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Abstract

An existence theorem for stationary discs of strongly pseudo-convex domains in almost complex mani-
folds is proved. More precisely, it is shown that, for all points of a suitable neighborhood of the boundary
and for any vector belonging to certain open subsets of the tangent spaces, there exists a unique stationary
disc passing through that point and tangent to the given vector. This result gives a generalization of a theo-
rem of B. Coupet, H. Gaussier and the second author, originally proved only for almost complex structures
which are small deformations of an integrable one.
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction

Analysis on almost complex manifolds recently became a rapidly growing research area in
modern geometric analysis, due to the impulse given by the fundamental paper of Gromov [4],
where deep connections between almost complex and symplectic structures have been discov-
ered. Strongly pseudoconvex domains in almost complex manifolds play a substantial role in
Gromov’s approach. However, many basic questions on this class of domains are still open. The
aim of our paper is to study a class of invariants of these domains, which generalize the so-

* Corresponding author.
E-mail addresses: andrea.spiro @unicam.it (A. Spiro), sukhov@agat.univ-lille1.fr (A. Sukhov).

0022-247X/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.04.011


https://core.ac.uk/display/82478314?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

270 A. Spiro, A. Sukhov / J. Math. Anal. Appl. 327 (2007) 269-286

called stationary discs, introduced by L. Lempert for analyzing the Kobayashi metric of bounded
domains in C".

The family of stationary discs consists of a special class of holomorphic discs that are attached
to the boundary of a bounded domain. They were considered for the first time in the celebrated
paper [10]. In that paper, Lempert showed that the extremal discs for the Kobayashi metric of a
strongly convex domain D C C”, coincide with the stationary discs, i.e., with the holomorphic
discs admitting a meromorphic lift to the cotangent bundle 7*C", with the boundary attached
to the conormal bundle of d D and with exactly one pole of order one at the origin. Lempert’s
idea of stationary discs turned out to be a very important and fruitful tool in a variety of topics of
research, like e.g. Kobayashi metric, boundary regularity problems, moduli spaces of bounded
domains, complex Monge—Ampere equations.

Many authors developed the theory of stationary discs. We limit ourselves to mention the
recent Tumanov’s paper [13], where a very simple definition of stationary discs (equivalent to
Lempert’s definition) is given and is immediately generalizable to the almost complex setting.
The wide range of applicability of the stationary discs, even for questions non-related to the
boundary of pseudoconvex domains, is made evident f.i. in [13] and it represents one of the main
motivations for studying them also in the almost complex case.

The concept of stationary discs of a domain D in an almost complex manifold (M, J)
(i.e., of J-holomorphic maps f:A c C — D, with f(dA) C dD and admitting a lifted map
f : A — T*M with the same properties of Lempert’s stationary discs) was used for the first time
in [1]. In that paper, the authors proved that if D admits a diffeomorphism ¢: D — B" C C”" so
that J' = ¢, (J) is a sufficiently small deformation of the standard complex structure Jg, then for
any p, € D and any v € T, D, there exists a unique stationary disc f: A — D, with f(0) = p,
and f*(%) € Rv. Moreover, using the stationary discs passing through a given point p,, for any
domain D with the above properties, they also proved the existence of a natural diffeomorphism
@ :D — B" C C", with ¢(p,) =0, in perfect analogy with what occurs for the convex domains
in C". Such diffeomorphism @ : D — B" is called (generalized) Riemann map and it is a biholo-
morphic invariant of (D, p,). In fact, if f: D — D’ is a (J, J')-biholomorphism, C'-smooth up
to the boundary, between D and another pseudoconvex domain D’ C M’, then the Riemann map
¢’ : D' — B" of (D', f(p,)) is exactly the map ¢’ = f o ¢.

In this paper, we are interested in the existence and uniqueness problem for stationary discs
of a strongly pseudoconvex domain D in an almost complex manifold (M, J) with no further
assumptions on J or D. Our main result is the following.

Theorem 0.1. Let D be a smoothly bounded strongly pseudoconvex domain in an almost complex
manifold (M, J). Then there exists a neighborhood U of the boundary I' = d D such that for any
q € U N D and any vector v of a suitable open neighborhood of a codimension one complex
subspace V; C Ty M, there exists a unique stationary J-holomorphic disc f : A — UN D, with
f(@A) C I' and with a lift f on T*M, Hélder continuous up to 94, so that f(0) = q and
df (5¢lo) € Ru.

We want to point out that, by definition, the lift f : A — T*M of a stationary disc f: A — D
(see Definition 1.3 below) maps dA into the so-called “conormal bundle” of 9D, which is
a totally real submanifold of T*M [12]. By the reflection principle for pseudoholomorphic
curves [7], one immediately obtains that the stationary discs of this theorem are actually smooth
up to the boundary.
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In addition, the proof gives precise information on the complex subspaces V, C T, M,
g €U N D. In fact, let us fix a point p € I' = 9D and let [qo, p] be a segment with endpoints p
and go € D which is orthogonal to D with respect to some Riemannian metric on M. Then
there exist a neighborhood U/ of d D, which satisfies the claim of theorem, and a neighborhood
U’ c U of p on which:

(a) there is a system of coordinates centered at p;

(b) I and J have coordinate expressions in the so-called “standard form” (for the definition, see
Section 2).

(©) [go, p1NU’ is a part of the coordinate axis z! =---=z""! =Imz" =0.

Under the identification of &’ with an open subset of C" determined by such coordinates, for any
q € [q0, pINU' the subspaces V, are given by the complex (n — 1)-dimensional spaces parallel
(in C") to the holomorphic tangent space of 9D at p = 0. Of course, a different choice of the
considered Riemannian metric corresponds to different possibilities for subspaces V.

The main ingredient of our proof consists in a scaling argument, which allows to consider
the Riemann—Hilbert problem defining the small stationary discs, as a continuous deformation
of the Riemann—Hilbert problem which determines the stationary discs of a suitable “osculat-
ing” almost complex structure. After proving the existence of stationary discs for the osculating
structure, the result follows as a direct application of the Implicit Function Theorem. We should
mention that the “osculating” almost complex structure which occurs in our proof is an object
with a relevance of its own and we refer the reader to [3] for a deeper analysis of its properties.

We remark here that, in the standard case, the results of Lempert [10] and M.-Y. Pang [11]
give the existence of stationary discs attached to “convexifiable” regions of d D. This gives imme-
diately the existence of stationary discs attached to sufficiently small open sets of the boundary
of a strongly pseudoconvex domain. Our result can be considered as a natural extension of this
fact in the almost complex setting.

Secondly, we should warn the reader that it is not possible to obtain our main theorem as a
corollary of the results in [1]. In fact, in order to use the existence theorem of that paper, one
should show that for any point p,, sufficiently close to dD, it is possible to find a system of
coordinates in which the expressions of J and of 9D are well approximated by those of Jg
and d B" at the same time. But one can find such systems of coordinates only if some additional
hypotheses on J are assumed (e.g. the vanishing of the Nijenhuis tensor at some boundary point).

An immediate application of our Theorem 0.1 is the non-trivial fact, recently proved in [6],
that for any point p, of a strongly pseudoconvex hypersurface I" there exists a one-sided neigh-
borhood that can be filled by J-holomorphic discs with boundaries attached to I". Furthermore,
the following analogue of Fefferman’s theorem can be obtained as direct corollary of Theo-
rem 0.1.

Corollary 0.2. Let D C M and D' C M’ be two C* smoothly bounded, strongly pseudoconvex
domains in two almost complex manifolds (M, J) and (M, J ). Then any biholomorphic map
f:D — D’ of class C' (D) is C* smooth up to the boundary.

This result was first proved in [1] under the additional assumption that J is small deformation
of an integrable structure (this last hypothesis is not explicitly written in the statement of [1, The-
orem 3], but it is constantly assumed as true in all that paper). We also remark that Corollary 0.2
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holds also if the hypothesis on the boundary C!-smoothness of f is removed. This stronger result
has been proved in [2,3] with quite different methods.

Beside Corollary 0.2, we expect that our result can be used to extend to the almost complex
setting many other classical results on the regularity of CR maps. In our opinion, this problem
certainly deserve further investigations. It would be also quite interesting and useful a character-
ization of the stationary discs in terms of some extremality property, analogous with what occurs
in the classical case [10,13]. Such a result would imply the invariance of the stationary discs of
pseudoconvex domains under biholomorphisms with boundary regularity weaker than C'.

The structure of the paper is as follows: after a preliminary section, in Section 2 we give the
concept of osculating structures and prove the existence of a continuous deformation between
the Riemann—Hilbert problem for stationary discs of the given almost complex structure J and
attached to a given boundary d D and the corresponding problem for the osculating structure. In
Section 3 we give the explicit expressions for the Riemann—Hilbert problem determined by the
osculating structure and in Section 4 we prove the main theorem by showing that the deformation
described in Section 2 satisfies the hypothesis of the general Implicit Function Theorem.

Everywhere in this paper, we will denote by Jy the standard complex structure of C”, given
by the multiplication by i = +/—1, and by A the unit disc in C.

1. Preliminaries
1.1. Almost complex structures

Let (M, J) be an almost complex manifold, i.e., a manifold M endowed with an almost com-
plex structure J. We remind that an almost complex structure J is a smooth tensor field of
type (1, 1), such that sz = —Id at any point x € M.

We recall that if M is a complex manifold (i.e., a manifold endowed with an atlas of complex
coordinate charts & :/ C M — C" that overlap biholomorphically), then it is naturally endowed
with an almost complex structure J. In fact, it suffices to consider the tensor field J which, in
any holomorphic system of coordinates & = (z] , ..., 2", 1s defined by

3 3
Jx(a_z"):*/__la_zf' (1.1

An almost complex structure J is called an (integrable) complex structure if it is the almost
complex structure defined by means of (1.1) by an atlas on M of complex coordinate charts that
overlap biholomorphically.

The standard complex structure of C" (i.e., the almost complex structure determined by the
standard coordinates of C"*) will be always denoted by Jg;.

Given two almost complex manifolds (M, J) and (M’, J’), amap f:M — M’ is called
(J, J")-holomorphic if df o J, = J' odfy at any x € M. It is well known that, in case M and M’
are complex manifolds, then f is holomorphic if and only if the expression of f in two systems
of holomorphic coordinates for M and M’ satisfies the classical Cauchy—Riemann equations.

Any (Js, J)-holomorphic map f: A — M from the unit disc to an almost complex manifold
(M, J) is usually called a J-holomorphic disc.

It is well known that for any complex manifold M, the cotangent bundle 7*M has a natural
structure of complex manifold and the complex structures J and J of M and T*M, respec-
tively, are such that the natural projection 7w :T*M — M is holomorphic. This property has
been generalized by Ishihara and Yano in [5] for any almost complex manifold (M, J) and its
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cotangent bundle 7*M. We summarize the key points of Ishihara and Yano’s result in the next
proposition. In the following, given a system of coordinates & = (x!,..., x*"):U ¢ M — R*"
on M, we call “associated system of coordinates on 7! (f) C T*M” the set of coordinates
&= (xl, L xn D1, .-, P2n), which associate to any o = p; dx' € T)M C 71_1(2/{) the coordi-
nates (x') of the point x and the components (p;) of « with respect to the basis dx'. Moreover, if
J} :U — R are the real functions which give the components of a (1, 1) tensor J = J;. 337 Qdx’,
: . . aJ :
we denote by J j‘ « the partial derivatives J]’ kdéf ﬁ
Proposition 1.1. [5] For any almost complex manifold (M, J), there exists a unique almost com-
plex structure J on T*M with has the following properties:

(1) the projection w : T*M — M is (I, J)-holomorphic;
(i) for any (J, J')-biholomorphism f : M — N between two almost complex manifolds (M, J)
and (N, J'), the natural lifted map f:T*N — T*M is (I, J)-holomorphic;
(iii) if J is a complex structure, then J coincides with the natural complex structure of T*M
(iv) for any system of coordinates on the cotangent bundle, which is associated with some co-
ordinates & = (xl, e x2”) UCM—R™on M, lf]Jl denote the components of J in the
coordinate basis, for any « € T*M*, x €U,

. 9 9
Jo =J(x)dx' ® Py +J(x)dps ® 3_171

1 ¢ ¢ ‘ d
5 pa(= I+ TG+ T = T, 0)) dx' @ o (1.2)
The almost complex structure J will be called the canonical lift of J on T*M.

1.2. Hypersurfaces and holomorphic distributions

Let S C M be a submanifold of an almost complex manifold (M, J). The J-invariant (or
J-holomorphic) distribution of S is the collection of subspaces D, C Ty S, x € S, defined by

Dy ={veT.S: J)eT.S}. (1.3)

Notice that the real subspaces D, are given by the real parts of the vectors V € TXCS C TXCM
such that JV =iV. If we consider the subbundles 7Y M and T©-D M of the complexified
tangent bundle TC M, given by the (4i)- and (—i)-eigenspaces of J in the complexified tangent
spaces Tx(CM , X € M, we may also say that D, is given by the real parts of the vectors in the
subspaces

DE=T1CsnT-OM.

Assume now that I” is a hypersurface in M. Notice that, in case I" is (locally) defined as the
zero set of a smooth real-valued function p (i.e., I’ = {x € M: p(x) = 0}), then the 1-form on M
defined by

9 =(dpo lr,r,
is so that

ker |, = Dy
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for any x € M. We will call any such form a defining 1-form for D and we will call Levi form at
x € I' associated with ¥ the quadratic form

L (v) def —d¥y(v,Jv), foranyveDy CT\I.

Notice that, for any vector field X with values in D such that X, = v, we have that
L) =—do (X, JX)=—-X(0(X))|, + IX((X))], +9:([X, I X])
= 0. ([X, J X]), (1.4
because ¥(X) =9 (JX) =0.
Notice also that, up to multiplication by a non-zero real number, £, does not depend on ¥.

Moreover, by polarization formula, we may say that Ly is the quadratic form associated with the
symmetric bilinear form (IL)}, where L, is the bilinear form defined by

Ly:D, x Dy — R, Ly(v, w) = —d, (v, Jw)

and (L) is the symmetric part of £, i.e.,

L) (v, w) = —%(dl?x(v, Jw) + dd(w, Jv)).

If J is an integrable complex structure, the bilinear form L, is symmetric and it coincides
with (Ly)*.

Definition 1.2. We say that an oriented hypersurface I" C M is strongly pseudoconvex if the Levi
form L, is positive definite at every point x € I", for some L, associated to a (local) defining
function p of I' such that dp,(n) < O for any vector n € T, M, which is considered as pointing
outwards according to the orientation of I".

In all the following, when I" is oriented, we will consider only local defining functions satis-
fying dp|r(n) < 0 for any outwards pointing vector field n.

We conclude this section by recalling the definition of conormal bundle N*(I') of a hyper-
surface I' C M. Consider the submanifold 7 ~!(I") ¢ T*M. The conormal bundle N*(I") is
defined as the subbundle of 7~ (I") given by

def

NI EeeTiM, xel: alr,r =0} ca™ (I cT*M.

1.3. Stationary discs of real hypersurfaces in an almost complex manifold

Let (M, J) be an almost complex manifold. Notice that, on any tangent space 7y M and any
cotangent space 7,"M, we may consider the following natural action of C. For any a +ib € C,
veT,M and a € Ty M we set

@+ib) v av+piw), @+ib)-a&aa+bI (), (1.5)

where J* is the complex structure of 7;* M defined by J*(c)(-) def a(J (+)). Notice also that such
an action of C commutes with the push-forwards and pull-backs of holomorphic maps. More
precisely, if f: M — N is a holomorphic map between two almost complex manifolds (M, J)
and (N, J'), then

Je(G-v)=C- fu(v), [fCa)=¢ fH ),
foranyve TM andany @ € T*N.



A. Spiro, A. Sukhov / J. Math. Anal. Appl. 327 (2007) 269-286 275

We may now introduce the crucial concept of “stationary disc” in almost complex manifolds.

Definition 1.3. [1,13] A continuous map f: A — M is called disc attached to a hypersurface
I' C M if f| is J-holomorphic and f(0A) C I".

An attached disc f is called a stationary disc of I (or, shortly, I"-stationary) if there exists a
continuous map f : A — T*M such that:

(a) it projects onto f,i.e., T o f: I

(b) f|a is J-holomorphic;

(©) g“_l . f({) € N*(I') \ {zero section} for any ¢ € dA, where “-” denotes the action of C
on T*M defined in (1.5).

If f is stationary, any map f satisfying (a)—(c), is called a (J-holomorphic) lift of f.

Remark. We have to mention that, in the literature on stationary discs, what is usually called
“lift” is the meromorphic map f*(¢) =¢~!- f(;) and not the map f (see e.g. [10,13]). It goes
without saying that there is a natural 1-1 correspondence between the two kinds of lifts, but, in
the following arguments, our new terminology turns out to be slightly more efficient.

We conclude this preliminary section, recalling that the condition for a map f: A — U to be
J-holomorphic is equivalent to the condition

Jodf(%):df(]st<%>>. (1.6)

In fact, the necessity is obvious, while the sufficiency follows from the following argument (see
e.g. [6]): if (1.6) holds, by considering the linear maps df; and Jy () as extended to C-linear
maps between the complexified tangent spaces and observing that any vector v € T;C can be
expressed as v = (a +ib)dy for some a + ib € C, we have that for any v

Jodf(v)=(a+ib)- <J odf(%)) O 4+ ib)- df(]st(%>> —df o Ju(),

which is the J-holomorphicity condition. Replacing % = % + % condition (1.6) becomes

AV AT XA

In case M is identified with an open subset of R?” ~ C" by means of a system of coordinates
(see also next Section 2) and recalling that the multiplication by i corresponds to the standard
complex structure of C", we obtain the following very useful expression for the condition of
J-holomorphicity:

0 0
J+ JSt)f(g)(df(i>> +(J — Jst)f(;)(df<&>> =0. (1.7)

2. Standard forms and osculating pairs for almost complex structures and strongly
pseudoconvex hypersurfaces

Let (M, J) be an almost complex manifold of real dimension 2n and let &/ C M be an
open subset, which admits a system of coordinates. Notice that any coordinate map & =
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byl X"y U € M — R¥ = C" gives an identification of I/ with the open subset

EU)cCr = {(zl, b, 7 défxi + iyi}. In particular, this identification allows to consider
on U the standard complex structure
0 : 0 ; B] . 9 .
Jsg = — dx' — — dy' =i— d7' —i— d-l, 2.1
ST oy B T g B T @4 s O @D

that we will call associated with the system of coordinates & . Of course, one should never forget
that the identification with an open subset of C" and the consequently defined complex struc-
ture (2.1) on U does depend on the considered coordinates (xl, yl, ..., x", y"). However, when
no confusion may occur, we will often omit the indication of the system of coordinates &, denot-
ing the complex structure (2.1) simply by J and by identifying the open subset / C M with a
subset of C" with respect to any regard.

Notation. In all the sequel, we will also adopt the following convention on indices: latin letters
i, j, etc. will be used to denote indices running between 1 and n, while greek letters «, B, etc.
will be always used to indicate indices running between 1 and n — 1.

Let I" C M be an oriented strongly pseudoconvex hypersurface and ¢/ an open neighbor-
hood of p € I', identified with an open subset of C" by means of a system of coordinates
E=(z!,...,7"): U — R =C" so that £(p) = 0. It is immediately recognizable that it is al-
ways possible to choose the coordinates so that, at p = 0, we have that J|o = Jg|o, the tangent
space TpI" coincides with the hyperplane x” = 0 and that the J-invariant subspace of Dy C ToI”
coincides with the span of the vectors parallel to z”* = 0. In other words, we may assume that J
and I are of the form

I': p(z,2)=0, with
p(e, )= 2Re(&") ~ Re(Kap2*2?) — Hyge @ + O(l).  Kap = Kar o = Hyie
(22)

and

a ; a i
J|z:]st|z+Lz+0(|Z|2)’ Jst:i(_~ ®dz7' _T®dzl ’ (2'3)
0z 07!

where L, denotes a real tensor field of type (1, 1) which depends linearly on the real coordinates
x! =Re(z') and y! = Im(z"). From the fact that J2 = —1, it follows immediately that L, - Jo =
—Jst - L; at any z € U and hence that the linear map L, : T,C" — T,C" (or, more precisely, its
C-linear extension L; : TZ(C(C” — TZC(C") is of the form

‘ ‘ P .
_ (7l Kk i -ky Y =
Lo=(L%<" + LGz )azi ®dz! +c.c. 24
(here and in all the following we will always write “c.c.” to indicate the complex conjugate terms
of the previous expression).

The following lemma shows that the difference between the Levi forms of I" at p =0, com-
puted using J and J is determined exactly by the coefficients L’/ik and L’}IE'
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Lemma 2.1. For any real vector v = v* Bza O lo + v 32"‘ lo € Do C TyC", let us denote by L (v)
and L(v) the value at 0 of the Levi form with respect to Jy and J, respectively, associated with
a defining form ¥ so that ¥|o =dp o J|o = dp o Jst|o. Then

L) = La(v) +20v70P (Lyy — LT ). (2.5)

Proof. We want to compute L(v) using (1.4). We consider a smooth real vector field X, =
XD + X (D5,
at any pomt z € I', it takes values in the J-holomorphic distribution D. Then, using (1.4),

L) = —ddo(X, JX) = 0o(IX, J X]) = (dp o Js)o([X, I X]).

Notice that the higher order terms in (2.3) give no contribution to the vector [X, JX]o € ToC"
and hence that [ X, J X]o = [X, Js«X]o + [X, LX]p. In particular, we may write

L(v) = (dp o Ja)o([X, JsX]) + (dp o Js)o([X, LX])
= (dp o Js)o([X, JuX]) +i(dz" — dZ")[X, LX]o. (2.6)

defined on a neighborhood of the origin and such that X |y = v and so that,

Now, let us denote by ¥ the 1-form defined on a neighborhood of 0 as ¥ def dp o Jg. Ob-
serve that the restriction of ¥ to the tangent spaces of I' gives a defining 1-form for the
Jst-holomorphic distribution Dy of I' and that —d o (v, Jsv) = Lg(v). So, we may write also
that

(dpo Jst)O([X’ -IstX]) = ﬂst|0([Xa JstX])
= —dOylo(X, JuX) + X (9 (Ju X))|, — S X (3 (X)),
= La(v) = X(X(0)) |y = JsX (Js X (0)) - 2.7)
By construction, at all points of I" = {o = 0}, the vector field X belongs to D C TI". From
this we get that X (p)|; =0 and J X (p); = JuX(p); + LX(p)|; + 0(|z|2) =0atany z eI

Now, recalling that JyX|o € ToI", we have the following values for the directional derivatives
X (X (p)o and J4 X (JscX (0))o:

X(X(0)]y=0,  JaX(JsX(0))]g ==X (LX (D). (2.8)
By means of (2.8) and (2.7) we get that (2.6) is equal to
L) = L) + JeX (LX (p))|, +i(d2" — dZ")[X, LX]o. (2.9)

On the other hand, recalling that the C-valued functions X'(z) satisfy X"(0) = 0 and
X%(0) = v¥, we may easily compute what we need, i.e.,

[X,LX]0=X0(LX)—(L0X0)(X)=v< (X (z) +X’(z)—)>

0

— ] d
= o /3 i e ﬂ ! o ﬁ i o ,B i
(v v L,s + v%v Lﬁa)a - +(v L/3 +v*v L )8Z (2.10)
= VPLL — iv@yB — B o, BT
JaX(LX(p))|, =ivv L, —iv® Lﬂ_ P LE v P L (2.11)

Substituting (2.10) and (2.11) into (2.9), formula (2.5) follows. O

From the previous lemma, it follows that if the coefficients Lg p are vanishing, then the Levi
form at O of I" with respect to J coincides with the Levi form of I" with respect to Jg. This fact
suggests the following definition and motivates the next proposition.
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Definition 2.2. We say that J and I” are in standard form in the system of coordinates (z', . .., z")
if:

(a) J is of the form

: N T IR :
J:Jst—l—(L’jszk—l—L’j-.];zk) F®dz! + (Lh 2k + Lz )8—21.®dz/+0(|z|2),

with coefficients Li.— so that

Liz=0 and L"ﬁ——L’;}, forany | <o, <n—1; (2.12)
(b) I' admits a defining function on a neighborhood of the origin of the form

n—1

p(z,7) =2Re(z Z|z“| +0(IzP). (2.13)

Proposition 2.3. For any p € I', there exists a neighborhood U of p and a system of complex
coordinates & = (zl, .., Y with z(p) =0, inwhich J and I' are in standard form. In particular,
up to a positive scalar multiple, the Levi form of I" with respect to J coincides with the Levi form
with respect to Jg at p = 0 (as usual, Jy denotes the complex structure associated with the
coordinates (z', ..., 7").

Proof. There is no loss of generality if we assume that /" and J are of the form (2.2) and (2.3).
Now, consider the change of coordinates

Z=uwt =w+ %Lgﬁu")“wﬁ + %Lgﬁu_)“u_)ﬂ.

The defining function p remains of the form (2.2) even when it is written in terms of w and w,
while J becomes of the form

J|w=i( ’ o )+Lw+0(|w|2)
dw dw

n B 1 n no\.5,o 9

—(LT.uva’Jrl(L” + L) “) i

ap 2\ Tap T TBa dw"

and it satisfies condition (a) of Definition 2.2. So, assuming that (a) holds, from (2.5) we have
that Lg|o = L|o and hence that the matrix H, § 1s positive definite. Notice also that any change

of coordinates of the form z* = U/‘;‘wﬁ , 7' = w", gives an expression for J, which still satis-

fies (a), while it changes the coefficients H, f into the coefficients H =0 VHy (SUg Hence,

by means a suitable change of coordinates, we may always assume that H, 5 = dap. Finally, by
performing the change of coordinates z* = w* and 7" = w" — %Kaﬁ w*w?, which also leaves
the property (a) unchanged, we obtain a system of coordinates in which also (b) of Definition 2.2
is satisfied. O

We conclude this section introducing the crucial concept of osculating pairs and the proof that
the existence problem for small stationary disc can be reduced to the analysis of deformations of
the osculating structures.
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Definition 2.4. Let J and I” be in standard form in a system of complex coordinates (z!, ..., z").
We call osculating pair for (J, I') at p = 0 the pair (J°, I'°) given by the hypersurface (locally
Jsi-biholomorphic to the unit sphere)

n—1
r% %2 =2Re(z") - > |27, (2.14)
a=1
and the almost complex structure
0 def _g 0 - -— 0 .
JU= Jst+A&/§Zﬁﬁ ®d2a+A&'gZﬁﬁ ®d2a, with A&/§=Lg/§ (215)

where we denoted by L;TI; and L;Tk the coefficients of the linear part of J as in (2.4).

Remark 2.5. In case M has real dimension 4, the indices « and 8 may assume only the value 1
and, by (2.12), A77 = 0. In other words, when dimg M = 4, the only possible osculating pair is
(Jst, I'9). If this is the case, all claims of next section and our main result can be considered as
consequences of the well-known properties of the stationary discs of the unit ball with respect to
the standard complex structure Jg;.

Consider now the anisotropic dilations

1 1 1
¢ :C"—>C", ¢(z)= (;zl,..., gz”_l, t—zz”), teR,

and the pairs (J7, I'") of almost complex structures J* & @1+ (J) and hypersurfaces I’ & ¢ ().

A very simple computation shows that, for any real value of ¢, the pair (J/, I'") is in standard
form and with (J°, I'%) as osculating pair. Furthermore, the functions which give the compo-

nents of J! and the defining functions p’ e %(,o o, 1) of the oriented hypersurfaces I'?, tend
uniformly on compacta to the components of J and the defining function p°. Finally, it can
be checked that the partial differential equations and the boundary conditions which define the
lifts of the stationary discs of the hypersurfaces I'! with respect to the structures J’ depends
continuously on ¢ and they can be considered as continuous deformations of the corresponding
equations and boundary conditions for the lifts of stationary discs for (J9, I'). We formalize
this fact in the following proposition, which will turn out to be the key point for the proof of our
main result.

Proposition 2.6. For any p € I' and any € > 0, there exist a neighborhood U of p, a system of
complex coordinates £ = (z',...,7") with z(p) = 0 and a smooth family of pairs (J', ') of
almost complex structure J; and real hypersurfaces I'', t € [—1, 1] C R, such that

() (JI, ") are in standard form for any t and, for all of them, the osculating pair at p =0
coincides with (JO, FO);

() (J1, 'Y= (J, ') andforanyt #0, there exists a (J, J')-biholomorphism ¢, :U — U such
that ¢;(I") =T".

Moreover, the partial differential boundary problem which defines the lifts of stationary discs of
(J, I') in a sufficiently small neighborhood of the origin is equivalent to an arbitrarily small,
continuous deformation of the corresponding problem for the osculating pair (J°, I'?)
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3. The equations for the stationary discs of an osculating pair

In this section, (J°, I'%) will denote a fixed osculating pair, i.e., a given almost complex
structure J% on C” of the form (2.15) together with the boundary of the Siegel domain I,
defined in (2.14). We denote by (x1 , y1 e X1 Y Uy, vy, .o, Uy, Uy) the system of coordinates
on T*C", associated with real coordinates x' = Re(z’) and y! = Im(z’) (see the definition in
Section 1.1). This means that any 1-form o € 7*C" is written in terms of such coordinates as
o = u; dx'|, + v; dy'|,. On the other hand, it is quite useful to consider the ' and v’ as real and
imaginary parts of some complex coordinates of 7*C" = C>". More premsely, we will consider
on T*C" the complex coordinates (z s, 2N Py, ..., Py), with P; = 2(u, v;i), so that any
1-form o € T*C" will be written as

o= Pd: + Pidz.

Using (1.2) we may compute the components of the lift JO in the real coordinates (x’, y', u; Lj, V)
and then re-express J° using the complex basis associated with the complex coordinates (z/, Pj).
Some tedious but straightforward computations show that J° is

a a a — 45 0
0 __ . k -k _=B = __B
J =1 (a_zk ®dZ - 8Zk ®dZ ) + A&ﬂz azn ®dz(¥ + A&'BZ azn ®dZoc

— 9 _
&Ezf’ﬁ ®dP,. (3.1)

o

0 8 —
| — ®dP, — — ®dP; | + A zzP
+l<8P ® d Py Y ® k) +

For the interested reader, we give here some more detailed indications on how (3.1) is
obtained. As we mentioned, we have to apply formula (1.2) by considering as real coordi-
nates x' and p, the coordinates x’ = Re(z'), x"* =y’ =Im(z') and p, = u, = %Re(Pa) and

Pa+n = Vg = -1 5 Im(P;). In order to simplify the notation in the next formulae, in place of the
indices “j” and g J +n” we are going to use the indices j. and j;, respectively, to indicate in a
more expresswe way when we refer to a quantity related to a real part (“r””) or to an imaginary
part (“i”) of a complex quantity. As usual, all latin indices j, k etc. will be considered running
between 1 and n, while greek indices «, §, etc. will run just between 1 and n — 1. Capital letters
A, B, etc. will be used for indices that can be both of the form j, and of the form j;.

Using these conventions and from the definition of the osculating structure J°, we have that
the components Jj A of JO are

JEr=0,  JS=8% i =Re(Ag)x” +Im(Ag,)y" .

Jii = —Re(Ag,)y” +Im(Ag,)x”

ng_’ = -85, Jg’_" =0, Jgi’ = —Re(Az;)y” +1Im(Az;)x7,

Jhi = —Re(Ag,)x” —Im(Ag,)y” |

Jr=o0, Jli=sl,  Jl=-s, Ji=o (3.2)

In particular, the only non-trivial values of the partial derivatives J é“ c are

I =Re(Agp).  Ju s =Im(Azp).  Jo, =Im(Azp).
Ty 5 =—Re(Azp),

Ty =Im(Agp),  J), =—Re(Agp). I, =—Re(Azp),
Iy =—Im(Agp).
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Hence, we may compute the coefficients of the second line terms in (1.3) and we get that

( Ja, rﬁ + ‘Im - J;ri,ﬁi + Jnri,af) + v"( ‘I ; rBr + ‘, o T J(:eraﬂi o J,grrsai) =0.
Similarly, we have that all other coefficients of that line are Van1shing. On the other hand, us-
ing (3.2) and expressing the terms of the first line of (1.2) using the complex coordinates z'

and P;, one immediately gets (3.1). .
Corning back to (3.1), it is clear that the matrix (,]I’j), representing J9 in the basis

(Bz” 9z’ 3?[’ EI’E,-)’iS
i, A®@) 0 0
iv_ | A —il, 0 0
(Jf ) - 0 0 il, A(2)
0 0 A@ -—il,

(3.3)

with
AY@ =A@ =0, AR =AgE"

Recall also that, by (2.12), the coefficients A ap satisfy
Azp=—Apg; = Asa=0 foranyl<a<n—1L.

From (3.3), a direct computation gives the matrix representing the linear map (J° + Jg)~! -
(JO — Jg) in the previous complex basis. This matrix is

0 —1AQ@ 0 0
LAQ) 0 0 0

0 0 0 LA(2)

0 0 —fA® o

and hence, from (1.7), we obtain that a map f = (fl,...,f”,gl,...,g,,):A — T*C" is
J%-holomorphic if and only if it satisfies the following p.d.e. system:

afe of" i afe
—_ZO, ﬁ _0’

3 of 2/ ( >

%a I ﬁ(a n) 0, %8 _, 3.4
3; +2 alfjf é‘ ) BE - V. ( . )

We now want to write down the boundary condition for a J-holomorphic disc f in order to be
the lift of a statipnar_y dis_c. Observe that, by (1.5), the action of a complex number ¢ on a real
forma = Pjdz/ + Pjdz/ e T*C" is

¢ (Pjdz’ + P;dz) € Pj(Re(¢) dz/ +1m(¢)(dz/ 0 J0))

+ Pj(Re(0) dz/ +Im(¢)(dz 0 J°))
— (Pjdz + T P)dZ + (Im()Ag;2P Pr) d =
+ (Im({)@zﬂﬁn )dz~.
Using the fact that the fibers of N'(I"°) are generated over R by the 1-forms
n—1 n—1
dp® ,=d7" — ZZadZa +d7" — Zzadza’ zer®,

a=1 a=1
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it is quite immediate to realize that a J-holomorphic disc f =(fL, ..., f" g1...., gn) satisfies
condition (c) of Definition 1.3 if and only if for any ¢ € A there is a real number A, # 0 such
that

2Re(f"(0)) Z\f @ =0, (3.5)
gi(§)dz! +gi<c)dz =he(¢-dp’| )
=A¢<—¢%dz“ Frd = 5@~ DAg @) d"
~EFUOE LT = S~ DA IO ). (G6)

This immediately implies that A; = £8n(¢) = £ gn(¢) and hence that (3.6) is equivalent to

ga(0) + (f"‘(;“)+ Aaﬁfﬂ(c)>g ©) - —Aa,gf ()g" () =0,

28n(¢) —28n(¢) =0, (3.7)

forany ¢ € 0A.
In brief, we have proved the following lemma.

Lemma 3.1. A map f =Y gl 8n) i A — C?* represents the lift of a stationary
disc of 'V if and only if it satisfies the generalized Riemann—Hilbert problem given by the p.d.e.
system (3.4) and the boundary conditions (3.5) and (3.7).

Now, recalling that Aj; = 0, by a direct inspection it is possible to check that, for any a € C*
and A € R*, the map fa,k = (fa(2); gan): A — C?*, defined by

la|?

Ja(Q) = (aé,O, ,0, 7) (3.8)

gﬂ,)\,(;) = (—)»ﬁ )

A —— i\
L Asia(—ct =1t +2), .. %Aﬁia(—gz — 12> +2), Ag) (3.9)

is a lift of the stationary discs f, : A — C" of I'°.
Furthermore, notice that any map of the form 7" = 7", z% = UE‘Z/S, with Ug € Uy, leaves I'Y

invariant and sends J into an almost complex structure J 'O which is still of the form (3.1).
It follows immediately that the discs (3.8) and (3.9), computed with the coefficients A’

a.p
of J', are images under the previous transformation of lifts of stationary discs for (J°, FO)
In particular, it follows that for any point z, = (0, ..., 0, zJ)), with po(z,,) > 0, and any vector

Vy € spanc{%}lgagn_l, there exists a stationary disc f for (J°, I'%) so that £(0) = z, and
Sf«(@Relo) = Av, for some A € R*.

4. Proof of the Main Theorem

The key point of the proof consists in showing that the 1-parameter family of non-linear
operators, which defines the lifts of stationary discs for the pairs (J?, I'*) of Proposition 2.6
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satisfies the hypothesis of the general Implicit Function Theorem (see e.g. [9, p. 353]) at the disc
fa, 1, defined in (3.8) and (3.9), and with the differential problem determined by the osculating
pair (JO, I'%). After that, our main result will follow immediately.

So, for some fixed 0 < & < 1, let us consider the Fréchet derivative ]—"’|ﬁM = (F1 |f.M; Fz'ﬂ.x)

of the non-linear operator
F=(F1; F2):CM(A,C*) — C*(A,C%") x C°(3A,R x C"! x iR)

defined by the Lh.s. of the p.d.e. system (3.4) and Aof the boundary conditions (3.5) and (3.7).
A straightforward computation shows that for any 7 = (h; k) : A — C?", one has Fil 7 A(h) =

(H(h; k); K(h; k)) where

ahe " ia The
M k)= . H'(hk) = —— — A, ha+ ia, ot
¢ 35

2 2 ey

ko ia— ok, def Bk

bl
K*(h; k) = Y: — + — + Aaﬁhﬂ K'(h; k) =

7 Aall ac 2

With similar computations one gets also the components of the second part of the Fréchet
derivative 7| ¢ . (h) = (MOh; k), MY (h; k), ..., M"L(h; k), M™(h; k)), i.e., the maps

MO k):0A >R,  MY%hik):9A—C,  M"'(h;k):9A — iR,
with

MO(h: k)(©) = " (©) + I7(@) = ah' (©)C — ah' Q)¢

M 0(©) = ka () + 8 kn(€) + 5 Az7¢ (ka (€)= kn ©))

L . _
- x(ha(g) - %A&ﬁh%)); - %Aagh%)@,
M (h; k) (€)= Chkn(£) — Chn (2).

The following lemma is the key point of our proof.

Lemma 4.1. The linear operator F | Fua is surjective and the map

i

oh
(h O)with 1 <i<n, _C(O) withi > 2,

1
Im<ai(0)) (E;k{ (0))) e C 1 x R?

is a linear isomorphism between ker F | P and C*"~1 x R2,
a,

(h, k) € ker F’ s

Proof. Consider the classical Cauchy—Green transform, i.e., the operator T¢g :C%(A,C) —
Cc3(A, C), defined by

TCG(<P)(C)—27T /fMd A di,

It is well known that it is inverse to the d-operator, i.e., satisfies
Section 1.8]). With the help of T¢, the operators H and C can be wrltten as

ach(w) = ¢ (see e.g. [14,
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oh“ 0 ja - _
HY(h; k) = a; —,  H'(hk= —E<h” + %Ai&hag - iaAI&TCG(h“)>, (4.1)

k n

i = 2 (k A+ ’kAaﬁch(hﬂ)) K" (h; k) = (4.2)

From this expression and using the Cauchy—Green transform, one can directly show that F| 7
a,

is surjective. By linearity of the operator, this implies that the surjectivity of F| s is proved if

we can show that, for any @ € C®(dA, R x C*'~! x iR), there exists a solution h= (h, k) to the
Riemann-Hilbert problem

Filg, =0, Bl )=9. 4.3)

It follows immediately from (4.1) and (4.2) that i = (h, k) satisfies | i (h) =0 if and only if
the components 4% and k" are holomorphic, while the components 4" and k* are of the form

W' = —%A--h_“f +iaAjzZ(he) +h", @)
ia—— —
K== Aaithy _EA Aggh’¢ + K “

for some holomorphic functions h™ and k2. In (4.4) we used the symbol “Z” to denote the op-
erator which associates to any holomorphic function ¢ on the unit disc, the unique holomorphic
function Z(¢) such that %@‘m =¢ and Z(¢)(0) =

From (4.4) and (4.5), it follows that (4.3) admits a solution for an arbitrary @ if and only if
there exists a holomorphic disc (7%, fz”; IE“, k") : A — C?" which satisfies the following condi-
tions for any { € 0 A:

- — ia —_  la— o N o . — o

B() + () = T AR + 5 AGh (©)¢ +1aA;;T(h)©) — iaAzT(h) ©)
—ah' ()t —ah'(0)¢ = d°(2), (4.6)

ka(§) = ia51 ka ()8 + 83k () — i2A55hP (©)F + 2 Agitha(?)

+ X<ha(;> + %f?ghﬁ@))c =o%(0), 4.7)
Chn () = Lhn(Q) =i®" (2). 4.8)

We recall that, by the regularity assumed on @, each map @' can be written as sum of a unique
Fourier power series @'($) =),z d) ¢ (see e.g. [8, Remark VIL.7.5]). So, if we consider
the expressions of the holomorphic functlons as sum of power series

Ry =Y hae™, R =) he", ke= ) kami",

m=0 m=0 m=0

K@) =) knmt™,

m=0

we obtain the following conditions on the coefficients hﬁn and k; ,, with m > 0 (for reader’s con-
venience, we point out that Eqs. (4.9) are obtained from (4.8), Eqs. (4.10)—(4.13) come from (4.7)
and (4.14) and (4.15) are consequences of (4.6)):
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knm=i®_, forallm >3, kno —kno=i®7, kn,1 —kn1 =i P, (4.9)

1 [——
Iy = O+~ Agi kg forallm >3,

- ja— ¢! 1
hg — iAghl = %A&j kuz = ko + S 0%, (4.10)
ka0 =iaAg] kn i — 8hakny +irAgzh — Ah§ + B, (4.11)
ko1 = iaAo ko — 8 aknn — LAk o+ inA: (1 o AT + 412
a,1 =1aA5] Kn,0 —0,d 11,2_? aikn,0+1 ap 2_7 - 0+ , (4.12)
ko m = —5)ak eyt iZA(h? -1 o

a,m = —04aKp m4+1 — E alfn,m—1 +iA af\ M1 — ) + D,

forallm > 2, 4.13)
n . T A 1 1 =71 0
Wy =iadighfy (=2 ) +ahy,, +@) forallm>2, (4.14)
h’;:%A_mhg+ah§+ah_g)+q>°, hY + 1l =ah! +ah! + &Y. (4.15)

This system is immediately seen to be solvable by substitutions for any choice of the Fourier
coefficients @, and this concludes the proof of the surjectivity.
Let us now consider ker F| i It is clear that it is linearly isomorphic with the space of

holomorphic discs (h%, Rk kMY A — C2) whose power series coefficients satisfy the above
equations with all terms &/, ’s set equal to 0. In particular, it can be checked that any solution
is uniquely determined by the values of hi for 1 <i<n, by the real numbers Re(k, 1) and
Im(éh%) and by the complex numbers hil for 2 <i < n (to check this claim, recall that A;; =0
and then solve all the equations by substitutions in the following order: (4.15), (4.10), fora =1,
(4.9), (4.10) and then all the others). From this, the second claim follows immediately. O

From Lemma 4.1, we see that the continuous family of operators
(FO, YD) (A) —» CO(A,C*) x (A, C"' x R) x C" x R*™! x R

given by the differential operators F), defining the lifts of stationary discs for the pairs (J*, I'?),
and by the evaluation maps

) by [ a'. 20 9
f=troXs (f’ 0), ———, Re(ﬁm)))
Re(a~!- %(0)) ¢

has invertible Fréchet derivative at any disc an, e

By the general Implicit Function Theorem, there exists a stationary disc passing through any
point z,, on the inward real normal to I"? in a sufficiently small neighborhood of the origin and
tangent to any vector of an open neighborhood of span(c{% Iz} i<an—1 for any pair (J*, I'"),
0 <t < ¢, for € sufficiently small (moreover, this obviously remains true for any point z, in an
open convex cone with vertex at the origin containing the real inward normal of I" if this cone
contains no real lines). By Proposition 2.6, our main theorem follows.
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