematic character and simplicity of our algorithm, which allows one to implement it
in any computer algebra (here the Mathematica [56]). Symbolic language has been used.

Conclusion

In this paper, we deduced some interesting formulae associated with the Pn(x;¢) coefficients for the moments of D} f(x), p=0,1,2,... and
with the connection coefficients between the g-classical orthogonal polynomials belonging to the Askey—Wilson polynomials and Pn(x;q)
in T. These formulae are systematically used to set up the resulting algebraic systems when applying the spectral methods for solving
g-difference equations with polynomials coefficients of any order.
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