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Abstract 

In multivariable calculus, the concept of multivariable function is one of the most difficult for undergraduate students to study. 
The main objective of this study is to establish a model of teaching and learning to support students’ mathematical thinking in the 
learning of two-variable functions through a blended learning environment. The impact of this environment on students’ learning 
of two-variable functions and in overcoming students’ obstacles are put forward. Findings revealed that blended learning 
supports students’ mathematical thinking and helps in overcoming additional obstacles in mathematical learning. Poor 
mathematical knowledge of single-variable functions and poor algebraic manipulations are still the main reasons behind student 
obstacles in learning two-variable functions. 
© 2012 Published by Elsevier Ltd. 
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1. Introduction 

The notion of a multivariable function is fundamental to advanced mathematics and its applications (Martinez-
Planell & Trigueros, 2009). Even though the understanding of multivariable functions is essential for undergraduate 
students in many fields of study, it is difficult for students to understand. There are very few research based studies 
that probe student understanding of the particularities of a two-variable function to explicitly study how students 
construct the concept of two-variable functions and what students’ obstacles are (Trigueros & Martínez-Planell, 
2010).   

 Tall and his colleagues (Tall, 1997; Gray & Tall, 2001; Gray et al., 1999) endeavoured to explain the 
construction of mathematical concepts in calculus. They suggested that there are three different worlds of 
mathematics or three ways of constructing mathematical concepts ranging from perception of objects (as occurs in 
geometry), actions on objects (as in arithmetic and algebra) and properties of objects which lead to formal axiomatic 
theories. In a further study, Tall (2004) pointed out that there are not only three distinct types of mathematics 
worlds; there are in fact three significantly different worlds of mathematical thinking: conceptual-embodied, 
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proceptual-symbolic, and axiomatic-formal. This theory underlies the combination of generic organiser as 
programmed on a computer and organizing agent that acts as a teacher, supporting the 
thinking powers to construct mathematical knowledge and prevent misleading factors. Very little research has 

in multivariable calculus concepts. 
In a study of multivariable calculus, Roselainy and her colleagues (Roselainy, 2009; Roselainy, Yudariah & 

Mason, 2007; Roselainy, Yudariah & Sabariah, 2007) adopted the theoretical foundation of Tall (1997) and Gray et 
al. (1999) and used a framework from Mason, Burton & Stacey (1982) and Watson & Mason (1998) to develop a 
mathematical pedagogy for classroom practice. They focused on three major aspects of teaching and learning: the 
development of mathematical knowledge construction, mathematical thinking processes and generic skills for 
instance communication, team work, and self-directed learning (Roselainy, Yudariah & Sabariah, 2007). They 
provided and promoted a learning environment where mathematical powers are used specifically and explicitly 
towards supporting students (i) to become more aware of the mathematics structures being learned, (ii) to recognize 
and use their mathematical thinking powers, and (iii) to modify their mathematical learning behaviour.  

However, an earlier study using  found that students still have difficulties when 
encountering non-routine problems in multivariable calculus, especially functions of two variables (Kashefi, Zlaleha 
& Yudariah, 2010a, 2011). Some student obstacles are: (i) sketching the graph of two-variable functions in 3-
dimensions, (ii) confusion in the use of symbols in representing two-variable functions, (iii) 
attributed from previous mathematical construction, (iv) inability to select appropriate representation of mathematics 
worlds, (v) transition from one world to other world of mathematics. The findings confirmed the need and the 

overcome their obstacles in multivariable calculus.  
In this study, blended learning has been suggested as an appropriate environment to promote mathematical 

thinking (Kashefi, Zaleha & Yudariah, 2010b). Although some work has been done and reported on modelling 
mathematical thinking in face-to-face multivariable calculus classes, the literature review indicates that very few 
studies have been carried out or reported on the integration of strategies to invoke mathematical thinking explicitly 
in a blended learning environment. The main purpose of this study is to establish a blended learning model that 
conceptualizes a framework for supporting mathematical knowledge construction and invokes 
mathematical thinking powers and generic skills. Subsequently the study determines the impact of this environment 
on the students learning of two-  

2. Blended Learning Environment  

Blended learning is defined as the combination of face-to-face formats and web-based formats (Graham & 

method: generic organizer (computer) and organizing agent (teacher) (Kashefi, Zaleha & Yudariah, 2010b). In fact, 
blended learning environm
multivariable calculus. Furthermore, the use of e-learning as an important element of blended learning provides 

 is proposed that blended learning has the potential to improve 
to support students in three aspects of learning.  

some modifications which include: mathematical knowledge construction, mathematical thinking, and generic skills 
such as communication, teamwork, problem solving, and technology skills. The theoretical foundation of the 
development of the strategies for mathema
mathematical thinking were based on the works of Gray & Tall (2001) and Tall (2004). The frameworks from 
Mason, Burton & Stacey (1982), Watson & Mason (1998) and the works of Lumsdaine & Lumsdaine (1995) were 
used to design classroom activities and tasks.  
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It is suggested that a blended learning environment would give students the opportunity to benefit from both face-
to-face and e-learning instruction. The following aspects were given due consideration in the development and 
implementation of blended learning in the multivariable calculus course.  

 Classroom tasks  the mathematical tasks that were used in the classroom were compiled on a website and 
categorized as Insight (Conceptual, Visual, and Symbolic) and examples with prompts and questions. The 
insights were used to support three worlds of mathematical thinking and the prompts and questions were 

 solving.  
 Computer and web aide  by using the Modular Object-Oriented Dynamic Learning Environment (normally 

called Moodle) as a course management system (Rice, 2006), students could access the lecture notes, 
interactive web-based tools, animations, videos, forums module, chat module, journal module, assignments, 
assessments, survey, and feedback (Kashefi & Zaleha, 2010). 

 Strategies  synchronous and asynchronous web communication facilities such as chat, email, and 
discussion board communication. Other strategies such as 
working in pairs, small group (informal and formal), doing assignments, reading and writing in face-to-face 
and web environments and were also used. 

 Assessments  incorporate both the summative and formative types such as quizzes and tests, quick 
classroom feedback and written assignments in face-to-face formats. Figure 1 shows the model of blended 
learning mathematics which used as a guide to classroom instruction.  

 

 
 

Figure 1. Model of blended learning 

3. Method 

multivariable 
calculus through mathematical thinking approach at Islamic Azad University of Kermanshah (IAUKSH) in Iran. 
One class with 59 first year students enrolled in a multivariable calculus was selected for this study. The first-
named author with more than 8 years of teaching experience in multivariable calculus taught this class.  

The multivariable calculus course offered by IAUKSH is a three credit undergraduate course covering functions 
of several variables, partial derivatives, multiple integrals, vector functions and vector calculus. However, this study 
focused only on Chapter 1 which encompasses functions of several variables including the definition of two-variable 
functions, domain and range, sketching the graph of two-variable functions and also functions of three or more 
variables. In order to cover set learning outcomes for the module, we translated a text- Engineering 

written by Yudariah, Sabariah & Roselainy (2009) into Persian and used it 
as a main resource. The instructional design of the book is based on mathematical thinking approach. With special 
permission, the interactive web-based tools from the e-book Calculus: Early Transcendentals (Briggs & Cochran, 
2010) were adopted. These books, together with some web-based resources, formed the spatial website for the 
course (see Kashefi & Zalehaa, 2010). In addition, course discussion board and journal forums were used to foster 
student-student and student-instructor communication during the course.  

The topic was taught over a period of 3 weeks with 3 meeting hours per week: 2 hours face-to-face and a 1 hour 
laboratory session. In the lecture session, the mathematical concepts were introduced to the whole class. After the 
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students had established a general idea of the concept, they then proceeded to the laboratory session, where online 
activities directed students to perform interactive mathematics tasks, and to post messages and questions on the 
discussion board.  

Although online tasks were built into the teaching plan, the assessment tasks did not require any online work. 
Data for this study was collected through written assessments such as quiz, test and midterm exam followed by 
semi-structured interviews with selected students. The quiz, test and a problem in the midterm exam were all related 
to the domain, the range, and the graph of two-variable functions.  

obstacles in finding the domain and range of two-variable functions. The students had to find the domain and range 
of  and sketch the graph of domain. The test was conducted at the end of week 3 and 
used to identify how blended learning can support students in solving non-routine problems. To achieve these goals 
two problems in the test were prepared as follows: 
1. Suppose . (i) Find and sketch the domain, (ii) Determine the range, and (iii) Sketch the 
graph of function.  
2. Sketch the graph of  . Does the graph represent a function? 
The midterm exam was conducted at the end of week 7 and included a problem unfamiliar to the students: 
Determine the domain and range of . Sketch the graph of the domain.  

Several students were selected to answer the semi-structured interviews based on their responses to each written 
assessment. During the sessions, the reasons of their responses especially their capabilities and difficulties in solving 
the problems were uncovered. Some common questions in the semi-structured interviews were: what did students 
understand about the domain and range of two-variable functions, what do they do to find the domain and the range, 
and what are their difficulties in solving the problems.  

For data analysis, Miles & 

student responses to the open ended questions are: data reduction, data display, and conclusion drawing used. The 
analysis of student errors in the assessments was based on Peng & Luo (2009) framework including two separate 
dimensions: the nature of mathematical error and the phrases of error analysis. However, the nature of mathematical 
error was changed to the scheme described by Mason (2002) based on mathematical thinking approach. Mason 
categorized student difficulties in mathematics into difficulties with concepts such as technical terms, mathematical 
concepts, and definitions; difficulties with techniques as algebraic manipulations and confusion of notation; and 
difficulties with studying mathematics as using examples and exercises as rote, not remembering, and drawing and 
reading diagrams. 

4. Results and Discussion 

According to Kashefi, Zaleha & Yudariah (2010a), one of the main reason students have difficulty in finding the 
range of two-variable functions is due to students' idiosyncrasy attributed from previous mathematical learning. It 
means that truction of the range of single-variable function is recalled and used incorrectly to 
find the range of two-variable functions based on the graph of the domain. 
quiz problem showed that most students could solve the different parts of the quiz problem correctly after 
experiencing blended learning. erstanding 
the concept of two-variable functions. Figure 2  the quiz 
problem that required them to sketch the graph of domain in 3-dimension. The graph helped students to understand 
that the range is the values of f on z-axis and they did not find it as  based on the graph of the domain in 
two-dimension. Some students could not find the range of f 
knowledge and algebraic manipulation and 
construction. Using Mason classification (2002), t to the concepts or with 
techniques. 
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Figure 2 of  
 

learning. Figure 3 represents the figure of an interactive tool that was used to help students understand the concept 
of two-variable functions. Comparing the graph of this interactive tool and the graph of domain that was sketched by 
students in Figure 2 revealed the effect of this tool on the students understanding of two-variable functions. 

 

 
 

Figure 3. An interactive web-based tool (from Briggs & Cochran, 2010) 
 

Kashefi, Zaleha & Yudariah (2010a) reported that mathematical 
construction caused the students, when encountering a problem such as , to find the domain in 
terms of x and y. In the blended learning environment, none of the students wrote the domain of 

 in terms of x and y and most students noted that using different types of insights and sufficient prompts and 
questions helped them to solve different problems in terms of different variables.  

Most students sketched the graph of  by sketching the traces. In fact, by selecting appropriate 
representation of mathematics world (here the symbolic world) and transitioning from this world to other world of 
mathematics (the embodied world) they sketched the graphs without needing to memorize the six common types of 
quadric surfaces. many students believed that using interactive 
tools and animations in sketching the traces were important reasons why they could correctly sketch the graph. 
Figure 4 shows an animation figure that was used to better understand the traces of a hyperboloid of one sheet. All 
students that sketched the graph of the surface correctly understood that the graph does not represent a function. 
This may be related to using the interactive tools for doing the vertical line test in the laboratory session.  
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Figure 4. An animation for showing the traces (from Bogacki & Melrose, 2010) 
 
In finding the domain of  in the midterm exam, a few students wrote the domain of 

 as   responses to the interviews clarified that poor 
prior knowledge of the properties of natural logarithm was the reason for this difficulty. The difficulties in finding 
the domain were conceptual. In fact, a composite function that combined square root and natural logarithm functions 
as inner and outer functions caused this problem to seem a little behind that . However, no 
students found the range of f based on the domain graph.  

5. Conclusion 

This study investigated the impact of a 
in two-variable functions through a mathematical thinking approach. Analysis of the results revealed that using 
interactive tools helps students to understand the concept of two-variable functions. This method could help students 
to choose an appropriate world of mathematics and to transition from one mathematics world to other. Using 
interactive tools and animations led most students to better understand the domain of two-variable functions as well 
as how to sketch it. Using different types of conceptual, visual, and symbolic insights and sufficient prompts and 
questions caused students to recall previous mathematical construction correctly.  

Findings of this study revealed that compared with the face-to-face classroom, a blended learning environment 
can adequately support students to overcome their obstacles in learning two-variable functions and enhance 

 However, poor prior knowledge 
in single-variable functions and poor mastery of algebraic manipulations were the reasons behind student difficulties 
with concepts or techniques in solving problems. It seems that in this method, it is necessary to use new strategies 
and tools when teaching students with a wide variance in their preparation and abilities.  
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