View metadata, citation and similar papers at core.ac.uk brought to you by .i CORE

provided by Elsevier - Publisher Connector

Comp. & Maths. with Appis.. Vol. 4, pp. 67-71. Pergamon Press, 1978. Printed in Great Britain

G. PETRUSKAT

Visiting Associate Professor, School of Engineering and Applied Science, Washington University,
St. Louis, Missouri 63130, U.S.A.

Communicated by 1. N. Katz

{Received December, 1976: and in revised form june 1977)

1. INTRODUCTION
Let D denote a polygonal domain on the plane and P(D) the family of all functions f(x, y)

which are

(i) continuous on D

(i1) there exists a triangular mesh u; = {T, T,..., T,}. D = UT; such that for each triangle
T, the restriction f|T; is a polynomial (1 =k = n). P(D) is usually referred as the space of C,
continuous piecewise polynomial functions on D.

The standard finite element approximation method (to solve second order problems) selects
a sequence f,..., f,,...E P(D) with the additional requirement f,}dD =0 (in case of homo-
geneous boundary conditions) and achieves accuracy by a refining sequence of meshes while
!{ppmna the degrees of the nnlvnnmmlc fIT.. fixed. Another way recently developed at

LSS LCp-CTy O IS PO yOIigs ,,,' Saj 2ACE. ALOLNSI ALY QLOVeRpPRLE al

Washington University has proved to be advantageous in many instances. Keeping the mesh
fixed and increasing the degree of the approximating polynomials provides the user with
(i) a comparatively small number of elements to deal with
(i) ahierarchal system of basis functions which save computational time by using the results of
the previous steps
(iii) fast convergence.

Putting
PyD)" ={f€ P('D),flao =0, degree f < n}
and
Py(D), ={f € P(D), flap = 0, f is a piecewise polynomial over the mesh u},

the conventional approximation is based upon Py(D)" with a fixed integer n, while the new
approach makes use of Py(D), fixing the mesh u. As opposed to the new method, the results of

which ralv moctly an amnirical studies and numarical svidancac the ctandard finita alamant
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analysis has a penetrating and elaborate mathematical background. It is well known, for
instance, that Py(D)" is everywhere dense in the Sobolev space H,'(D) for any fixed n =1,
2,...; this establishes the convergence for the way of obtaining finite element approximations
by refining the mesh. To the best knowledge of this author, however, the corresponding
theorem has not been established which proves convergence for the procedure in which the
triangulation is fixed and the degrees of approximating piecewise polynomials are increased. It
is the aim of this paper to prove that this is indeed the case, i.e. Py(D), is indeed everywhere
dense in Ho'(D). To this end it is enough to show that each fixed .f € Po(D)' can be
approximated by elements of Po(D),, and it is an obvious consequence of the following.
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THEOREM. Let f € Po(D)' and mesh u on D be given. For any € >0 there exists a function
g € Po(D), with

[[ 4= gP+lfe- g +1f, - s axdy <& (1.0

2. BERNSTEIN POLYNOMIALS ON A TRIANGLE AND
PIECEWISE BERNSTEIN POLYNOMIALS
To carry out the proof we define Bernstein polynomials on triangles. The one-dimensional
Bernstein polynomials are well known to be applicable to the simultaneous approximation of a
function and its derivatives (see[1]) and also a higher dimensional generalization has been
considered inf2]. Usually the n-dimensional Bernstein polynomials are defined on the unit cube
by

Ny Np

k|2=o. .. k,,=of(1l:1—l|' cens 15—:)(11‘611') . (Il:l:)xlk'(l —x )N g (] = g, )N

It is equally natural (and for our purposes it is only natural) to define the Bernstein polynomials
on simplexes. Returning to the 2-dimensional case, let T be a triangle with vertices A,, A,, A,
let the equations L, =0, L, =0, L; =0 define the straight lines A,A;, A3A,, A A,, respectively,
and we can suppose that, the linear function L,, L,, L; are normalized by L\(A|) = Ly(A4,) =
L;(A;)=1. Then the triplet (L,, L,, L;) represents the points of the: plane in triangular
co-ordinates, and the identity

L|+L2+L3=]

holds.
In the points of T we also have L, =0, L, =0, L= 0. Any function f(x, y) defined on T, can
be represented as a function of the triangular co-ordinates:

f(x.y)=f(Ly, L, Ly).

Now we define the Bernstein polynomials of f by

. = dk iovN_nl g -
B(L,, L., Ls,f,n)—k+§="f(n,n,n) LI (=120,

In analogy to the one-dimensional use, this sum is a weighted average of the values fkin, jin, vin)
because of

' .
I=(Li+L+Ly" = Z o L*L7Ly".

k+jvv=n k']'V'

If we confine the polynomial B to one of the sides of T, say L;=0, then all the terms with
v >0 vanish and we get

B(L,, L, 0)= Z,of(% 5—;—",0)(:)14“(1 —L) Q.1

that is, the one-dimensional Bernstein polynomial of f on the ‘unit interval’ 0=L,=1. It is
immediate now that, if another triangle T* is attached to T with the common side A,A; and f is
defined on both triangles then the corresponding n'™ order Bernstein polynomials agree on
A\ A,. More generally, if a function f and a triangular mesh u is given on a polygonal domain D,
then the Bernstein polynomials of degree n taken on each triangular elements of u define
together a continuous piecewise polynomial function 8,(x, y). Under the additional hypothesis
flao =0 we have B.|,p =0 as well as an obvious consequence of (2.1), that is 8, € Py(D),. It
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remains to show that 8, - f in the norm of the Sobolev space H'(D), if only f is a piecewise
linear function on D.

3. PROOF OF THE THEOREM

Let f be a piecewise linear function over a mesh u* and let u be another fixed triangular
mesh on D. We can suppose that u* is a refinement of u since f is piecewise linear on the
common refinement of u and u* as well. It is enough to establish the convergence on the
triangular elements of u, and the case of a general triangle can be reduced to a standard triangle by
an affine transformation. That is, we can, for the sake of convenience, confine ourselves to consider
the triangle T: A, = (1, 0), A> = (0, 1), A5 = (0,0). In this case the triangular co-ordinates (L, L, L3)
agree with the standard co-ordinates (x, y, 1 — x — y), and the Bernstein polynomials of a function
f(x, y) defined on this triangie take the form

_ k j n! . ki
B.(x,y)= zf( )mxk)ﬂ(]—x—y) =

The remaining part of the proof runs on the same line as in the one-dimensional case, thus we
omit the detailed calculations. The reader can easily check our formulae foliowing the well
known one-dimensional operations.

For fixed x and y putting briefly

oM k(1= x— )i
Pui = i — k= Y XY

we have

>, (k, px; = (nx, ny)

and

a*= > |(k, j)— (nx, ny)Ppi; = nlx(1-x)+ y(1 - y)]

(these are the expectation and variance of the random vector (k, j) with probability p,;). Thus
Chebyshev's inequality runs as follows:

Zpk,-S;l: (t>0) ' 3.1y
2 . 2
if (——x) +(ﬁ—y> z%{x(l—x)+y(]—y)].

There is nothing to be added to the one-dimensional proof to show that B,, - f uniformly on T,
if f is a continuous function. Therefore only the contributions of the partial derivatives in (1.1)
have to be checked. By straightforward differentiation of the n + 1™ order Bernstein polynomial
we get easily

k+1 j \_ k i
3Bnii(x,y) _ f(n+l’n+l> f(n+l’n+1) n!
X fhn 1 - k'jin =k - j)!
+ 1

Xy =x =y,

S

that is we obtain a Bernstein polynomial corresponding to the discrete function

k+1 j \_ k j
f(n+l’n+1) f<n+1’n+l)
1
n+1

8(k, j)=

(k+j=n)
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Since f is piecewise linear on T, there exists a triangulation T = U T, such that f|r, is linear. If
both points [(k + 1){(n + 1), ji(n + 1)] and [k/(n + 1), j/(n + 1)] belong to the same element T,
then

8(k,j)=fx|r. (constant).
The derivative f,(x, y) is a step function on T (piecewise constant) and denoting by

m = max|f.(x, y)|

we have

%{f(x +hy)-flx.y)=m

for any (x,y)E T, (x+ h, y)E T. Hence

| 3B,
ax

Smand |8k HEm

for any choice of n=1,2,...and (x, y)E€ T, and (%, j).

For each elementary triangle T; we draw another smaller triangle T, with sides running
parallel to those of T; such that the distance of .he corresponding sides is p > 0. The value of p
is to be chosen later. We remark that if n = 3/p then

.(x, y)E T’ and ‘(x, y)- <£— %)l =p/3

imply

ki ) k+1
(n+l’n+l)eﬂand(m'm)en

(and hence 8(k, j) = f.(x, y)).
In fact, by recalling 0= k=n,0=j=<n we have for =0, 1

- ()= () () (.2

<P, (k—_"o i )lse+lk-nol+ise+ 2n
-3 nn+’nn+1/1 "3 nan+l) ~ 3 nn+)
P 2 _
<3+3 P

thus [(k + 8)/(n + 1), j/(n + 1)] falls inside of T
To estimate |f, — dB,/dx| we consider first the points of the smaller triangles. Suppose
(x, y) € T/ then

= 2 Ifx(xv )’) - 5("5 j)lpk.f

fxlx, y) - ag;,. (x, y)l = IZ {fc(x, y) = 8(k, P}pe;

If — 8(k, px + > Ifx = 8(k, Dok

™ Kkin. jfni=tx, y)lSpld I(kin.iln}=(x.y N >pf3

The first sum has zero terms only, since by the remark above [(x, y)—(k/n, jin)| = p/3 implies
fe(x, y) = 8(k, j).
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To estimate to second sum we apply |f,} = m, |8(k, /)] = m and inequality (3.1) with

t= P
3{x(1~x)+ y(1-y)}
and obtain
. < 2m9[x(1- x)+ y(l -y _ 9m
. — 8(k, i=2m =
Kkin.in)~(x.y)>pl3 lf ( ])lpk, Kkinjini=(x.y)>pl3 PuiS n P 2n‘p

since x(1-x)+y(l-y)sjforany0sx=1,0sy=1.
For any (x, y) € T we have

aBn«H

‘ fo =Bt <2
ety

= (gm) ;—;]’—’:area(T)+(2m)2 area (T\UT))

2 2 i 2
< (zm) aaarea (T)+ 2m)* 2p

where [ denotes the total length of all dividing segments occurring in the mesh {T}, T5, .. .}.
If we choose p = n™*" then n = 3/p holds for n = 243 = 3° and we obtain

(-2 woss

where constant C depends on f and on the mesh only.
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