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INTRODUCTION

A trend in today’s literature on fixed point theory is the attempt at
establishing the random versions of results which are well known in the
deterministic case. To be more precise, we recall that, given a measurable
space (T, &) (so, F is a c-algebra of subsets of T'), a topological space X,
and a multifunction F from T x X into X, a measurable function ¢: 7 — X
is said to be a random fixed point of F if ¢(t)e F(1, ¢(2)) for all teT. In
particular, S.Itoh proved in [5] the random version of a result by
S. B. Nadler, Jr. [10, Theorem 5] which, in turn, was the first extension to
multifunctions of the classical contraction mapping principle of Banach.
Unlike the random case, it seems that very little is known about the
following more general problem:

Given a family .o¢ of (single-valued) functions from 7 into X, find an
/-fixed point of F, ie., a ¢ € .o such that o(r)e F(¢, ¢(¢)) for all teT.

The aim of the present paper is to study the above problem, keeping
always two basic assumptions: X is a complete metric space and, for every
teT, F(t,-) is a multi-valued contraction, with closed values.

Our main abstract result is Theorem 2.1, whose formulation is based on
the notion of «/-stability recently introduced by B. Ricceri in [12]. We
then present a series of consequences of Theorem 2.1. In particular, besides
a more refined version of the above-quoted result of Itoh, we establish two
o/-fixed point theorems in the case where T is a topological space and .« is
cither the family of all continuous functions or the family of all Baire
functions of class o« (0 <a<w,;). Finally, as further consequences, we
obtain three results on fixed point stability. We will present some
applications of them in forthcoming papers.
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1. NOTATION, BASIC DEFINITIONS,
AND PRELIMINARY RESULTS

Let A, B be two non-empty sets. We will indicate by 2% the family
of all non-empty subsets of B. A multifunction from A4 into B is a
function from A into 22 Let @: 4 —2* A point xe 4 is said to be a
fixed point of @ if xe @(x). We will denote by Fix(®) the set of fixed
points of @. Moreover, if @:4— 2% we will denote by gr(®) (graph
of @) the set {(x, y)e AxB: ye®(x)}. If Q is a subset of B, we put
& (Q)={xed:P(x)nQ2#F}. I 4, B are topological spaces, a mul-
tifunction @: 4 — 2% is said to be lower semicontinuous at xq€ A if for
every open set 2 < B such that x,e @ (Q), one has x,eint @~ (Q). & is
said to be lower semicontinuous in A if it is so at every point of 4.

If 4, B are two non-empty subsets of a generalized metric space
(M,d), x a point of M, r>0, we will put By(x,r)={yeM:
d(x, y)<r}; d(x, A)=inf,_, d(x, y); d*(4, By=sup, , d(x, B), dy(4, B)=
max(d*(A, B), d*(B, A)). A multifunction &: 4 —2" is said to be a
multi-valued contraction if there exists a constant Le [0, 1[ such that
dy(P(x), D(y)) < Ld(x, y) for every x, ye A.

Now, let 7 be a non-empty set, ¥ =27 U {(F}, X a topological space.
We will say that @: T— 2% is ¥-measurable if @ (Q2)e ¥ for every open
set 2 < X. Thus, if 4 is a topology, ¥-measurability means lower semicon-
tinuity. If T is a topological space and % is the family of all Borel subsets of
T of additive class a, with 0 <a <w, (w, denotes the first uncountable
ordinal), 4-measurability means being of lower class o (see [7, p.401]).
Finally, if % is a c-algebra, we will say simply “measurability” instead of
“%-measurability.”

From now on, T will indicate a non-empty set, (X, d) a metric space,
and F a multifunction from T x X into X. Let us denote by .#(7, X) the set
of all (single-valued) functions from T into X. We will always consider
M#{T, X} endowed with the generalized metric p, defined by

palfs g)=supd(f(1), g(1))  for [ geM(T, X).

teT

Let .o/ be a non-empty subset of .# (7, X). We give the following

DermviTioN 1.1, Let fe /. We say that f is an «7-fixed point of F if
f(t)e F(u, f(1)) for every te T.

Moreover, we recall the following definition (see [12, Definition 1.1]).
Let G: T — 2*. We say that the multifunction G is .o/-stable if the following
two conditions are satisfied:

(I) there exists f €./ such that f(t)e G(r) for every te T;
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(I1) for every & reR* and every ges/ such that
Gt)nB,(g(t),r)# for all teT, there exists he./ such that
h(t)eG(t)n B,(g(t), r+¢) for all teT.

Finally, for every te T, we put I' (1) = Fix(F(¢, -)).
The following propositions will be useful in the sequel.

PROPOSITION 1.1. Let 4 <270 {F}. Assume that either 4 is closed
under arbitrary union or 9 is closed under countable union and X is
separable. Let {®,}, .« be a sequence of 4-measurable multifunctions from
T into X and let @: T — 2% be such that

Lim sup d,(®,(t), @(t))=0. (1)

n—oc teT
Then, @ is G-measurable.

Proof. Thanks to our first hypothesis, it suffices to prove that, for every
£>0 and every ye X, one has @ (B y, ¢)) € %4. To this purpose, first of all
we can construct, thanks to (1), a subsequence of {®,}, . n, say {P,, }xen>
such that

sup dy(®,,(1), (1)) < 1/2k forevery ke N. (2)

teT

Put N,={keN:k>1/2¢}. To prove our conclusion, it suffices to
demonstrate the equality

1
o= U o (n.(0-%))

Then, let t,e @ (B,(y,¢)); hence, there exists v,e @(z,) such that
d(vy, y) <& Choose ky,e N such that d(vy, y)<e—1/k,. By (2), more-
over, there exists wg € P, (t,) such that d(vy, wy) < 1/2k,. Hence,
d(wy, y) < e—1/2k, and so t, € @, (B,(y, e — 1/2k,)). Now, Ilet
ted, (Bd(y,8—1/2k )) and let wledi,,k (Dt with d(w,, y}y<e—1/2k,. By
(2), there exists v, € @(t,) such that d(vl,w1 < 1/2k,. Thus, d(v,, y)<e
and so 7; € ® (B y, ¢)). This completes the proof.

PROPOSITION 1.2. Let 427U {Z}, (Y, d’) be a metric space, L>0,
and @: Tx X = 2Y be such that one has d'((P(t, x), (1, y)) < Ld(x, y) for
every x, ye X, te T. Moreover, suppose that:

(1) there exists a dense subset D of X such that F(-, x} is $-measurable
for each xe D;
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(i1) % is a topology or 9 is closed under finite intersection and
countable union and D is countable.

Then, for every %-measurable function @:T > X, the multifunction
D(-, () is -measurable.

Proof. Fix ¢@. For every ke N, te T, xe X, put
@, (1, x)=D(t, B,(x, 1/k)n D).
Fix ke N. It is easily seen that, for every open set 2 < X, one has
1
&, (2)=) |:{te T:P(1, )" R#*J} de<y, E)J
veD
Hence we have

{teT: 0,1, (1)) N Q2 # T}
={teT: (1, p(1))e D (2)}
=y [{fe T:0(1, y) 0 Q# Bt no™! (B"<y’%>>]'

Thanks to this equality and to hypotheses (i) and (ii) it follows that
@.(-, ¢(-)) 1s ¥-measurable. Moreover, for every (7, x)e T x X, we have

dy(D,(t, x), (¢, x)) < L/k.

Indeed, let ze€ @,(t, x), then there exists ye D such that d(y, x) < 1/k,
zed(t, y). Hence, we have d(z,®@(t,x))<dy(P(t,y), Dt x))<
Ld(x, y)<L/k, and so d"*(®(t, x), ®(t, x))< L/k. Now let we @(1, x),
and let yeDn By(x, 1/k). We have d'(w, @ (1, x))<d'(w, D(t, y)) <
dy(D(t, x), D(t, y)) < L/k. Thus, d'*(P(t, x), @,(¢, x)) < L/k. Hence, we
have

lim sup di(P.(1, o(1)), (¢, ¢(1))) =0.

k—oo teT

Our conclusion follows then from Proposition 1.1.

2. THE MAIN RESULT
Our main result is the following

THEOREM 2.1. Let (X, d) be a complete metric space, o/ a non-empty
closed subset of M (T, X), and F: T x X - 2% a closed-valued multifunction.
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Suppose thar F(, ¢(-)) is of-stable for each @ € o/, and that there exists
ke [0, 1[ such that dy(F(t, x), F(t, y)) <k d(x, y) for every teT, x, ye X.
Suppose moreover that there exists @, such that sup,.rd(@o(?),
F(1, ¢y(1))) < + 0. Under such hypotheses, F admits an s-fixed point ¢*
such that p(o*, ¢u) < + 0.

Proof. For every ¢ e o/ put
G(o)={Yed: y(t)e Flt, o(¢}) forevery te T}.

Thanks to the o/-stability of F(-, ¢(-)), one has G(¢)# &. Let us prove
that G is a contraction. Let ¢, ¥ € 7, with p, (¢, ¥) < +00. Fix fe G(¢).
For every te T we have

d(f(1), F(t, 4 (1)) < du(F(1, (1)), F(2, (1)) S kp o, ).

Therefore, for every ¢ >0 we have

F(1, (1)) 0 By(f(2), kp (@, ¥) +&/2) # .

Thanks to the .o/-stability of F(-, y(-)) there exists ge.o/ such that
g(t)e F(1, (1)) N B, (f(2), kpa(o@, ¥} +¢) for every teT. Hence, ge G(Y)
and p,(f, g)<kp (@, ¥)+e Since ¢ is arbitrary, it follows that
p.(f, G()) < kp (@, ). This inequality holds for any f e G(¢), and so

pI(Gle), GW)) <kpdo, ¥)
Changing the roles of ¢ and y, likewise we obtain

pIHGW), G(@)) <kp,(o, ¥).

Hence, G is a contraction. Moreover, since X is complete and o/ is
closed in #(T, X), it follows that .o/ is a complete generalized metric space.
Now observe that, thanks to the ./-stability of the multifunction
F(-, ¢o(+)), the condition sup,.rd(@y(?), F(t, @o(t))) < +oo implies that
p4(@y, G(@g)) < +00. Therefore, by Corollary1 of [1] we obtain a
function ¢*eo/ such that ¢*eG(p*). Moreover, by the proof of
Theorem 1 of [1], we can derive that p,(¢*, ¢,) < +0c0. Thus, the proof is
complete.

3. SoME CONSEQUENCES OF THEOREM 2.1

In this section we present some applications of Theorem 2.1. We begin
with the following
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THEOREM 3.1. Let (X,d) be a separable and complete metric space,
(T, %) a measurable space, and F: Tx X - 2¥ a closed-valued multifunction
such that F(., x) is measurable for every x in a countable dense subset D of
X, and that F(1,-) is a multi-valued contraction for every te T. Then, for
every S€¥% and every measurable function :S— X such that
W(t)e F(t, y(t)) for every te S, there exists a measurable function ¢: T — X
such that o(t)e F(t, @(1)) for every te T, and that ¢\s=.

Proof. Let S and ¢ be as in the statement. Define on T a real function
L by putting

dH(F(t, X), F(t’ y))
L(f) =
(0= 50— »)

xX#y
Observe that L(t) < 1 for every t e T. Moreover, for fixed x, y € D, thanks
to Lemma 2.1 of [11], the real function d (F(-, x), F(-, y)) is measurable.
Hence, the function L, as a supremum of a countable family of measurable
functions, is measurable itself. Further, since D is dense in X, it is easily
seen that the inequality

(teT).

dH(F(ts X), F(t’ }’)) <L(t) d(x, y)

holds for all x, ye X, teT.

Now, choose a measurable function ¢,: T — X with @ s=y.

Let {a,},.n be an increasing and unbounded sequence of positive real
numbers such that, for every ne N, the set

T,={teT:d(p,1), F(1, po(1))) <a,} n {te T: L(t)<1—1/a,}

is non-empty. Observe that T, is measurable by Proposition 1.2 and by

n

Lemma 2.1 of {11]. Now, for each ne N, denote by o/, the family of all
measurable functions from T, into X and, finally, put

B,= {(PEJZ{,.5‘P|SnT,,=¢}-

We want to prove that, for each ¢ € 4,, the multifunction F(-, (-)) is
#,-stable. To this end, fix ¢ in #, and introduce the multifunction
G:T,— 2" defined by
F(¢, (1)) if teT\S

G(’)={{¢(z)} if 1eT,nS.

G is measurable because, for each subset 2 of X, we have

G (Q)={teT\S:F(t, o)) nQ#ZF} vy (2)nT,)
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and, by Proposition 1.2, F(-, ¢(-)) is measurable. Then, by Proposition 3.2
(part (B)) of [12], G is </,-stable. It is easy to see that the o, -stability of G
and the &, -stability of F(-, ¢(-)) are equivalent.

Finally, observe that %, is closed in (#(T,, X), p,) and that
sup, . 7, d(@o(t), F(t, @o(?))) < a, and d,(F(1, x), F(t, y)) < (1 - V/a,) d(x, y)
for all teT,, x, ye X. Therefore, by Theorem 2.1, there exists a function
@,€ B, such that ¢, (t)e F(¢, (1)) for each teT,. For each neN, put
T*=T\T,_,(T,= ). Observe that the sets T,* are measurable, pairwise
disjoint, and {J,.n T.F=T.

Then, the function ¢: T — X defined by putting

o(t)=e,(t) if teT* neN
is the required function.

Remark 3.1. Theorem 3.1 is an improvement of the Theorem on p. 88
of [5].

Now, we state the following.

THEOREM 3.2. Let T be a perfectly normal topological space, (X, d) a
complete, separable, and bounded metric space, and F: Tx X — 2% a closed-
valued multifunction such that F(-, x) is of lower class o (0<a<w,) for
every x in a countable dense subset of X.

Suppose moreover that there exists ke [0, 1[ such that du,(F(t, x),
F(t, y))<kd(x, y) for all te T, x, y € X. Then, for every ambiguous set SS T
of class o and every function : S — X of class o such that y(t)e F(t, y(1))
for all t€S, there exists a function ¢:T—X of class a such that
Q()e F(t, o(1)) for all teT and @,s=1.

Proof. Let S an  be as in the statement. Denote by &/ the family of all
functions of class « from T into X, and put Z={pe o/ ¢,s=y }. Choose
@0 € AB. Now, let us prove that, for every ¢ € #, the multifunction F(-, ¢(-))
is #-stable. To this end, consider the multifunction G: T — 2% defined by

F(1, ¢(1)) if teT\S
{Y(1)} if tesS.

By Proposition 1.2, the multifunction F(-, ¢(-)) is of lower class «, then,
since S is ambigous of class «, also G is of lower class a. Hence, by
Proposition 3.2 (part (8)) of [12] (see also p. 401 of [7]), G is o/-stable,
and so F(-, ¢(-)) is #-stable. Now, observe that, by Proposition 1.1, # is
closed in (A#(T, X), p;). Moreover, we have sup,.r d(@o(1), F(t, @ol?)))
< + 0. Therefore, by Theorem 2.1, there exists a #-fixed point ¢ of F, and
¢ is the required function.

G(t)={
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Another consequence of Theorem 2.1 is the following

THEOREM 3.3. Let T be a paracompact topological space, X a closed con-
vex subset of a Banach space (E, |-1), Z a subset of T, with dim(Z)<0,'
and F: Tx X — 2% a closed-valued multifunction such that F(t, x) is convex
Jfor every (t, x)e (T\Z) x X. Suppose moreover that F(-, x) is lower semicon-
tinuous for every x in a dense subset of X and that there exists a continuous
function k: T — [0, 1[ such that d (F(t, x), F(t, y))<k(t)|x— y| for each
x, ye X, te T, where d is the metric on X induced by the norm | -|. Then, for
every closed subset S of T and every continuous function \: S — X such that
Y(t)e F(t, Y (1)) for every t€ S, there exists a continuous function ¢: T — X
such that @(t)e F(t, o(t)) for every teT and that ¢ ¢=\. If, in addition,
Z =T, we can suppose that X is only closed.

Proof. Let S and y be as in the statement. By Theorem 1.4 of [9], we
can choose a continuous function ¢: T — X such that $ ¢=y. Observe that
the multifunction F(-, $(-)) is closed-valued and, by Proposition 1.2, it is
lower semicontinuous. Moreover, if te T\Z, F(t, $(t)) is convex. Then, by
Theorem 7.1 of [9], there exists a continuous function ¢4: T — X such that
@olt) € F(t, (1)) for every te T and ¢, s=y. Observe that, for every re 7,
one has

d(@o(1), F(1, @o(1))) < dy(F(1, §(1)), F(1, 9o(1)))
<k()9(1) — @o(1)].

Let {a,},.~ be an increasing and unbounded sequence of positive real
numbers such that, for every ne N, the set

T,={teT: e + loo()l <a,} N {teT:k(1)<1-1/a,}

is non-empty. Then, {T,},.n is an increasing sequence of open sets and
Unen Tw=T. We prove that there exists a sequence {¢,},.n of con-
tinuous and bounded functions from T into X such that, for each ne N,
one has

e (D eF(t, @, (1) forevery teT,; (3)
(pnlf'"Al:(pn'l (‘vepl‘lt T0=®), (4)
(pn|Sr\ T, = l// (5)

We construct such a sequence by induction. Let us construct ¢,. Denote
by ., the family of all continuous functions from T, into X, and put

!'dim{2Z) <0 means that dim(U) <0 for every U< Z which is closed in 7, where dim(U)
denotes the covering dimension of U.

409/135/2-4
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B, = {0 @s~r,=y}. For each ¢ € %,, the multifunction F(-, ¢(-)) is
#,-stable. Indeed, consider the multifunction G,: T, —2* defined by
putting

F(r, (1)) if teT\S

Gl(l)z{{(po(t)} if teT,nS.

By Example 1.3* of [8] and Proposition 1.2, G, is lower semicon-
tinuous, then, by Proposition 3.2 (part («)) of [12], it is .o -stable. It is
easy to see that the .« -stability of G, and the #,-stability of F(-, ¢(-)) are
equivalent. Now, observe that 4, is closed in (#(T,, X), p,), that
©or, €%, that dy(F(1, x), F(1, ))<(1 —1/a;)|x—y| for every teT,,
x,yeX, and that sup,.r d(@o(t), F(t, po(?)))<a,. Therefore, by
Theorem 2.1, there exists a continuous function ¢¥:T, > X such that
Olisnn =W, ¢FeF(1, (1)) for each re Ty, and sup, . 1, @ (1) — po(1)]| <
+ 0. Therefore, ¢ is bounded on T,. Then, by Theorem 1.4 of [9], it is
possible to extend ¢f to a continuous and bounded function ¢, on T,
which satisfies (3), (4), (5) for n=1. Suppose now that bounded and
continuous functions ¢, .., ¢, from T into X, satisfying (3), (4), (5) for
n=1,2,.., h, have been constructed. Let us construct ¢,, . To this end,
denote by .o, ,, the family of all continuous functions from T, , into X
and put &, ,={0cd,, .9 r,=¢,}. Fix pes,, and consider the
multifunction G, , ,: T, , = 2* defined by putting

F(1, o(1)) if 1eT,,\T,
{o,(1)} if teT,.

As in the case n=1 it is seen that G, , is ., ,-stable and hence
F(, o(-)) is %,,,-stable. Observe now that 4,,, is closed in
(M(T)y, 1, X), pg), and that ¢, 7, €%, ,. Moreover, for all te T, , |, one
has  d(@u(1), F(t, o4(1))) < l@4(t) — @)l +  d@o(t), F(t, @o(2))) +
d*(F(1, 9o(1)), F(t, 04(1))) < (2—1/ay, Mloa(t) = @o(t)ll +ay,, hence
sup,cr,,, d@u(t), F(t, p4(1))) < +o0. Finally, one has d,(F(s, x),
F, y))<(1-1/a,.,)|lx—y| for every teT,,,, x, ye X. Therefore, by
Theorem 2.1 there exists a continuous function ¢}, ,: T, , = X such that
oF, yr,=0, and of, (1) e F(t, o}, (1)) for every teT,,,. Now, extend
@¥., to a continuous and bounded function ¢, ,: T— X. The function
@, satisfies (3), (4), (5) for n=Hh+ 1. So, the sequence {¢, },.n has been
constructed. Now, define ¢: T — X by putting

Gavil)={

()= @ (1) if teT \T,_,, neN.

Of course, ¢(t) € F(1, ¢(t)) for every te T and @5 =y. Finally, to prove
the continuity of ¢, it suffices to observe that, thanks to (4), we have
@ r,=¢@, forall neN.
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Remark 3.2. Since every complete metric space can be isometrically
embedded in a Banach space as a closed set, when T=Z, in Theorem 3.3,
we can suppose that (X, d) is an arbitrary complete metric space.

Remark 3.3. Theorem 3.3 improves in several directions the
Proposition on p. 768 of [15]. It is also an extension of Theorem 1 of [14].

Before stating the next result, we recall the following definition (see
[6, p- 335]).

Let (M, d) be a metric space and {4,},.n a sequence of non-empty
subsets of M. The set

Li 4,={xeM: lim d(x, 4,)=0}
is called the topological lower limit of {A4,},. -
The following result is a consequence of Theorem 3.3.

THEOREM 34. Let (X,d) be a complete metric space and let @,
D, D,, ... be a sequence of closed-valued multifunctions from X into itself,
which are multi-valued contractions with the same constant k. Suppose that
there exists a dense subset D of X, such that

d(x)c Li D,(x) for every xeD. (6)

n— o

Then, Fix(®)< Li, _ ., Fix(®,).

Proof. Let T be the one-point compactification of N with the usual
topology. Define a multifunction F: Tx X — 2¥ by putting

D, (x) if t=nneN, xeX

F(t,x)={¢(x) if t=o00,xeX.

F satisfies the hypotheses of Theorem 3.3. In particular, relation (6) is
equivalent to the lower semicontinuity of F(- x) at the point = oo, for
xeD. Then, choose x,eFix(®) and put S={o0}, Y(w0)=x, By
Theorem 3.3 (see Remark 3.2 and take into account that T is zero-dimen-
sional), there exists a continuous function ¢:7T-—X such that
@(n)e F(n, @(n)) for all neN and ¢(o0)=x,. Thus, if we put x, = ¢(n),
neN, we have x, € Fix(®,). Moreover, by the continuity of ¢, we have
lim, ., x, =X, hence xy,eLi,_, , Fix(®,).

Remark 3.4. Observe that Theorem 3.4 extends to multifunctions
Proposition 1 of [10].
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The following result is the random version of Theorem 3.4.

THEOREM 3.5. Let (T, 9, i) be a complete a-finite measure space, (X, d)
a complete and separable metric space, and F, F |, F,, ... a sequence of closed-
valued multifunctions from T x X into X which are measurable with respect to
t for every x € X. Moreover, suppose that, for every te T, one has:

(a) F(¢, ), Fi(t,), ... are multi-valued contractions with the same
Lipschitz constant k

(b) there exists a dense subset D, of X such that
F(t,x)cs Li,_ , F.(t, x) for every xe D,.

Then, for every measurable function ¢: T — X such that ¢(t) e F(1, ¢(1))
Sfor every teT, there exists a sequence {@,},.~ of measurable functions
from T into X, such that

lim ¢,(1)=@(t) forevery teT,

n-— o0

o ()eF,(t @, (1))  foreveryteT,neN.

Proof. Consider the multifunctions Iy, I'p,, I'f,, ..., already defined in
Section 1. Observe that they are closed-valued. Let us prove that I is
measurable. To this end, introduce a real function # on T x X by putting

h(t, x)=d(x, F(t, x)), teT, xelX,
and observe that
gr(ly)={(t, x)e Tx X: h(1, x)=0}.

By Theorem 3.3 of [3], A(- x) is measurable for every xe X and by
Proposition 1.1 of [13], A(z, -) is continuous for every ¢ € T. Then, taking
into account Theorems 3.4 and 6.4 of [3], we realize that /" is measurable.
Similarly one proves the measurability of I'p, for each neN. Now,
observe that hypothesis (b), jointly with Theorem 3.4, implies that
lim, ., d(x, I'r (1)) =0 for every te T, x e I'(t). Therefore, our conclusion
follows from Theorem 1.1 of [11].

Now we state the following result, which derives from Theorem 3.4.

THEOREM 3.6. Let T be a first-countable topological space, (X, d) a com-
plete metric space, and F a closed-valued multifunction from Tx X into X
such that:

(c) F(-, x) is lower semicontinuous for every x in a dense subset D of
X;
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(d) there exists an upper semicontinuous function k: T — [0, 1[ such
that d,(F(t, x), F(t, y)) < k(t) d(x, y) for every teT, x, ye X.

Then, the multifunction I is lower semicontinuous.

Proof. Let tye T. By Proposition 2.1 of [4], which is valid also if T is
first-countable, to prove the lower semicontinuity of I at ¢, it suffices to
show that

I'hty)s Li I'(t,) (7)

n— o

for every sequence {t,},.n Of points of T convergent to ¢,. To this pur-
pose, consider the multifunctions from X into itself defined by putting

D, (x)=F(1,, x) forevery xe X, ne N;
@(x)=F(ty, x) forevery xe X.

Observe that, by the upper semicontinuity of the function k, all these
multifunctions are contractions with the same Lipschitz constant
k' =max(k(ty), sup,c n k(1,)} <1. Moreover, by (c), one has &d(x)c
Li, ., @,(x) for every xe D. Then, by Theorem 3.4, one has Fix(®)c
Li Fix(®,), that is, (7).

n— oo

Taking into account Example 1.3* of [8], Theorem2 of [2], and
Theorem 3.6, we obtain the following resuit.

THEOREM 3.7. Let the hypotheses of Theorem 3.6 be satisfied. In
addition, let T be also paracompact and perfectly normal. Then, for every
closed subset S of T and every continuous function y:S— X such that
Y(1) e F(t, Y(t)) for every te S, there exists a function ¢: T — X, of the first
Baire class, such that (t)e F(t, (1)) for every te T and ¢ s=1.
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