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We prove local and global existence theorems for a model equation in nonlinear
viscoelasticity. In contrast to previous studies, we allow the memory function to
have a singularity. We approximate the equation by equations with regular kernels
and use energy estimates to prove convergence of the approximate solutions.
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1. INTRODUCTION

Many constitutive models for viscoelastic materials lead to equations of
motion which have the form of a quasilinear hyperbolic PDE perturbed by
a dissipative integral term of Volterra type. In the recent literature, a num-
ber of existence theorems have been proved for such equations [2-4, 10-14,
17, 21-22, 26]. These papers establish the existence of classical solutions
locally in time and (in some cases) globally in time if the given data are
suitably small. For large data, global existence does not hold in general
and shocks are expected to develop [7,9, 18, 19, 25].

Common to all the works referred to above is the assumption that the
kernel in the integral term is sufficiently smooth on [0, cv). We are here
interested in the possibility that this kernel is singular at 0. Kinetic theories
for chain molecules [5, 24, 28] and some experimental data [15] suggest
that this a realistic possibility, at least for some viscoelastic materials.
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Although some rheological properties of models with singular kernels have
been investigated (see, e.g., [1]), there do not seem to be many studies
from a fundamental mathematical point of view.

The only existence theorem for (nonlinear) models with singular kernels
that we are aware of is a result of Londen [16] concerning the existence of
weak solutions to an abstract integrodifferential equation. His existence
theorem is applicable to the problem introduced below in the special case
where Y =¢. Londen’s assumptions require the viscoelastic memory
function to have a singularity which is stronger than logarithmic.

Renardy [23] has studied linear wave propagation. His results show that
certain singular kernels do not permit propagation of singularities and have
a smoothing effect. Hannsgen and Wheeler [8] show (for the constant
coefficient linear problem on a bounded domain) that the evolution
operator is compact for positive time if and only if the kernel is singular.
This suggests that, if anything, models with singular kernels should have
“nicer” existence properties than those with regular kernels. However, this
also indicates that one cannot expect the methods of previous existence
proofs to extend to singular kernels. These proofs rely on an iteration
scheme that treats the hyperbolic part as the principal term and the
integral as a perturbation. This, of course, works irrespective of the sign of
the integral. If, however, singular kernels lead to smoothing, then the
opposite sign of the integral must lead to instantaneous blow-up, and a
local existence theorem cannot hold.

In this paper, we focus on the history value problem

w5, 1= e D)+ [ @00 lax, 1) de £ (v, 0),

0<x<l, —w<t<oo, (1.1)
u(0,)=u(1,1)=0, — 0 <<, (1.2)
u(x, )=v(x,1), 0<x<l, -0 <t<0, (1.3)

which was studied by Dafermos and Nohel [4]. (Closely related problems
with regular kernels have also been studied by MacCamy [17], Dafermos
and Nohel [3], Staffans [26], Hattori [9], and Hrusa and Nohel [13].
See [12] for a summary of these works.)

Like Dafermos and Nohel, we assume ¢(0)=y(0)=0, ¢'>0, y' >0,
¢ —a(0) ' >0. They require that the kernel a is strongly positive definite;
for technical reasons we make the stronger assumption that a is positive,
monotone  decreasing, and convex. While they assume that
a,a,a"eL'(0, ), we allow a to have a singularity at 0, e.g.,
a(y~—t7*0<a<l1,as¢]0.
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For definiteness, we shall always consider (1.1) with Dirichlet boundary
conditions (1.2). We emphasize, however, that our local existence proof can
be applied without change for Neumann or mixed boundary conditions or
for the all-space problem (ie., x varies from —oo to o). We have pur-
posely avoided the use of Poincaré inequalities in our estimates for this
reason. The global result can also be generalized to other boundary con-
ditions. For the case of Neumann conditions, we need a trivial modification
in the statement of the theorem, due to the possibility of rigid motions
which need not decay as 7 — 00. We do not know how to extend the global
result to the all-space problem. Recent work on this problem by Hrusa and
Nohel [13] makes very essential use of the assumption that the kernel is
regular.

It is not easy to quantify the regularizing effect of a singular kernel in
general terms. Roughly speaking, certain types of waves are smoothed,
while others are not. For those waves that are smoothed, the precise degree
of smoothing depends crucially on the nature of the singularity in the ker-
nel. This is discussed in detail for linear problems in [29].

In our treatment, we assume that fis smooth on [0, 1] x (— o0, o0) and
that the history v satisfies Eq. (1.1) and the boundary conditions (1.2) for
t<0. This ensures that the data (f and v) are compatible with the boun-
dary conditions and that derivatives of v as 110 are compatible with
derivatives of u as 0. It is possible to remove the assumption that v
satisfies the equation (provided f and v are compatible with the boundary
conditions), with the result that certain derivatives of ¥ may be discon-
tinuous across ¢ =0.

The paper is organized as follows: In Section2, we prove some
preliminary lemmas concerning the kernel. In Section 3, we prove an
existence result for a linear problem with variable coefficients. This is done
by approximating the problem by problems with regular kernels, for which
existence is known. We then use energy estimate that hold uniformly as the
kernel becomes singular to show that the solutions of these approximate
problems converge to a limit. In Section 4, we establish local existence for
the nonlinear problem by using the results of Section 3 and a contraction
argument. Section 5 contains a brief discussion of global existence. We
notice that once local existence is known, the assumption ¢” e L' is not
essential for the global existence proof of Dafermos and Nohel and can be
avoided by a minor modification.

Our global existence theorem requires the data to be small. It is con-
ceivable that for certain singular kernels, global smooth solutions of (1.1),
(1.2), (1.3) also exist for large data. However, we have been unable to
verify this.

With the exception of Section 2, subscripts x and ¢ indicate partial dif-
ferentiation. A prime denotes the derivative of a function of a single
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variable, and we use the symbol := for an equality in which the left-hand
side is defined by the right-hand side. All derivatives should be interpreted
in the distributional sense.

2. PRELIMINARIES

This section contains some preliminary results (concerning the kernel a)
that will be used in the subsequent sections. Let H be a complex Hilbert
space with inner product (-, ) and associated norm |-|. For each
be L}(0, ©), TeR, and ue L*((— o0, T]; H), we set

O(u, 1, b) :=j Culs), f b(s—t)u(t)di>ds  Vie(—oo, T].
(2.1)
We use a hat to denote the Laplace transform evaluated along the
imaginary axis, i..,

d(w) = f:’ e~g(tydt  VYweR, (22)

for real and H-valued functions ¢q. For Te R, h>0, u: (— o, T] - H, and
te(—oo, T, we employ the notations

Au(t) :=u(t) —u(t—h) Vie(—o, T, (2.3)
and
ult):=u(t—r1) V=0 (2.4)
in particular,
#(w) = jw e “u(t—t)dt VweR (2.5)
0

The concept of a strongly definite kernel will play a central role in our
analysis. We recall that a real-valued function e L [0, o0) is said to be
positive definite (or of positive type) if

J' w(s)fb(s—z)w(r)drdszo Y130, (2.6)
0 1]

for every we C[0, o0); b is called strongly positive definite if there exists a
constant A>0 such that the function defined by b(¢)— e~ ', t>0, is
positive definite. As the terminology suggests, strongly positive definite
implies positive definite.

Throughout this section, we assume that

a,a €LY (0, ), a is strongly positive definite. 2.7)
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It follows from (2.7) that ae AC[0, o), a(0) >0, and’

Re d(w) =

YweR, (2.8)

for some constant A1>0. Consequently, Red 1is integrable and
(1/2z) [=_, Re d(w) dow = (1/2) a(0). (See, for example, [20] for more infor-
mation on strongly positive definite kernels.)

In our analysis of Eq. (1.1), terms of the form lim, o (1/A%) Q(4,u, , a)
will arise, where it is known a priori merely that ue L*((— oo, T]; H). Of
course, this is not sufficient to guarantee that the limit in question exists.
However, if we know from other considerations that the limit does exist,
some rather useful conclusions can be drawn.

LemMA 21. Let TeR and ue L*((— oo, T]; H) be given. Assume that
(2.7) holds and that lim, |, (1/h%) Q(4,u, t, a) exists (and is finite) for a.e.
te(—oo, T). Then, for ae. te(—o, T,

! 1 1 (e . .
Llfgp Q(d,u, 1, a) == a(0) llae(2))1® +2—nf400 @* Re d(w)|i (o)’ do

- ;i—<u(t), f

e}

N\
m(a’(w))ﬁ,(w)dw>. (29)
In particular, each term in (2.9) is well-defined for a.e. te (— 0, T].

Proof. For each >0, we have

2Q(A,,u t,a) -[ Re d(w) |d(w)—d,_,(0)|* do, (2.10)

T 2n h2

by Parseval’s identity. Next, we observe that
i,_p(w)= J u(t—h—t)e " dr

= LOO u(t—o)e " ™ dg

e (@) — elwhj u(t—a) e do, (2.11)
o

'In fact, for ae L'(0, o0) to be strongly positive definite it is necessary and sufficient that
(2.8) hold for some 4> 0.
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and consequently

1
P Q(Ahu’ I8 a)=

1 (= .
=3 Lw Re d(w) “ (1= e™") i ()

h 2
+e*‘w"j wt—a)e " do| do. (2.12)
0

Using the fundamental theorem of calculus and the dominated convergence
theorem, we find that

1' 1 * Re 4 iwh h 7iwad ? d
hlf%in_hf-[gw ed(w)|e -fo u(t—o)e ol dw
_ 1 5 2
=5 J-gw Re d(w) [lu())|* dw
1 2
= 5(1(0) llu(2)]~. (2.13)

(In particular, the limit on the left-hand side of (2.13) exists for a.e.
te(—oo, T].) The desired result now follows from the fac/t\s that
limy, | o (1/h)(1 — ") = —iw, [(1/h)(1 — )| < || VA>0, and Tm'd'(w) =
o Red(w). |

It is important to note that the first and second terms on the right-hand
side of (2.9) are nonnegative. The next lemma provides a useful estimate for
the last term in this expression.

LEMMA 2.2. Assume that (2.7) holds and let ¢>0 be given. Then, there
exists a constant C(g) such that
2

|7 (@) i(0) do

—o0

<e j ®? Re d(w) ||i(w)]? do

¥ C(s)j lio)?do  aete(—o0, T,  (2.14)
for every Te R and every ue L*((— o0, T]; H). (No claim is made that the
integrals in (2.14) are all finite.)
Proof. Observe that
IIm 2 (0)| = |0 Im 2 ()] -/ Im P(@)/wl, w©#0. (2.15)

Using (2.15) and the Cauchy-Schwarz inequality, we find that for each
a>0,
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2

H [ (Im @(0)) i (o) do

3 7N
<da| lif)?do- sup |Im @)
—a [—aa]

+ 2(L o Im @) - u/w)|? do)- <J ‘

where A, :=(—o0,a]u [ o). Recalling that Im a’(w) =w Re d(w) and
that Re d is integrable over (— o0, o), the lemma follows from (2.16) for a
sufficiently large choice of a.

Combining Lemmas 2.1 and 2.2, and making use of the simple algebraic
inequality |AB| <nA?+ B?*/4n for all n >0, we easily establish

Ima(a)) ) (2.16)

13

LemMa 23. Assume that (2.7) holds. Then, for each ¢ >0, there exists a
constant C(g) such that

m % Q(dyu, t,a)> <% a(0)— s) lu(o)?

—C(s)j' lus)|2ds  aete(—ow,T],  (2.17)

for every TeR and every ue L*((— o0, T, H) for which lim,, ;, (1/A%)
Q(4,u, t, a) exists a.e. inte(—oo, T].

To discuss certain continuity properties of solutions of (1.1), it is impor-
tant to know whether or not the mapping ¢+—#,(-) is continuous from
(—o0, T] to be weighted L>-space L*(R; H/(1 + w?Re d(w))dw) with
norm given by [igll*:=[_ (1+w?Red(w)) | g(®)|]*dw. Using the
relationship between " and the Fourier transform, the fact that the Fourier
transform of a product is equal to the convolution of the Fourier trans-
forms, and the formula for the Fourier transform of a step function, we find
that for each te (— o0, T] and every real 5 such that 1 +ye(—o0, T, 4, is
given by

ity (@) = T Pity{0) =i [T ()] (@),

where s denotes the Hilbert transform. The question thus reduces to
boundedness of the Hilbert transform on L?(R; H/(1 + w? Re d(w)) dw).
Using Theorem 6.2 of [6, p. 255], we find

LemMA 24. Let Te€R and ue L*((— oo, T]; H) be given. Assume that
(2.7) holds, [, ®Red(w) |lidw)|*dw exists, and that the “(A,)-
condition”
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1 2o = as dw
sl;p(mjl(uw Rea(w))dw) <|II fl————-szRed(w))mo (218)

holds, where the sup in (2.18) is taken over all intervals I< R. Then,
i, )eL*(R; H(1 + w* Re 4(w)) dw) for all t<T, and the mapping
t i1,(+) is continuous from (— oo, T] to L*(R; H/(1 + w? Re d(w)) dw).

Remark 2.2. Condition (2.18) holds if ?’(w)~w’“ as o — o0, with
O0<a< 1. This is essentially the case if a’(1)~1*~"' as 1 —»0. Such kernels
are suggested by molecular theories [5, 24, 28] In this case
(f*. (14 @’ Re d(w)) i ()’ dw)'? is equivalent to a fractional order
Sobolev norm of u,.

Our next lemma will be used to modify the global existence proof of
Dafermos and Nohel [4].

LEMMA 2.5. Assume that (2.7) holds. Then, for each ¢ >0, there exists a
constant C(g) such that

f.

2

dssaj’ lu(2)12 dt + Cle) Olu, 1, a)

— oG

Js a(s—t)u(r)dr

Vie(—o0, T], (2.19)
for every Te R and every ue L*((— oo, T]; H).

Proof. Taking Laplace transforms, (2.19) reduces to
[@(0)P<e+CE)Redw) VYoeR (2.20)

This lasﬁ\ inequality is immediate since Red(w)>0 and
lim, _ ., |la'(w)=0 (by the Riemann-Lebesgue lemma). |

Remark 23. If a"eL'(0, 0), then (2.19) holds with ¢=0 and
C(0)< . This version of the lemma was used by Dafermos and
Nohel [4].

We now discuss approximation of a by regular kernels. At this point,? we

assume
a,a’ € L'(0, o), (2.21)

az=0, a' <0, a’"=0 (in the sense of measures);
the measure ¢” has a nontrivial absolutely (2.22)
continuous component.

2The problem of approximating an arbitrary strongly positive definite kernel by
“regularized” strongly positive definite kernels does not appear to be easy. We could base our
existence argument on an approximation method other than approximating the kernel, e.g,,
finite differences. If this is done, (2.22) is not needed, but the proofs become much more com-
plicated. Moreover, (2.22) is a natural assumption from the viewpoint of applications to
viscoelasticity.
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As is well known, this implies that a is strongly positive definite.
(Corollary 2.2 of [20].) For each 6 >0, we define the approximating kernel
as: [0, 0)— R by

as(t) :=f‘s ps(t)a(t+8—1)dt V120, (2.23)
&

where p; is a standard mollifier with support contained in [ —§/2, 6/2].
It follows from (2.21), (2.22), (2.23) that for every 6 >0

a;€ C*[0, ), a; =0, a;<0, a; =0, (2.24)
as, as, a; € L'(0, ), (2.25)

and
laslly < llally,  lasl, < a(0), (2.26)

where ||-||, denotes the norm in L'(0, ). (Of course, [laj|l, does not
necessarily remain bounded as §]0.) It also follows that a; is strongly
positive definite for é sufficiently small ay\d that a; — a pointwise (and in

L'(0, o)) as 6]0. Moreover, sup, . |as(w) <a(0) for all §>0, and
Reds;—Red in L'(R) as 6 0. Therefore, a simple modification of the
proof of Lemma 2.3 yields

LEMMA 2.6. Assume that (2.21), (2.22) hold and let ¢ >0 be given. Then,
there exist constants C(g), do(¢) >0 such that for every 6 € (0, dy(¢)]

1 1
i = Oy .05)> (5 4(6) ¢ ) (o)
—c@) | Ius)Pds  aere(—o0,T],  (227)

for every TeR and every ueL?((—oo,T];H) such that
lim, |, (1/4%) Q(4,u, 1, a;) exists a.e. in te(—o0, T].

In our subsequent use of this material, we shall always take H to be (the
complexification of) L*(0, 1).

3. LINEAR EQUATIONS

In this section, we study the linear history value problem
ult(x’ t) = (Z(X, t) uxx(-xa t)

+ '[t a'(t—rt) p(x, 1) u(x, 1) dt +f(x, 1),
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xe[0,1], te(—o0,T], (3.1)
u(0,1)=u(1,1)=0, te(—o0, T}, (3.2)
u(x, t)y=v(x,t), xef0,1], te(—o0,0], (3.3)

where T is a given positive number. We begin by stating an existence result
for the case when the kernel does not have a singularity. There are many
such existence theorems in the literature. (See, for example, [2, 10], and
the references therein.) The particular one which we give here has been for-
mulated with smoothness assumptions which are appropriate for our treat-
ment of quasilinear equations in the next section.

We assume that the coefficients satisfy

a’ a)(’ at’ axx7 aX” all’ B’ BX’ ﬁl’ ﬁx)u BX!’ BI[ELw((—w’ T];L2(09 1))’

(34)
a(x, 1)=za>0 Vxe[0,1], te(—oo,T]. (3.5)
Of f and v we require
fifa fre L®((— w0, T1; L0, 1)) n L*((— o0, T]; L0, 1)), (36)
fue L¥((—oo, T1; L*(0, 1)),
Uy Uy Ugs Uscs Users Ut Vs Dsexrs Useres Vet € L((— 00, 07; L*(0, 1))
N L?((— o0, 0]; L0, 1)). (3.7)

In addition, we assume that v satisfies the equation and boundary con-
ditions for 1 <0, i.e.,

vtl(x’ t) = a(x’ t) UXX(X’ t)

w7 @=1) B, 1) 0.l 1) o+ £ 1),

xe[0,1], te(—o0,0], (3.8)

v(0, t)=v(1, 1)=0, te(—o0,0]. (3.9)

LeMMA 3.1. Assume that a',a" e L'(0, ), o and B satisfy (3.4), and
that (3.5) holds for some constant ¢ > 0. Let f and v satisfying (3.6) through

(3.9) be given. Then, the history value problem (3.1), (3.2), (3.3) has a unique
solution u with

u’ uX’ ut’ uxx’ uXt’ ufl’ uXXX’ uxxl, uxtl, uIHELOO((_(D’ T]; LZ(O’ 1))'

(3.10)
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If, in addition,
f.eC([0, TT; L*(0, 1)), (3.11)
then the solution has the additional regularity
Uors Uy Usess Uy € C([0, TT; L*(0, 1)) (3.12)

for positive time.

We have been unable to locate an existence theorem in the literature which
has precisely the same smoothness conditions as Lemma 3.1. However, this
type of result is standard and we omit the proof. For example, a minor
modification of the proof of Theorem 2.1 of [4] can be used to establish
Lemma 3.1.

We now prove an existence theorem which allows a4’ to have a
singularity at 0. For this case, we must assume that the memory term
satisfies the appropriate sign conditions, i.e., that (2.21), (2.22) hold and

Bx,)=p>0 V¥xe[0,1], te(—w,T]. (3.13)

THEOREM 3.1.  Assume that (2.21), (2.22), (3.4), (3.5), (3.13) hold, and
let  and v satisfying (3.6) through (3.9) be given. Assume further that
Vs € L2 ((—00,0]; L*(0, 1)). Then, the history value problem (3.1), (3.2),
(3.3) has a unique solution u which satisfies (3.10). If, in addition, (2.18) and
(3.11) hold, then u has the additional regularity (3.12) for positive time.

Proof. Consider the family of approximating problems

uP(x, )=, a0+ [ ai(—7) B, 1) ul(x, ) e

+ /9%, 1), xe[0,1], te(—oo,T], (3.14)
u(‘s)(O, H=u®(1,£)=0, te(—o0, T], (3.15)
u®(x, t)=v(x, 1), xe[0,1], te(—,0], (3.16)

for 6>0, where a; is defined by (2.33) and f*» approximates f in such a
way that v satisfies Eq. (3.14) for <0 and f*, f®, f@f, f, f, in
L*((=o0,T];  L*0,1))nL*(—0, T, L*0,1)), [fP-f, in
L*((— o, T]; L*(0, 1)) as § | 0. (The existence of such an approximation to
[ follows from our assumptions on f and v and a straightforward extension
theorem. It is here that the assumption v, € L?((—o0,0]; L%*(0, 1)) is
used.) It follows from Lemma 3.1 that for each é >0, (3.14), (3.15), (3.16)
has a unique solution #® with ¥®, 4@, u®, u®, @ u@®, u® , u® ul),
ug;’t) € LOO(( — 0, ﬂ’ L2(09 1))
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Our objective is to show that u'® obeys certain a priori bounds,
uniformly in é, that imply the existence of a sequence {«®”}*_, which con-
verges to a solution as §, | 0. In order to simplify the notation, we suppress
the superscripts on ) and . For the purpose of deriving such bounds,
we set

+0v2,,+ 02, + 02} (x, 5)dx

XxXx xxt

1
V= ess-sup J‘ {02402, + 02

se(—,01°0

0 1
et ot ok 0l (x5 deds, (317)

- Q0

F:= ess-sup Jl {2+ f2}(x,5)dx

se(—o,T]%0

+f J {24241} (x, 5) dx ds, (3.18)

— Q0

1@, 1= ess-sup f (P +oal+at+al +a?,+a?
se(—,0]

+ BB BT+ Bt B+ BE Y (x, 5) dx, (3.19)

1
ir, :=ess-supf {a? + a2 +a2+a? +a?, +ad+p?
se[0,T] 0

+ B2+ B2+ B2+ B2, + B2 H(x, 5) dx, (3.20)

and
E[u](t) :=ess- supj (2 W U+ 2, (2, 5)
se [0, 1]

Vie[0, T], (321)

and we observe that there exists a constant A > 0 such that

=4 Vxe[0,1], te(—o0, T], (3.22)

by virtue of (3.4), (3.5), (3.13).
An integration by parts in (3.14) yields

=7 Pu,, +f St —1)[ B 1(x, T) di +f, (3.23)
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where

7ONx, t) := alx, t) — as(0) B(x, t). (3.24)

We apply the backward difference operator 4, (in the time variable) to
(3.23), thus obtaining

Aty = O+ [ alt—) A1 (B Jx, D) de+ 4,1 (3.25)

Then, we multiply (325) by 4,[(Bu..).] and integrate over
[0,1]x(—o00,t], te [0, T). After several integrations by parts, we divide
by A% and let 4| 0. The outcome of his tedious, but straightforward, com-
putation is

[t 1
- 3),,2 2 i
2 JO {ﬂ'}’ uxxt + ﬂuxn}(xa [) dx + lhlfr(; h2 Q(Ah[(ﬂuxx)t]’ L, 05)

1
[ Bt Bt} 1)
[}

C B 3paene Llpoo
=j- J;) '2'[3')’1 uxxt*zﬂt'y uxxl+§ﬁluxtl

— QO
)
= Bttty + B’Ygr )uxxuxxt + 2B Ui Uy + Bltuxxultt

(%) o 8) 4,2
- ﬂu? uxxuxxt—ﬁryg )uxxuxxt—ﬁttys )uxx

" Bﬁ,uxx,—ﬁ,f,uxx,—ﬂ,,f,uxx} (rs)dxds  ac.te(—oo, T,
(3.26)

where Q is defined by(2.1) with H=L*0, 1). (We note that u,, u,, 4,4,
Ayu,, and A4,u,, all vanish at x=0, 1 by virtue of (3.15). All of the spatial
integrations by parts used in the derivation of (3.26) were carried out in
such a way that the boundary terms (at x=0, 1) vanish.)

It is not a priori evident that lim, | (1/h*) Q(4,[(Bu..). ], t, as) exists for
a.e. te€(— oo, T]. However, all of the other limits involved in the derivation
of (3.26) exist for a.e. e (—co, T], and consequently so does the limit in
question.

Using (3.5), (3.13), (3.24), Lemma 2.6 (with ¢ sufficiently small relative to
2), and the algebraic inequality |4B| <nA*+ (1/4n) B?> Vn >0, we find that
the left-hand side of (3.26) is bounded from below by
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1
| (4B, + 42, ) (x, 1) dx
0
1
— [ {@+ B+ 12} 1) d
0

—cf [ B B ) dxds

Vte(—o0,T], 6€(0,04], (3.27)

where C is a positive constant (which depends on 4 and f.)
Differentiating (3.14) with respect to ¢ and x, and splitting the con-

volution integrals, we obtain

=y b S | (=) B+ B 106 1) e
+ [ @t =) B BT ) (3.28)
s+ [ (1= T P 5, ¥) = =ttt =
[ GO ot Bl 7)
- [ — 0Bl ) de. (329)
It follows easily from (3.28) that
j: u?,(x, t) dx<5j {o?ul , +oa2ul +f2}(x, 1) dx
+ 10a(0)* ess- supf (P22, + 212 }(x, 5) dx

se[0,r] YO

+ 10a(0)* ess-sup j (B2, + B2v2, }(x, 5) dx

se(—o0,0]

ae te[0, T]. (3.30)

Using Gronwall’s inequality in (3.29), we obtain, after a straightforward
computation,
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! 2
[ Lo 3205, 0y dx
0

< 8exp[2a(0) A '] ess-sup

se[0,]

X [ {02+ 008 4 T a0 B2, (3, 5)

+ 4a(0)* exp[2a(0) A~ '] ess-sup JA1 {B*2, . + B2v? }(x, 5) dx

se({—0,0] 0

ae te[0,T]. (3.31)

Combining (3.26), (3.30), and (3.31), and recalling the lower bound
(3.27), we conclude that there exists a positive constant K such that

E[u]t)SK{F+(1+ T+ ' T)V}
+ K4+ (1+ T’-)f'E[u](s) ds
0

Viel0,T], de(0,d,]. (3.32)

(The constant K depends on g, f, 4, and a, but is independent of F, V, I',,
I'y, T, and ¢.) Gronwall’s inequality and (3.32) yield

E[ul(T)<SK{F+(1+ o+ T) V}exp[K-(1+ 1) (T+T%] (3.33)

for all 4 (0, §,].

To assist the reader in following the derivation of (3.32), we show the
detailed estimation of a few typical terms. By the Sobolev embedding
theorem, f2(x, 1)< T, for all xe [0, 1], te(—~o0,0], and B3(x, t)< T, for
all xe [0, 1], te [0, T]. Therefore,

Jl o J;: Bttty X, 5) dx ds

j f {Brul, +ui, }(x, 5) dx ds
j J {B202, 4+ v}, }(x,s)dx ds
T2 .[ f {B2ul, +ul,}(x, 5)dx ds

<UL+ D) V+HH+ I)J El[u](s) ds Vee [0, T]. (3.34)
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Next, we observe that

1
! max ugx(c,s)gj {02 +02 }(x,5)ds V¥se(—o0,0], (3.35)
(e [0,1] 0

and consequently

0
%j max 02 (¢, s)ds< V. (3.36)

—o0 £€[0,1]

In addition, we note that

Ue(X, 1) =0,(x, 0) +j U X, ) ds Vxe[0,1], te[0,T], (3.37)

4
[
from which we easily deduce the estimates

1 1 7 1
[ o nde<2 | o0y dx+2e[ [ w2 (x5) dxds
0 0 00
<2V +2T2E[u] (1) Vie[0,T],  (3.38)
and

1 max u? (x, 1) <2V +(1+27T%) E[u](2) Ve [0, T]. (3.39)

xe[0,1]

Using (3.36) and (3.39), we find

t 1
j L Bt oxtiy X, s) dx ds

t 1
<t [ B+ ) dxds
w Y0
¢t

<

=

[ max w69 [ Bixs)deds
[

—w ¢e[0,1]

+ %ft .[1 u?,(x, s) dx ds

— 4

0 1
<4 max 02(69)| B(xs)dvds

— o0 €€[0,1]

+ %ji f v2(x, s)dx ds

i
0
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t 1
+3[ max w28 5) [ Bilx,s)dxds
0£¢e[0,1] 0

t el
+ %L L u (x, s) dx ds
<YL+ D) V+IVT+50,-( +2T2)L' E[u](s) ds

+4[ ELsyds vie[o T, (3.40)

The other terms can all be handled in a similar manner.

We conclude from (3.33) that ), 4%, u¥), and u!®) are bounded in
L*([0, T]; L*(0, 1)) independently of d€ (0, d,]. It follows from (3.38)
(and similar inequalities for the other derivatives) that (), u®, @& 4©®,
u'®, and u'® are also bounded in L*([0, T]; L*(0, 1)) independently of
0€(0, 6,]. Therefore, there exists a function u: [0, 1] x (— oo, T] — R, with
u=von [0,1]x(—00,0], and a sequence {d,}>_,, with J, {0 as n — oo,
such that

(5,, 5, On On n n n
O, 0, o, ), W, ), ), ), )

— U, u,,u, etc. weakly star in L*([0, T]; L*(0, 1)) (3.41)
as n — o. Standard embedding theorems and (3.41) imply

[ ) S, On Ay
Uy On) )y On) )y On) gy Bnd gy B s gy y by Uy Uy Uy
uniformly on [0, 1] x [0, T] (3.42)

as n — oo. It thus follows easily that u satisfies (3.1), (3.2), (3.3).

Suppose that (2.18) and (3.11) hold. To show that the third-order
derivatives of u belong to C([0, T]; L*(0, 1)), we argue along the lines of
Strauss [27]. We first note that Theorem 2.1 of [27] implies that u,,,,
U, U, and u,, are weakly continuous from (—ooc, T} to L?*(0,1).
Indeed, by (3.10), we have u,,, u,,, u, € C((—o0, T]; L*0, 1)) and con-
sequently u,.., U, Uy € C((—o0, T]; H (0, 1)). Thus, Theorem 2.1 of
[27] implies that u, ., u..,, and u,., arc weakly continuous from (— oo, T]
to L*(0, 1). The weak continuity of u,, then follows from differentiation of
(3.1) with respect to ¢. Now, the basic idea is to show that a certain energy
which acts like a ‘variable norm” of third derivatives is continuous. This, in
conjunction with the aformentioned weak continuity, will imply the desired
strong continuity.

We apply the procedure used to derive (3.26) to (3.1), (3.2), (3.3). We
thus conclude that for a.e. re(— o0, T], u satisfies (3.26) with a; replaced
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by a. Using Lemmas 2.1 and 2.4, and the fact that the right-hand side of
(3.26) is continuous in ¢, we find that

HE() =4 [ (i + i s, 0 d (343)

is continuous in . (Observe that H[u] is coercive in u,,, and u,,,, and that
f,eC((— o0, TY; L0, 1)) by (3.6).) A minor modification of the proof of
Theorem 4.2 of [27] yields

Usrrs U € C(( — 0, T]a LZ(O, 1)) (344)

Differentiating (3.1) with respect to x and ¢, and using (3.44), we conclude
that

u,..€C([0, TT; L*(0, 1)), (3.45)
and
Uy € C((—o0, TY; L*(0, 1)). (3.46)

It is interesting to note that (3.44) and (3.46) hold even without the
assumption (3.11). In particular if v satisfies (3.7), (3.8), and (3.9), it
automatically satisfies v,,, v, ., € C((— 0, 0]; L*(0, 1)). Moreover, if f,
belongs to C((— oo, 01; L*(0, 1)), then so does v,,,. Finally, we note that
the a priori bound (3.33) also holds for the “exact solution” u. ||

4. LocaL EXISTENCE

We now apply the results of the preceding section to establish a local
existence theorem for the quasilinear history value problem (1.1), (1.2),
(1.3).

THEOREM 4.1. Assume that ¢,y € C}(R), (2.21) and (2.22) hold, and
that

#'(&)>0, v'(&E)>0 VieR (4.1)

Assume further that f satisfies (3.6) for every T>0, v satisfies (3.7),
Vexee € L3((— 00, 07; L*(0, 1)), and that Egs. (1.1), (1.2) hold (with u=v) for
t<0. Then, the history value problem (1.1), (1.2), (1.3) has a unique solution
u defined on a maximal time interval (— oo, Ty), To>0, which satisfies
(3.10) for every T< T,. If, in addition, (2.18) holds and

f+€ C([0, 00); L*(0, 1)), (42)
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then (3.12) holds for every Te (0, T,). Moreover, if

1
ess-sup J {(W+ul+u?+ud +ud,+ud+ud,
te(—o0,Tp) "0

+ uixt + u)zcn + utzn}(x, 1) dx < o0, (4.3)

then Ty = 0.

Proof. For each M, T>0, let Z(M, T) denote the set of all functions
w: [0, 1] x (— o0, T] - R such that

W’ wx’ wt’ wxx’ wxl’ Wlt! wxxx, wxxt! let’ WIIIELOO((— (x)’ T]! LZ(O’ 1)),

(4.4)
w0, )=w(l,)=0 Vie(—oo, T], (4.5)
w(x, t)=v(x, t) Vxe[0,1], te(—oo0,0], (4.6)
and
ess-sup fl {(Wo +wl, + w2, +w2 }(x, 1) dx< M. (4.7)

te[0,T] O

We note that Z(M, T) is nonempty for M sufficiently large. Henceforth, we
tacitly make this assumption.

It follows from (4.1) that inf; _x [¢'({)/Y'(£)] = 0. We temporarily make
the stronger assumption

¢'($)
¥'($)
which will be removed later. Identifying o with ¢'(w,) and B with y'(w ), it

follows immediately from Theorem 3.1 that for we Z(M, T), the history
value problem

B:=inl $(8)>0, =il Y(§)>0,  yi=inf >0, (48)

(eR

a6 1) = ¢ 00wl )+ [ a(0=1) W Ow, () do (. 1),
xe[0,1], te(—o0, T], (4.9)

(1.2), (1.3) has a unique solution u which satisfies (3.10). Moreover, the
corresponding 2, B, and A can be chosen independently of M and T.

Let S denote the mapping which carries w into the solution of (4.9),
(1.2), (1.3). Our goal is to show that, for appropriately chosen M and T, S
has a unique fixed point in Z(M, T) which is obviously a solution of (1.1),
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(1.2), (1.3). For this purpose, we employ the contraction mapping principle
and the complete® metric p given by

1
p(W, W)Z = IT[I(';U;] j~ {(wxx - wxx)z + (th - wxl)z + (wtl - wlt)z}(xy t) dx.
te , 0

(4.10)

Observe that for we Z(M, T), we have

Welx, 1) =0v,.(x,0)+ J’ W, ) ds Vxe[0,1], te[0,T]. (4.11)
0
Therefore,

1 1 t rl
[ Wit Ddx<2] 02,060 dx+2t [ [ Wl (x,5)ds
0 0 0 Yo
W 42IMP Vie[0, T, (4.12)

where V' is defined by (3.17), and so clearly

1
sup jowix(x,z)dxszszTz YweZ(M, T). (4.13)

te[0,T]

Similarly, the following inequalities hold for all we Z(M, T):

1
sup | wi(x, 1) dx <2V +2MT?, (4.14)
te 0,710
Lsup w2 (x, 1) <2V +(1+2T%) M, (4.15)

xe[0,1]
1e [0, 7]

sup w2(x, )<2V+(1+2T*) M, (4.16)
rtor)

sup wi(x, 1) <2V(1 4 2T%) + 2T* +4T*) M. (4.17)
o
The a priori estimate (3.33) and the above inequalities show that S maps
Z(M, T) into itself provided that T is sufficiently small relative to M. From
now on, we assume that 7 is small enough so that S maps Z(M, T) into
Z(M, T).
To show that S is a contraction, let M, T>0 and w, we Z(M, T) be

3 Completeness of p foliows from Alaoglu’s theorem and sequential weak star lower semi-
continuity of the norm in L*([0, T]; L*(0, 1)).
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given, and set u:=Sw, #:=Sw, W:=w—w, U=u—i. A simple com-
putation shows that U satisfies

Uy= 800 Unst [ a1=1) ¥ (0 Unalx, 7)

+ [¢’(wx) - ¢’(wx)] axx

+ [ = ) =¥ (7.0] el )

Vxe[0,1], te[0, TT, (4.18)
U@©, t)=U(1,1)=0, Vte[0, T] (4.19)
U(x, 1)=0 Vxe[0,1], te(—oo,0]. (4.20)

Integrating the first convolution term in (4.18) by parts, we obtain
t
Ui=x'(we) Up + L a(t—1)[Y'(w,) Ue 1x, 1) dr + [¢'(w,) — 4°(0,) D it

+ [ @ =D ) = (5] il ) (421)

where

28 :=¢(8)—al0)Y(5) VieR (422)

We multiply (4.21) by {y'(w,) U..]1, and integrate over [0, 1] x [0, ¢],
te [0, T], performing various integrations by parts and exploiting (4.19),
(4.20). This yields

%L‘ (W' (W) ' (we) U2+ (wy) U3 (x, £) dx+ Q([Y'(wy) Upil,s 8, a)
= [ TH O = 5019 ) s U, 1) d
_ Jol Y (w,) U (x, 1) J: a’(t-r)[up'(wx)_ W' (w )] i (x, t) dr dx

t el
[ B ) W U =9 00w U U (0 0, U U,

W' W) = W)Y (w1 we, UL,
+ [P W) = ¢ (W)Y (Wi) ey Use

505/64/2-6
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D800 =" PN 00) iy U W (3, ) i ds
[ W) Ut ) (5= ) {00 00) = /(7)1 s
0°+0 0

+ [ (W) =" (W, )] i W, }(x, T) dr dx ds Vie [0, T]. (4.23)

Using (4.1) and Lemma 2.3 with ¢ sufficiently small, we see that the left-
hand side of (4.23) is bounded from below by

[ twvnsyuyen-cf

- X

[ 1900 U215, 5) dx ds
0
Vee [0, T], (4.24)

where C is a constant that can be chosen independently of M and T.
It follows from (4.18) that

[ U2 ) di <3 [ {00 U2+ T8 (0 = #(B) T ) v, 1) e

+ 6a(0)* max _[1 {W'(w,)? U2,

se[0,1170

+ W) =¥ (W)L (x, 5) dx  Vte[0,T]. (4.25)

We combine (4.23) and (4.25) and proceed as in the derivation of (3.33).
Exploiting the fact that W=0 on [0,1] x(— 0, 0], we obtain (after a
rather long computation) and estimate of the form

p(Sw, SW)< P(M, T)exp(T - Q(M, T)) p(w,w) Yw,weZ(M,T) (4.26)

for every M, T>0, where P, Q: [0, 0)x [0, «c) — [0, cv) are continuous
functions with P(M,0)=0VM > 0.

The derivation of (4.26) from (4.23) and (4.25) is in much the same spirit
as the derivation of (3.33). We show the detailed estimation of the first
term on the right-hand side of (4.23). For each n >0, we have

[ 000 = #5019 00 e Ul 1)

1 1
<[ ULlxnds+G@m | 18w
0 0
— PRI W Bl ) dx Vie[0,T].  (427)

If we choose # sufficiently small, the first integral on the right-hand side of
(4.27) can be absorbed by the first integral in (4.24). To estimate the last
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integral in (4.27), we first observe that by (4.17) and the mean value
theorem

[6'(w)—¢' (W) (x, )< DM, T) Wix,1)  Vxe[0,1], te[0,T],
(4.28)

where @(M, T) :=max ¢"(£)’ and the max is taken over all ¢ with
ELVA+2TH+ (2T +4TY) M. Using the fact that W=0 on
[0, 1] x (— o0, 0], the type of argument used to derive (4.17) yields

W2(x, ) <AM(T*+T%)  Vxe[0,1], te[0,T].  (4.29)

Next, we set Y(M, T) := max y'(¢)?, where the max is taken over all & with
E2L2V(1 +2T%) + (2T* +4T*) M. Then, using (4.13), (4.28), and the fact
that ue Z(M, T), we find

L On) = #1032 0,2 el 1) i
S SM(T*+ TH (M, T) ¥(M, T)(V + MT?) Vie[0, T]. (4.30)

The remaining steps in the derivation of (4.26) can be carried out in a
similar fashion.

The contraction mapping principle and (4.26) imply that S has a unique
fixed point ue Z(M, T) for a sufficiently small choice of 7> 0. It is obvious
that u satisfies (1.1), (1.2), (1.3) on [0, 1] x(—oc0, T]. The uniqueness
statement in Theorem 4.1 is immediate. If (2.18) and (4.2) hold, the
additional regularity (3.12) follows from Theorem 3.1 and the fact that u
satisfies (4.8), (1.2), (1.3) with w=u. The continuation of # to a maximal
time interval (— oo, T,) with the property that (4.3) implies T, = oo follows
from essentially the same argument as in [4].

It is easy to remove the extrancous assumption (4.8). To do so, we con-
struct a functions ¢, ¥ € C3(R) which satisfy

FO=48), FE=yE) Vee[-2/n2 V] (431)
inf F©)>0,  inf F(O)>0.  swpf@)<w,  (432)

e R

and we consider Eq. (1.1) with ¢ and ¥ replaced by ¢ and ¥, respectively.
The preceding argument shows that the modified history value problem has
a unique solution u on (— o, T] for some 7> 0. The Sobolev embedding
theorem implies that

SUp  p2(x, 1)< V. (4.33)

xe[0,1
te(—oo,
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By virtue of (4.31), (4.33), and the continuity properties of u,, u is a
solution of the original problem on some smaller interval (— oo, T] with
T> 0. The additional properties of u as a solution of the original problem
all follow easily. |1

5. GLOBAL EXISTENCE

The following result is a precise analog of Theorem 4.1 in Dafermos and
Nohel [4]. Recall that y(&) :=@(&)—a(0) Y (&) VEe R

THEOREM 5.1. Let the following assumptions hold.

(i) a,a' eLY 0, ), a=0, a<0,a">0 (in the sense of measures);
the measure a" has a nontrivial absolutely continuous component;
(ii) ¢, ¥ e $(0)=4¢(0)=0, ¢'(0)>0, y'(0)>0, '(0)>0;
(iii) £, foo freL®((=o0,0); L*0,1))nL¥(—o0, 0); L0, 1)),
fu€L*((— 0, ©); L¥0, 1)), and the norms of f, f., f., f,, in the indicated
spaces are sufficiently small;

(iv) the given history for v satisfies the equation and boundary con-
ditions for t <0, v and its derivatives through third order lie in L™ ((— o0, 01;
L*(0,1)) 0 L*((— 0, 0]; L0, 1)), v,y € L*((— 00, 0F; LX(0, 1)).

Then, (1.1), (1.2), (1.3) has a unique solution u existing for all t e (— o0, ©©)
such that u and its derivatives through third order lie in L*((— o0, ®©);
L*(0, 1)) L*((— o0, o0); L*(0, 1)). Moreover, u and its derivatives through
second order converge to zero uniformly as t — co. If, in addition, the (A,)-
condition (2.18) holds and f.€ C([0, o0 ), L*(0, 1)), then third derivatives of u
belong to C([0, o), L*(0, 1)).

The proof is essentially a line-by-line copy of the argument of Dafermos
and Nohel. We need only note that in deriving their estimate (3.26) they
use Lemma 2.5 with & =0, while we have to use Lemma 2.5 with £¢#0 but
small. Apart from this simple change, their proof goes through unaltered.

Remarks. 5.1. In assumption (iv), we did not require smallness of the
norms. However, assumption (iii) and the fact that v satisfies the equation
and boundary conditions for 1 <0 imply that v is “small.”

5.2. Theorem 5.1 applies without essential changes if Dirichlet con-
ditions are replaced by Neumann or mixed conditions. In the case of
Neumann conditions, the boundedness and decay statements apply to u
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minus its spatial mean value {u) which evolves according to the trivial
equation

(d*/d*)<ud()= (fH(0).

5.3. The question of global existence for the all-space problem is more
difficult. Hrusa and Nohel [13] gave a proof for regular kernels. This
proof, however, makes essential use of the assumption a” e L'(0, ) and
does not appear generalizable to singular kernels.

54. It would be interesting if a global existence result could be
established assuming only y'>0 in a neighborhood of O rather than
7'(0) > 0. Even for regular kernels, this has been accomplished only for the
case y’ =0 which arises in modelling shear flows of viscoelastic fluids and in
models for heat flow in materials with memory. (See [3, 17, 26].) The
global estimates of Dafermos and Nohel [4], which, as remarked, can be
carried out without assuming a” € L', can also be adapted to x’ =0 without
assuming a” € L'(0, o). However, the hypotheses on fin this case must be
different than those above.

5.5. It is conceivable that for an appropriate class of singular kernels,
global smooth solutions exist even for large data. However, we have not
been able to verify this.

ACKNOWLEDGMENTS

We are indebted to K. B. Hannsgen, R. Noren, and R. L. Wheeler for their valuable com-
ents on an earlier draft of this manuscript. We are also grateful to J. M. Wilson for a helpful
discussion.

Note added in proof. The authors now wish John Nohel a happy sixty-second birthday.

REFERENCES

1. B. BERNSTEIN AND R. R. HuiLGoL, On ultrasonic dynamic moduli, Trans. Soc. Rheology
18 (1974), 583-590.

2. C. M. DarerMOS, An abstract Volterra equation with applications to linear visco-
elasticity, J. Differential Equations T (1970), 554-569.

3. C. M. DarerMOS AND J. A. NoOHEL, Energy methods for nonlinear hyperbolic Volterra
integrodifferential equations, Comm. Partial Differential Equations 4 (1979), 219-278.

4. C. M. DarerMOs AND J. A. NOHEL, A nonlinear hyperbolic Volterra equation in visco-
elasticity, Amer. J. Math. Suppl. (1981), 87-116.

5. M. Dor anp S. F. EDwWARDS, Dynamics of concentrated polymer systems, J. Chem. Soc.
Faraday 74 (1978), 1789-1832; 75 (1979), 38-54.

6. J. B. GARNETT, “Bounded Analytic Functions,” Academic Press, New York, 1981.

7. G. GRIPENBERG, Nonexistence of smooth solutions for shearing flows in a nonlinear
viscoelastic fluid, SIAM J. Math. Anal. 13(1982), 954-961.



220 HRUSA AND RENARDY

8.

9.

10.

11.

12.

13.

14.

15.

16.

17

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

K. B. HANNSGEN AND R. L. WHEELER, Behavior of the solutions of a Volterra equation as
a parameter tends to infinity, J. Integral Equations 7 (1984), 229-237.

H. Hatrori, Breakdown of smooth solutions in dissipative nonlinear hyperbolic
equations, Q. Appl. Math. 40 (1982/83), 113-127.

M. L. HeARD, A class of hyperbolic Volterra integrodifferential equations, Nonlinear Anal.
8 (1984), 79-93.

W. J. Hrusa, A nonlinear functional differential equation in Banach space with
applications to materials with fading memory, Arch. Rational Mech. Anal. 84 (1983),
99-137.

W. J. Hrusa anp J. A. NoHeL, Global existence and asymptotics in one-dimensional non-
linear viscoelasticity, in “Proceedings, 5th Sympos. on Trends in Appl. Pure Math.
Mech.,” Lecture Notes in Physics Vol. 195 pp. 165-187, Springer, New York, 1984.

W. J. HRusAa aND J. A. NoHeL, The Cauchy problem in one-dimensional nonlinear
viscoelasticity, J. Differential Equations, 59 (1985), 388—412.

J. U. KM, Global smooth solutions for the equations of motion of a nonlinear fluid with
fading memory, Arch. Rational Mech. Anal. 79 (1982), 97-130.

H. M. LAuN, Description of the non-linear shear behavior of a low density polyethylene
melt by means of an experimentally determined strain dependent memory function, Rheol.
Acta 17 (1978), 1-15.

S.-O. LoNDEN, An existence result on a Volterra equation in a Banach space, Trans. Amer.
Math. Soc. 235 (1978), 285-304.

R. C. MacCamy, A model for one-dimensional nonlinear viscoelasticity, 0, Appl. Math.
35 (1977), 21-33.

R. MALEK-MADANI AND J. A. NOHEL, Formation of singularities for a conservation law
with memory, SIAM J. Math. Anal. 16 (1985), 530-540.

P. A, MARKOWICH AND M. RENARDY, Lax-Wendroff methods for hyperbolic history
value problems, SIAM J. Numer. Anal. 21 (1984), 24-51; Corrigendum 22 (1985), 204.

J. A. NoHEL AND D. F. SHEA, Frequency domain methods for Volterra equations, Adv. in
Math. 22 (1976), 278-304.

M. RENARDY, Singularly perturbed hyperbolic evolution problems with infinite delay and
an application to polymer rheology, SIAM J. Math. Anal. 15 (1984), 333-349,

M. RENARDY, A local existence and uniqueness theorem for a K-BKZ fluid, Arch.
Rational Mech. Anal. 88 (1985), 83-94.

M. RENARDY, Some remarks on the propagation and non-propagation of discontinuities
in linearly viscoelastic liquids, Rheol. Acta 21 (1982), 251-254.

P. E. Rousk, A theory of the linear viscoelastic properties of dilute solutions of coiling
polymers, J. Chem. Phys. 21 (1953), 1271-1280.

M. SLEMROD, Instability of steady shearing flows in a nonlinear viscoelastic fluid, Arch.
Rational. Mech. Anal. 68 (1978), 211-225,

O. StaFFans, On a nonlinear hyperbolic Volterra equation, SIAM J. Math. Anal. 11
(1980), 793-812.

W. STRAUSS, On continuity of functions with values in various Banach spaces, Pacific J.
Math. 19 (1966), 543-551.

B. H. ZiMM, Dynamics of polymer molecules in dilute solutions: Viscoelasticity, flow
birefrengence and dielectric loss, J. Chem. Phys. 24 (1956), 269-278.

W. J. HrRusA aND M. RENARDY, On wave propagation in linear viscoelasticity, Q. Appl.
Math. 43 (1985), 237-254.



