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Abstract

We study the expectation value of a nonplanar Wilson graph operator in SL(2, C) Chern—Simons the-
ory on $3. In particular we analyze its asymptotic behavior in the double-scaling limit in which both the
representation labels and the Chern—Simons coupling are taken to be large, but with fixed ratio. When the
Wilson graph operator has a specific form, motivated by loop quantum gravity, the critical point equations
obtained in this double-scaling limit describe a very specific class of flat connection on the graph com-
plement manifold. We find that flat connections in this class are in correspondence with the geometries
of constant curvature 4-simplices. The result is fully non-perturbative from the perspective of the recon-
structed geometry. We also show that the asymptotic behavior of the amplitude contains, at the leading
order, an oscillatory part proportional to the Regge action for the single 4-simplex in the presence of a
cosmological constant. In particular, the cosmological term contains the full-fledged curved volume of the
4-simplex. Interestingly, the volume term stems from the asymptotics of the Chern—Simons action. This
can be understood as arising from the relation between Chern—Simons theory on the boundary of a region,
and a theory defined by an F 2 action in the bulk. Another peculiarity of our approach is that the sign of
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the curvature of the reconstructed geometry, and hence of the cosmological constant in the Regge action, is
not fixed a priori, but rather emerges semiclassically and dynamically from the solution of the equations of
motion. In other words, this work suggests a relation between 4-dimensional loop quantum gravity with a
cosmological constant and SL(2, C) Chern—Simons theory in 3 dimensions with knotted graph defects.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and overview

In this paper we show that the SL(2, C) Chern—Simons expectation value of a particular
Wilson-graph operator is related to the Regge action of discretized general relativity with cosmo-
logical constant in four spacetime dimensions and Lorentzian signature. This relation is found in
the double-scaling limit in which both the representation labels associated to the Wilson-graph
operator and the modulus of the complex Chern—Simons level are scaled to infinity, while keep-
ing their ratio, as well as the phase of the complex level, fixed. As an intermediate result we also
show that the critical point equations obtained in this double-scaling limit allow a full reconstruc-
tion of the geometry of a homogeneously and non-perturbatively curved 4-simplex. The sign of
the curvature can be either positive or negative. To be more precise we find that for a given graph,
if any, there are always two critical points related by an orientation flip. To further fix ideas and
notation, let us write the expectation value we are interested in explicitly

Zcs <S3; Is|Jj, ?) :/DADA SIS 1AA] s <J777|A’ A>’ )

where I's (;, i !A, A) is a specific graph operator, depending in particular on the representation

labels ]decorating_the edges of the graph and the (complex-conjugate) connections (A, A), and
where CS [S3 | A, A] denotes the SL(2, C) Chern-Simons action on S> with complex (inverse)
coupling constants (/, /)
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Then, if we let j refer to a uniform scaling of all of the representation labels, the double-scaling
limit (d.s.l.) we will refer to is

J, |h| = o0 while j/|h| ~ const, and arg(h) = const, 3)

and its result on the expectation value of eq. (1) is (when not suppressed, and modulo an overall
phase that we are not writing here for clarity, but which will be discussed at the end of the paper)
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where a;, ®; and V; are respectively the areas of the triangular faces of the reconstructed, curved
4-simplex,” the (hyper-)dihedral angles associated to such faces, and the (non-oriented) 4-volume
of the 4-simplex. All the quantities appearing on the right-hand side are functions of the repre-
sentation labels and the Chern—Simons level appearing on the left-hand side of the equality.
Finally, .44 are weights depending at most polynomially on j and 4. Precise definitions of all
the elements entering these formulae are given later in the paper.

This result brings to the forefront a new relationship between SL(2, C) Chern—Simons theory
and 4-dimensional geometry. Indeed, a somewhat similar relationship between SL(2, C) Chern—
Simons theory (with real level) and 3-dimensional geometry is well-studied in the research
surrounding the so-called “volume conjecture”. In this context, the Chern—Simons expectation
value of most Wilson-line (knots) [1,2] and of some Wilson-graph [3—6] operators has been
shown to reproduce, in a double-scaling limit very similar to the one discussed here, the 3-volume
of certain hyperbolic manifolds [7—11]. Although refined mathematical techniques are being de-
veloped to rigorously study these relationships, the result per se might seem natural to physicists.
In fact, since the work of Witten [12] and others starting at the end of the 1980’s [13—15], we
know that three-dimensional quantum gravity [16] can be formulated, modulo some important
subtleties, as a Chern—Simons theory for different gauge groups, depending on the sign of the
cosmological constant and on the signature of the spacetime. In particular, SL(2, C) Chern—
Simons with real level is related to Euclidean 3-dimensional quantum gravity. In light of this
understanding, one can interpret the Wilson lines as topological defects induced by the presence
of some particles. It follows that the double-scaling limit is nothing more than a semiclassical
limit in which one selects stationary trajectories of the quantum theory, i.e. the classical solu-
tions of the 3-dimensional Einstein equations. The result is a homogeneously curved hyperbolic
manifold with particular conical singularities determined by the presence of the particles [7].
Certainly, things are more complicated than this physical picture might suggest, however, it has
the advantage of clarifying why the volume conjecture is reasonable. We will argue that an intu-
ition can also be built for our result, and will try to convey it later in this introduction. For the
moment we observe that even though our construction bears similarities to the one appearing in
the context of the volume conjecture, there are also major differences. The most relevant one is
that the SL(2, C) Chern—Simons theory used in the volume conjecture is the result of an analytic
continuation [17] of the SU(2) theory, which results in a generic real Chern—Simons level; by
contrast, we deal with a genuine SL(2, C) Chern—-Simons theory whose level has integer real
part. As a consequence, in the asymptotic regime, we get a purely oscillating behavior, with no
exponential growth of the amplitude as in the volume conjecture framework.

In order to explain the picture we have in mind, let us start from the result. There, we see the
emergence of Einstein—Hilbert gravity (with the proper boundary terms included) via its on-shell
action; this action is Hamilton’s principal function for gravity evaluated on the homogeneous
solution within a single, curved 4-simplex. Each homogeneous 4-simplex has to be eventually
thought of as part of a large triangulation that in some continuous limit gives smooth general
relativity. In this approach curvature is distributionally concentrated in the form of a conical sin-
gularities over the triangles. In three dimensions the picture is similar, except that one is using
tetrahedra to triangulate the manifold and the curvature is concentrated along the sides of the
triangulation. This way of dealing with gravity is known as Regge calculus [18,19]. Our result,
presents a quantum version for the amplitude of a single “building block,” in the spirit of spin-

2 The boundary of the 4-simplex is composed by purely space-like subsimplices.
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foam models [20]. Further work will be needed not only to obtain a completely mathematically
well-defined 4-simplex amplitude, but also to understand how to obtain a sensible interplay be-
tween different 4-simplices, and, of course, to take the necessary continuum limit. The latter
problem is particularly complex and there are entire research programs developed to tackle it,
e.g. [21-23] to mention a few.

In this paper we shall focus on the amplitude for a single 4-simplex. In the body of the pa-
per we will explain in detail why Chern—Simons theory can be expected to implement the bulk
homogeneity of each building block, the idea being that it is the holographic projection of the
topological quantum field theory [24,25] given by BF theory plus a cosmological term [26] (once
the B field has been integrated out). What about the curvature defects concentrated along the tri-
angles, what is their origin? These defects are crucial, since they allow us to convert an otherwise
homogeneously curved manifold into an approximation of virtually any manifold. At the level
of the topological quantum field theory, such defects must originate in the breaking of the “trivi-
ality” of the topological dynamics on a given manifold. Here the defects are exactly sourced by
the Wilson graph. Notice, though, that the defects are geometrically associated to 2-dimensional
surfaces while the graph defect is intrinsically one-dimensional. Indeed, in our picture, the graph
corresponds to the dual to the 4-simplex boundary triangulation: each of its five vertices (hence
the name I'5) corresponds to a tetrahedron, and each of its ten edges corresponds to a triangular
face. In a precise sense, the graph carries quanta of area and should be thought of as carrying
gravitational degrees of freedom instead of matter-like ones. This is exactly the picture emerging
from the kinematics of loop quantum gravity [27-29].

In order to better contextualize our work, we shall review very briefly what a spinfoam model
is [20]. The prototypical spinfoam model is the Ponzano—Regge model [30,3 1] for 3-dimensional
Euclidean quantum gravity. In this model one starts from a triangulated manifold, and assigns
SU(2) representations to the sides of the triangulation and trivalent intertwiners among three such
representations to its triangles; then one contracts all the intertwiner indices following the com-
binatorics of the triangulation, multiplies the resulting amplitude by some weight factors (which
have a clear group theoretical, and geometrical, meaning), and finally sums on all possible as-
signments of representations to sides in the bulk of the triangulation. This procedure assigns to
every tetrahedron a function of the six spins attached to its sides, known as a 6;-symbol. Pon-
zano and Regge noticed a relation with quantum gravity when they realized that in the large spin
limit j — oo, the 6 j-symbol gives the imaginary exponential of the Regge action for the tetrahe-
dron (without cosmological constant). Moreover, 3-dimensional quantum gravity is topological,
and as such can be argued to be triangulation invariant. This is a property the Ponzano—Regge
model satisfies morally; it is indeed invariant under Pachner moves, but only up to some infi-
nite volume factors that signal the fact that the model is not completely gauge fixed [32,33].
A way to overcome this difficulty is to consider a quantum deformation of the group theoret-
ical ingredients appearing in the model, in particular one can substitute the 6;-symbols with
g-deformed 6 j-symbols, and the dimensions of the representations, (2j + 1), with [2j + 1], to
obtain the so-called Turaev—Viro state sum model [34]. Such models cure the divergences present
in the Ponzano—Regge model by cutting them off at a maximal spin, related to the parameter g,
making its triangulation invariance not only formal but mathematically exact. However, this is
not enough, the deformed model presents an even more interesting asymptotics [35,36]. In the
limit in which both the spins and the cutoff are taken to be uniformly large, one finds that the
6j,-symbol gives the Regge action for a homogeneously curved tetrahedron augmented by the
cosmological term A V3, where the cosmological constant is related to the maximal spin. Finally,
it also becomes clear that a deep relationship between the Turaev—Viro state sum model and



H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79 5

Chern—Simons theory exists, thus giving a beautifully consistent picture of all the forms in which
3-dimensional quantum gravity can be understood. Several recent and nice papers, that are quite
complementary to this paper, but which focus on three-dimensional gravity are by V. Bonzom,
M. Dupuis, F. Girelli, and E. Livine, see [37—40].

This much simplified account of the Ponzano-Regge and Turaev—Viro state sum models
is not meant to be complete, but rather aims to illustrate why many researchers have dreamt
that g-deforming spinfoam models for 4-dimensional gravity, could lead to a mathematically
well-defined version of these ideas with the added feature of automatically incorporating in it
a cosmological constant. This is exactly what was tried in the context of the Barrett—Crane
model [41,42], see [43], and more recently the Engle—Pereira—Rovelli-Livine model [44.,45],
see [46—48]. The latter model, often abbreviated as EPRL (or EPRL/FK, for Freidel and Kras-
nov, when referring to its Euclidean version) is to-date the most developed and studied spinfoam
model of 4-dimensional Lorentzian quantum gravity. It will constitute also our starting point for
constructing the Wilson-graph operator I's.

Previous efforts to include the cosmological constant have been largely motivated by analogy
with the 3-dimensional case rather than obtained by means of some constructive principle /ead-
ing to the quantum group structure. In this paper we aim for a constructive inclusion and provide
both heuristic and formal procedures for understanding the construction of a spinfoam model
including a cosmological constant, which reduces to the usual “flat” spinfoam model in the ap-
propriate proper limit. As a byproduct, we understand that introducing a cosmological constant
in four dimensions is intimately related to a coupling of the spinfoam model to Chern—Simons
theory, and as such it may—or may not—Ilead to a known quantum group structure for the spin
networks under investigation [49-51].

Indeed, our analysis shows that the introduction of a cosmological constant within the EPRL
model of 4-dimensional Lorentzian quantum gravity requires the use of SL(2, C) Chern—Simons
theory with a general complex level & € C, to which no known quantum group structure has
yet been associated. Therefore, we propose a more general approach which can explain why in
some situations (e.g. in the case of 4-dimensional Euclidean quantum gravity) quantum groups
are a relevant tool, but that they are not required as an a priori starting point. Another useful
consequence of our approach is to replace the algebraic language of quantum groups with the
field-theoretical language of Chern—Simons theory. In this way we are allowed—at least at the
semiclassical level we investigate in this article—to talk about quantities such as holonomies,
which admit a more direct geometric interpretation. This enormously simplifies the study of the
model’s asymptotics, shedding light on both discrete curved geometries and the way they are
encoded in the classical solutions of Chern—Simons theory on the graph-complement manifold.

Nonetheless, because of the asymptotic behavior of eq. (4) our model, Zcg (S 3. I's | ] ;> ,can be

viewed as a generalization of the Turaev—Viro model (and its quantum 6 j-symbol formulation)
that produces 4-dimensional gravity with a cosmological constant in the double-scaling limit of
a single 4-simplex.

Our work’s connection with SL(2, C) Chern—Simons theory does, however, raise a question of
mathematical rigor. Chern—Simons theory with a compact gauge group G and its quantization are
well understood, but the non-compact case is much more involved. In the specific case in which
the non-compact group is the complexification of a compact one G, e.g. SL(2, C) = SU(2)c,
which is the relevant one for our analysis, much more is known and actively investigated. In
particular, in recent years, progress has been made in this arena, see e.g. [52,53,51,7,17,8,10,9,11,
54]. Incorporating these new results and techniques into our framework is one of our main goals
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for the near future. For the moment let us just remind the non-expert reader that the differences
between the theories on the gauge groups G and G¢ are not just technical, since qualitative
changes occur. For example the Hilbert space of Chern—Simons theory with a noncompact gauge
group is infinite-dimensional [51,8], while the Hilbert space of the theory with compact group is
finite-dimensional.

The idea of an interplay between Chern—Simons theory and loop quantum gravity, or spin-
foams, is not a new one. It can be traced back to the discovery of the Kodama state [55] as a
(formal) solution to the quantum constraints of canonical gravity with a cosmological constant
expressed in Ashtekar’s variables. This perspective has been investigated in the intervening years,
in particular by Smolin [56-61] (see also [62]). This approach gives the same Chern—Simons
structure that we have found from a covariant perspective, when applied to canonical loop quan-
tum gravity with the Barbero-Immirzi—Holst twist [63—65] and expressed in terms of complex
selfdual and anti-selfdual Ashtekar variables. Indeed, our construction can also be interpreted
(even if this is not the interpretation we prefer) as the projection of the Kodama state onto a
particular spin-network state, i.e. as taking a particular component of the loop-transform of such
a state. Interestingly, the discovery of such a relationship between Chern—Simons theory and
4-dimensional loop gravity served in the 1990’s as a further—though not the only—motivation
to investigate the interplay between topological quantum field theories (with defects) and quan-
tum gravity [66-69,56,26,70]. In the context of quantum deformation of (Euclidean) spinfoam
models, the coupling with Chern—Simons has been proposed by one of the authors in [47]. Fi-
nally, there is another point of contact between Chern—Simons theory and loops, this is the study
of quantum black holes and their entropy in loop gravity under the quantum isolated horizons
paradigm [71-78]. It would be interesting to further investigate how this literature relates to the
present work.

After this excursus, we return to our calculation and try to give a bird’s-eye view of what we
will accomplish in the rest of the paper. After constructing the particular graph operator needed
to implement the geometricity of the boundary of the 4-simplex, we study its asymptotic, semi-
classical, properties in the double scaling regime described at the beginning of this introduction.
Physically this is equivalent to sending 7 to zero, while keeping the size of the physical areas and
of the cosmological constant fixed at finite values. In this way we freeze the fluctuating quantum
geometries, picking out the most relevant classical solutions. For what concerns Chern—Simons
theory, these classical solutions are given by flat connections. However, the graph plays the role
of a source for such connections, which are hence flat everywhere but on the graph.

To make mathematical sense of this statement one is lead to consider flat connections on the
graph-complement manifold M3 = §3\ I's, obtained by removing from the 3-sphere an infinites-
imal neighborhood of the I's5 graph. Since I's is dual to the boundary of a 4-simplex, see Fig. 1,
it is not too hard to see that M3 is a 3-manifold bounded by a genus-6 surface. All the relevant
information about the flat connection in M3 can then be repackaged into equations for a set of
holonomies in M3. We divide these holonomies into two subsets, longitudinal holonomies that
are computed along the length of the tubes bounding the edges of the thickened graph and trans-
verse holonomies that cycle around these tubes. These equations encode the proper boundary
conditions for the M3-connection induced by the presence of a graph in the original manifold $°.

The main result of the paper is to show that these very same holonomies can be reinterpreted
as the holonomies on the boundary of a homogeneously curved 4-simplex. In a sense, we pro-
vide a translation between a connection whose curvature is concentrated along 1-dimensional
defects carrying quanta of area, and a connection whose curvature is homogeneously distributed
in the 4-simplex. In the second case, the curvature “defects” are concentrated along the extended
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Fig. 1. Both panels illustrate the graph I's with its five 4-valent vertices. (a) This panel explicitly displays the combinato-
rial structure of I'5 as the dual to the boundary of a 4-simplex. (b) A topological deformation of I's5 illustrates the single
essential crossing of the graph projection.

2-dimensional submanifolds. (See [79] for a more precise description of this correspondence in
the flat context. Somewhat similar ideas are also present in [80,81].) Note, that the flat connec-
tions of the graph complement we use to reconstruct the 4-simplex geometry have some very
peculiar properties, inherited from the specific graph operator. Probably their main property is
that the four transverse holonomies associated to a single graph vertex, when calculated infinites-
imally close to it, are all in the same SU(2) subgroup of SL(2, C). This property is crucial for
the interpretation of such holonomies in terms of face holonomies of a homogeneously curved
tetrahedron that is flatly embedded® in the ambient de Sitter, or anti-de Sitter, space. An impor-
tant ingredient of this interpretation is the fact that the representation labels (spins) associated to
the graph edges are interpreted as the areas of the triangles in the 4-simplex (expressed in units
of the Planck area times the Barbero—Immirzi parameter y).

Once a 4-simplex geometry has been built from a specific class of flat connections on the graph
complement, we can interpret the phase appearing in the semiclassical approximation geomet-
rically. The semiclassical action is composed of two pieces: one coming from the Wilson-graph
observable, and the other from the Chern—Simons action itself. Analogously to the flat* EPRL
model, one can see that the phase contributed by the graph operator corresponds to the i), a;®;
term in the Regge action. More interestingly, the Chern—Simons term contributes the cosmolog-
ical term, —iA V4, of the Regge action. Though not derived in this way here, this term can be
seen as originating in the fact that a Chern—Simons theory on the boundary of a 4-dimensional
region can be interpreted as the holographic projection of an F? theory in the bulk, where F
is the curvature of the Chern—Simons connection. If the curvature of F is constant and equal
to %e A e, this bulk theory provides exactly the sought after 4-volume term. Another feature
of this asymptotic approximation is that critical solutions come in pairs of oppositely oriented
4-simplices, hence the two terms in eq. (4). This is not a new feature, it was present already in
the flat EPRL and EPRL/FK model, as well as in the Ponzano—Regge—Turaev—Viro state sum.
It can be seen as due to the fact that one is not quantizing metric gravity, but rather first order
gravity expressed in vielbein-connection variables, and in such a representation the metric can

3" A submanifold is said to be flatly embedded in a Riemannian manifold, if its extrinsic curvature vanishes. This turns
out to be equivalent to the requirement that the surface is fotally geodesic, see e.g. [82].
4 By flat we mean without cosmological constant.
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become degenerate and the orientation can flip. The physical reliability of this feature is a matter
of debate [12,83-85].

Interestingly, Engle’s explanation for the presence of both orientations [75,86,83] gives an
explanation of why we find geometric sectors associated to both signs of the cosmological con-
stant. He observed that the construction leading to the definition of what we call the EPRL graph
operator has two sectors of solutions related by a sign flip. This sign appears in the equation
that classically relates the curvature to the tetrad field when a cosmological constant is present
effectively changing its sign. More technically, one can say that the linear simplicity constraints
admit solutions in two Plebanski sectors, corresponding to B = %e A e, respectively. Because
the cosmological term is quadratic in B, while the Ricci term is only linear in it, the two sector
effectively correspond to the Einstein—Hilbert with different signs of the cosmological constant.
This is reflected in the equation for the curvature F = %B = :i:%e Ae.

To conclude this overview of the work, we would like to acknowledge that other terms come
out of the asymptotic analysis, which must be added to the Regge action. Their geometrical in-
terpretation is not fully clear for the moment, though it is understood that these terms are parity
invariant and therefore factorize as a phase common to the two differently oriented critical point
contributions. At first sight, this may seem to be completely degenerate to an irrelevant phase
choice of boundary state. However, upon closer analysis this seems not to be the right interpreta-
tion since this extra phase depends on the geometrical and dynamical variables associated to the
4-simplex (e.g. the spins), and therefore will a priori superpose in a complicated way with the
dynamics of the model for any 4-simplex in the bulk of the triangulation, where the boundary
state phase choices are irrelevant. Nonetheless, there are some indications that these contributions
should add up to zero for a given triangle sitting in the bulk of the triangulation, where the sum
over its spins is relevant. Therefore, the role of these extra phases has not yet been completely
clarified. We leave the analysis of this issue for future work, when we will study the amplitude
of simplicial complexes.

For two recent works developing the lines discussed in this paper see [87,88].

The paper is structured as follows. In Section 2 we formally define the expectation value

Zcs <S3; F5|f, ;) while in Section 3 we discuss its relation with 4-dimensional gravity
and LQG. In Section 4, we introduce the semiclassical (double-scaling) limit and the zero-
cosmological-constant limit of Zcg (S 3 F5| ], ;) In Sections 5 to 8, we derive the critical point

equations to study the semiclassical limit just introduced. In Sections 9 to 11 we relate these
equations to the 3- and 4-dimensional simplicial geometries of constant curvature. We dedicate

Section 12 to the evaluation of the graph operator I'5 (;, 7‘A, A) and the Chern—Simons action

functional CS [S 3 |A, A] at the critical points. In Section 13 we comment on the fact that to any
semiclassical solution there always corresponds a second, opposite spacetime with reversed ori-
entations. In Section 14 we discuss the role of the parity-invariant non-Regge contribution to
the action, while in Section 15 we discuss a subtlety in the geometrical interpretation of the spin
variables and show that it entails no consequences for the final result. We finally conclude in Sec-
tion 16. In the appendices, we fix notations and conventions, e.g. those of the general relativistic
action and others in the context of the selfdual and anti-selfdual split of SL(2, C) (Appendices A
and B); we perform explicit calculations not spelled out in the text in Appendix C; we present
some relevant details about 4-dimensional discrete geometries in Appendix D; and we calculate
the Chern—Simons functional at the critical point perturbatively around a flat-geometry solution
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in Appendix E. We hope that our effort to make the paper self-contained and pedagogical enough
to be understandable to readers with different backgrounds has been successful.

2. SL(2,C) Chern-Simons theory and the I's graph operator

In this section, we give a brief overview of SL(2, C) Chern—Simons theory and introduce
knotted graph operators. We study the expectation value of a particular nonplanar, knotted graph
operator I's(j,i|A, A), defined below.

Given a compact oriented 3-dimensional manifold 2013, the SU(2) Chern—Simons functional

is

1 2
W[A]::Eftr<AAdA+§AAAAA>, 5
M3

here A = A/t ;j is a real suz-valued connection on the 3-manifold 913. Each of the components
A/ is an R-valued 1-form on M3 and 7; = —%a ;j are anti-Hermitian 2 x 2 generators of s,
with {0} ;=12 3 the Pauli matrices.

This action can be analytically continued to a holomorphic action for the complexified con-
nection AC with value in ﬁug, which is in turn isomorphic to slpC. Thus, in order to define
Chern—Simons theory for the sl,C-connection A on the manifold 913, one can first decompose
A into its holomorphic and anti-holomorphic parts, AC and AC respectively, and then combine

their Chern—Simons functional with a complex weight (inverse coupling) A:

cs [9)?3|A= (AC,AC)] = gW[AC] T %W[AC]. (6)

Henceforth, we refer to A as the sl;C connection, and—dropping the C superscript—to A and
A as the holomorphic and anti-holomorphic sl,C connection, respectively. Sometimes we will
even drop the adjective (anti-)holomorphic if this is not confusing.

Finally, quantum Chern—Simons theory on 93 is defined via the functional integral®

Zes(O) = / DADA elCSIMs 1 A1 7

It is expected that the partition function gives an interesting topological invariant of the
3-manifold. Also, recent progress towards its rigorous definition can be found e.g. in [8,17].
It is common to parametrize the complex Chern—Simons couplings as

h=k+is and h=k—is, (8)

with k and s initially arbitrary complex numbers.” However, requiring the invariance of
exp (i CS[A, A]) under finite gauge transformations, restricts k € Z; moreover, s is also con-
strained, by the requirement of unitarity [90,51]. There are two possibilities for a unitary SL(2, C)

5 We use M3 for a general 3-manifold; the graph complement of central importance in this paper will always be
denoted M3 = 53 \Ts.

6 The path integral measure should be understood to contain all the gauge fixing (ghost) terms needed to make this
expression meaningful. Since, for the purpose of this paper, we are interested only in the phase resulting from the semi-
classical approximation of the path integral, these terms are not going to play any role, and are therefore not considered
explicitly.

7 An analytic continuation of Chern—Simons theory has been proposed in [17], where both k and s can, in principle,
be extended to arbitrary complex numbers (so k, i become independent complex numbers). The analytically continued
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Chern—Simons theory corresponding to s real or purely imaginary, these are: (i) if s € R, then
h is the usual complex conjugate of /4, and A is invariant under the reversal of orientation; the
theory is unitary in the Lorentzian sense®; and (ii) if s € iR, on the other hand, A — A under
orientation reversal, and the theory is unitary in the Euclidean sense.” Indeed, Chern—Simons
theory relates to (2 4+ 1)-dimensional quantum gravity in de Sitter spacetime in case (i), and to
Euclidean quantum gravity in 3-dimensional anti-de Sitter space in case (ii).'” Here, we stick to
the choice (/). Hence, in the rest of the paper,  is the usual complex conjugate of /.

It is well known that quantum Chern—Simons theory with compact gauge group SU(N) and
level k i related to the representation theory of the quantum group SU, (N ), where the quantum

group deformation parameter g is the root of unity ¢ = q(k, N) = exp (,i‘_i;\,) For Chern—

Simons theory with non-compact gauge group SL(2,C) and couplings k and s the situation
is more complicated. In [51] it is shown that for the Lorentzian unitary case (i), with s € R,
and under the restriction k = 0, the quantum SL(2, C) Chern-Simons theory is related to the

unitary irreps of the quantum group SL, (2, C) with real deformation g = exp (27”) Moreover,

a quantum group deformation of SL(2, C) is only known for such a real deformation parameter
q [49,50]. In this paper, however, we focus on SL(2, C) Chern—Simons with non-vanishing k
due to the interesting relation it bares with 4-dimensional geometry and quantum gravity; we do
this despite the fact that the theory with non-vanishing k£ has no known quantum group structure
behind it. The SL(2, C) Chern—Simons theories with general values of k and s, which exist as
quantum field theories, might lead to a generalization of quantum group structures to SL(2, C).
The present work provides additional motivation for a generalization in this direction.
We consider SL(2, C) Chern—Simons theory on S3, the 3-sphere, with Wilson-line operator

Gg[A]:IPexp/A, Gg[A]:IP’exp/A 9)
14 ¢
along the (piecewise differentiable) curve £ embedded in S3. We focus on Wilson-line operators
in §3 carrying unitary irreps of SL(2, C),
DU (A4, &) =((. ) L.n| DI (G AL GUIA) | G p)ilon). (10)

Ln;l',n’

The (infinite-dimensional) unitary irreps of SL(2, C) are classified by two parameters (j, p) with
Jj € % and p € R [91]. A canonical basis in the unitary irrep HU-?) = ®iej+NH; is denoted
|(j. p); I, n), where H, is the spin-/ irrep of SU(2) C SL(2, C). Note that DV/:*) (A, A) depends
non-trivially on both A and A, this will appear explicitly in the formulae of Section 5 (e.g.
eq. (79), where both G[A], and G'[A] appear).

In a major part of the literature on Chern—Simons theory, the curve ¢ is taken to be a knot,
where the Wilson-line operator is a Wilson-loop (e.g. [92,10,9,11,7]). However, we are interested

SL(2, C) Chern—Simons theory has gauge group SL(2,C) x SL(2,C) (as a complexification of SL(2, C)). Thus, the
connections A and A are treated as independent variables, although the integration contour in eq. (7) is usually chosen to
be real with A the complex conjugate of A. Non-integral values of k in the analytically continued theory imply that the
integration cycle should belong to a covering space to the space of connections, where two connections are equivalent if
they are related by an infinitesimal (rather than a finite) gauge transformation. In this paper we restrict ourselves to the
case with k € Z and s € R. A study of analytic continuation will appear in [89].

8 That is, such that its action CS . is real and appears in the partition function in the form exp(iCSy).

9 That is, such that its action CS is real, but appears in the partition function in the form exp(—CSg).

10 For details on the relation between Chern—Simons theory and 3-dimensional gravity, see e.g. [12—16,7].
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in knotted graphs that admit vertices with valences greater than 2. In particular, the knotted graph
operator investigated here is the I's graph of Fig. 1; this is a non-planar, 4-valent graph with a
single crossing.'! We adopt the same framing convention for the graph as in [93].

The 4-valent knotted graph operator I's (], i |A, A) in SL(2, C) Chern—Simons theory is con-
structed through a series of four steps:

@

(ii)

(iii)

SL(2, C) unitary irreps: An SL(2, C) unitary irrep (jg, p¢) is associated to each edge ¢
in the knotted graph. We define the ratio y = p;/j, € R and restrict y to be a constant
independent of £. This restriction'” is important for later geometrical interpretations in 4 di-
mensions, where y defines a fundamental unit for surface areas. In the context of LQG, y
corresponds to the Barbero—Immirzi parameter [63,64,44,95]. We will label the edge con-
necting the vertices a and b (a, b € {1, - - -, 5}) by £, = €4, and fix its orientation from b to
a when a < b. Thus, the SL(2, C) unitary irrep associated to the edge £, is often denoted
by (jab, ¥ ab)-

Intertwiners: All the vertices of the I's graph are 4-valent. To maintain gauge invariance, an
SL(2, C) intertwiner

JULYIDUnri) € Tvsg o) (qr[(jl,m) ® - ® H(fu,ww) , (11)

is associated to each vertex. Here v labels the valency of the vertex (v = 4 for us) and
H¥D) is a carrier space for the unitary irrep of SL(2,C). The space of intertwiners
Invsy2,c) (7—[(/ Y@ ... ’H(j'””jv)) is infinite-dimensional when v > 4.!3 However, we
restrict attention to a finite-dimensional subspace of intertwiners that lead to a nice geomet-
rical interpretation. This subspace of SL(2, C) intertwiners is determined via an SL(2, C)
diagonal action on the SU(2) intertwiners i/1"/», followed by group averaging'*

v
(Jl yjl) (]v Viv) ;i\ _ - J1e (/1 Vi)
L T ) = / dg Y i [TD5T 0 () (12)
SL(2,C) mp---ny =1

This defines an embedding map from the space of SU(2) intertwiners to the space of
SL(2, C) intertwiners. Equation (12) can be written abstractly as / (i) = Psr2,c) o ¥y (i). In
this expression, the EPRL map Y, is an injection H; < H/:?/ given by the identification
of the SU(2) irrep H; with the lowest subspace in the tower H/""/ = @y ;1 nH,, i.e.

Yylj,m) =1, vJ); j.m), 13)

and Psp(2,c) is a projector onto the space of SL(2,C) intertwiners. The subspace of
SL(2, C) intertwiners given by the image /(i) was first introduced by Engle, Pereira, Rov-
elli, and Livine [44] and further developed by Dupuis and Livine [98]. The classical spin
networks with intertwiners in this image have been shown to relate to simplicial (piecewise-
flat) geometry in 4 dimensions by [94,99, 10()]

Contraction: The knotted graph operator I'5(j, i |A, A), as a gauge invariant observable of
SL(2, C) Chern—Simons theory, is defined by contraction of the Wilson-line operators of

A few quantum group spin networks based on the I's graph have been proposed and studied in [46,48,47,43].

12 In the flat case such a restriction is redundant in the semiclassical limit, because it happens to be one of the critical
point equations [94]. This is not the case in the present setting.

13 When v = 3, the space of intertwiners is 1-dimensional, [96].

14 The tensor components of the intertwiner are all finite for v > 2, [97].
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eq. (10) with the intertwiners of eq. (12) at each vertex:

5
s (;,:|A, A) _ ®D(jab,)’/nb) (A’ A) ° ®I (ia), (19
a=1

a<b

where e stands for contraction of the indices at each vertex following the appropriate
4-simplex combinatorics. This knotted graph operator is, in the terminology of [98], an
SL(2, C) projected spin-network function.

Coherent basis: For the concrete computation we choose a particular class of SU(2) inter-
twiners, the coherent intertwiners introduced by Livine and Speziale in [101]. Given the
SU(2) unitary irrep H;, a coherent state |j, &) € H; is defined by an SU(2) action on the
highest-weight state [102],?

g &
where & is a normalized 2-spinor according to the Hermitian inner product (&, r) =
84a&%rY, ie. (£,€) = 1. The SU(2) group element g(&) rotates the 3-vector Z = (0,0, 1)

into the unit vector 72(§) = (£, 5&), where & is the vector of Pauli matrices. The coherent
states | j, &) form an over-complete basis of H; and provide a resolution of the identity

1 82
1. &) == g(O)1). j). g(é)z(g —5>, (15)

Ij=@j+ 1)/du(§) 17, 6)(j. &l (16)
S2

Since |j, &) — el®| J. &) =1J, ei¢$) leaves the integrand invariant, the domain of integration
is the coset S> = SU(2)/U(1), on which dju (&) is the uniform measure. The phase of £ must
be fixed conventionally to complete the definition of these coherent states.

A coherent intertwiner i £ € Invsy(2) (7—[ 1®--QH ju) can be defined by group averaging
the projected tensor product of coherent states, [101],

i =il = / dh @, DI ()| ji, &). (17)
SUQ2)

These form an over-complete basis in the space of SU(2) intertwiners and relate to the quan-
tization of three-dimensional flat polyhedral geometry [103—109]. These coherent intertwin-
ers are mapped by 1, eq. (12), to SL(2, C) intertwiners I (i é); the latter enter the definition of

the knotted graph operator I's (;, ;E: |A, A) in eq. (14). In the analysis below we often em-

ploy the following convention for labeling the & variables. At the vertex a of the graph I's we
denote the SU(2) coherent intertwiner by i, =i(g,,), a = fSU(z) dh ®pta Diab ()| Jabs Eab)
and the corresponding SL(2, C) intertwiner by / (i,). The &, label the coherent intertwiner
at the vertex a, while the &, label the coherent intertwiner at vertex . Thus, we have in
total 20 spinors &, with &,; # &p,; these two distinct spinors are located at the opposite
ends of the edge £,5. The knotted graph operator is finally denoted I's ( Jabs Eab |A, A).

15 See e.g. [45] for a compact introduction to SU(2) coherent state.
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The Chern—Simons expectation value of the knotted graph operator on S is the central object
studied here'°:

Zes (8% Ts|juss &) = / DADA SIS 141 Ts (jup, £ap | A, A). (18)

In particular, we are interested in the asymptotic behavior of this expectation value when the
double-scaling limit of eq. (3) is taken uniformly in every spin j,;. As discussed in the intro-
duction, in the asymptotic regime of the limit, a relation emerges between the data j,p, &5, A,
A of Chern—Simons theory and four-dimensional, constant curvature geometry. The asymptotic
behavior of the expectation value in eq. (18) relates to quantum gravity in four dimensions with
cosmological constant.

3. Relation with loop quantum gravity (LQG)

The Chern—Simons expectation value of the I'5-graph operator, eq. (18), is well-motivated by
non-perturbative, covariant LQG in 4 dimensions, where the idea of path integral quantization
is adapted to the setting of LQG [20,110,27]. The quantum dynamics is formulated in terms of
boundary state transition amplitudes. These amplitudes naturally extend the notion of transition
between initial and final states to the general covariant context [24,25]. In quantum gravity these
boundary states capture the geometry of the boundary and according to LQG this geometry is
encoded in spin networks [27-29,107,108,111,112].

In order to calculate such transition amplitudes, in principle one should interpolate using
all 4-dimensional histories, or bulk (quantum) geometries, compatible with the given bound-
ary states. At present the theory is defined only in terms of successive truncations, relying on
a specific discretization of the bulk geometry.!” Each of these quantum discrete geometries is
a spinfoam. The spinfoam building blocks are usually taken to be 4-simplices, and the total
spinfoam amplitude is then constructed as a product of 4-simplex amplitudes followed by an
integration over all the bulk data encoding their geometry. In this section, we briefly review the
motivations and construction of the EPRL 4-simplex amplitude [44], which is one of the leading
candidate models for covariant four-dimensional LQG. We will then explain why and how the
Chern—Simons expectation value (18) is a deformation of the EPRL 4-simplex amplitude that
includes the cosmological constant.

3.1. Lorentzian EPRL 4-simplex amplitude

First order gravity in tetrad-connection variables can be expressed as a constrained topological
SL(2, C) BF theory in 4 dimensions, which is known as the Plebanski formulation of classical
gravity [113]. The EPRL 4-simplex amplitude is constructed by imposing constraints on quantum
SL(2, C) BF theory. The first-order action of SL(2, C) BF theory on a 4-dimensional manifold
My is

Ssr ::—%/<B/\]~'[A]>, (19)
el

16 The expectation value of eq. (18) has been normalized by the partition function of Chern—Simons theory on $3. This
normalization procedure is understood throughout the paper.

17 The question of how to remove the discreteness is a controversial problem beyond the scope of this paper (see e.g.
[22,23]).
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where F[A] =dA + A A A is the curvature of the sl,C connection A := (A, A), B is an s[L,C
valued two form, and < -, - > is one of the two invariant, nondegenerate, bilinear forms of sl,C.
Specifically, it is the one that couples boosts with rotations, i.e. < X, Y =:= te; /KL X/ yy,
(see Appendix B for some information on these bilinear forms). Notice that B is the momentum
conjugated to the connection 4.

The quantization of BF theory is given by the functional integration

/ DADB e 18F — / DAS (FIA)), (20)

where the equality implements the integration over the momentum B and defines the associated
second-order theory. Given a 4-manifold 94 with boundary 09ty = 93, let ¥ = ¥ (Ay) be a
(gauge invariant) wave function of the connection boundary state, where Aj is the connection A
restricted to 913. Then the BF amplitude of such a state is

(BF|Yr) =/DA5(]:[A]) YAyl 2n

When a gauge invariant state ¥ has support only on a graph I' C 93, and it depends on the
connection A only through the holonomies G¢[.A], with £ an edge of the graph I', then we call
it a spin-network state and write Y,

vrlAsl = vr({GelAsl}). (22)

As normalizable states, the ¥ belong to L2(SL(2,C)®L), L being the number of edges £ in I.
It is then convenient to use the distributional basis {1} such that the wave functions 1y contain
only one SL(2, C) unitary irrep (j¢, o¢) on each edge £, and an SL(2, C) intertwiner I, at each
vertex n of I'. In this sense, s can be seen as a collective index labeling these data, s = (jy, p¢; I).

A special case is that of 94 a 4-simplex with its associated boundary 9t3 = §3. In this case
it is natural to consider the graph I's dual to the 4-simplex boundary. Then a state v, depends
on ten SL(2, C) holonomies G¢[.Aj3], and is required to be invariant under gauge transformations
at each of its five vertices. The graph'® I's is represented in Fig. 1, although BF theory is not
sensitive to the crossing.

The functional integration of BF theory on a triangulated manifold can be written as the
product of 4-simplex amplitudes followed by a summation over all the intermediate (boundary)
states of every 4-simplex boundary.

From eq. (21) we see that the amplitude (BF|yr;) is nothing but the integral of v over the
space of flat connections. In particular, since it is already gauge invariant, we immediately obtain

(BF|yrs) = s (D), (23)

which is the evaluation of the spin-network function ¥ on trivial holonomies I.

The classical action of first-order general relativity in the tetrad e and connection A variables
- 19
is

1
SGR:=—§/<(eAe)/\]-'[.A]>. (24)
M

18 In this section and the following, we commit a slight abuse of notation; we use the symbol I's, which was already
introduced for the Wilson-line operator of eq. (14) within Chern—Simons theory, for a particular graph in s3.
19" We work in units where the reduced gravitational constant « := 87 Gy is equal to 1.
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This action can be twisted without altering its equation of motion (at least in the absence of
fermions) by adding to it the so-called Holst term [65], to obtain what is known as the Holst
action of general relativity

SH::—%[<(3/\€)/\}"[A]>+%<(e/\e)/\]-'[.A]>. (25)
M

In the last expression we have introduced the Barbero—Immirzi parameter y, which we shall
require to be real,”" as well as the second nondegenerate bilinear form < -,- > on s[,C. This
bilinear form is related to the first one by < -,- > = — < x-,- >, where » denotes the usual Hodge
star operator; in other words < X,Y >=X Ny, (see Appendix B for details). The interest of
the Holst formulation is that it twists the phase space of the theory and makes it easier to quantize
(see [27-29,112]).

Both the standard and Holst’s first order formulation of general relativity can be put in the
form of a constrained BF theory, where the B field is required to take the simple form

!

B=eAe, (26)

1
here and below = indicates equality after the imposition of a constraint. In particular, the relevant
BF action for the Holst formulation is

SHBFIZ—1/<|:<1—1*>Bi|/\}_>-. 27
2 Y
M

Notice that in this action the B field is no longer the momentum conjugate to the connection .A.
Indeed, calling the conjugate momentum IT, one finds”'

_ v
IRZEE
Nonetheless, because B and IT are linearly related, integrating over one or the other, as in eq. (20),
does not make any difference.

Imposing the simplicity constraints of eq. (26) modifies topological BF theory, unfreezing
local degrees of freedom and yielding general relativity.

The EPRL 4-simplex amplitude is obtained by imposing the simplicity constraint on the BF
amplitude (BF|yr;). In this context the simplicity constraint is quantized to a constraint opera-
tor that acts on the boundary state yrr5. Imposing this quantum constraint reduces the available
boundary states v, to a proper subspace. Implementation of the simplicity constraint is de-
scribed briefly in the following, however see e.g. [44,45,98,114—-116,101,95] for details.

Given a triangulation of the 4-manifold 2y, the s, C-valued 2-form field B can be understood
as an (anti-symmetric) bivector B/” associated to each triangle. It turns out that for a simplicial
decomposition, a more manageable linear version of the simplicity constraints can be employed
in the quantization. Given any tetrahedron in the triangulation, all the bivectors associated to the
triangles of the tetrahedron are constrained to satisfy

M= (* + y_l> B or equivalently B (1 —yx*)II. (28)

20" Generalizations to complex Barbero—Immirzi parameter are of interest. Clearly, a very special role is played by
y ==i.

21 Notice that the relation between B and I1 is not invertible if y = Fi. Indeed, in this case, the (anti-)selfdual part of
B is projected out of the theory.



16 H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79

I ! 1 !
U'Biy=0, or U'[(1—y»I],,=0, (29)

with U a unit time-like normal, which can be fixed to U/ = (1, 0,0, 0)T by an SL(2, C) gauge
transformation. Upon quantization, IT becomes a derivative operator acting on the connection
variables. More precisely, the operator associated to I1 is a right invariant vector field on SL(2, C)
that acts as a derivative on the spin-network functions ¥ ({G}). For this reason, in the quantum
theory, T/ acts on yr as the sl,C Lie algebra generator /7. Hence, by decomposing the
sl C generators into boosts and rotations with respect to the frame U I — (1,0,0, O)T, that is,
Ki=7%and J' = %em kJ7¥, the linear simplicity constraint can be restated at the quantum
level as

(K —yJ)elyr) =0. (30)

The constraint operators, however, do not commute among themselves, and thus cannot be
imposed strongly on the states. One solution to this issue is to impose them weakly, i.e. in expec-
tation value

Wl (JF =y T K lgrs) =0, 31)

another is to use the master constraint technique [117-121,44,95].

Implementation of the quantum simplicity constraint reduces in a nontrivial fashion the
possible SL(2, C) unitary irreps in Y, i.e. after the imposition of the constraints only some
s = (J¢, pe; I,) are allowed. It turns out that the irreps that survive have a constant ratio between
p¢ and jg

oL ="Yije, (32)

where y is Barbero-Immirzi parameter that appears in the Holst action of eq. (25). Consequently,
the allowed SL(2, C) intertwiners are reduced to a finite-dimensional subspace, specifically, to
those contained in the image of the injection Y,, of SU(2) intertwiners (see eq. (13)). The result-
ing spectrum of SL(2, C) spin-network functions, after the reduction, has the same expression
as the class of I's-graph operators defined previously, and after the imposition of the constraints
(notated with the exclamation mark) one has

Yrs.s(GelAl) =T (jes a4, ). (33)
where s = (jg, pe =Vje, In = 1(1’,{,]‘})) and A= (A, A). Notice, however, that the previous
equation can be only formal, since its left hand side is defined within BF theory while the right
one is defined within Chern—Simons theory, nonetheless we will use it as a notational shorthand.

The leitmotiv of the EPRL construction, then, is the treatment of quantum gravity as a con-
strained BF theory, with the constraint imposed after quantization. The simplicity constraint
imposes geometricity conditions on the boundary state for each 4-simplex, while the BF theory
dynamics is retained inside the 4-simplex. This is analogous to the Regge calculus of simplicial
general relativity [18,122,123], where inside each (small) 4-simplex the geometry is trivially flat,
while the full manifold geometry (e.g. metric, curvature) is reflected both in the shape of the flat
4-simplices and in the gluing between them. This perspective and the relation with Regge calcu-
lus has been confirmed through large-j asymptotic analysis [94,99,100,124,46,125—-127]. Once
again, the question of how to remove this discreteness is controversial and is beyond the scope
of this paper.
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Thus, the EPRL spinfoam amplitude of a single 4-simplex o is given simply by evaluating
the constrained spin-network functional I's (]? |A, A) at the trivial connection, with the last

requirement following from the imposition of BF dynamics within each single spin-network
vertex,

ZEPRL (G

f,?) .= (BF|T's (},?)>=r5 (},7|o). (34)

This is effectively a transition amplitude of a boundary SU(2) spin-network state. A substantial
body of results in LQG shows that three-dimensional quantum geometry is described by SU(2)
spin networks [27-29,107,108,111,112]. Thus, the EPRL spinfoam amplitude is understood as
a transition amplitude between boundary quantum geometries. The full spinfoam amplitude is
given by first multiplying all the amplitudes Zgpgy (o) of the bulk 4-simplices, and then summing
over the intermediate boundary states labeled by (f, ;).

Before moving on, it is important to notice that the way the simplicity constraint are im-
plemented makes use of the time gauge, in which the frame U’ is chosen to have the form
U =(1,0,0,0)T. This can be done without loss of generality, since covariance will be restored
explicitly in the following steps. Nonetheless, it is important to keep this fact in mind, since it
will turn out to be crucial for the geometrical interpretation of the Wilson graph operator in the
asymptotic limit.

3.2. Deformation and cosmological constant

The Chern—Simons expectation value of the I's-graph operator, eq. (18), can be understood
as a deformation of the above EPRL construction of the 4-simplex amplitude, by including a
cosmological constant in the BF theory. We propose this expectation value as a new spinfoam
4-simplex amplitude in LQG that properly includes the cosmological constant in the theory.

In this section we repeat the construction of the last section with an extra cosmological term
inserted in the Holst-twisted BF action,

1 1 A 1
SHABF=_5/< |:<1 —;*) B:|A]:[A]>_€< [(1—;*) B]/\B> . (35)
M

It is obvious that when the simplicity constraint Bl =¢l Ae' is imposed, Syapr reduces to the

Holst action of gravity with the proper cosmological constant term proportional to A det(e) (see
Appendix A for our conventions). Note, that the term proportional to A/y drops out once the
simplicity constraints are imposed. However, the extra term is necessary to obtain the expected
equations of motion under variations of the B field; indeed, by using the fact that the operator
(1 — y~ %) is invertible, one obtains F[A] = 2 B, which in turn yields for simple B = ¢ A e the
result

FLA] = %e Ae. (36)

In standard BF theory, the solution of the equations of motion corresponds to a flat geometry
if the connection A is viewed geometrically. However, now the solution has been deformed to
correspond to constant curvature geometry. Next, we employ a methodology similar to that of
the EPRL model to construct the deformed 4-simplex spinfoam amplitude. The bulk dynamics
is fixed to that of HABF within the 4-simplex, while the geometrical simplicity constraint is
imposed at the quantum level to the boundary state. The construction should relate (in a certain
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regime) to Regge calculus with constant curvature 4-simplices. This expectation is confirmed by
the asymptotic analysis in the main body of the paper.

Consider the functional integration of the HABF theory in a single 4-simplex o. Let yr be
again the SL(2, C) spin-network function on the dual 4-simplex graph I's. The HABF 4-simplex
amplitude of the boundary state 15 can then be written in the same way as in eq. (21),

(HABF|Yrrs) = / DADII exp (—iSuasr) ¥rs[Asl. 37

The integration over IT is Gaussian and can be performed straightforwardly, omitting irrelevant
normalization factors it gives

<HABF|¢S>=fDA exp j—;\/ <FA [(1 - %) }'] =t Ul As]. (38)

Neglecting for one moment the 1/y-terms, the resulting action is precisely the evaluation of
the second Chern form of .4 on o. To regain this interesting form even in the presence of the
Holst contributions, we decompose the curvature into its self-dual and anti-self-dual parts with
respect to the x operator.

The self-dual and anti-self-dual parts of a Lie algebra element X € sl;C are given by

Xy = %(1 FinX, 39)
respectively. Notice that in the previous equation the imaginary unit is necessary because
—1; this is due to the Lorentzian spacetime signature. This means that we have to complexify
sl C before decomposing it into its self- and anti-self-dual parts. The relations *X+ = +iX4,
which eq. (39) implies, mean that X+ have three complex independent components each; the
same number as two complex su(2)c algebras. It turns out that this is no coincidence, the self-
and anti-self-dual parts of the complexified (s, C)¢ actually form two commuting complexified
su(2)c algebras:

2:

(sbC)c =su@)f B su);, (40)

where =+ label the action of x on the two complex subalgebras. Therefore, the self-dual (or the
anti-self-dual) part of (sl,C)c must be isomorphic to the real sl,C algebra. The real sl,C we
started from can be regained by requiring X =X, where the overbar stands for complex con-
jugation.

Two technical ingredients are needed before continuing. First, note that < X, X_ >=
< X4, X_>=0, since Py := %(1 F ix) are orthogonal projectors tailored to the action of the
Hodge ». We also define

Ti = % (J" :tiKi) (41)

to be the generators of 5u(2)%, respectively, and check that
<TL, T]>=+i8" and [TL T{]=e",TE. (42)

See Appendix B for full details on the notation and any necessary clarification.
With this decomposition in hand, the Lagrangian density appearing in eq. (38) can be rewritten
as
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=D A+ Y AR (43)
14 14
where F = P, F and F = P_F are the self-dual and anti-self-dual parts of the curvature F.
Moreover, as is well known, they are also equal to the curvature of the self-dual and anti-self-dual
parts of the (real) connection A, namely of A and A, respectively.

The Lagrangian can be recast in terms of traces in the fundamental su(2) representation. We

<]~'/\(1—y_1*)]-'>=

set Ti =tk with ¥ := —%ok and {ak}k=1,2,3 the Pauli matrices (see Appendix B), so that
<TL T > = F2ATe(TiT) = F2i Tr (ritj) = +is (44)
Then, the Lagrangian of eq. (38) reads
<FA (1 _ y*l*)f>= YTV F AR +2i(y;_i)Tr(F AF), (45)

and we have the second Chern form Tr (F' A F') appearing explicitly in the action.

According to the Chern—Weil theorem (see e.g. [128]), the integral of the second Chern form
over the interior of a 4-simplex 94 = o can be evaluated as the integral of the Chern—Simons
form on its boundary do = 3

2
/Tr(FAF): / Tr(A/\dA—i—gA/\A/\A). (46)
o do=s3
The complex-conjugated relation holds for the anti-self-dual part of the curvature.

In order to simplify notation and agree with common conventions, we introduce the holomor-
phic Chern—Simons functional

1 2
W[A]::E/Tr<A/\dA+§A/\A/\A>. A7)

3
The normalization is chosen so that W[A] is SU(2)-gauge invariant modulo 27 Z, and therefore
the exponential exp (ik W[A]) is gauge invariant provided k € Z.
Finally, we rewrite the HABF amplitude of the boundary state yrr5 on a 4-simplex in terms
of SL(2, C) Chern—Simons theory

(HABF|yrs) :/DADA exp (—i%W[A] —igW[A]) Urs[A, A]. (48)

This is the Chern—Simons expectation value of a graph operator ¥rs[A] = ¥r;[A, A). The com-
plex Chern—Simons couplings /& and & are related to the cosmological constant A and to the
Barbero—Immirzi parameter by

) 127 (1 i 4 27 /1 . 49)
= — — 1 an = — | ——1].
A \y A \y

The coupling / is the complex conjugate of / provided y € R, which we will always assume.
Note that the action

CS[A, A] = %W[A] + §W[A_] (50)

which appears in eq. (48) is always real and equal to i(h W[A]).
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A compact gauge group SU(2) x SU(2) version of eq. (48) was proposed by one of the authors
in [47], it covered the quantum deformation of a Euclidean spinfoam model. A similar proposal
to eq. (48) also appeared in [60], where the Wilson graph operator was different, but the Chern—
Simons action had exactly the same complex weight. In that case the Chern—Simons weight was
fixed by requiring that exp (—iCS[A, A]) formally solved the Hamiltonian constraint of (Holst)
general relativity expressed in the complex Ashtekar variables.”” As will become clear later, this
precise form of the Chern—Simons weight is also necessary for the semiclassical analysis of the
amplitude to admit a clear geometrical interpretation, and so eventually explains the requirement
“;l”’ € R, imposed in the subsequent analysis, from a geometrical perspective.

It is sometimes useful to split /4 into its real and imaginary parts:

h=k+is, where k:lz—ﬂands:lz—ﬂ. (€28
Ay A
Since the action CS[A, A] is gauge invariant only modulo 277, for exp (i CS) to be gauge invari-
ant, we need

keZ and seyZ. (52)

It is now straightforward to deform the EPRL 4-simplex amplitude to one including a cosmo-
logical constant. Indeed, following the recipe of the previous section, we only need impose the
simplicity constraints on the boundary states 1. The space of possible boundary states is then

reduced to the subspace of I's-graph operators I's (;: |A, A) labeled by SU(2) spin-network
data (; :) Therefore, using eq. (48) to replace eq. (21) and imposing the quantum simplicity

constraints, we obtain the deformed EPRL 4-simplex amplitude”’
Zaewe (0]].1) = (HABFI Ts (7.7 ))
- h o - -
= [ DADA exp(—i3WIA] —i3WIA]) T (],l }A,A). (53)

Note that in the last expression the connection in the bulk of the 4-simplex has disappeared, and
only its values on the boundary, which is isomorphic to S, play a role (we omit the subscript
d on the connections A, A). But, this is precisely the Chern-Simons evaluation of the I's-graph
operator Zcs (S3; I's) introduced in eq. (18),

ZAEPRL(0) = Zcs (85 Ts). (54)

Because Chern—Simons theory is sensitive to the crossings appearing in the projection of a
graph to the plane, we need to make a choice for the knotting of the graph I'5 used to define

I's (;,7 } A, A). We choose such a knotting as in Fig. 1. This choice turns out to be well moti-

vated geometrically, as will be explained later on.

Importantly, the above construction and the result (54) illustrate the relation between SL(2, C)
Chern—Simons theory and 4-dimensional covariant LQG with cosmological constant at the level
of a 4-simplex.

Before continuing let us comment briefly on the requirement

22 See also the works [58,59], in turn inspired by [55-57].
23 The papers in which this formula first appeared (basically simultaneously) are [47] and [60].
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—=keZ, 55

Ay (35)
which has indeed a very natural interpretation. To see this let us introduce the cosmological
radius of curvature Ry := +/3/|A|. Then, the previous condition reads

47w R% = y|k| € yN, (56)

which says that the area of the cosmological horizon is quantized in units of the quantum of
area. This is also nicely consistent with the fact that in SU(2) Chern—Simons theory of level k
only observables with spins up to |k|/2 are allowed. Indeed, even if the Chern—Simons theory
we are using is SL(2, C) Chern—Simons with complex level 4 = k + is, as we will show later on,
it reduces to an SU(2) Chern—Simons with level k close to the vertices of the graph. Hence the
previous condition just says that the cosmological horizon has (twice) the area associated with
the maximal allowed spin.”*

4. Semiclassical and zero-cosmological-constant limits

Let us reintroduce physical units in the previous formulae, the goal being to distinguish the
semiclassical and the zero-cosmological-constant limits. It turns out that the semiclassical limit
corresponds to the double-scaling limit of Z¢g(S 3, ['s) in eq. (18) (or equivalently of Zgpry (o)
in eq. (53)), which we recall consists in taking j,p, n — oo uniformly and keeping the ratios
Jab/ h fixed. On the other hand, the zero-cosmological-constant limit is taken by only sending
h — oo while keeping jup, fixed.”

We start from the ABF action. In our diffeomorphism invariant treatment, we consider coor-
dinates to be just labels, and therefore dimensionless. Dimensional units are then carried by the
metric g,,,, which has units of length squared. This can be read directly from ds? = guvdx#dx”,
since ds is a physically meaningful and measurable quantity (we will keep ¢ = 1). From this
starting point, it is most natural to assign units to the tetrad field via g, =ny Jelﬁe{ ; therefore e
has units of length.

The field B will eventually (i.e. after the imposition of the simplicity constraints) turn out to
be equal to e A e, so it has the units of an area. Because we have chosen dimensionless coordi-
nates, the connection is also dimensionless. One can see this from the formula for the covariant
derivative D- =d - 4 [ A, -]. Consequently, the curvature F is dimensionless, too.

From this discussion, it follows that, for the ABF action of eq. (35) to have the correct units,
it must first be divided by a constant with units of an area, and then multiplied by a constant
carrying the units of an action. To eventually recover general relativity, as well as the usual path
integral prescription where the action is weighted by 7%, these constants must be the squared
Planck length £3, = 874G y and / respectively

%SABFz—i/<[(1—y—1*)B]Af>—%<[(1—y—1*)B]AB>. (57)
Po,

From this formula it is also clear that y is dimensionless, while A has units of inverse area.

24 Even the factor of 2 can be heuristically explained: a convex spherical triangle has always area less than 27 and at
least two (“degenerate”) triangles are needed to cover the surface of a sphere.

25 Of course, & is the Chern—Simons coupling here and is not to be confused with Planck’s constant; we will always use
the reduced form to distinguish the latter, .
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A moment of reflection shows that after the integration of the B field, A being the only
dimensionful quantity left, units can be restored by simply replacing A +— E%,A. Therefore, for
the dimensionless Chern—Simons coupling, the restoration of physical units gives

27 (1 .
h=——|=-+i]. (58)
oA \Y

The kinematics of LQG [27-29,112] predicts that y/j(j + 1) are the eigenvalues of the
quantum area operator in Planck units, where j is the SU(2) irrep label entering the knotted
graph operator I's(jap, Eap | A, A). Therefore j,;, is related to the physical (dimensionful) area
Aagb by

1
\Y jab(jab + 1) = —zaab- (59)
124

P

The semiclassical limit is obtained by sending /i — 0, and accordingly Z%, — 0, while keeping
the dimensionful quantities a,j, and A invariant and finite.”® This limit corresponds exactly to the
double-scaling limit where j,;, h — oo uniformly with the ratio j,p/ h fixed. This double-scaling
provides a generalization of the spinfoam large-;j limit (see e.g. [94,124,99,100,129-133,136,
137]) to our deformed EPRL spinfoam amplitude including a cosmological constant.

The other physically interesting limit we consider is that of vanishing cosmological constant.
It can be obtained by sending A — 0, holding all other quantities fixed. This limit arises for
h — oo while keeping all other quantities finite. Therefore, the zero-cosmological constant limit
of this theory can be obtained by projecting the Chern—Simons sector onto its classical solutions
on 09. But, the Chern—Simons classical equations of motion simply impose flatness of the
connection Ay on the entirety of 3914, much as BF theory would do. Therefore, it turns out,
consistently, that the A — 0 limit of Zcs(S3; I's) is the usual EPRL spinfoam amplitude.

There is a final limit that would be interesting to consider in more detail, namely, taking
the Barbero—-Immirzi parameter to infinity, y — oo. On the spinfoam side this limit reduces the
EPRL graph operator to the Lorentzian Barrett—Crane one [41,42], while on the SL(2, C) Chern—
Simons theory side it approaches the sector of the theory where a quantum-group interpretation
is available. Interestingly, a quantum deformed version of the Lorentzian Barrett—Crane model
has been introduced and studied in [43]. It would therefore be intriguing to study the relationship
between the latter model and the one we propose here. This is left for future work.

5. Integral representation of the knotted graph operator

In this section we begin the analysis of the asymptotic behavior of the Chern—Simons expec-
tation value Zcs(S3; I's | jab, £4p) in the double-scaling limit of eq. (3). We rewrite the knotted
graph operator I's(jup, £ap | A, A) of eq. (18) or (53) as an explicit integral; this allows us to
apply the stationary phase method to the asymptotic analysis. The following derivation is a gen-
eralization of the path integral asymptotics for the EPRL spinfoam amplitude [94,124,99,100,
138].

One of the key ingredients is an expression for the SL(2, C) Wigner matrices of a unitary irrep
DU-Y) (A, A) in the coherent state basis (see Section 2). The Hilbert space H/) of the (j, p)

26 The Barbero—Immirzi parameter y is fixed to be a finite constant here. See, however, [129-135,125-127] where the
scaling of y is also involved in the limit.
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unitary irrep can be given [91] in terms of homogeneous functions of two complex variables
(%, z1) with degree (—1 +ip+ j; —1 +ip — j), i.e. such that for any w € C \ {0}

f(a)zol) — w—l-’rip-‘rj&)—l'i‘ip—jf(zol)’ (60)

where z% is a two-component spinor (o = 0, 1). Now, given a general spinor z%, we build the
SU(2) matrix

1 ZO —21 1
= _ = 61
g(2) = <zl 20 > =2 (z, J2), (61)

where we have introduced J : (z DT (=71, 29T, We also recall the expression of the

Hermitian inner product on C2, (z,w) := 840z%w®. The restriction of the canonical basis
flf{,;p) (z) = (z1(j, p); I, m) of HYP) to normalized spinors (z such that (z, z) = 1) is given by

21+ 1
0@ = | ==, @, ©2)

wh;:re D! (u) is the usual SU(2) Wigner matrix of u € SU(2) in the spin-/ irrep. Evaluating
fl({r;p ) (z) on an unnormalized spinor by using the homogeneity of eq. (60), we obtain

fz(p Dz )_\/E@,Z)ip—l‘lDﬁnj (u(2)). (63)
T

The action of g € SL(2, C) on the canonical basis fl(p I )(z) is given by

(e= £50) @ =£5" "2, (64)

where g7 is the transpose of g in the fundamental representation. The inner product of H"*) is
given by

((G. )i Loml(j. p): 1 m') = f @ (2D [0 =85 (65)
Cp!
where dy1(2) 1= 5 (z0dz1 — 21d20) A (Z0dZ1 — Z1dZ0).
Recall that the coherent states |j, &) are contained in the knotted graph operator I's(jup, &ap |

A, A). There is an important factorization property of these coherent states; for example, when
we compute the SU(2) irrep matrix element in the coherent state basis we find,

(j, Elnlj, &'y = (&, h&"y? (66)

for any i € SU(2); here §,&’ € C? are understood to be normalized 2-spinors. Now, recall the
injection Y, of eq. (13). We would like to represent the coherent state Y, |j, &) = |(j, vj), j, &) €
H 7)) by a homogeneous function of two complex variables. By eq. (62), we can write explicitly
the highest weight state Y, |7, j) = 1(j, vj), J, J)

f/(z)(j,yj) = \/@ (2. 2) 77177 (0. (©7)

Therefore, by definition the coherent state Yy, |j, §) = |(j, yJj), j. §) can be represented using

. - ; G.vh d . . :
1Govin 780 = @0 = £ (sr1) " = JERD ¢ oyirimi=i g2 (o)

T
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Let us introduce notation to describe the quantities living on the I's-graph of Fig. 1. Graph
vertices are labeled by a, b, ... € {1, ..., 5}, and hence, edges are labeled by unordered couples
of indices (ab). Further, we fix orientation: for all pairs (a, b) with a < b orient the edge from b
to a. The SL(2, C) holonomy along the edge (ab), from b to a, is then denoted Gj; this makes
it natural to introduce the convention Ga_b1 = Gpq- The spins for each edge are j,, = jpq. There
are two (different) normalized spinors sitting at the two endpoints of edge (ab), &,» and &,
respectively at vertex a and b.”’

The knotted graph operator I's(jup, Eap | A, A) can then be written (see [94] for details)

5
CsCusban 1 4D = [ TTdea [0 J6us1Y 85 Gungs Vo 5. )
SL(2,C) a=1 a<b

where Gy = Ggp[A, A] denotes the holonomy of the Chern—Simons connection (A, A), and
dg, is the Haar measure on SL(2, C). Each factor can be conveniently recast using the above
expression for Y, |j, &), yielding

(. JEIY gy |j €y, = / du@) 770 (672) 177 (8807 2)
CP!
2 +1

/ dug(2) exp[Suw(z. 8. 6.8, D], (70)
CP!

an expression valid for all g € SL(2, C). For ease of notation, we have introduced the scale
invariant measure on CP!

du(z)
d )i = 71
el = s 1) D
and the “spinfoam wedge action”
, L JE (. E) o (g'z 8"l
/ I

Hence, we now have the following integral representation of the I'5 knotted graph operator,

FS(jaha gab |Av A)
2jap + 1
STT(225) [ Mot [ TToy00 o0 expisr 73

b SL(2,C) a cp! a<b

for which we introduce the I's-graph spinfoam action

(J€ab Zab) (2L G (€)™ Zabs Eba)

Srs =Y 2japIn —

bt (Zabs Zab) V2(8) G (8) " Zan, ) G (8) 1 Zap) 1/
Fat oivelzs Tt ofy—1z 172
. (gbG },(ga) Zab gbG b(ga) Zab)
+ 2iyjap In 4 b d . 74)
Via (Zub: Zab) 172 (

27 The idea behind these conventions is that G ab can act on &, because the index b appears in sequence; this guarantees
that both quantities are defined in the same reference frame. Similarly G,; G, is a valid expression, while e.g. G5 Gac
or Gyp&,p are not.
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Note that St is neither a holomorphic nor an anti-holomorphic function of the Chern—Simons
connection. This follows from the fact it is derived using the unitary irreps of SL(2, C).
To shorten the formulae, we group all the measure factors in eq. (73) into

2jap +1
. =[] (T) [Tdsa [Tdrg, e Gab)- (75)
a

a<b a<b

Finally, we obtain the Chern—Simons expectation value of the I'5 knotted-graph operator ex-
pressed in the path-integral form

ch(S3;Fsljab,‘éab)=/DADA/ng,z exp (IrsLjab, A, A, 8a, Zab, Eab]) (76)

where the total action I is

: : h o . _
1F5 []ab’ A9 As 8as Zab, sab] = _IEW[A] - IEW[A] + SFS []aba Av Av 8as Zab» é;-ab] (77)

The action I is invariant (modulo 27w Z) under local SL(2, C) gauge transformations of the
Chern—Simons theory at any point x € 3. In particular, whenever x, € S° is the position of the
vertex a of I's, one finds that the g, and G, are modified

2> G(x)ga, and  Gup > G(x))GapG(xp) L. (78)

We can use this gauge freedom at the vertices of the graph to set all the g, to the identity. Through
this gauge fixing, the (infinite) integral [ [], dg, drops out of d€2, .. We will keep referring to
the gauge-fixed spinfoam and total actions with the same letters Sr5 and Irs,

Irg = —iCS[S* | A, A1+ Srs[jab, A, A, Zab, Eap)
(J&abs Zab) (G Zabs Epa)

h o .
= —iz WIAl —iZ WIA] + > 2japln

(ab),a>b (Zab» Zab)1/2<szzab: szZab)]/z
Tz Tz o172

G pZab, G2
Dy jop In bt € a4l ) (79)

(Zabs Zab) /

Still there remains an SU(2) gauge symmetry of et
Gab = haGaphy ', Eab > hakap, and  zap > haZab,  Vha €SU(2), (80)
as well as a scaling gauge symmetry of the z,p

Zab P> KZap, Yk € C\{0}. (81)

It is practical to use this last symmetry to fix the norm of the z,; to unity.

In the zero-cosmological-constant limit 2z — oo, the connections A, A become trivial on S3.
Then Gy, is purely gauge Gop = g, lgy, and It reduces to the usual spinfoam action in [94] by
a change of variables 7, g;zab.

Another interesting property of the knotted graph operator we have just described, that is
[ dQexp Sry, is that it is essentially invariant under the reversal of any of its edges. Indeed,
under this operation the graph operator acquires only a sign (—1)2J«. This is a nontrivial fact in
the present formulation. However, it is true by construction in the formulation of [94].

Importantly the total action Iry is linear in both the spin j,, and the Chern—Simons cou-
plings & and 4. The double-scaling limit can be conveniently carried out by uniformly rescaling
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Jab = Ajap and B — Ah, and sending A — 00.28 The total action scales as Iry — Alrs. Thus
the asymptotic behavior of the Chern—Simons expectation value ZCS(S3; I's | jab, Eap) can be
studied using stationary phase methods.

For ease of notation, in what follows we will drop the subscript I'5 from the action functionals.

6. Stationary phase analysis

The stationary phase method studies the asymptotic behavior of the following type of integral
as A — oo (Theorem 7.7.5 in [139])

FO) = / dx r(x) &5, )

where S(x) and r(x) are smooth, complex valued functions, and ReS < 0. For large parameter
A the dominant contributions to the integral come from the critical points x. of S(x) that satisfy
NS (x.) = 0. The asymptotic behavior of the above integral for large A is then given by

k(x¢)

) indH’ (x¢) 1
= 0 I

Xe

for isolated critical points x.. Here rnk(x,) is the rank of the Hessian matrix H;;(x¢) = 9;9;S(x¢)
at the critical point x. and H’(x.) is the invertible restriction onto ker H (xo)t. Finally IndH’ (x.)
is a Maslov index, generalizing the 7 /4 one finds in the standard stationary phase analysis of a
one variable function (see [ 140] for a recent discussion of Maslov indices and their computation).
If S(x) does not have any critical points, f() decreases faster than any power of 1!

In the last section the Chern—Simons expectation value Zcs(83: Ts | jabs Eqp) Was put in a
form adapted to the stationary phase analysis. The asymptotic behavior in the doubling scaling
limit j, h — oo and j/h fixed, (or A — 00) is obtained, at the leading order, by finding all the
critical points of the action and evaluating the integrand e*Ts at each critical point. (Though,
we do not attempt to calculate the scaling of the “amplitude determinant” associated to the de-
terminant of the reduced Hessian.) In Zcg (S3; s | jab, Eap) there are two types of integration
variables, (A, A) and z,p. The critical equations are given by the variational principle with re-
spect to these variables 8,4 ;1 =é,,,I =0, and the requirement that the real part of the action
N(1) is at its maximum (which will shortly be shown to be zero). The data j,; and &, are not
involved in the integral, so they are consider fixed, external data, or from the LQG point of view,
the boundary data of this (basic) spinfoam amplitude.

6.1. Real part of the action

The total action I is generally a complex number. Nonetheless, its Chern—Simons part is
equal to i91(hW[A]) and is therefore purely imaginary. The only real contributions come, there-
fore, from the knotted graph operator S. A quick inspection of S in eq. (74) shows that the only
real contribution comes from the first term of this equation and is equal to

J .7 2 GT Zabs 2
m(l):m(s)zzjabln|<_$ab_zab)| L(_abzabT%__baH '
a<b (Zabs Zab><GabZab7 GabZab>

(84)

28 Note that A — oo here is just a dimensionless way to speak about the é%, —> 0 limit of the previous section.
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The Cauchy—Schwarz inequality, together with the normalization of the spinors &5, proves that

N(Irs) <0. Therefore, the critical equation R (/) L 0 gives

! _ ! _
Jep=0fZp  and &g =alGl 7, (85)

for some complex numbers o, @p, € C. The above equations imply relations among the spinors
&4p. Using JgJ_1 = gT_1 Vg € SL(2, C), along with J~1=—J, one finds

1 .
Eap = —e VT Gy (T Epy), (86)

where e~ Vab 1= |aZ/afl’| eRT and ¢,p := arg(o;Z/aZ) € [0, 2m).
6.2. Variation of the CP! variables Zab

Next, we consider variations with respect to the CP! variables Zap- For definiteness, we fix
the scaling symmetry of eq. (81) by choosing the section of CP! given by normalized spinors
(zab» zap) = 1. A general variation of z € C? is given by 8z = wz + €(Jz), with €, w € C. Since
we work at linear order, the - and w-variations are independent and do not influence each other.
The rescaling of the z,, variables has been gauge-fixed, so the w-variation is not allowed, and can
be discarded. Thus, we need only consider the e-variation. A short calculation, in analogy with

[99,100], shows that &, I L 0, on the R (Ir5) = 0 hypersurface, translates into the requirement

] .
JEgp = eV T Gy, (87)

The proportionality constants of egs. (86) and (87) are inverses of one another. This fact is a con-
sequence of the orthonormality and completeness of the two bases {£,5, J&4p} and {Epq, JEpa},
as well as the fact that G, has unit determinant.

6.3. Variation of Chern—Simons connection

It is well known that the variational principle of Chern—Simons theory gives F(A) Z0=
F(A),i.e.that A and A are flat connections on the 3-manifold 913 on which the theory is defined.
In the presence of Wilson-lines, e.g. Wilson-loops and knotted graph operators, the variations
with respect to A and A give flat connections on the graph complement.”” The critical equation
we obtain here is then

F(A)=0=F(A) on Mj:=S%\Ts, (88)

where M3 is the I's-graph complement on S3.

When Wilson-lines are included in the theory, the on-shell Chern—Simons connection usually
gives a singular curvature on the Wilson-lines. As an equivalent description of the same fact,
the flat connection (A, A) on the graph complement M3 is nontrivial, since M3 has nontrivial
topology. There is a nontrivial holonomy along the transverse cycles that go around each tube
surrounding a Wilson-line. This fact can be viewed as an analog of the Aharonov—Bohm effect
[141]. The holonomy around each tube can be thought of as the boundary data for the equation

29 Givena general, knotted graph embedded in 93 it can be thickened to a region including a tubular neighborhood of
the graph; the graph complement 3-manifold is obtained by removing this tubular neighborhood from 9t3.
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of motion (88), implemented on d M3, which is a genus-6 Riemann surface (see Fig. 3). These
boundary data, for the flat connection, are determined by the knotted-graph operator. They are
derived from the variational principle of the coupled system [ including both the Chern—Simons
action and the contribution S of the knotted-graph operator.

The above argument is implemented concretely in our context by the following derivation. To
begin with we calculate the variation of the Chern—Simons part of the action with respect to the
connection, yielding™”

SWIA] 1

_ cMpo i
SAL(x)_ Sne FPU[A](x). (89)

For what concerns the knotted-graph-operator part of the action §, its dependence on the
connection A := A;Lri dx* is limited to the holonomies G,

GuplA] :=Pexp/ A. (90)

Lab

Hence, we first calculate §G 45[A1/8 AL (x)

1

8Gap[Al 3 e,

AL f 0 (x = £(0)~;22ds | GarsyTiGisupp 1)
0

with s,, now understood to be the (supposedly) unique solution of the condition given by the
delta-function argument, i.e. €45 (s4p) = x. We will often write the two-dimensional distribution
appearing in this equation symbolically as

1
der
53 (x) ;:/5<3>(x — () s (92)
s
0
For the variation of the hermitian conjugate holonomy GZ with respect to A, we find

- 1
8(Gap)'1A] ( )M _'L __
W _ / 53 (xr — 1) =2 ds | (Gyyp) 71 (Guansyy) 03

Note that §GT/8A = 8G/8A =0, where A and A are considered independent.
Using the previous equations, we can compute the variation of the total action /5 with respect
to A

81 h
(W) _+1F6M00Fl (x)
ﬂ(x) R(H=0

+A+iy) Y ab Ghas [ (Gud) ™ T G 80a) 8" (). (94)
(ab),a>b

Once again in our notation G = G;i Note that eq. (85) has been used to simplify the final
expression. Similarly, we find

30 1n Appendix C the reader can find the main calculations of this section spelled out in some detail.
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81 h _.
<f) =+iF€“poF;m(x)
SAM (x) R (I)=0 T

—A=iy) 3 Jun [(Gon) T G| v ) 800 (95)
(ab),a>b

Comparison of the two variations, shows that they are minus the complex conjugate of one an-
other, once A is taken to be the complex conjugate of A:

sl 1
8AL ) [ gin=o Iz R(1)=0

Finally we find the following on-shell expression for the curvature F as a distribution on § 3
(the critical equation for F is obtained by complex conjugation)
ih ; ! . . —1_i 2
T E () 2 = Fiy) Y ab Ebas [(Go) T G| 0) 8 ) 9)
(ab),a>b

which is singular on the I's-graph and vanishes on the graph complement M3 = §3\ I's. This
distributional curvature results in nontrivial holonomies H,,, H,p along the non-contractible
cycles transverse to each edge ¢, of I's. Their definition and calculation is part of the next
section.

7. Flat connections on graph complements

In this section, we want to recast eq. (97) expressing its information content in terms of
holonomies. To do this, we introduce the graph complement M3 = §3 \ T's. The complement
is obtained by removing an (infinitesimally) thickened graph I's from S3. Geometrically this cor-
responds to removing a solid cylinder for each edge and a 3-ball for each vertex of I's5; this leaves
a set of hollow tubes and spheres in 3 that make up an inner boundary of M3.

Within the graph complement M3 there are two different types of holonomies: those transverse
to one of the tubes, call them H,,, and the longitudinal holonomies along the tubes, call them
Gp. Note that the transverse holonomies H,j, are non-contractible loops of M3, and therefore
can take nontrivial values. This is the case here, since according to eq. (97), they do acquire a
non-zero contribution from the presence of distributional curvature along I's itself.

Before delving into explicit calculations, we need to define the transverse and longitudinal
holonomies precisely, that is, we need to fix the set of paths along which they are calculated.
This is crucial because the paths defining the longitudinal holonomies cannot run naively along
the graph defect, but need to be (infinitesimally) displaced from it and a precise prescription
is needed. We shall see that the longitudinal holonomies must satisfy constraints that heavily
depend on the specific graph one studies, and in particular on the number and nature of its cross-
ings.’! For this reason, we first briefly go one step back and justify our particular choice of
graph.

31 The graph crossings are a property of the projection of the graph onto the plane, and not a direct property of the graph
itself. However, we will see that such a projection naturally fixes a set of paths for the longitudinal holonomies, and—
more intrinsically—it is these paths that are sensitive to the topology of the graph and that satisfy relations intuitively
associated with the crossing.
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(b)

Fig. 2. (a) The stereographic projection of I c $3 to R3. The point from which the projection has been performed is
mapped onto the 2-sphere at infinity. Point 3 is visually in the interior of the tetrahedron (1245). However, this picture
should be more precisely thought of as a triangulation of the whole R3 U {oo} =~ §3: therefore, the interior of tetrahedron
(1245) is actually what appears to be its exterior in the picture. Because the stereographic projection has been performed
from the interior of this tetrahedron, it is consequently “blown up” to infinity. (b) The graph I's.

We have chosen the specific prescription for I'5 that corresponds to the two-dimensional pro-
jection of the 1-skeleton of the dual to the boundary of a 4-simplex triangulating a 3-sphere.
This is because, as will be clear shortly, we eventually identify the vertices of the graph with the
five tetrahedra on the boundary of the 4-simplex, and the ten edges with its ten triangular faces.
To understand the graph structure, first note that the dual of a 4-simplex is again a 4-simplex.
Thus, to understand how I'5 comes about we just need to see how the 1-skeleton of a 4-simplex
projects into the plane R?. The first step is to project the 3-sphere containing the 1-skeleton of
the 4-simplex onto R3. This is easily done by stereographic projection from a general point of
the 3-sphere (i.e. not one which belongs to the 4-simplex skeleton). The result of this is depicted
in Fig. 2 (a), which represents a tetrahedron with an extra vertex on the inside, this vertex is then
connected to the four other vertices.”” From this picture it is not hard to see that there is a way
to project onto the plane such that this is only one crossing—this last crossing is impossible to
eliminate. The result is the graph I'5 shown again in Fig. 2 (b).

The next step consists in slightly thickening the graph, and choosing a set of paths running
along the exterior of the tubes along which one will eventually calculate the transverse (H,p) and
longitudinal (G,p) holonomies. This amounts to a choice of graph framing and is essential to
the definition of the longitudinal holonomies.*® The simplest choice is the blackboard framing,
where the paths are picked to run along the top of the tubes, as in the left panel of Fig. 3.
The transverse path used to calculated the transverse holonomy at the vertex a around the edge
(ab), named H,y(a), is constructed as follows. First of all, it is based at vertex a, the point
where the longitudinal paths meet; then, it follows the longitudinal path towards vertex b an
infinitesimal amount and winds once around the tube (ab) in a right-handed sense with respect

32 To visualize that this is the result of the stereographic projection, one can proceed as follows. Qualitatively, the stere-
ographic projection can be understood as the identification of a point of the 3-sphere with the two sphere at infinity in R3.
In this sense the vertex on the inside of the tetrahedron of Fig. 2 (a) is just a regular vertex of the 4-simplex connected
to the other four vertices, and similarly the four tetrahedra sharing this vertex correspond to the four tetrahedra on the
boundary of the original 4-simplex. The last tetrahedron is actually the exterior of the outer tetrahedron of Fig. 2 (a).
That is, the point from which the stereographic projection proceeded was in the interior of this tetrahedron.

33 See e.g. [142] for an introduction to these concepts.



H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79 31

tubes of the 53
fattened graph '\‘\

/L

transverse cycles
based at one vertex
Hab

Fig. 3. A top view of the fattened I'5-graph. The two-dimensional boundary d M3 of the graph complement M3 is a
genus-6 Riemann surface. The left panel depicts the longitudinal holonomies running along the tops of the tubes. The
right panel is a zoomed in inset of vertex 5 and shows the structure of the transverse paths.

to the outgoing direction from the vertex; finally, it goes back to the base point again along a piece
of the longitudinal path. We are now ready to express the equations of motion of the connection
(eq. (97)) in terms of the holonomies G, and H,p(a).

Longitudinal holonomies. Equation (97) states that the curvature of (A, A) vanishes on the graph
complement manifold M3 = §3 \ T's. This means that all the holonomies defined along paths
contractible within M3, must be trivial. The longitudinal paths are generated by the following six
independent cycles: (125), (235), (345), (124), (123), and (234). All these cycles, except (234),
are homotopically trivial in the R3 complement of the fattened graph.>* This means that they are
trivial also in M3. Hence, introducing the natural notation G, := G;bl, we have

GapGpeGea =1  for a,b,csuchthat {a,b,c}#1{2,3,4)anda #b#c. (98)

The path associated to the cycle (234), however, cannot be contracted without winding around
some of the tubes. In particular, within M3 this path can be shrunk around the tube (13). Taking
vertex 3 as the base point for this cycle, we then immediately obtain the relation

G34G42Go3 = Hi3(3). 99)
The previous two equations can equivalently be expressed as the requirement that there exists

a set of {ga}q=1.....5 € SL(2, C) such that the longitudinal holonomies G, are
Gar=g"sp.  except  Gu=g;' [&3H3)g;" g2 (100)

Note that these equations pick out a preferred couple of edges (the pair that crosses), from a
configuration originally symmetric in all the edges. In a sense, this is just a matter of representa-
tion and eventually we will see that it is due to our choice of framing (see footnote 31).

Transverse holonomies. The paths transverse to the tubes enclose the curvature singularity lo-
cated on the graph edge. Thus, they acquire a nontrivial value:

34 Imagine pulling these paths away from the graph from above; then they can be continuously deformed into trivial
loops.



32 H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79

H,,(b) =Pexp f F(a)
Dub

[ 87 (/1 \ . .
=exp| ——- (; +1> YJab <$ba, r’ém)t;]

M 4m (1 . ) .
=exp _+7 <; +1> YJab <§ab, Ujgab>fji|

i 4 1 . . oA
=exp|+—\—+1) Vjarhy,Tj |, (101)
L \y

where the first equality is a statement of the non-Abelian Stokes theorem [143,144], and the
transverse surface .5, bounded by the loop around the edge (ab), is taken infinitesimally close
to the node; the second equality follows from eq. (97), which says that the only non-trivial con-
tribution to H,p(b) comes from the singularity at the graph itself (we evaluate this expression at
s = 0); and the last equality is just a consequence of the definition of the unit vector

fipa := (§pa, T€ba) - (102)

As a consequence of the equations of motion (86) and (87), which state how the spinors
(&pa s JEpq) are parallel transported by the longitudinal holonomies G, one finds that

4

_ [ 4w 1\ . ; _
GapHap (b)G,,;) = exp to (; + 1) YJab <Eba, U’Eba> GabT/Gabli|

[ 4r 1\ . L
= exp +7 <; + 1) VJab <$baa Gablo']Gabéha>Tji|

M 4m /1 . ) j
=exp +7 ;‘H VJab<J§ava' J%‘ab>r,-
i 47 1 . N
=exp — ;—i—l Viab,,Tj | - (103)

Here we used the mathematical identities (GH™ ' =—JGJ forall G € SL(2,C), (JE, 5 JE) =
—(&,0&), and 2?21 aéﬂa‘;,ﬁ, = 2084808 — 8apba’p> as well as the definition (102). Now, note

that the holonomy G, H,p (b)G;b1 H,p(a) is associated to a contractible cycle within M3, and
must therefore be trivial. Thus,

4 1 . . Aj
Hap(a) = exp o " 1) Viablg,Tj| s (104)
which is perfectly consistent with the previous definition of H,;(b).
Henceforth, we will use the following lighter notation
Goa =Gy, Hap:=Hup(a), and Hy,:= Hyp(b). (105)
In this way, the previous results can be rewritten as

1

4z A P
Hgup = exp [_7 (; + 1> V]ubnab-'f:| s (106)

and  GapHpaGra = H,p), (107)
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for any a and b, such that a # b. The last equation could alternatively have been deduced from
the fact that the particular composition of paths defining the holonomies G, H,p, and Hp, that
it uses is contractible in the graph complement.

Since most of the G, factorize into g;l 8b, it is also useful to introduce another set of vari-
ables,

Hap = gaHavgy (108)
in terms of which the parallel transport equations take the form
Hpy=H, for (ab) # (24
ba ab (ab) 7é (24) (109)

Hypp = ﬁglﬁjlﬁw,
where the different réle played by the edge (24) is inherited from eq. (100). We will sometimes
refer to the latter equation as the crossing relation, since it is due to the crossing in I's.

There is one last set of equations that can be deduced from the vanishing of the curvature
in the graph complement M3. At each vertex the transverse loops can be composed to form a
contractible path; this path must be associated to a trivial holonomy. Therefore one obtains the
five constraints

Hab4 Hab3 Habz Hab1 =1 Va, (110)

where the indices b; are all different and range in {1, ..., 5} \ a. Crucially, the order in which
these holonomies appear is completely determined by the choice of framing of the graph. This
equation is also permutation invariant in the b; (this will be of some importance later). With our
choice of framing the five constraints that we obtain are’”

HipHi3HisHis =1

Ho3 Hos Hy Hos =1

H34H31 H3p Hys =1 (111)

Hy1HypHyzHys =1

Hs4Hs3Hsy Hs) =1
In what follows, we will refer to these equations as closure equations, closure conditions, or
simply closures.

Before proceeding further, a couple of remarks. First, note that, when (1 + i)/)h_1 e R as
we propose, the transverse holonomies become SU(2) holonomies if they are evaluated close
to the vertices, where they take the form given in eq. (101).°° This fact, which will play an
important rdle in the geometric reconstruction of the following sections (see also Section 13),
is a consequence of the specific Wilson-graph operator we are using, and in particular of the
properties of the map Y,, involved in its definition. More precisely, it is a consequence of the fact
that in the construction of the graph operator, we solved the simplicity constraints in time gauge
(see Section 3.1). Finally, note also that in the calculation of H,; we ignored any contribution of
the parallel transport from the graph (where the divergent curvature is located) to the base point
of the holonomy. This can be heuristically interpreted as a gauge fixing of the holonomy from the
vertex of the graph to the base point of the transverse loops. However, one should be more careful
in devising appropriate regularization procedures if one wanted to be mathematically precise.

35 These equations can be read off by circling counterclockwise from edge to edge around every vertex in the graph I's,
as drawn in Fig. 3 (the composition of the holonomies in our notation reds from right to left).
36 Though, if they are parallel transported between the vertices, they are genuine SL(2, C) holonomies.
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8. Summary of critical equations

We briefly summarize the results of Sections 6 and 7. These results specify the stationary
phase points dominating the asymptotics of Zcs(S3: Ts | Jabs Eab), €q. (76).

Parallel transports: From §;,S = 0 and R(S) = 0, we have obtained the following parallel
transport equations relating the spinors &,;, and &, at opposite ends of the edge £,

Eap = —e VTV Gy JEp,,  and  JEgp = eV PTG e, (112)

Transverse holonomies: The variation with respect to the Chern—Simons connection (A, A)
yields a distributional curvature on S> with support on the graph I's

ih
%GW’F’ (x)

(i) 2 b Ea [(God) T G| ) 500 (113)
(ab),a>b

where the complex conjugate equation holds for the curvature of A, F. From this one
deduces that the holonomy transverse to each edge £, is nontrivial and has the form

h

Note that j,p = jpg but figp # fipg, since these unit vectors are defined by ngp =

(Eap» T&qp) € R3 and generally &4 # Epq.
From the parallel transport equations it follows that

4 1 -
Hgp = exp |:+_n (; + i) Y JabRab - r] € SU(2) c SL(2,C). (114)

GapHpaGpa = H,;', Va,b with a#b. (115)

These parallel transport conditions are weaker than those for the spinors {£,5, J&,p}.
Again, the complex conjugate equations hold for the holonomies of the connec-
tion A.

Flat connection on M3: Another consequence of eq. (113) is that the Chern—Simons connection
must be flat on the graph complement M3. This forces constraints on the transverse
and longitudinal holonomies. In particular, the transverse holonomies must satisfy the
closure equations

Hab4 Hab3 Habz Hab1 = H, (1 16)

where the convention is that the b; can be read off I's by circling counterclockwise
around each vertex. The longitudinal holonomies can all be trivialized, except for G 13,

Gar =28, "9 except Gio=g;' [msHngs"| e, (117)

for some g, € SL(2, C). These equations will henceforth be called the crossing condi-
tions.

When expressed in terms of the ﬁab = gq Habg;1 € gaSU(Z)ga’1 c SL(2, C), the parallel
transport equations, and the crossing condition read

Hpo=H' except Hp=Hp' Hy, His, (118)
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while the closure equations maintain their form
ﬁab4 ﬁab3 ﬁabz ﬁabl =L (] 19)

We stress once more the importance of the non-trivial fact that the {ITIab} b,ba at each vertex are
in specific SU(2) subgroups of SL(2, C). This will be crucial for the geometrical interpretation
of the critical equations.

9. Geometry from critical point equations I: the idea

In this section, we start the core analysis of the paper, which will continue in the following
two sections where we will deal with all the technical aspects. These three sections are dedicated
to the correspondence between the (non-degenerate) solutions of the critical point equations
just discussed and an essentially unique 4-dimensional 4-simplex geometry of constant curva-
ture A. This result is crucial, since it paves the way to showing that, in the semiclassical limit,
the expectation value of the graph operator associated to a given simplicial complex is peaked
around configurations corresponding to meaningful 4-dimensional simplicial geometries. This is
an important step towards a definition of a path integral for (discrete) quantum gravity with a cos-
mological constant.’” Moreover, the missing step—at least at the level of a single 4-simplex—of
showing that the oscillatory weight of the given simplicial complex reproduces in the proper
limit (a discretized version of) the Einstein—Hilbert action is the subject of the last sections of the
paper.

Before delving into all the details, we will give a brief summary of the correspondence be-
tween the spinfoam critical data and the simplicial geometry using purely qualitative arguments.
We hope this will be a useful guide to follow the technical constructions of the next sections.

Define the spinfoam critical data to be a set of { jap, £ap, Gap, Hap(a)} that fulfills the crit-
ical point equations summarized in the last section. What is the geometrical content of these
variables?

Spins jap As you might expect from the loop quantization, these variables correspond to the
areas of the triangular faces of the 4-simplex. To be more precise, the physical area
of one such triangle is a,p/ E% =y Jjapr(Jap + 1), which is approximately yj,p in the
semiclassical limit considered here (see Section 4). This happens because spins are as-
sociated to the eigenvalues of the angular momentum operator J/, which in turn relates
to the quantization of the discretized area density field B = e A e (see Section 3).

Spinors &, First, recall that the normalized spinors &,; have a (conventionally) fixed phase, and
therefore have just two, rather than three, real parameters. Indeed, they map to the space
of 3-dimensional unit vectors, via

= (§,0E). (120)
To see what these vectors geometrically correspond to, let us start by taking the

vanishing-cosmological-constant limit (flat limit) of one of the closure equations, say at
vertex 5:

4
A~ o -
Hsy Hsp Hsy Hsg = 1220 223 Ty jspiisy - 7 = O(A%). (121)
b=1

37 Once again, in this paper we do not try to tackle the difficult question of the continuous limit.
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W1th the prev10us interpretation for the spins, this gives at lowest order in A:
Zb | Aspiap = 0 which can be interpreted via Minkowski’s theorem [145] as the
equation defining the unique geometric tetrahedron (up to rotations and parity inver-
sion) having face areas as;, and outgoing face normals 71,,. For brevity we will call @,
the area vector of the face (ab). Now, we claim that the 7,,’s are still interpretable as
(spacial) normals to the triangular faces also in the curved case. This is made possi-
ble by the natural condition that all the subsimplices of the curved 4-simplex are flatly
embedded (have vanishing extrinsic curvature).

The interpretative framework for the spins and the spinors just discussed is part of the rigor-

ous geometric quantization of the space of shapes of polyhedra (see e.g. [103—109,111] for the
quantization of flat polyhedra).

Holonomies H,, In light of the previous discussion and eq. (114) it is clear that we want to

assign to the holonomies H,, the rdle played by the area vectors in the flat case. This
is indeed possible, and in both the following section and a companion paper [146] we
discuss these results in detail. However, the basic idea is very simple: in a curved ge-
ometry one can get non-trivial information about a surface just by going around its
boundary. This is a consequence of the (non-Abelian) Stokes theorem [143,144], which
enormously simplifies in the case in which (i) the space has constant curvature A,”® and
(ii) one considers only flatly embedded surfaces. Under conditions (i) and (ii) it is not
hard to show that—in three dimensions—the (torsionless) parallel transport Uy around
a surface s is given by

A -
Ojs = exp (+§asﬁ5 : J>, (122)

where aj is the area of s, fi, is its spacial normal®” parallel transported to the base point
of Oy, and the {J'} are the generators of SO(3). This is exactly the form the H,;, have
in their vector representation 0,,. Y We see that it is important that the holonomies
{Hup}p,ba at one vertex are all in the same SU(2) subgroup of SL(2, C): this means
that the surfaces they are associated with all have a common timelike normal, and hence
define a spacelike frame.

Holonomies G, Finally, the holonomies G, are to be interpreted as the parallel transport

holonomies between different reference frames. Specifically, the holonomy G, allows
one to parallel transport any geometrical quantity from the frame of tetrahedron b to that
of tetrahedron a. This is manifest from the parallel transport equations for the spinors
Eubs Eba, €q. (112), which also imply those for the H,p, Hpq, €q. (115). Notice that the
gauge-invariant information carried by the G4, must then have the geometrical inter-
pretation of hyper-dihedral angles between the two boundary tetrahedra a and b. Notice
also the meaning of the crossing equation (eq. (117)): if all the G, could have been
trivialized into products of the type g, gb_1 it would have meant that the 4-simplex was

38 Tt will become clear later why we have not used the symbol A.

39 The sign of fig is related to the direction in which the boundary of the surface is circulated via a right-handed
convention.

40 We could have considered the holonomy of the spin connection around s to obtain an expression analogous to that of
the H,,. We have avoided this for technical reasons that will be clarified later.
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flat, since the composition of changes of reference frame would be trivial, i.e. indepen-
dent of the path chosen. This is not the case, since a nontrivial cycle exists (going around
vertices 3, 2, 4, and back), and therefore the reconstructed geometry must be curved.

For a relationship (in the flat 4-simplex context) between the continuous-geometry picture and
discrete data of the type above, see e.g. [79].

9.1. Framing of I's and its dual geometry

In this section we show how to translate the paths defining the holonomies H,; and G, in
M3 = S3\ T's into paths on the one-skeleton of the 4-simplex. This is an essential preliminary
step for the reconstruction theorem. In particular, we will show that a choice of graph framing,
like ours, completely fixes these paths in a consistent way.

The strategy is well illustrated by the transverse holonomies H,,. We would like to interpret
these as the holonomies resulting from parallel transport along the edges bounding a face of a
curved tetrahedron. But, if this interpretation is to hold, what is the appropriate order to circuit all
four tetrahedral faces such that the closure equation (116) holds, with the appropriate ordering of
the H,,? Surprisingly, these path orderings are completely encoded in a refined understanding
of the I's graph. This section explains the relevant structure of I's in detail, proceeding from the
four-dimensional down to the three-dimensional geometry.

In order to understand which path one is supposed to follow on the 4-simplex 1-skeleton, one
has to recall the origin of the I's graph itself: this graph is the dual of the 4-simplex boundary,
which means that its vertices are dual to tetrahedra and its edges to triangular faces. In principle
the dual of the 4-simplex sides are given by the ten faces of the dual 4-simplex of which I's is the
1-skeleton. These are given by the ten 2-surfaces bounded by three-edge-long closed sequences
of edges in I's. In spite of the fact that the graph per se does not contain any explicit information
as to what these surfaces concretely are, we shall show that, once a graph framing (of the type
discussed above) has been picked, there exists a natural prescription that uniquely fixes these
2-surfaces. The prescription states that the 2-surfaces should not intersect each other, except
along their boundary edges. It will be useful to refer to Fig. 4 as the construction proceeds.

To see how this prescription fixes the 2-surfaces, let us start by fixing without loss of gener-
ality the faces (125), (235), and (345) to lie in the 2-plane in which their boundary edges are
drawn, henceforth called the blackboard plane. This can be visualized as simply “filling in the
holes” these triples of edges form. Consider now face (145), and think of it as also lying in the
blackboard plane, but now extending out to infinity.*' In order not to intersect any of the faces
we have already fixed, faces (135) and (245) must be contained on either the upper or the lower
half-space with respect to the blackboard plane. Obviously they cannot lie in the same half-space,
and the framing fixes face (135) to lie in the upper part, and face (245) in the lower one. The
same reasoning applies consistently to faces (134) and (124). Finally, faces (123) and (234) are
fixed to be transverse to the blackboard plane, each on one side of it. Clearly, what we have just
described should be understood up to smooth deformations.

The paths defining the transverse holonomies are also picked out by the choice of framing.
Let us focus on a single vertex, and consider a small sphere around it (see Fig. 5, where vertex 5
is used as an example). This sphere is pierced by the edges of I'5, which therefore identify four

41 Recall that the three-space in which the graph is embedded is actually compactified by the identification of the sphere
at infinity with a point. Therefore this face is forming a dome above—or, equivalently, below—the graph.
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Fig. 4. Top view of the fattened I'5-graph. The faces of the dual 4-simplex are constructed by appropriately “filling in the
holes” bounded by triples of edges.

tubes of the 53

fattened graph \

(graph edge)

‘ puncture
base point
- base point

tetrahedron's

transverse cycles dual graph

based at one vertex
Hap

51

Fig. 5. A close-up of the region close to the fifth vertex of the thickened I's graph. The paths along which the transverse
holonomies H,, are calculated are represented with thick solid lines. All of them follow a right-handed outward-pointing
path around the edges of the graph. We have also depicted a virtual sphere around the vertex of the graph in both panels.
The sphere is pierced by the graph edges, these punctures are represented by x’s. The right panel shows the intersections
of the faces of the graph with the sphere around the vertex (dashed lines), as deduced from our choice of framing for
I'5. The line connecting punctures (52) and (54) traverses the hidden back side of the sphere. The intersection pattern of
these lines with the paths defining the transverse holonomies allows the reconstruction of the full path structure on the
tetrahedron, shown in the next figure.

punctures on its surface. The tubes around each edge cut out circles on the sphere around each
puncture. The paths of the transverse holonomies can be chosen to live on the surface of the
sphere, and simply go around the punctures along the aforementioned circles.

The final missing ingredients are the duals to the tetrahedron’s sides; since they are non-
intersecting surfaces joining at the graph vertex, and in its neighborhood bounded by couples of
graph edges, their intersections with the sphere are given by non-intersecting lines connecting
couples of punctures (dashed lines in the right panel of the figure). We have just seen that these
lines are also uniquely determined by the choice of graph framing.

Now, the lines connecting the punctures on the sphere form a tetrahedron dual to the one we
want to associate to the vertex: its vertices, the punctures, should correspond to the tetrahedron’s
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Fig. 6. The “simple” path on tetrahedron 5, dual to vertex 5 (see the previous figure). The images display the path around
faces 1 to 4, as reconstructed from the framing of I'5. Notice, that the path around the fourth face is necessarily different
from the preceding ones.

faces, and conversely, its faces correspond to the tetrahedron’s vertices, and finally the sides cor-
respond to the tetrahedron’s sides themselves (though in an “orthogonal” sense*”). Therefore, we
see that each path going around a puncture corresponds to a path on the tetrahedron which starts
at one vertex (the same for all of them) and visits some other vertices, in a precise order, before
coming back to the original one. A moment of reflection shows that this set of paths corresponds
to what we have called a “simple path” on the 1-skeleton of the tetrahedron in [146]; for clarity
and completeness, a simple path is illustrated in Fig. 6, which should be self-explanatory.

Observe that in the simple path of Fig. 6 a special role is played by the “special side” 24
of the tetrahedron 5, and that this statement is independent of the position of the base point:
had we moved it somewhere else on the sphere, this would amount to adding extra segments at
the beginning and at the end of all four face paths, which would correspond to a global gauge
transformation (i.e. to conjugation by an SU(2) or SL(2, C) element of all the Hsp). Such a global
transformation has no effect on the reconstruction we are going to perform.

Notice that we have drawn right-handed paths on the tetrahedron. In this manner all the faces
are circulated counterclockwise, and using a right-hand rule one can assign outgoing normals to
each face. Had we used a left-handed tetrahedron, and at the same time stayed with a right-hand
rule for assigning the normals, we would have obtained ingoing normals. We work with the
right-handed convention. It will be important to keep this arbitrary choice in mind for the last
part of the paper.

With a little bit of work, e.g. by choosing all the tetrahedra to be oriented subsimplices of a
right-handed 4-simplex [12345], one finds that all of the faces of all the tetrahedra are circulated
in a right-handed sense, and that the “special sides” of the five tetrahedra are respectively:

24 for tetrahedra 1, 3, 5,
45 for tetrahedron 2,
and 25 for tetrahedron 4. (123)

It then becomes clear that every face is circulated in opposite directions when considered from
each of the two tetrahedra sharing it. This is in agreement with the parallel transport equation

Hap = GapHyy' Gha. (124)

However, since we want to understand the paths on the 4-simplex, and not just within each
tetrahedron, we have to be slightly more careful than this. First, notice that all the {Hgp}p p-£a

42 For example, at tetrahedron 5, the line joining punctures 1 and 3 is dual to the side in the 4-simplex shared by the
triangular faces (51) and (53), and therefore is dual to the 4-simplex side connecting the 4-simplex vertices 2 and 4.
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4

Fig. 7. A depiction of the oriented 4-simplex. All tetrahedra can be interpreted as having outward pointing normals,
except the external tetrahedron (i.e. tetrahedron 4). Indeed, the interior of tetrahedron 4 is actually the region of R3
extending to infinity. This was also discussed when justifying the particular form of the graph I's.

share the same base point, and so do H,, and G, H, 7] 2 Gba (otherwise the closure and paral—
lel transport equations would not be gauge covarlant) It is then immediate that the {Hyp :=
ga Hab 84 Y must all share the same base point. Now the parallel transport equations together
with the crossing relations give
Hpo=H' except Hp=Hpy'Hy, His. (125)

This equation says that the paths associated to all the triangular faces in the 4-simplex, except
those of face (24), do not depend on the tetrahedron they are associated to. This is a quite natural
consequence of the pattern of special sides discussed here. 43 Indeed, we see that the 4-simplex
vertices 2 and 4 play a completely symmetric rdle, and that either of the two vertices is part of all
the special sides but one. Let us pick the 4-simplex vertex 4 to be the base point of all the paths on
the 4-simplex, and suppose that the “special paths” of tetrahedra 1, 3, 5, and 2 all start there (as in
Fig. 6). We immediately see that eq. (125) is automatically verified for all faces {(ab)}q b4 not
involving tetrahedron 4. Now, consider tetrahedron 4; it cannot be naturally based at vertex 4 like
the others, and by looking at its special side, we see that its “internal” base-point should be either
vertex 2 or 5. Vertex 2 is the choice which ensures consistency with the crossing relation. Indeed,
in this way every face path associated with tetrahedron 4, must start at vertex 4, go through the
side 42 and then go along the usual sequence of sides, to finally come back to 4 along side 24. In
this way the side 42 plays in the 4-simplex a role similar to that of a tetrahedral special side, and
allows eq. (125) to be valid for faces (4b) with b 7 2.

Finally, since every path has now been fixed, one just has to check that Hp=H 1_31 ﬁqu Hi3
(see Fig. 7). The sequence of sides defining Hy is (read from right to left)*:

42{25[533115]52} 24, (126)
while that defining ﬁ24 is

45[511335]54. (127)
It is clear that to equate the inverse of the first to the second, one has to conjugate the latter by

43 This is not a logical consequence, instead it relies on a hypothesis of simplicity.
44 We have tried to hi ghlight the role played by the special sides with the bracket notation.
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455224, (128)

which is nothing but the path defining His.
__ This set of paths allows us to geometrically interpret the holonomies H,j, and especially the
H,p, in terms of parallel transports along the 1-skeleton of the 4-simplex.

10. Geometry from critical point equations II: curved tetrahedra

In this and the following sections we show how, using the critical point equations, together
with the interpretation of the holonomies H,;, just sketched (and soon to be made more rigorous),
one can reconstruct a curved-tetrahedral geometry at every vertex of the graph. In this paper, we
will just show how to recover the tetrahedral geometry from the holonomies in a constructive
way, and skip the rigorous proof of the consistency of this reconstruction.*> Anyway, this result
follows from the reconstruction theorem for the 4-simplex geometry. We present, in some detail,
the tetrahedral result because it is more intuitive, it proceeds constructively, and it offers most of
the features of the 4-simplex reconstruction.

The key equation is the closure condition (since for the moment we work at a fixed vertex, we
simplify the labeling of our variables)

HyHsHyH, =1, (129)

however, in the following we will focus on the derived equation

04030,0; =1, (130)

where O, € SO(3) is the vectorial (spin 1) representation of Hy € SU(2). We leave the discussion
of the relation between the SU(2) group elements H,;, and their SO(3) counterparts for the last
part of the paper. As we explained in the previous section the O are interpreted as parallel
transports along specific, simple paths on the tetrahedron 1-skeleton. The ordered composition
of all the paths associated to a tetrahedron is equivalent to the trivial path, hence the identity on
the right-hand side of the closure equation.

10.1. Flatly embedded surfaces

First we discuss some of the claims of Section 9. Consider a 4-dimensional spacetime
(M4, gup), With no torsion, constant curvature A, and tetrad eé. In this spacetime, consider a
bounded 2-surface s that is flatly embedded in 914, i.e. such that the wedge product of its space-
and time-like normal fields, n® and u® respectively, is preserved by parallel transport on the sur-
face 5.0 Then, the holonomy around s of the torsionless spin connection w’’ := e/# Vaeg, is

45 In particular, one needs to show that the tetrahedron reconstructed with the procedure presented here has areas com-
patible with those appearing in the holonomies. This is a priori nontrivial.

46 This requirement is equivalent to asking that the extrinsic curvature of s vanish, and generalizes the concept of planes
in R3 to curved spaces. Further examples of flatly embedded surfaces are equatorial (great) spheres in $3 and great
hyperboloids in H?3. It is not too difficult to show that the vanishing of the extrinsic curvature on s is equivalent to asking
that s be totally geodesic, see e.g. [82].
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given in the spinor representation by*’

U _ ’\ kok 131
aslwy] =exp +§a5(*g/\g)+r , (131)

where the subscript + indicates the self-dual part of an object, as is the area of s, and we have

defined n! := eln® and u! := e/ u” to be the internal spacelike and timelike normals to the

surface, respectively. Notice that the latter are understood to be evaluated at the base point O € ds
of the holonomy Uj. In the (future pointing) time gauge u’ = 8} and n' = §} i, and therefore
(see also Appendix B for details on the notation)

Fjulnd! 4 2000k = 1Ot = & (132)

k=24

(*g/\g)izie

where the last two equalities hold in time-gauge (more specifically, the last one holds for a future
pointing time-gauge; see Appendix D).

Finally, by henceforth dropping the underscore, fi — fi, we obtain (in future pointing time
gauge)

A -
Uss[lws] =exp <+§a5ﬁ . 1:) , (133)

and hence in the vectorial representation
AL o
Oyslwi] =exp (—l—gasn-]). (134)

We clearly see that the functional dependence of the holonomies O, on (fl, vis

—127”()/’1 + i)) is completely analogous to that of the parallel transports Oy, on (ﬁ, ag, k).

However, all these variables are mixed with one another, and it is possible to distinguish them
only up to some ambiguities. As we have already emphasized, a physically well-motivated candi-

date for a spinfoam analogue of the area exists, and is a; <> yj. This identification also fixes the

magnitude of A to 127” (% + i), since the vectors 7 and fi are both normalized. However, things

are slightly more complicated than this, since the signs of the cosmological constant and of the
unit vector cannot be distinguished a priori. Moreover, there is also a sign ambiguity arising

47 This formula follows from the non-Abelian Stokes theorem P exp % & @ =Pexp f5 R(w), where R is the curvature
2-form of w, and the fact that on constantly curved manifolds and flatly embedded surfaces, the integrand appearing in
the previous formula is actually a constant. To see this last point, notice that for a constantly curved manifold one has

A
R 0] = 5e{jeg]dx"‘ AdxP

which, when restricted to s and after some manipulation, becomes

o
R”[w]‘s = %e(yeé] % %ds1 Ads? = %[* uAn g)]” /detg(z)ds1 A ds?
where (s1, s2) are two coordinates parameterizing the surface, and g(2) is the metric restricted to it. Now, using the fact
that the surface is flatly embedded one sees that under the parallel transport needed for the P exp of the non-Abelian
Stokes theorem, the term in parentheses is transported onto itself within the surface. Hence, the result follows just by
integrating the area of s, introducing the notation g[l g] 1= % (g A g)”
internal indices.

, and finally taking the self-dual part in the
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from the area, since there is no way of telling apart %ag € (0,2m) and (271 — %ag) € (0,2m) at
the outset.

Beyond the (partly ambiguous) properties of area, curvature, and orientation, the shape of s is
not better defined for the moment. The best we can do to define its shape with the limited data at
our disposal, is to further constrain its geometric degrees of freedom; for example, by requiring
each vertex of the graph to be identified with the simplest curved geometrical object with four
faces, a homogeneously curved tetrahedron. The viability of this requirement is a consequence
of a theorem reviewed in the following section (details can be found in the companion paper
[146]). At this stage, the fact that all the previous ambiguities are consistently solved throughout
the whole 4-simplex is very surprising, nonetheless it will be a consequence of the equations of
motion.

Before continuing, notice that in particular the sign of the cosmological constant (or equiv-
alently the curvature) is a priori totally free at each face. The aforementioned theorems cure
this problem, at the level of each tetrahedron and also at the level of the whole 4-simplex. An
important consequence of this discussion is that our model cannot be considered a quantization
of gravity with a fixed-sign cosmological constant: it is rather a quantization of gravity with a
cosmological constant, the sign of which is determined dynamically, and only semiclassically,
by the imposed boundary conditions (in this case the external j,; and &,p).

10.2. Constant curvature tetrahedra

According to our requirements, the faces of the curved tetrahedron are spherical or hyperbolic
triangles, with a radius of curvature equal to R = /3/[A[. This means that their areas must lie in
the interval [0, 67t/|Al], or [0, 37 /|All, respectively.48 The spherical case is no problem, since
SU(2) group elements have the right periodicity in their argument. Even more compellingly, by
looking at the deformed SU(2), representations with g = exp ,f%, and k =N(h) = 1}/2—[7\’, one
only finds spins up to |k|/2, which translates into yj < 6r/|A|.*” The hyperbolic case, on the
other hand, is more subtle. We do not try to deal with all the subtleties here, since a thorough
discussion can be found in [146]. Nonetheless, we anticipate the fact that these subtleties can
give rise—in certain cases determined by the choice of the spins—to non-standard geometries
that extend across the two sheets of the two-sheeted hyperboloid.

In any event, care is needed in identifying yj with the face area even in the spherical case,
since the ambiguity yj ~ (27[ R>—vyj ) may arise. We will come back to this point later on.

From now on, we will consider the reconstruction at the vertex 5 of I's. As previously shown,
the closure equation in the vector representation is

0,030,0; =1 (135)

and the special side is 24. We will take the base point to be vertex 4. Because all the holonomies
are based at vertex 4, all the 1i;, are defined there, which we notate i, (4). However, recall that
the property of being flatly embedded means having vanishing extrinsic curvature, and so this

48 On the sphere we always consider the triangle to be the smaller of the two portions in which the sphere is subdivided
by three points connected by geodesic arcs. We also require this region to be convex.

49 Still, the need to quantize gravity and Chern—-Simons simultaneously, which leads to a deformation of the gauge
group and hence of its representations, raises the interesting question of whether the construction of the EPRL amplitude
is still justified in this setting or if it needs to be modified. A hint at an answer comes from the modified phase space of
LQG suggested by the new closure condition. The classical phase space is investigated in the companion paper [146].
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makes the normal to a face well-defined at any of its points. The faces 1, 2 and 3 (faces are
labeled using the opposite vertex) contain vertex 4, and this means that fi; (4), fi2(4), A3(4) can
be directly interpreted as normals to their respective faces, while 714(4) is the vector obtained
after parallel-transporting fi4 from its face to vertex 4, via the edge 24 (see Fig. 6). That is,

i4(4) = 042114(2), (136)

where o, is the vector representation of the holonomy from vertex b to vertex ¢, along the side
cb. Notice that this is not part of our critical data and is highly gauge dependent. As we will
see, this will not pose any problem to the reconstruction, it is just an intermediate step towards a
well-defined expression.

From this understanding of the normals we can find the (cosine of the external) dihedral angles
along the edges 41, 42, and 43. They are

cos ¢pe = 1p(4) -1 (4), for (b, c) # (2,4). (137)
For the dihedral angle along the edge (24), more care is needed. Certainly, we have
cos g =i (1) - fig(1) =12(3) - i4(3) . (138)

The problem is that iy when based at vertices 1 or 3 does not relate to the critical data in a gauge-
independent way. However, we can relate, e.g., fiz(1) and fig(1) with their values at vertex 40

cos g =i (1) - fig(1) = [0142(4) ] - [012024714(4)]. (139)

Bringing 014 across the dot product and using the group orthogonality property we obtain,
COS s = fia (4) - [0;1ﬁ4 (4)] . (140)
Similarly, starting at vertex 3, one finds

cos o4 = o (4) - [0174(4)]. (141)

The fact that these two equations are consistent with one another follows immediately from the
closure condition and the fact that the surfaces are flatly embedded, which gives Optip = f1p.

It is also possible to give an expression of the cosines of the dihedral angles directly in terms
of the holonomies, the data actually specified by the critical point equations,

I Tr (00¢) — 1Tr (0p) Tr (O,)
\/1 _lpp (Ob)\/l — 112 (0,)
Iy (020;‘0403) — 1Tr(0,) Tr ()

\/1 _ 1y (02)\/1 — 112 (0y)

which are a sort of normalized, connected two-point functions of the holonomies. The signs
=+, are exactly those appearing in the relation between the geometrical and spinfoam data:
iy = £pnp. When the tetrahedron is known, the signs can be fixed by knowing the signs of
sin (%ab), which fixes the branch of the square root. However, when the tetrahedron is not known
a priori, as when one is given only the spinfoam data, this ambiguity is due to the fact that given

COS ¢pe = £p E¢ , for(b,c)# (2,4) (142a)

COS¢hog =+ 4 s (142b)

50 Note that, since the surface is flatly embedded O fiy = fi5, and therefore 01303477 = 014f7.
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a holonomy we are unable to distinguish between a rotation of 6 around an axis and a rotation
of 2 — 6 around the opposite axis. This means that we cannot initially decide whether y jj or
(271 R% -y jb) will be the geometrical area of the face. Nonetheless, this ambiguity can be fixed
by requiring that the tetrahedron be convex; this is easily accomplished by imposing positivity
on the triple product fij (4) - [ﬁz (4) x 13 (4)], and its like. Indeed, these triple products can be
expressed as normalized connected three-point functions of the holonomies, similar to the two-
point functions above. These expressions present analogous sign ambiguities that can therefore
be fixed by the convexity requirement (again, see [146] for details). In what follows we will
largely proceed as if this ambiguity was not present, however we will come back to it toward the
end of the paper, in Section 15.

Once we have unambiguously fixed the cosines of the dihedral angles, these can be used to
construct the Gram matrix of the tetrahedron

(*Gram), . = — cos gp.. (143)

The determinant of 3Gram determines whether the tetrahedron is hyperbolic or spherical [147],
therefore providing the crucial information

sgn det (*Gram) = sgn . (144)

This fixes the sign of the cosmological constant at a given vertex. Consequently, there is no
freedom, within a vertex, to change this sign, and a unique correspondence between the spinfoam
and geometric data can finally be established. Note that flipping the sign of the cosmological
constant does not change the Gram matrix, since it corresponds to flipping all the £;,. This fact
is crucial, since it means that sgn (A) can actually be calculated.

Finally, from the Gram matrix one can fully reconstruct the curved tetrahedron. In practice this
amounts to repeatedly applying the spherical (and/or hyperbolic) law of cosines to first calculate
the face angles of the tetrahedron and then its side lengths. The fact that this algorithm leads to a
tetrahedron actually consistent with the initial data is non-trivial. This fact is proved for a single
tetrahedron in the companion paper [146], but can also be seen as a consequence of the more
general reconstruction theorem for the whole 4-simplex proved later in this paper.

11. Geometry from critical point equations III: curved 4-simplex

As in the three-dimensional case, the first step is to clarify the topology of the paths on the
four simplex given the equations of motion for the holonomies H,;, and G, calculated in a cer-
tain graph framing. This was done at the end of Section 9.1. We recall here the results of that
discussion. ~

The equations of motions can be written in terms of the variables H,p, which all share the
same base-point in the 4 simplex. They take the following form:

{ ﬁba = ﬁa_bl except P~I42 = ﬁgl ﬁ2_41 ﬁlg (145)

ﬁah4 ﬁab3 ﬁabz ﬁabl =L

Modulo gauge transformations (that is, global parallel transports), the base point of the I-Nlub
can be understood to be vertex 4. The first of these equations tell us that all faces (ab) # (24)
are traversed along the same path (though in opposite directions) when considered as part of
tetrahedron a or tetrahedron b. The relation between the holonomies ﬁ24 and ﬁ42 tells us that the
net difference in their paths, is given by face (13). This difference is due to two facts about face
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(24): (i) from the perspective of tetrahedron 2, this is the face opposite to the base point 4, and
must be reached via a special edge, here this is edge 45; (ii) from the perspective of tetrahedron 4
it is also the face opposite to the tetrahedron’s base point, vertex 2. Moreover, tetrahedron 4 is
itself opposite to the global base point 4, and must be reached via the “4-simplex special edge”,
that is, edge 42. See Fig. 7.

Now that the paths have been clarified, we begin to analyze the geometry in detail. The strat-
egy we adopt is as follows: First we show that one can associate to a solution of eq. (145) a set of

5
five 4-dimensional hyperplanes in R equipped with the metric 7 (€)op :=diag(—1,1,1,1,¢),
where the sign € = %1 is determined by the specific values of the holonomies. To given hyper-

planes and signature of 757 (€) one can easily associate a set of 2> different curved 4-simplices,
with the same sign of the curvature as €. Antipodal 4-simplices are related by a flip in orientation,
which might be a parity-inversion (for de Sitter) or time-reversal (for anti-de Sitter). Nonetheless,
as discussed in Section 13, these two transformations are degenerate with respect to our bivec-
torial description. To each of these 4-simplices one can then associate the holonomies along the
paths described above, and the “reconstructed” holonomies necessarily satisfy eq. (145).

Thus, the question is whether among the reconstructed 4-simplices there exists one (and only
one) that produces the same holonomies with which we began. We show this fact indirectly.
That is, we show that there are at most 2° sets of holonomies that reproduce the same set of
4-dimensional hyperplanes in R> (up to rotations and boosts). We also show that within each
such set, holonomies come identified in pairs related by an orientation changing transformation.
In the following we will show one by one the previous claims in order to complete the proof.

11.1. Determination of the hyperplanes and of the sign of the curvature

The closure relations for the tetrahedra can be expressed as SU(2) closure equations. This
means that at each vertex the four {H,p}p p-£qa, When seen as elements of SO(1, 3), stabilize the
unit timelike normal # = (1,0, 0, 0)7, and can therefore be thought of as defining a spacelike
frame in which the tetrahedron lives. Notice that if the tetrahedron is not degenerate, as we
shall suppose, this is the only 4-vector which is invariant under the action of all of them. As
a consequence, the parallel transported closure equations, i.e. those involving the {ﬁab}byb#,
uniquely identify the future-directed, unit timelike normals N, := A,u, where A, represents the
ga € SL(2, C) action on RM3 . In summary, there exists a uniqye N, € R13 such  that: it has norm
equal to —1, it is future pointing, and it is stabilized by all {Ogp}p, p£a, Where Ogp € SO(1, 3)¥
is the representation of I-Iab € SL(2, C) acting on R'3. This condition on the ﬁab implements
the non-trivial facts that the H,; are in the SU(2) subgroup of SL(2, C) (existence), and define a
non-degenerate tetrahedron (uniqueness).

The 4-vector N, is then interpreted as the timelike normal to the a-th tetrahedron when ex-
pressed in the common frame in which all the H,;, are defined. Thus, if this interpretation is
valid, it follows that the hyper-dihedral angle ®,;, between the a-th and b-th tetrahedra on the
boundary of the 4-simplex must be given by

—cosh@up, := 11y NIN =01y (A, Aguw)'u’ | for (ab) # (24), (146a)

where 1y :=diag(—1, 1, 1, 1) is the Minkowski metric. We have excluded the case (ab) = (24)
for similar reasons as in the three-dimensional case of eq. (138); the two normals experience
incompatible parallel transports before arriving at their common point of definition, as observed
at the beginning of this section. Another, maybe more transparent, way to state this fact is by
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observing that G4,, which is the parallel transport between the frames of tetrahedra 2 and 4, does
not factorize, i.e. it is not simply given by g4_1 g2. In the 4-vector representation, this means—with

obvious notation—that A4y # A;lAz. In fact, the correct formula is
—cosh @4 := 17y (Agu) ! =15 (031 N2)' Ny . (146b)

Importantly, this is exactly the same equation one would have written by just looking at the
“simple” paths on the 4-simplex described in the previous section, and is a perfect analogue of
eq. (138).°! Also, notice that the first equality in the previous formula holds for the dihedral angle
at any face, not just for the one at face (24).

As in the tetrahedral case this set of data is enough to reconstruct the curved 4-simplex, in-
cluding the sign of its curvature. Let us show this by embedding the problem in one dimension
more, in such a way that the homogeneous space in which the 4-simplex is defined becomes
the “unit sphere” of the embedding space. That is, if the 4-simplex is of positive curvature we
consider a de Sitter (dS) space embedded in R""#, conversely if it is of negative curvature we con-
sider an Anti-de Sitter (AdS) space embedded in R?3. Now, the three dimensional subspaces’” in
which the tetrahedra on the boundary of the 4-simplex live pick out a 4-dimensional hyperplane
through the origin of the embedding space. Observe that the converse is also true; given five such
4-dimensional hyperplanes one can easily reconstruct the 4-simplex. More precisely, the latter
statement is true up to a 23-fold ambiguity originating from the five binary choices needed to
fix which side of the hyperplanes the 4-simplex lies on.’* This discussion shows that once we
are given the hyperdihedral angles we can determine the curved 4-simplex (and the sign of its
curvature) up to rotations (and boosts) and a discrete number of ambiguities.

To see how this works concretely, consider R with the metric

5
N (€)ap :=diag(—1,1,1,1,¢), (147)

and the sign € = =1 to be determined by the specific values of the holonomies, and consider the
following four 5-vectors

N&:=(NL,0), fora#4. (148)

5
Each vector has norm —1 with respect to the metric 7 (¢), irrespective of the sign of €. So, the
fifth 5-vector N, as well as the sign of ¢, are determined by the requirements

] (©)apNFNP = —cosh Oy, (149a)
D (©apNENE = 1, (149b)
NZ > 0. (149¢)

51 Explicitly, to compare N> and N4 one has to parallel transport them to their common face via the appropriate paths
contained in tetrahedra 2 and 4; if the comparison is made at vertex 5 (any other choice would give the same result), one
has to take the inner product between the two time normals only after parallel transporting them respectively along the
4-simplex sides (42) and then (25) in the case of N,, and side (45) in the case of N4. Eventually, this amounts to taking
N7 around face (31) before comparing it to Ng4.

52 These are either 3-spheres S 3or 3-hyperboloids H 3, depending on whether one is dealing with dS or AdS spaces.
53 For more details, and some subtleties arising in the hyperbolic (AdS) case, see the companion paper [146]. We just
mention here that one has to consider a two-sheeted AdS space in order to be deal with all possible solutions to the
critical point equations. By this, we mean that the spacelike hyperboloid foliating AdS are two-sheeted. Nevertheless, by
limiting the boundary data considered, one can always restrict to the more familiar case.
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(The last equation is only needed to obtain a unique solution for Ay, and is otherwise irrelevant.)
The 5-vectors A, are then precisely the normals to the five 4-dimensional hyperplanes discussed
a moment ago. The second condition can be fulfilled for one sign of € only, and therefore fixes
whether the 4-simplex is positively or negatively curved. Note that with these choices for the AV,
vertex 4 lies at the “North (or South) pole” of dS (or AdS, respectively), i.e. at (%1, 0, 0, 0, 0).

11.2. Counting the sets of holonomies satisfying the critical equations

At this point we need to count how many sets of holonomies satisfy the critical equations. To
do so, the strategy is to show that eqs. (145), (146a) and (146b), along with the uniqueness prop-
erty of the N, discussed in the first paragraph of the last subsection, have at most 2° solutions,
with parity transformations relating them in pairs.”*

First, consider eq. (146a). These equations have exactly 4 solutions in terms of the N,, up
to a global SO(1, 3)* symmetry. To see this, let us consider the two square submatrices of the

4-simplex Gram matrix

(4Gram)u = —cosh©®gp, (150)

b

given by a,b € {1,2,3,5} and a, b € {1, 3, 4, 5}. Call them 4Gram;t and 4Glramﬁ, respectively.
These matrices do not contain the “twisted” entry associated to the hyperdihedral angle ®»4 (see
eq. (146b)). All their entries are given by Lorentzian scalar products as in eq. (146a). Hence, we
are trying to solve the equations

*Gram; = NgnNﬁ (151a)
*Gram; = NﬁTnNi (151b)

for the five future-pointing 4-vectors N, € R*. The notation is as follows: N;‘ := (N1, N,
N3, Ns), and N5 := (N1, N3, N4, Ns) are 4 x 4 matrix whose columns are given by 4 out of 5
of the 4-vectors N,, and n = diag(—1, 1, 1, 1) is the 4-dimensional Minkowski metric. To solve
each of the previous equations, start by observing that *Gram; is symmetric, and can therefore
be put in a diagonal form by conjugation via an orthogonal matrix O: *Gram; = O aT D;0;. At
this point, by Sylvester’s theorem one has that D; = nEag, where E; can be taken to be a positive
diagonal matrix. Thus, we find that N; must be of the form V;E; Oy, where any V; € O(1, 3)
is equally viable. Now, time reversal symmetry is broken by the requirement that the N,’s are
future pointing. Therefore, considering N; to be defined only up to an SO(1, 3)'{ gauge, one

is left with two solutions related by a parity inversion symmetry for each entry of eq. (151).>

54 Observe that in the tetrahedral case we could make use of the triple products to fix exactly which solution we were
interested in. In the present case this is not possible. The reason is that all the normals to the tetrahedra are taken as
future pointing, and therefore some of them will be inward- and others outward-pointing with respect to the 4-simplex.
Clearly this problem is related to the fact that it is not possible for a vector to cross the light-cone by means of SL(2, C)
transformations.

55 A more pedestrian proof goes as follows. Clearly, we are interested in solutions up to gauge, that is up to the action
of an element of SO(1, 3)7", acting diagonally on all the N,. We can use this freedom to gauge fix N to be (1,0, 0, 0)
and the plane N3 A N5 to be the same as (and have the same orientation of) the plane xx A y, with the spacial part of
N3 being parallel to X, that is N31 v = N31 v =0and N3I)?1 > 0. Here, £ := (0, 1,0,0)7, and so on. After such a gauge
fixing, a moment of reflection shows that the solution to each one of the previous two equations is unique up to reflection
with respect to the N3 A N5 plane. In fact, the equation is characterized by a full O(1, 3) symmetry, rather than just by
an SO(1, 3)f one.
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Because we are not yet imposing any relation between N> and N4, we see that there are at this
level exactly 4 different solutions for the five 4-vectors N,,.

We now move on, to consider the missing information provided by (4Gr21m)2 4 = —Ccosh®y
(eq. (146b)). This clearly imposes a relation between N, and N4. Nevertheless, this relation
is mediated by a new variable, namely 013 Therefore the extra information provided by the
knowledge of cosh ®,4 will be used to put constraints on 01 3 (alone). Observe that 01 3 stabilizes
N; and N3, and thereforg by choosing a gauge in which Ny =u = (1,0,0, O) s 013 is a pure
rotation around the axis N3. Hence, for each solution of eqs. (146a) and (146b) one has at most
two solutions in terms of Q3. -

We can obtain a similar result for Os3. Indeed, by using eq. (111) relative to vertex 3, one gets
the identity

631 = 643653623, (152)
and by using the fact that 6ab stabilizes N, and Np, one obtains
—cosh @24 =177 (031N2)! N} =1, (Os3N2)' Ny (153)

Therefore, f0r~ any solution of egs. (146a) and (146b) thus far considered, there are two additional
solutions for Os3.

We can follow the same reasoning using the closure at vertex 1, obtaining two more solutions
for 015.

Now, consider the closure equation for vertex 3.

03103,03503, = L. (154)

At this point we have fixed bO,Eh (~)31 agd 635. We claim that this equation has a unique solution
compatible with the fact that O3, and O34 must respectively stabilize N, and N4, as well as N3.

Indeed, since all the Oga stabilize N3, we can } reduce the problem to SU(2). In a gauge where
N3 = u, one has that 03,1 is a rotation around Na, for added clarity rewrite eq. (154) as

031R; =R,0s3, (155)

where R, and Ry are rotations of unknown angles around Kfz and ]\74, respectively. Contract this
equation with N, and the result is

R4V = w, (156)

where v and w are known vectors (recall that Ry = 632 stabilizes N). Some thought shgws that
this equation has at most one solution. Therefore, one can in this way completely fix O3, and
O34.

Using analogous argument at vertex 1, it is possible to fix uniquely 012 and 014 Hence, there
are only three holonomies left to be fixed: 025, 054, and 024 This is readily done in a unique
way by applying the above arguments at vertices 2 and 5.

We are finally left with a total of at most 4 x 2 x 2 x 2 = 27 solutions, where the factor of
4 comes from the fixing of the N,, and the factors of 2 come from the fixing of 013, 053, and
O5. Notice that one can determine the N, only up to a reflection in their spacelike components,
that is, up to parity.’® (The fact that the time direction is preserved is due to our hypothesis
that the time normals are always future pointing, irregardless of whether they are inward- or

56 This symmetry was taken into account in the preceding counting.
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outward-pointing with respect to the 4- s1mplex ) These new solutions can be easily seen to be
related to the transformation A — A4, i.e. H, b > (H, )’1 (see also Section 13). This comes as no
surprise, since also the five hyperplanes in R> subd1v1de dS, or AdS respectively, in 23 sectors,
with a two-fold “redundancy” due to parity. We can finally conclude, that any solution to the
critical-point equations corresponds to one of the 2° 4-simplices obtained in the way described
above.

11.3. Concluding remark

One of the main consequences of what we have just shown, is that, in order to solve the
critical-point equations, all the tetrahedra must be characterized by the same sign of the cos-
mological constant, hence fixing all the v at each vertex to be equal.”’ Hence, the sign of the
cosmological constant is a dynamically determined quantity that takes—on shell—a consistent
value throughout the whole 4-simplex.

12. Critical value of the action

In the previous section we showed how the critical points of the I's Wilson graph operator
obtained in the double scaling limit are related to a curved 4-dimensional simplicial geometry.
In this and the following section we turn our attention to the evaluation of the spinfoam and
Chern—Simons actions at the critical point. We will find that the first corresponds to the Regge
action associated to the curved 4-simplex (see Appendix A), while the second corresponds to the
relevant cosmological term.

12.1. The Wilson graph operator

A straightforward calculation shows that by inserting the critical point equations of Section 6
into the spinfoam action Sr of eq. (79), one obtains

S 0= i Z ~2jabPab — 2V jabVabp- (157)

a<b

Equation (112) clearly shows that the phases ¢, appearing in this equation are related to the
choice of phase for the spinors &,;. These phases can be interpreted in the context of “framed
polyhedra” [148], where they represent the direction of a unit vector lying on the face (ab) of the
tetrahedron a. In our context, these frames are part of the boundary data, and might be chosen
so that the first term in the previous expression is zero (the boundary states with this property
are called ‘“Regge states” in [94]). This choice depends on the geometry of the four simplex, see
Section 14. In order to keep track of all the dependencies on the geometry, we do not make this
choice here, and work with the most general formulae. Anyway, we postpone further discussion
of these phases to Section 14.

Here, we focus on the second term of eq. (157), the one involving the face areas y j,5 and the
variables v,;,. We turn to giving a geometrical meaning to the latter variables. Let us start from
the parallel transport equations (112) recast in the more compact form

57 Contrary to the last section, we here indicate with v?, the sign of X at the vertex a.
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1;l'ab“"i(;oozb
e 0 ) : (158)

(Jsabs _éab) = Gab(%-bav J";:ba) ( 0 eﬂpab—i%b

where (£, J&) is a 2 x 2 matrix with the spinor & as the first column and spinor J§ as the second.
This matrix is the SU(2) rotation mapping the spinor (1,0)7 to £. In vectorial language, it maps
the Z-axis to 7n1(£). Introducing the shorthand D(§) := (&, J&) € SU(2), the previous equation
can be written

e‘//ab‘i‘i@ab 0 -1 1
Gab = D(-’Eab) < 0 e—T//nb—iﬁﬂab ) D(gba)
= D(J&ap)e™ Vet D (gyy) 7!, (159)
where we used the fact that /> = —1. In this form the interpretation of the G, is transparent: in

vectorial language, it first rotates the frame of face (ab), contained in tetrahedron b and defined
by its normal —i,, onto the z-axis. Then it boosts this frame in the Z-direction (orthogonal to
the face) and rotates it around Z (along the plane of the face), and finally it takes the z-axis into
the unit normal 71,5 of the face (ab), contained in tetrahedron a. Importantly, we can both rec-
ognize the significance of the phase ¢, as a rotation angle, and characterize the boost parameter
between the frames of the two tetrahedra a and b, as being 21,;. To make this claim completely
explicit, it is enough to write eq. (159) in the vectorial representation, yielding

Aap = R(J Eqp)e?V K20 bR () 7, (160)

where R(§) € SO(3) € SO(1, 3) is the vectorial representation of D(§) € SU(2) C SL(2,C).
Note that R(&) stabilizes the four vector U/ = (1,0, 0, 0)” . Finally, by contracting this equation
with U itself, one finds

—coshOup =117 (AapyUHU’ = —cosh 2y, , (161)
and hence
[®apl =2 [Vapl- (162)

Therefore, 2 [, ] is the magnitude of the hyper-dihedral angle hinged at the face (ab).

Fixing, in geometrical terms, the sign 1/, is more subtle.”® From the previous discussion, it
should be clear that A, is a Lorentz transformation sending the timelike direction of tetrahe-
dron b into the timelike direction of tetrahedron a. Moreover, because A, is an element of the
vectorial representation of SL(2, C), Az, € SO(1, 3);’ (the proper orthochronus Lorentz group),
it sends future-pointing vectors into future-pointing vectors. All of this said, generically it re-
mains the case that the oriented geometric time-normals of the tetrahedra on the boundary of the
4-simplex are not all future pointing.

So, consider the transformation L,; € SO(1, 3)#, defined as a function of the future directed
4-vectors N, and Ny,

(163)

(Np A Ng)
Lap :=exp (|®ab|g7a ,

|Nb A Na|

58 We could just take the result of [94], obtained in the context of the flat EPRL model, corresponding to an infinite
Chern—Simons coupling (i.e. to a vanishing cosmological constant). Indeed, their result must be valid also in our case:
since one can imagine to take the flat limit continuously without letting the dihedral angle ever vanish, by continuity
the sign calculated in the flat case must coincide with the one in the curved case. Nonetheless, in order to keep our
presentation completely self-contained, we provide an alternative argument.



52 H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79

where ¢(Nj A Ny) := (Np)(1(Na) 113" € s0(1, 3). It is easy to check that Ly, Ny = N,. Let Ny,
and N, be the oriented geometric normals to the tetrahedra b and a, respectively. One then has,
Np = Ny, with the sign being determined by whether the tetrahedron is future or past pointing.
Similar considerations hold for tetrahedron b. Define also

sgn O, = —sgn nuﬁéﬁaj . (164)

This definition fits well with the geometrical requirements of a discrete Lorentzian geometry
[149,94]. Then,

g(NbANa)) (165)

Ly, =exp| © ~
ab P( ab |NbANa|
Geometrically, the wedge product ﬁb A ]Va is orthogonal to the triangle shared by tetrahedra
a and b, and must therefore be proportional, when calculated in the frame of tetrahedron b,
to_—u A npa, where u = (1,0,0,0)7 and np, = (O,ﬁba)T.NIn Appgndix D it is shown that
(Np A N,)(b) = —u A np, for all orientations of the normals Ny and N,. Hence,

g(” A nba)

Luy(b) := exXp <_®ab
|u A nba|

) — exp (-@abﬁ,mf() . (166)
Now, observe that both L,;(b) and A, have the property of sending u into the future pointing
normal N, (b). This means that, when written in the form of a rotation in the source space times
a pure boost, their boost parts must agree. The group element L, (b) has already been written in
the form of a pure boost, while A, can be expressed in the form

Aab = [RU &) R )™ | [RUEIH R

= e2Var () KR/, (167)

where we used the fact that R(J&,5)Z = —7ip,, and that K, commutes with J,. Finally, R’ is
given by the second bracket in the first line and is a pure rotation in the source space. From this
decomposition, we can immediately conclude that

exp (—@abﬁbaﬁ) =exp (—ZWahﬁhaf(> (168)
and hence
2Yqp = Oup, (169)

which fixes the sign of 5.
This allows us to give the following expression for the spinfoam action at the critical point

i _
Slo=—7 > aabOab — 2v  aabPab- (170)
P a<b

We will comment later on the role of the ¢, variables.
12.2. The Chern—Simons functional
In this section we evaluate the Chern—Simons functional at the critical point. The calculation

is analogous to those performed in the case of knot complements, see e.g. [150]. The strategy
consists of evaluating the variation of the Chern—Simons functional due to a small change in
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the boundary geometry (encoded in the spins and coherent-state spinors, see Section 10), and
showing that this change is the same one would obtain by varying the volume functional. The
Schlifli identities (see e.g. [151], and for a recent symplectic proof [152]) state how the volume
of a curved 4-simplex responds to any variation 8 of the geometry of the simplex’’

MVi=a,80,, (171)
tCo
where A is the value of the geometrical cosmological constant, and Vj is the 4-volume of the
4-simplex o, a; is the area of the triangle ¢ and ®); is the dihedral angle hinged by the triangle .
Note that the sign of the cosmological constant on the left-hand side is simply given by the
character of the 4-simplex, that is, it is positive (or negative) provided the simplex is embedded
in dS (or AdS). }

Therefore, let us start by considering the solution (A, A) of the critical point equations with
boundary data given by (jup, £4») and its small variation (A + A, A + §A) due to the change
(Jab + 8jab, Eap + 6&4p) in tl_le boundary data. The Chern—Simons functional depends explicitly
only on the connection (A, A), thus

3 SWI[A] 2
SWIA]:=W[A+5A] - W[A]= | d xméA(x)—i—O(SA ). 172)
X
S3
Henceforth every equality between small variations is meant up to an O(§A?) unless otherwise
stated.

Using
WAL 1
SA;'L(x)_ 8716 Fy,[A](x) (173)

and the equation of motion for the curvature, eq. (113)

: 1 lém . : 1
M7 Fy () = == (L41Y) D7 b b [ (Gu) ™7 G| 50) 8 (). (174)
(ab),a>b

we obtain the following expression for § W[A]

SWIA]
1 3 16w . . —1_i @ n i
= [P+ D anha | (Go) ' Gy | 0) 8 (84, ()
S5 (ab),a>b
2/ 1 _ .
o (1 + ;) S Vit [ € [(Gu)™ 94 Car 628 G| 0 (175)

a<b L

It is easy to see that [, G;'8A(s)Gy, = G '8Gy, where 8G := G[A + 8A] — G[A] signifies
a difference between SL(2, C) matrices. Indeed, by first writing G, as

1 S1

Gy = lim 11+/A(s) H+fA(s) , (176)
Sn 0

59 Analogous Schlifli identities hold in all dimensions.
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where 0 < 51 < --- <, < 1 is a partition of the interval (0, 1), one can directly compute the
variation GZ]SGg:
S1 -1

n

G;'8Gy = lim > I[—i—/A(s)

k=1 0
Sk+1 -1 Sk+1 Sk S1
H+/A(s) /SA(S) ]H—/A(s) ]H—/A(s)
Sk Sk Sk—1 0
o Skt
:nlin;o / Gx_kileA(s)Gskb=/Gs_hl§A(s)Gsb. 77)
k=1 Sk ;

In these last equations b denotes the source of the curve £. We therefore find that

2i

1
SW[A]=—— (i + ;) >~ Viab (£va Gy 8Gavta)- (178)

a<b

The parallel-transport equations can be recast as in eq. (159), where ¥,5 and ¢,, must be
understood as a function of the boundary data (j,p, &,). Therefore the variation §G,j can be
expressed as

8Gap = 8D (J&ap) D(Jap) ™' Gap + GapD(Epa)8 D(pa) ™
— D(J&ap)S(Wap + igap)oze” Vertivanoz pg, )=t (179)
Recall that D(§) := (&€, J&), and therefore D(¢ + §¢) = D(§) + D(8¢), from which one im-
mediately deduces that D(£ + 8&)~! = D(&)™' — D(&)"'D(5&)D(¢)~! at first order. On the
other hand, because £ is normalized, its variations can only be orthogonal to the spinor itself,

that is 6& = e J&€ 4 15¢&, for some small € € C and §¢ € R. Now, consider the contribution of
the second term in the previous equation to the variation § W[A], it reads

(650 G [Gab D518 D(E5) ™" ] )

= — (8has D(O0) D Eba) ™0

= (Ebth D((Séba)"‘z)

= - (gba, D(€pa Jéba)"‘z) - (Sba, D(i8¢baébu)+z)

= €ba (§bas JEba) — 18@pa (Sbas €ba)

= —i8¢pa, (180)
where |+.) := (1,0)7 € C?, and |—,) := J|+,) = (0, 1)T € C?. To make the final part of the
calculation more explicit nptice that in bra—ket notation D (§) = |&)(+,| +|J&){(—;|, from which
one finds D(€) ™' = D(§)" = |[+) (€| + |—:)(J&|, and also D(J&) = |JE) (4| — |§)(—].

With the help of the parallel transport equations and the properties of the complex structure

J, and in a manner analogous to that just used, one can show that the first term of eq. (179)
contributes to §W[A] a quantity proportional to
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Ebas Gy | 8D (JEa) D(Jap) ™' Gap | Epa
(ene- G | J )

= (1 e Tap, 8D ) DI Ea) ™" (rane ™ T84

= (J&ab, D(8J&ap)+7)

= (J&ab, —€abab — 18¢PabJ Eab)

= —18¢yp. (181)
Therefore, the first order variation of SW|[A] is

2i (0 1 . . . .
SWIAl=~— (1 + —) " Viab| = 18as — 18800 — 8 (Wap +igan) | (182)
14
a<b
Now, define
Dyp = 2(‘pab + ¢ab + ¢ba)~ (183)

Later, we will show that this is a function of the spins, independent of the (arbitrary) choice of
the phases ¢, associated to the spinors &gp.
Hence, the variation of the Chern—Simons part of the action is

5CS[A, A] := m(h 8W[A]) == Vjar@8Vap + 5Dap). (184)
a<b
At this point we can use the results of the 4-simplex reconstruction performed in the previous
sections, stating that a,p, = E%, Vjap and 2,5 = Ogp, to find how the Chern—Simons functional
evaluated at the critical point responds to a change in the geometry (encoded in the boundary
data (jap, Eap) m> (Jab + 8jab, Eap + 8&ap)). According to the Schlifli identities it varies just like
the volume functional does,

_ 1
SCSIA, Ally =~ > b8Oup + 2apPas

P g<b
1 1

=—£—2,\5v4— £—22aab8©ab. (185)
P P a<b

In the last expression we have reintroduced a subscript zero on the left-hand side to emphasize
that the variation is taken on-shell. Notice that the sign of the cosmological constant in the previ-
ous equation is the one determined by the reconstruction theorem (while its magnitude is equal to
| A|). Unfortunately, for the moment we do not have enough control on the phases ®, to be able
to give a geometrical meaning to the variation appearing in the second term. We introduce for
purely notational purposes the real function Co such that Co =Y, _p 2258 Pyp. This is possible
in principle since, as we shall argue later on, the &, are functions of the geometry only.
At this point it is enough to integrate the variations to find that
CS[A,A]|0=—ELZW4— giz(cwcim), (186)
P P

where Cipe € R is some integration constant of a topological nature, that is, it is independent of
the geometry of the solution (i.e. of the boundary data (j,p, £4p)). In particular, it is expected
to depend on the gauge (recall that the Chern—Simons functional W[A] is gauge invariant only
modulo 27) and also on the choice of framing for the graph (for example on whether one decides
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to replace the path defining G,;, with a path winding once more around the edge £,p, i.e. on
whether one decides to perform a Dehn twist on the tube (ab)). A more thorough characterization
of this term is left for future work.

In Appendix E, we perform a perturbative evaluation of the Chern—Simons invariant around a
flat solution. This helps to determine what kinds of terms, other than the 4-volume, appear in the
evaluation.

12.3. The total action

Putting together the results from the last two sections, we can finally state the main result of
this paper: the total action for the Chern—Simons plus Wilson-graph operator, evaluated at the
critical point (A, A, jup, £4p) of the double scaling limit j — 0o, h — 0o, j/h ~ const, is given
by the Regge action of the curved 4-simplex augmented by a cosmological term:

1|OES|O—ics|0

= Zz |:Z agpOgp — AV4:| 62 Zaabwab + = 2 (ch + Cin) - (187)

a<b P a<b

13. Parity-reversal symmetry

Because of the symmetry between the equations involving the selfdual and the anti-selfdual
parts of the SL(2, C) connection, it is not hard to realize that the transformation

P: A=(A,4) — A=(A,A), (188)

is actually a symmetry of the equations of motion. The main consequence of this transformation
is that

P GylA] :=Pexp/A > G@[A]zpexpfAE(G[A]*)*‘, (189)
14 14

where G¢[A] stands for an arbitrary holonomy along a path £, not necessarily a longitudinal one.
In terms of the parameters v/,, this translates into:

P: Yap > —Yap. (190)

Therefore, P changes the sign of the Regge part of the action evaluated at the critical point:

P [Zaab®ab —)\V4i| > — [Zaab(aab —xv4} , (191)

a<b a<b

while the rest of critical action is left unchanged. This transformation can therefore easily be
interpreted as a change in the orientation in the reconstructed spacetime. This is a common
feature of all the flat spinfoam models starting from the Ponzano—Regge one (see [94,99,100,
83]), but also of the minisuperspace cosmological models where both the wave functions of the
expanding and contracting universe appear as solutions of the dynamical equations [153].

What might seem puzzling at this point is the fact that in the previous sections we obtained a
clear-cut result on the relation between the sign of ¥, and that of ®,;. The point is that in the
derivation of that result an implicit hypothesis was used; the hypothesis that the reconstructed
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geometry had the same orientation as that induced by the choice of paths defining the transverse
holonomies. We mean that the “simple” paths were supposed to circulate around the faces of
the tetrahedra in a right-handed, outward-pointing fashion. This was a natural assumption, but
not quite a necessary one. Indeed, by changing the parity of the tetrahedra while keeping the
same closure equations, one would have found a consistent description by interpreting the 71,45
as right-handed, inward-pointing normals. This would correspond to taking the mirror image of
Fig. 6. This new construction alters the results of Appendix D by a sign, and consequently the
same sign change would appear in the equation relating v, and ®p,.

From the face-bivector perspective, flipping the spacial normal to the face is the same as
flipping the timelike one. Hence, a roughly equivalent description of this change in parity, can
be obtained by thinking of it as a change in the time orientation. These two descriptions of the
orientation change are equivalent, or maybe it is better to say “degenerate”, since no actual gauge
(Lorentz) transformation connects these two indistinguishable geometries.

14. Parity invariant non-Regge terms

In this section we want to comment briefly on the extra terms appearing in the asymptotic
formula of eq. (187). We need to understand the phases ¢, and in particular how they can be
calculated, and what geometrical meaning they bear.

The first observation one can make is that the transformation P leaves the ¢, invariant.
At this stage, it is easy to convince oneself that the contribution to the critical action from the
non-Regge terms

. 2i . i
NR[€ap, Jav)i= =75 D Javbap + 75 (Co + Ciopo) (192)
P a<b P

must be P-invariant. (To this end, note that the variations §¢,; depend only on the choice of the
boundary state and are therefore independent of the connection (A, A).) This tells us that these
terms have different symmetry properties, compared to the Regge contribution to the critical
action, and can therefore be isolated.

The formulae that fix the values of the ¢,; (and of the ¥,;) are essentially the crossing rela-
tions, in one of their forms these are as in eq. (98). Let us consider for example the equation for
the cycle (125)

G52G21G15 =1 (193)
By using eq. (159), this equation can be given the form

D(&51)”' D(JEsp)e™ V2129 D (gps) ! -

D(JSzl)e_WZ'H‘/’Z')UZ D(Elz)_lD(Jéls)e_(‘/IIS'HWlS)O'Z =1 (194)

To simplify this expression one can then transform the spinors

Eab > Eqpy =P (195)
in such a way that

D(£ap) "' D(JEpe) > exp (260)¢Ty) . (196)

This transformation requires a change in the phases ¢,
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Pab > Pop = ab + Do + Dy (197)

This transformation is always possible for a given cycle, but it is not possible to put all the
egs. (98) into this form at the same time. We shall come back to this limitation momentarily.
Now, the equation for the cycle (125) reads

:nl2 : :n52 : :025 :
6_105 Uye_(‘//SZ‘H‘ﬂgz)Uze_l@z Uye_(‘//21+1(ﬂél)aze_10| U}'e_(‘//15+1(ﬂ15)52 =1. (198)

This equation can be solved explicitly for the phases v,; +i¢,p as functions of the 6,; (see [85]).
The result is that 21/, is again exactly related to the hyper-dihedral angles (to see this, one has to
realize that the ng are the dihedral angles between the faces (ca) and (cb) within tetrahedron c),
and the <p; » € {0, }. Note the prime on the variable. Hence, the final result is

Pab + By, + by, € {0, 7} (199)
The phases ¢, depend on the geometry of the 4-simplex. Explicitly one finds

¢ 1
b5 = 5 (ar8(Eab I Eac) + arg(ap. buc) )

1
= sarg ((Eup. JEac) (Bav Euc) ). (200)

Notice, also, that the expressions @up + ¢5;, + ¢;,, are independent of the initial (arbitrary)
choice of phase of the &,;, and therefore eq. (199) is meaningful.

Finally, one can, at least in principle, deal similarly with the equation for the cycle (234),
where H3| makes its appearance.

As a last remark, the phase appearing in the Chern—Simons functional evaluation is @, :=
2(@ab + @Pab + Pba), and this is also independent from the arbitrary phase of the spinors &,p.
This feature comes as no surprise, since the connection curvature is sourced by a function of the
spinors that is completely independent from their overall phases.

We leave a complete treatment of these parity-invariant terms for future work. But, before do-
ing this, we want to point out that they are related to what has been called in [148] the “framing”
of the triangles. This name comes from the fact that the phase of the spinors can be seen as an
arrow in the plane of the triangles, which the holonomies should consistently parallel transport
from one triangle and one tetrahedron to the next. If the 4-simplex is flat, after coming back to
the starting point, the framing should not change, while a precession could be present if some
curvature is present. This is the meaning of the “crossing” equation

G34G42Go3 = Hzy. (201)

To conclude, we draw the interested reader’s attention to Appendix E, where by performing
a perturbative evaluation of the Chern—Simons functional, we shed some light on the nature of
these non-Regge terms. In particular, these results show that the whole non-Regge term, including
the contribution from Ciopo, is parity invariant up to an integer multiple of 2713%,.

15. Areas and spins: a subtlety

Because the reconstruction of the geometry is performed using the vectorial representation, it
treats holonomies associated to triangles of area a and (27'[ R% - a) in the same way

O:exp[%aﬁj} =exp |:% (2nR§—a> (—n) Ji| ; (202)
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this comes at the price of simultaneously reversing our interpretation of 7. This is due to the fact
that the trivial SO(3) holonomy and that along the equator of a sphere are both associated to the
identity. Therefore, the holonomy around a triangle 7’ obtained by taking the equatorial comple-
ment of one side of a given triangle 7', is the same as the holonomy around T itself. Clearly, one
of the two is a non-convex triangle and cannot belong to the reconstructed 4-simplex. As was
made explicit in the discussion of 3-dimensional reconstruction theorem, “the sign” of 7 is fixed
by the convexity requirement. This choice, then, has consequences for the interpretation of the
area of the triangle, too.

This might appear to be an issue for the calculation of the action at the critical point. Indeed,
the quantities that directly appear in the calculation are the spins j,p, which might or might
not encode the physical area of the triangle, as a consequence of the ambiguity just described.
However, an intriguing coincidence saves the result.

Let us start by studying the spinfoam action associated to a given face, where not K%y j but
(27[ Ri — Z%,y Jj ) is the physical area of the corresponding triangle. Then, the spinfoam action of
this face becomes at the critical point

. . o
=2iyjy = —g% (2nR3\ - a) (—0) = ——20 + —0, (203)

2 ot
P tp Al

where we have also used the fact that the relation between 2¢ and ® must be corrected by a
minus sign, because the interpretation of the direction 7 is modified whenever the interpretation
of the physical area in terms of the spin is.

However, the evaluation of the Chern—Simons functional also gets modified, and the contri-
bution of this face to the variation —i(SCS|0 is

2iyjsy = — (2nR3\ —_ a) 5(—0) = 250 — i 50, (204)
p 5 [A]

where we neglected the contribution coming from the phase ¢. Note that the only difference
with the “standard” case, is the last term, which can easily be integrated without interfering with
the Schlifli identities; this is because the area of the triangle does not appear in this term at all.
Hence, when combining the spinfoam and the Chern—Simons contribution as in eq. (187), we
obtain absolutely no modification of the Regge part of the action when it is expressed in terms of
geometrical quantities.

This result, which appears here as a coincidence, deserves in our opinion further investiga-
tion, since it might point toward a more unified and geometrical treatment of the spinfoam and
Chern—Simons parts of the total action. In this direction, we already have some hints related to
a WKB analysis of the holomorphic 3D block structure hidden behind our construction. We are
actively working to make this construction precise [89].

16. Conclusions and outlook
16.1. Summary and result

In this paper we have studied the expectation value of the non-planar graph operator
Is(j.i|A, A) in SL(2, C) Chern-Simons theory with complex level / = e ANy~ +1),

60 This non-convex triangle 7’ looks like a cake missing a slice.
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Zes (8':15[7.7) = [ DADA S 141 (7. ). (205)
where

. h 2
CS[S3|A,A]=8—/tr(A/\dA+§A/\A/\A>
T
SS
h o2
—i——/tr ANdA+-ANANA). (206)
8 3
S3

This study has been performed in the double scaling limit

j, |k — 00 with j/|h| ~ const and arg(h) = const, (207)

corresponding to the semiclassical (A — 0) limit of the quantum amplitude of a 4-simplex in
quantum gravity including a cosmological constant. We showed that the critical point equa-
tions obtained in this limit can be interpreted as describing the geometry of a constant curvature
4-simplex flatly embedded in (3 + 1)-dimensional de Sitter or anti-de Sitter spacetime, depend-
ing on the details of the spins j and intertwiners i. To obtain this result, we showed that there
exists a precise correspondence (when neglecting some “degenerate” configurations) between
(7) the moduli space of SO(3) flat connections on the 4-punctured sphere and a homogeneously
curved Euclidean tetrahedron, and (ii) a particular subclass of the moduli space of SO(1, 3)%r

flat connections on the graph complement manifold M3 = S \ I's and a homogeneously curved
Lorentzian 4-simplex. More precisely this holds up to an orientation-flipping transformation of
the geometry. Notice that to state the second correspondence, we needed to specify a particular
subclass of the moduli space of the SO(1, 3)'T1r flat connections on M3. This subclass, is ex-
actly specified by the boundary condition on d M3 induced by the specific form of the graph I's.
The most important characteristic of these boundary conditions is certainly the fact that at each
vertex of 5 the four holonomies transverse to the edges meeting at that vertex are contained
in the same SO(3) subgroup of SO(1, 3)'{. Geometrically, this specifies a three-dimensional
spacelike frame for the boundary tetrahedra. Algebraically, this condition can be understood
as constraining arg(h) = arctan . Once these correspondences have been drawn, we calculated
the asymptotic behavior of the amplitude in the double scaling limit (d.s.l.), obtaining

Zcs (53; I's| ]7)
dsl NR[i,j] [%ei(z, 4O =AVs) 4y =il a,@,fxvzl)] [1 +O(j*1,h*1)]. (208)
To w_rite this formula we have taken into account t_he fac_:t that whenever the connection A =
(A, A) is a solution of the equation of motion, also .4 = (A, A) is, hence the two branches. Each

branch contributes the Regge action for a curved 4-simplex including the cosmological constant
(the two branches coming with opposite orientations),’!

10
S = Za,@, —AVy, (209)

t=1

61 Tn units where ¢ = # :(%, =1.
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where a;, ©; are the areas and dihedral angles associated to the ten triangles of the 4-simplex,
and Vj is its curved 4-volume. Both the areas and the 4-volume are considered to be positive
independently of the 4-simplex orientation. This result is closely analogous to what happens
in the Ponzano—Regge and Turaev—Viro state sum models of three-dimensional gravity, where
the tetrahedron amplitude, considered in the appropriate limit, gives the two branches of the
3-dimensional Regge action. However, the above formula also contains a new overall phase that
we have called the “non-Regge” phase NR[i, j]. We will discuss this phase briefly in the next
subsection.

At this point we want to stress one feature of this result relating to the origin of the 4-volume
term in the asymptotic formula above. This term stems from the evaluation of the purely
3-dimensional Chern—Simons functional on a connection solving the equation of motion dis-
cussed above. Unfortunately, this evaluation also produces extra terms, which we were not able
to fully interpret geometrically. However, to get rid of these extra terms, one can use the fact that
the solutions always come in pairs characterized, after having interpreted them as 4-dimensional
simplicial geometries, by opposite spacetime orientations. In fact, the extra terms happen to be
orientation invariant. Hence,

(210)

20V4 =CS[A, A]|, — CS[A, Al|, = R(RWI[A])|, — R(hW[A])

o o+

where the subscript “0” simply emphasizes the on-shell evaluation of the functionals.

Before moving to the issues this work has left open, we want to put forward an important
feature of the model that is strongly suggested by the results we have just summarized. The
space of dynamical vacua of spinfoam loop quantum gravity, that is, the space of solutions of
its equations of motion, is a subspace of the moduli space of a class of SL(2, C) flat connec-
tions on some graph complement 3-manifold. This type of vacuum is very different from the
Ashtekar-Lewandowski kinematical vacuum (and also from the Kodama state proposal). In this
approach the graph encodes departures from flatness, i.e. departures from the topological phase
of gravity, which is essentially given by (A)BF theory. This is much closer in spirit to the family
of alternative dual®” vacua recently revived by Dittrich and Geiller [80,81], and also bares strong
similarities with the framework proposed in the nineties by Crane.

16.2. Open issues and outlook

The present paper can be read as a preliminary test for the proposal of using Chern—Simons
theory as a fundamental tool in spinfoams. Having shown that a geometrical analysis of the
would-be 4-simplex amplitude is not only possible but also rich and insightful, elevates both our
interests and expectations in this line of research. As with any preliminary test, this paper has left
many questions unanswered.

One issue that definitely needs to be addressed is how to rigorously define our starting point,

that is the path integral formula for Zcg (S3; Is ‘], ;> We think that this is not a hopeless task,

since a lot of recent progress has been made in understanding SL(2, C) Chern—Simons theory.
In particular, following the work of Witten, Dimofte, Gukov, Andersen and others [17,8,10,9,
11,54], we intend to construct a path integral using holomorphic 3D blocks and a state integral

62 Dual here refers to the fact that it is the connection variable, instead of the flux one, to acquire a definite—though
trivial—value.
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model. This is in principle possible for the manifold we are interested in, that is M3 = $° \ I's,
since it can be triangulated by ideal tetrahedra.

A rigorous definition of the path integral should also eventually clarify the rdle quantum
groups play in our construction. To this end, another point that needs clarification is how the
phase-space structure of gravity reduces to that of Chern—Simons theory, and in particular how
the standard SL(2, C) spin-connection is substituted by the non-commutative Poisson connection
of Chern—Simons theory. Answering this question should help in understanding the role of the
new closure relation and of the new deformed spin networks that can be defined starting from the
model (as explained in [146] the deformed closure in terms of the transverse holonomies is the
classical analogue of g-deformed intertwiners).

From the perspective of the dynamics of quantum gravity, we have already emphasized how
our result bares similarities with the asymptotic behavior of the Ponzano—Regge—Turaev—Viro
state sum model of 3-dimensional gravity. However, it is of the utmost importance to bare in
mind that three-dimensional gravity is topological, and thus the Ponzano—Regge and Turaev—Viro
models are—completely consistently—triangulation invariant. In order to claim that we actually
have a full-fledged model of 4-dimensional quantum gravity, with its propagating degrees of
freedom, there is still a long way to go, and the most critical issue is definitely how to take the
continuum limit of our discrete model. A problem that in 3 dimensions is simply not present.
A very preliminary step in this direction, is to consider a manifold triangulated by more than a
single 4-simplex. This is a step we plan to take soon in a subsequent publication. This problem
is also intimately related to the question of what role graphs other than I's might play in the
construction. For the moment we just observe that dealing in full generality with closures among
more than four holonomies, which would correspond to polyhedra with more than four faces,
though attractive, is a priori a lot more complicated than the case considered here (see [109] for
progress on the flat pentahedron).

Another issue that we leave for future investigations is that of the non-Regge phase

) 2i ) i
NR[Eap, jab] := 5 Z Jab®ab + Z_Z(CQ) + Ct0p0)~ (211)
P a<b P

This object depends on the phase convention of the boundary state, which is physically harmless,
and also on some of the geometric data. The latter is potentially a dangerous feature for the
model, since these data might interfere uncontrollably with the dynamics of the model once
one considers more complicated complexes involving bulk triangles whose geometrical data are
integrated over (here we refer to the sum over the spins appearing in the spinfoam models).
Therefore, the effects of these phases must be studied in the context of an extended triangulation.
The hope is that in this context the phases associated to a given triangle add up essentially to
zero, in the relevant asymptotic regime. The above discussion applies to all the terms in the
previous equation except the very last one, Ciopo. This term contains what can be referred to
as the topological ambiguities (or choices) that one must make to define the amplitude. As an
example we cite the choice of a specific graph framing, which raises in particular the following
questions: how would the amplitude change under a change of the graph framing? Can this
change be made irrelevant once exponentiated by, for example, quantizing y? These are also
fundamental questions we will need to address in the future.

To conclude, we add a final aspect we think would be interesting to investigate in the future.
We would like to explore the physical properties of the new vacuum suggested by our result, and
in particular the nature of its perturbations. See [125] for a first step in this direction in the case
of the zero-cosmological constant EPRL spinfoam model.
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Appendix A. General relativity: notation and conventions

In this paper the signature of the metric is

n :=diag(—1,1,1,1). (A.1)
The conventions for the completely antisymmetric symbols are
1B =1 thus €o123 = —1. (A.2)
The Einstein—Hilbert action with a cosmological constant reads
SEn = % f(R —20)+/—gd*x + % f K Jq3dx (A.3)
M oM

where k :=87G =: Z%,/h (andc=1).

The Einstein—Hilbert action can be discretized on a 4D simplicial complex with 4-simplices
of constant curvature A. This discretization results in the Regge action, [18,154,149,19,155,156,
151],

1
SR:=; - Z a(t)et) — Z a(t)@(t)—l—;kW(o) , (A.4)

t internal t boundary

here ¢ and o denote the triangles and 4-simplices in the simplicial complex and a(z) is the area of
the triangle ¢. V4 (o) is the 4-volume of the 4-simplex o. The Lorentzian deficit angle hinged by
the internal triangle ¢ is €(¢), and ®(¢) is the Lorentzian, four-dimensional hyper-dihedral angle
hinged by the boundary triangle 7.° We have,

63 Here we follow the same convention of hyper-dihedral angles ©; (o) and deficit angles e(¢) as [149]. Note that in
Fig. 6 of that reference the deficit angle £(¢) is negative.
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e(t) = Z ®;(o) forinternal t,

o,lCo

o) = Z ®,(c) for boundary 7, (A.5)

o,tCo

where ®, (o) is the hyper-dihedral (boost) angle in a 4-simplex o hinged by ¢, and is the same
as ®,p in the main text. All the quantities entering Sgr are functions of the edge lengths of
the simplicial complex. The first and second terms in Sg are the discretizations of the scalar
curvature bulk term [ R and the extrinsic curvature boundary term / m K. The third term is
the cosmological constant term.

For a single 4-simplex, the bulk term of the Regge action is absent. Thus, the Regge action
reduces to

1
Sr(0) 1= —~ [Zawab — v4} : (A.6)
K a<b
where a,b =1, ---,5 labels the five tetrahedra forming the boundary of 4-simplex. Here a,p,

®,p are the area and hyper-dihedral angle of the triangle shared by tetrahedra a and b.
The Einstein—Hilbert action in the Palatini—Cartan formulation reads

1 1 A
Spc Z=——/ —GIJKLelAeJ/\fKL— —e”KLeI/\eJAeK/\eL

2k 2 12
M

1

+2— / e”KLeI/\eJ/\anwnL (A7)

K
oM

Define the 2-forms

Bl :=el ne’, (A.8)
implying that

1

Ze‘“’po BﬁBKI){UL = det(e)e! /KL, (A.9)

In terms of B!Y, the Einstein—Hilbert action in the Plebanski formulation reads

1 1 A 1
Sple := _Z/ (EGIJKLBIJ AFKE EGIJKLBIJ A BKL 4 E(/)IJKLBIJ A BKL)
1 1J Kq L
+2— erjrLB" Antdyn (A.IO)
K
oM
where @!/KL = _/IKL — _plJLK — (KLIJ g 3 tensor in internal space satisfying

eryxL@’’®L = 0. This tensor field serves as a Lagrange multiplier for the imposition of the
quadratic form of the simplicity constraints:

1 !
1J pKL 1JKL A
ZEMW)JBMUBPU ”6”6 ’ ( '11)
where ||e||d*x := ——41!61]KLB[J A BKL The nontrivial solutions of these equations are
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BL+(ere) and B=+x(ene). (A.12)

The first set of solutions reduces the Plebanski action to the Palatini—Cartan action.
Using the SL(2, C)-invariant bilinear forms < -, - > and < -, - > (see Appendix B), this gives

1 A
Sp]ezz—z—/<<B/\]-'>—8<B/\B>+<(<p|>B)/\B>>
K
M

1
+—/ <BAm®dyn) > (A.13)
K

oM

where (9> B) 1y = 3015 Bk .
Appendix B. Self-dual and anti-self-dual decomposition

In our notation for the basis 7!/ in the Lie algebra s[,C:

JY% =K' and JY=éUpJk (B.1)
where J/, K' satisfy
[JE, I =€V gk, (K, K/1=—€i gk and  [K', J/1=€Y Kk (B.2)

Given X in the complexification of sl,C, we define its self-dual and anti-self-dual parts X
and X_ by

1 . 1 i
Xy:= 5(1 FinX or Xy = 3 <XIJ F EEIJKLXKL> , (B.3)
so that
*Xi=+iXy and X=X, +X_. (B.4)
We compute
1 1 ..
Xi= XTI =Xk  + (Xa)ij 51"
1 i ij k 1 . 0k’ 1 ij 7k
=3 XOk:FEGOk Xij | K +§(Xij:|:1€ij XOk’) € kJ
1 i 1/1 .. .
= 3 (XOk + Eekl]XiJ) K*+ 3 (Eéljkxij ZF1X0k> Jk
11 ij . k 1/1 ij . k
=£5 | 3¢ Xij FiXoe | K" + 5 ( 5€ViXij FiXox | J
L . JkLikk
=13 kXij FiXok —
= (X2 T (B.5)
where we have defined
L , PAEST ¢
(X = 56 «Xij FiXok and T, := — (B.6)

A real element X € sl C satisfies Xk = xk.
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The complexification of s[;C is the same as two copies of complexified suy, i.e. sug X 5ug

is the self-dual and anti-self-dual decomposition of complexified sl,C. The generators Tfr or T!
form a basis in each copy of 5u§, satisfying
(7L, T{1= €/, T and [TL,T{1=0 (B.7)

The space of real symmetric invariant bilinear forms on sl;C is a 2-dimensional vector space.
We choose two independent non-degenerate bilinear forms <, > and <, > defined by

<TLTl>=67, <TiLT{>=0; (B.8)

<TL Tl >==+is", <TL T]>=0. (B.9)

It is also useful to specify the spinor representation of sl,C basis. In Weyl’s left-handed (%, 0)
representation the generators are represented by

. | .
Jki—%ak, Kki—iak — Tki—%ak =: 1k, (B.10)
In Weyl!’s right-handed (0, %) representation the generators are represented by

i 1 i
Jki—gak, Kk;zak — Tfi—iok =: k. (B.11)
In both left- and right-handed Weyl representations,
<X4,Y1 >=-2Tr(X+Y+) and <Xi,Ye>=F2Tr(X+Yy). (B.12)
Finally, notice that the right- and left-handed Weyl representations are related at the level of
the algebra by the operation
Xy Xe=—Xg, (B.13)
where the overbar stands for complex conjugation. At the level of the group this reads
G Gz =[(Gx)'T7! (B.14)

where T stands for Hermitian conjugation, i.e. for transposition followed by complex conjuga-
tion.

Appendix C. Variation of the action with respect to the connection

In this appendix we perform the explicit calculation of the variation of the total action I
with respect to the connections A’ (x) and A’ (x).

We start by discussing the functional derivative of the holonomies G,,[A] and GT HLA A]. These
holonomies are defined by

1
. der
G¢[A] ::]P’exp/AEIP’exp/AJ(E(s))t/d—ds, (C.1a)
7 ds

14
1

(G '[A] = Pexp/A Pexp / o))

o-1 0

d(z Ly

ds, (C.1b)
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where we have dropped the edge indices (ab), and introduced 27 1(s) := £(1 — 5). Note that
A= A}’;(x)r jdxV = Ai (x) Tjdx”, and the sign difference in the path-ordered exponential comes
from the fact that r; =-1;.

Clearly, if x ¢ £, then §G, /8 AL (x) = 0. Suppose then that there exists an sg € (0, 1) such that
£(s0) = x. In this case we can write

so+€
) . der
Gy[A] ZEIER)GI,SO-i-e I+ / Al (s))Tj de Gp—e,0 (C2)
So—€
and therefore
5G o dev
»[A] ) -
m = lim G1 4o / §P(x — Z(s))al.fa;rjads G (s9—).0
iz N
: dem
/5<3>(x — K(s))gds G150 G50 - (C.3)

0
We will often write the two-dimensional distribution appearing in this equation symbolically as
1
2
87 (x) 1= / 6O (x — £(s))

0

der
ds

ds . (C4

For the variation of the hermitian conjugate holonomy (G,)" with respect to AL (x), we find

- 1
5(Ge)'[A] / 3 Ly deThK
= [P — s ds | (Gs.0) 0 (G 5)"
(SA;L(X) ( ( )) ds ( so,O) l( l,s())

0

2
=5 (1) (G0 TGy (C.5)
Note the absence of a minus sign on t;.

With this equations we can immediately compute the variation of the spinfoam part of the

action S with respect to the connection. For this recall

S= )" 2jarIn(JEap. Zap) + 2jab (Zab. GabEba)

ab,a>b

+ jap(iy = D InGEap, GapG .y Zab), (C.6)

here we have used the rescaling symmetry of the variables z,5 to fix their norms to one. Then

( 8S ) _ Z Jab {2(Zaba [Ga,sabfiGsa;,,b]gba>
n = a —
S Al (x) M(Irg)=0 (Zab» Gabépa)

ab,a>b

t iy — 1) o [Casui Gy 0)G i Zab)

@)

S (x)
_ _ >
(Zab» GabGszab> b
=A+iyY) Y Jan(Eba [(Guyy) ™ T Gy plEba) 80" (x), (C7)

ab,a>b
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where the variables zZ,; have been eliminated using the equation of motion (/) = 0, that is
Epa XC G;bzab. Similarly, one finds

( 58 ) S unliy — 1y Gl G 1 Gas) Vo) g
= = a _ _ -1
SAL() /s (Zab» GabG 5y Zab) Cab

ab,a>b

=1 =iy) Y Jjabll(Guypp) " TiGyy b )Ebar Eba) 651 (x)

f_l
ab,a>b ab
. ; - 2
== =1y) Y jab((Gspps) " TGy Vebar Eba) 8 " (), (C.8)
ab,a>b
where in the last step we used 82%)1” x)= —8221)7 "(x), since the tangent vector fields along £~
ab “

and ¢ have opposite directions. .
We now calculate the variation of the Chern—Simons functional W[A] with respect to AL (x),

1 2
W[A]::E/Tr<A/\dA+§A/\A/\A>

1 . 1 .
= —Q/e"p” <5jkA£apA{; + gejk[A{,A];Ag,) dx? (C.9)
hence
SWIA] 1 . T
SALG)  BrC (A% — 3,40 + €75 4] %)
m
1 .

= _S—neM"ﬂF;p[A]. (C.10)

Clearly sW[A]/8 Al (x) = (SW[A]/S Al (x)).
Putting all the pieces together, one finally finds that

< X ) .h(a [A]> ( X )

. __1_ S AL TN ]

1 t !

SAI (x) (10 2 \3A),(x) R (1)=0 A}, (x) N(1)=0

_
~ 16

o€ P E AL (L iy) 37 JantEna, (G )T Gy o) ) (1)

ab,a>b

(C.11)

and

( 51 ) ﬁ(aW[A]) +( 58S )
= = —1—= = =
(SAIP‘(X) R()=0 2 (SAL’(X) NR()=0 8Afu(x) R()=0

ih

:+167r

P F A= (1=iy) Y jab{l(Goypp) " T Gy b)ba. Eba) S " ().

ab,a>b

(C.12)
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Fig. 8. The gluing of two future-pointing simplices. One spacial dimension has been suppressed for clarity, and the
subsimplex along which the gluing happens is dashed. Note the Lorentzian nature of the geometry in the way the normals
“rotate” under the action of boosts.

Appendix D. Lorentzian gluing

In this section, we discuss some details of Lorentzian simplicial geometries. In particular, how
one should treat the gluings of the various tetrahedra to one another in a way consistent with the
critical point equations discussed in the main text of the paper. We will assume throughout this
section that the reconstructed (i.e. geometrical) cosmological constant is positive.

The first observation is that the holonomy going around a face of a tetrahedron depends only
on the bivector u A n, where u is the timelike and n the spacelike normal to the triangle. In
future-pointing time gauge, i.e. when the tetrahedron is contained in the spacial slice t = 0, we
obtain u = (1,0, 0, 0) and n = (0, it). We have learned that n should be thought as the outgoing
normal to the tetrahedron if we want the closure equations to be consistent with the structure of
the 4-simplex and its orientation. Nonetheless, it is a simple observation that u A n = (—u) A
(—n) = —u An~, which tells us that if the tetrahedron is past pointing, we should interpret the
normal n’ appearing in the equation as the inward pointing one.

To convince ourselves that this is consistent with all the equations, let us focus on the parallel
transport equations J&' oc¢c G& and &’ oc¢c G J§ (the complex proportionality constants are auto-
matically inverses to one another because det G = 1). These equations, once read in the vectorial
representation, tell us that the proper orthochronus Lorentz transformation associated to G sends
the direction 71(§) := (£, 6 &) into the direction #(J€') = —i(§'), where i1 (§) and A(£') are the
spacelike normals to the same triangle as “seen” from two neighboring tetrahedra.

Before starting, note that an oriented 4-simplex necessarily contains at least one future-
pointing and one past-pointing tetrahedron as part of its boundary. Moreover, by convexity, when
all the boosts are smoothly sent to zero, two future pointing (or two past pointing) tetrahedra must
be glued on opposite sides of the common face, while a couple of oppositely pointing tetrahedra
must be glued on the same side of the common face. This is a consequence of the fact that proper
orthochronus transformations cannot cross the light-cone.

Let us consider first the case in which both tetrahedra are future-pointing. In this case, the
claim above mirrors the usual Euclidean result that to glue two neighboring simplices across a
face, while preserving orientations, their normals should be in opposite directions. This can be
seen particularly clearly in the limit in which G goes to the identity, see Fig. 8.

Let us consider the analogous case in which both tetrahedra are past pointing. In this case,
as we have already argued, both spacelike normals should be considered to be inward pointing.
Furthermore, the boost G sends one normal into minus the other.
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Fig. 9. The gluing of a future-pointing simplex to a past-pointing one. One spacial dimension has been suppressed for
clarity, and the subsimplex along which the gluing happens is dashed. Note the Lorentzian nature of the geometry in the
way the normals “rotate” under the action of boosts.

We are finally left with the case in which one tetrahedron is future pointing and the other is
past pointing. In this case there is clearly no proper orthochronus Lorentz transformation sending
one timelike normal into the other. Similarly, one cannot start with two tetrahedra glued to the
exterior of one another to then boost them into their final position, see Fig. 9. However, the fact
that the two tetrahedra lie on the same side of the common face, is in perfect agreement with the
facts: (i) that one spacelike normal points outwards and the other one inwards, and (i) that one
must have in the limit in which G is the identity n(§') = —n(§).

Another way to see that all of this is consistent, is the following. Instead of speaking about the
normal vectors associated to the faces of the tetrahedra, in 4 dimensions it is more appropriate to
talk about the bivector associate to them. Call the bivector associated to the face (ab) Bp, when
it is written in the frame of tetrahedron b, and B, when it is written in the frame of tetrahedron
a. Now, to match the orientations, we should glue t~he two tetrahedra logether across the common
face and require Byp = —Bpa. However, By = Njp A npq, where Ny is the timelike normal to
tetrahedron b and np, is the normal to the face (ab) as seen from tetrahedron b. Therefore if Nj,
and ﬁa have the same time direction, nj, and n,4, must have opposite space directions. Similarly,
if ﬁb and ﬁa have opposite time directions, np, and n,, must have the same space direction.

As a last step in this discussion, we want to relate two different ways of writing the bivector
associated to a triangle. The first way to write the bivector By, is

By = oM Na D.1)
[Np A Nal
where Ny, is the oriented timelike normal to tetrahedron b. When expressing this in the frame of
tetrahedron b, we find

(£p)ut A Ny (b)
INp(b) A Nq(b)|’

where +, corresponds to whether tetrahedron b being future or past pointing respectively. Now,
the time component of N (b) does not matter, because the wedge product is antisymmetric and
u=(1,0,0, O)T has no spacelike component. For what concerns the spacelike part, since ﬁa (b)
is orthogonal to the triangle (ab), it must be proportional to np,. The question is whether it is
parallel or antiparallel to it. We see that in both Fig. 8 and Fig. 9, when Np(b) = +u, the spacial

Bpq (b) = (D.2)



H.M. Haggard et al. / Nuclear Physics B 900 (2015) 1-79 71

part of &a (b) is always antiparallel to 7p,. It is not hard to see that when ﬁb (b) = —u, the spacial
part of N, (D) is always parallel to 75,. Hence, the following equality holds

Bpa (b) = IXb(b)Aya(b) — UNRpg ’ (D.3)
INb(b) A Na(b)] lu A npal

where in the last equality np, is understood to be (0, 7ipq).
Appendix E. Perturbative evaluation of the critical Chern—Simons invariant

In this appendix we perform a perturbative evaluation of the Chern—Simons invariant at the
critical point. This calculation has the advantage of being completely explicit, and moreover
gives a flavor of what the non-Regge contributions might be.

The idea is to treat the graph as a weak source, in the sense that j/h ~ Aj ~ const K 1,
and to expand the Chern—Simons invariant in a formal power series in j/h around the (vanish-
ing) value it has on the trivial flat connection. Geometrically, this corresponds to evaluating the
Chern—Simons functional for a 4-simplex whose physical size is very small with respect to the
radius of curvature. We are, in other words, expanding around a flat solution to the equations of
motion.

At leading order, the transverse holonomies are all trivial, and can be replaced (at the first
non-trivial order) by elements of the Lie algebra, the usual loop quantum gravity fluxes,

4 (1 . . oA > 2.2
Hab=H+7 ;"'1 YjabNab - T + O(j7/h7). (E.1)
Thus, the closure equations (at the first non-trivial order) can be expressed as linear relations
amongst Lie algebra elements,

Y Viaphay T =0/ h?). (E.2)
b.b+a

The latter equation can be interpreted as a consistency condition involving the boundary data
only, which should be imposed also at the purely flat level.

The equations for the longitudinal holonomies also trivialize, and at the leading order they
encode the fact that these holonomies are pure gauge and therefore come from a connection that
is pure gauge:

Gap = ga_lgb for all (ab) except
4

Gpn=g; &2+ p

(% + i) vin 85 g3ia - Tg5 g2+ O/ h?). (E.3)

For notational clarity, let us introduce the pure-gauge connection (A, A®) defined on the
whole of 3. Its transverse holonomies H(?b := H,,[A°] =1 are trivial, and the longitudinal ones
ng := G4p[A°] are pure gauge, i.e. ng = (gg)_lgg. This connection clearly solves the leading
part of the previous equations. We also introduce a notation for the solution of the flat closure
equations (j%,, £9).%%

64 In principle we should also deal with the parallel transport equations for the &,; and therefore with the CP! variables
Zaqb- Since these will not enter the following calculations explicitly, we leave them aside.
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Clearly, the contribution of these leading order solutions to the Chern—Simons invariant
W[A®] is not very interesting, since it is just zero modulo 2. To consider the first non-trivial
contribution, we introduce the notation,

(A, A, jap, Eap) = (A%, A, 7, 60 ) + (BA, 8A, 8jab, 8Eap)- (E4)

Clearly the “§-variations” should be considered small, with respect to the leading order solutions,
in the sense that such variations are of order j/h < 1,

(8A, 84, 8jab, 85ap) ~ O(j/ h). (E.5)

Now, evaluated on the connection A, the Chern—Simons functional can be formally developed
in powers of the small parameter (j/h),%

1
W[A] = 4—/Tr(8A A F[A)) + 0@/ ). (E.6)
T
S3
Notice that in the previous expression, F' ~ O(j/ h) since it is sourced by the graph, and therefore
there is no term of order O(j/h). This should be expected, since we are perturbing around one

of the solutions of the equations of motion of W[A] itself. Explicitly the curvature F[A] is given
by

. 16 .
P FlTAG)] = =2 +i7) Y oo v [ (Go) ™7 G | 50) 80 @), ED)

a>b

and by inserting this expression into the perturbative equation for W[A], one obtains®®

WIAT= ~ (419 Y o G [ Gl 5G| ) (ES)
a>b
Let us now evaluate what G, is in this context. First of all §Gj; should be understood as
8Gyp := Gap[A]l — Gap[A°], where the equality holds between 2 x 2 complex matrices. From
the equations of motion, we have

8Gap = (&) 7' (Bgp — 8ga)g)  for all (ab), except (E.9a)
_ _ a7 (1 . A - _
8Gar = (gD 71682 — 8gn)g) + (gD g [7 (; +1) Visihsi ~r] (g9 'gd.  (BE.9b)

To obtain these expressions, we have parametrized the variations in the g, € SL(2,C) by g, =
T+ 6gq) gg. Again to simplify notation, we abbreviate the term appearing in square brackets in
the expression of §G4 by F3;1. Hence,

1 1
WiAl= - (i + ;) > Viab(Eva: [ 85" 88— 380)b ] 6va)

a>b

1 1
- (i + ;) vl [85" (83F085 ") 82 ] €20) + 0GP/, (E.10)

65 We have W[A0 +8A] = W[AO] + # fs3 Tr [SA A DOBA} + O(6A3), where D denotes the covariant derivative
with respect to AO. Neglecting the contribution of W[A®] which vanishes modulo 27, we obtain the stated result by
observing that 7= [¢3 Tr (BA A D08A> = L [ Tr(GA A FIAD + 0(5A).

66 The mathematical manipulations used to obtain the following formulae are the same as in the main text, and are
therefore skipped.
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Now, we claim that the first term, in spite of appearances, is also of order O (j3/h?). The reason
for this hides in the linearized closure equation (E.2). Indeed, by means of the parallel transport
equations we obtain

3 yian [ 6 — S50 ] )

a>b

1
= =" Viab | (€va- 85 080808b0) — (JEabs 878880 un) | (E.1)

a>b
The second term on the right-hand side can be manipulated by using the following identi-
ties: (Jw,z) = —(Jz,w), and —JgJ = (g~ 1T, for any g € SL(2,C), from which one can
deduce —JxJ = —xT for any x € 50,C.%7 Therefore, recalling that §g € sl,C, one obtains
(JEup, g;]‘sgagaJSab) =—(&uwp, g;]‘sgagaéczb>: and hence

3 Janr e, [5G — 809 | &

a>b
1 . J—
= Z Z Z V]ab(éab, 8a lagdgagaw
a b,b#a
i . o ‘
=55 D Mj(8a)d8, Y Viavig, = 0G/ 1), (E.12)
a b,b#a
where we used the fact that 5g, = 585 k=~ %(Sggtk , and the relation between spinors and face

vectors Agp = (Eqp, 0Eap). Also, we made use of the following relation g_lakg = A(g)kjo-/,
which simply follows from the fact that the Pauli matrices are a basis of the complex vector
space of 2 x 2 complex matrices of zero trace.

In the end, we are left with a quite compact expression for the leading order contribution to
the Chern—Simons invariant at the critical point:

1 1
WiAl=—— (i + ;> Viejuas 87" (6Fugs") 2] &0) + 0G0, (®13)

Notice that this term is actually associated to the presence of a crossing in the graph I's. By
reinserting the explicit expression for F3; one immediately obtains

_477-12..4( -1 3,73
W[A]__ih_2 1+; (vVj24) (v j3n3, (624, G5 T G32624) + O (7 / h7)

2 (. 1 2 . . N 3,13
=37 1+ " (Vj2a) (Y J31) A(G32)kjiz iy, + O (7 /7). (E.14)

Thus, the full Chern—Simons invariant relevant for the asymptotics reads

CS[A] = %W[A] + %W[A]

. 1\ . nk AJ
=% (1 + ;) (7/124)(VJ31)A(G32)kjn’§1ﬂ§4 +c.c. (E.15)

67 Indeed, let g =expx, then (gfl)T = (exp —x)T =exp —xt.
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At this point, one can start drawing a connection with the geometry of a flat 4-simplex. In
order to do this, consider a flat 4-simplex, whose sides {Sz7, S35, Ss53, S35} all start at vertex 5
and end at vertex {1, ..., 4} respectively. The volume of the four simplex can be calculated via

4!'Vy = det(Ss1, S33, S53, S53), (E.16)
where a certain topological orientation of the 4-simplex has been assumed. This formula can be

equally well expressed in terms of the bivectors x B3| (5) := 835 A 833 and *324(5) = 8z3 A S5,

vv b 1J kL _ 1
AV = 4EIJKL(*B31) (xB)" " = 5 *B31,xBy4 >, (E.17)

where in the last expression we identified the bivector =B, with the corresponding sl,C element,
that is %(*Ba;,)l J 71 7. Note that in this formula it is crucial that all the bivectors are defined at

the same point. Though it is not relevant whether this basepoint is vertex 5 or something else.
It is now immediate to write the volume as the sum of two piece, each associated to either the
selfdual or anti-selfdual parts of s[,C,

2 x 4 Vs =i(xB)F Bk —i(xB3)F (xByy k. (E.18)

Now, the Lie algebra element xB,p(a) in the frame of tetrahedron a is given by(’8

*Bap (@) =29 jap %1 Anap)' T1 7 =29 japfiap - J
=2Y jablab - Ty + 2V jabfap - T— . (E.19)

It is not hard to realize that when parallel transported by the holonomy G.,, this expression
becomes®”

*Bap(€) =2V japhab - [Gca ’I_L+Gzali| +2¥ jabfab - [Gc'cz 7_:7 GL_al:I
=27 jab MG o)l T + 27 jap K (Gea)ijly T (E20)
Going back to the Chern—Simons invariant, the previous results tell us

A /(1
CS[Al= 2 (; + i) (*B5;3)**BF,3))

A1l . - — i
T8 <; - 1> (B3 Q) By 3+ 0/ )

A
T [i(*B;] BN *BY,(3))k — i(xB;, (3))"(*32*4(3)),{]

A
SAn & <*B31(3), ¥B2(3) > +0(j*/ ). (E21)

Therefore, we obtain the cosmological term plus an extra term that is orientation-reversal invari-
ant. Such a term mirrors the “twisted volume” term of the continuous action of eq. (35).

68 The factor of 2 is due to the fact that vJ is the area of a triangle, and not that of the parallelogram defined by Ss5
and Szj.
69 Notice that because By, is real, its selfdual and anti-selfdual components are related by complex conjugation.
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At this point, one might wonder where the sign of the cosmological constant has been fixed
in this derivation, where the reconstructed 4-simplex is flat. The point is that by changing the
sign of the cosmological constant, one changes the sign of the unit vectors 7,5 appearing in
the holonomies. As a consequence, one is forced to change, at the same time, the orientation
of the reconstructed 4-simplex, in order for the (curved) closure equations to have a meaning.
This change in orientations flips the sign in the formula relating the 4-volume to the bivectors.
Note that to understand this change in sign we need to appeal to the curved equations of motion.
Indeed, these are the only equations that can be sensitive to the sign of the curvature, since in the
flat approximation this information is completely lost.

The j-independent integration constant Cjy; in eq. (186) does not show up at the leading
order in the perturbative computation. It cannot appear at higher orders since it is j-independent.
Therefore Ciy is vanishing up to some topological information, e.g. the framing of graph or
gauges. So, Cjy is a parity invariant contribution (up to an integer multiple of Zn@,).

To conclude, we observe that the volume (as well as the “twisted volume”) terms can be seen
as coming from the crossing in the I's graph, and that this result is consistent with the earlier
argument of [47], which used the Vassiliev—Kontsevich invariants.
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