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Abstract

We study the high-frequency Helmholtz equation, for a potential having €2 smoothness, and satistying
the non-trapping condition. We prove optimal Morrey—Campanato estimates that are both homogeneous in
space and uniform in the frequency parameter. The homogeneity of the obtained bounds, together with the
weak assumptions we require on the potential, constitute the main new result in the present text. Our result
extends previous bounds obtained by Perthame and Vega, in that we do not assume the potential satisfies
the virial condition, a strong form of non-trapping.
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1. Introduction

This article is devoted to establishing homogeneous and uniform bounds on the high-frequency
Helmholtz equation, with minimal geometric and analytic assumptions on the potential.

Technically, the question is the following.

We take a (small) absorption parameter & > 0, and a (small) wavelength parameter ¢ > 0.
We also pick up a potential V(x) e R (x € R? with d > 3), whose regularity and geometric
properties is made precise below, together with an energy parameter A € R. Last, we choose a
given function f(x), whose regularity is made precise below. Associated with all these data,
we consider the solution u(x) to the following high-frequency Helmholtz equation with source
term, !

tieau(x) — e Axu(x) + [V(x) = AJu(x) = f(x), xeR? d>3. (1.1)

In the terminology of the Helmholtz equation, the function A — V (x) in (1.1) plays the role of a
refraction index, f(x) is a source of radiation, and u(x) is the signal created by f in the whole
space.

The first main goal of this text is to prove the existence of a constant C > 0, independent of
o > 0 and € > 0, such that

C
el = < 1S 11 (1.2)

where the homogeneous Morrey—Campanato spaces B and B* are defined as the completion of
smooth function under the following norms,

lullge = sup2 P llull 2y, WF =D 221 fllae))s (1.3)
JEL Jez
and the annulus C; is C; 1= {x e RY s.t. 2/ < x| <2711} (1.4)

These norms were introduced by Agmon and Hormander in [2], and have been used recently in
two articles by Perthame and Vega [28,29]. As we explain below, the particular homogeneity of
these norms, and the weights 2072, respectively 27J/2 in (1.3), make estimate (1.2) the optimal
bound in this context.

Our second aim is to establish (1.2) under weak assumptions on V (assumptions (H1)—(H5)
below). From the analytic standpoint, we shall mainly assume that V has the (low) C? regularity.
More importantly, from the geometric point of view, we shall mainly assume that the poten-
tial satisfies a non-trapping property. In particular, we shall not make any virial assumption on

1 Admitting that u(x) is well defined for a while.
2 In particular, we assert that u is well defined and belongs to B* provided f € B.



442 F. Castella, T. Jecko / J. Differential Equations 228 (2006) 440—485

the potential, a reinforced version of the non-trapping condition. This is a key point. We refer
to (1.10) and (1.18) for the precise definition of these two notions.

Both the homogeneity of the uniform bound (1.2) under space rescaling, and the weak as-
sumptions we require on the potential V, constitute the main new points in the present text.

To illustrate the importance of dealing with homogeneous norms, we readily mention the
following scaling property, previously underlined in [28], as it is an important motivation for
the present work. Define w(x) as the solution to the low-frequency Helmholtz equation, with
almost-constant refraction index

+isaw(x) — Ayw(x) + [V(ex) — A]w(x) = f(x), (1.5)

where the potential V (x) satisfies assumptions (H1)—(HS) below. Using the change of unknown
u(x) = e~4/2w(x/e), the reader may easily check that estimate (1.2) implies w satisfies the
uniform bound

lwllgs < CIlfllB. (1.6)

i.e., w is bounded as the parameters « and & go to zero, and one may try to pass to the limit
in (1.5) (see [6,32]).

The uniform estimate (1.6) lies at the core of the high-frequency analysis of the Helmholtz
equation, as performed in [4,7]. It is important to stress that, dealing with inhomogeneous norms,
i.e., replacing the norms || - || g, respectively | - ||+ appearing in (1.2) and (1.6), by | - |5,
respectively || - ”Bfih’ orevenby [+ [l z2(x)s ax)» respectively || - | 2((xy-s 4x) for s > 1 (these norms
are defined in Remark 1 below), would give a diverging factor C/¢ instead of C in (1.6), as the
reader may readily check. Hence the point in using homogeneous B—B* norms lies in obtaining
a w which is correctly estimated by an O (1) quantity, rather than by an incorrect O (1/¢).

Uniform bounds on w, of the form (1.6), have first been obtained in [28], and later generalized
in [32]. Their analysis strongly uses a virial assumption on the potential V. For a potential which
is merely non-trapping, an O (1) bound on w in the distribution sense has first and recently been
obtained in [6]. In this text, we go to the O (1) bound on w in the natural B* norm.

Needless to say, the nice scaling property of || - ||  and || - || g, which estimate (1.6) illustrates,
has a counterpart. Namely, the homogeneity of the space B prevents it to be a subspace of leoc’
due to a divergence close to the origin x = 0. As the analysis provided in the present text shows,
this fact turns out to create considerable difficulties while establishing (1.2).

Let us now come to more detailed statements.

Throughout this text, our assumptions on the potential V are the following:

(H1) X — V(x) is positive at infinity, i.e., there exists Ry > 0 and co > 0 such that
Vx| > Ro, A —V(x)>(co)® >0. (1.7)
(H2) A — V(x) is positive at the origin:

L — V() > 0. (1.8)
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(H3) The zero energy is non-trapping for the Hamiltonian flow of H (x, &) := 52 +V&x)—A.In
other words, for any (x, £) such that E24+V(x)—A=0, the trajectory (X (¢), Z(t)) issued
from (x, &), which satisfies Hamilton’s equations

dX(t)/dt =2E (1), X(0) =ux, (1.9)
dE(n)/dt ==V, V(X(1)), E(0)=§, '
is required to go to infinity as time goes to infinity:
| X ()| — oo. (1.10)

t—+00

(H4) The potential V is bounded as well as its first two derivatives, i.e., V € le (R?). For later
convenience, we define ¢; > 0 as

[ = VO ooy = (c1)? < 00. (1.11)

(HS) The first and second derivatives of V decay faster than 1/|x| at infinity. More precisely,
there exists a p > 0 and a C, > 0, such that:*

Vi eRY, 8,V (x)| < Cplx)™' 77, 92V ()| < Cp(x) ™77 (1.12)
Under all the above assumptions (commented below), we prove the following theorem.
Main Theorem. Assume f € B. Then, for any o > 0 and € > 0, there exists a unique solution

u € B* to (1.1). Under assumptions (H1)—(H5), and provided the space dimension satisfies d > 3,
there exists a constant C, and an &g > 0, such that for any o > 0, and any 0 < & < &9, we have

C
lell 5= < —11.f 115 (1.13)

Remark 1. The uniform estimate (1.13) is enough to establish the limiting absorption principle,
i.e., to pass to the limit @ — 0T in (1.1), whenever f € B. The limiting value of u obtained in
this way still belongs to the space B*.

More importantly, and as the reader may easily check, our Main Theorem implies the follow-
ing inhomogeneous B—B* estimates as well:

C
2113, < <11 B (1.14)

where the inhomogeneous B—B* norms are

—j/2
leell gz, = Nl 20,1y + 5up 272 llull o)
j=0 |
. i/2
LB = 1 N 2s0,1) + D 2721 ey
j=0

3 Without loss of generality, we assume throughout the paper that p < 1.
4 Here and below, we use the standard notation x)y=010+ 22172,
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It also implies the usual inhomogeneous weighted L? estimates, valid for any given s > 1,

C
ol 2y =5 ax) < ;||f||L2(<x)S dx)- (L.15)

In this sense, estimate (1.13) is optimal in the context. The B and B* spaces correspond to the
limiting case s = 1 in (1.15).
Note in passing that the spaces B and B* are in duality:

[(fou)| = < fls llullps. (1.16)

Z(f, U)r2(c))

JEZ

Similarly, the inhomogeneous B—B* spaces, together with the weighted L? spaces L({x) ™ dx)
and L?((x)* dx), are in duality.

Remark 2. The constraint d > 3 in the Main Theorem is natural, since the Helmholtz equation
somehow degenerates in dimensions 2 and 1. It might be, however, that our Main Theorem holds
in dimension d = 2 as well. Technically, the need for a dimension larger than 3 comes up in
Section 9 only, where we make use of the Perthame and Vega multiplier method [28].

Let us comment on our assumptions.

Assumptions (H1) through (H3) are the main geometric hypotheses needed to establish (1.13).
As is well known, the energy |u(x)|? in the Helmholtz equation is “propagated” along the rays of
geometric optics, i.e., along the solutions (X (¢), & (¢)) to Hamilton’s equations (1.9) with zero
energy. In particular, these rays propagate with a “speed” & given by £2 = A — V(x). In this
picture, all three assumptions (H1) through (H3) tend to ensure that energy is “well propagated”
from bounded regions of space up to unbounded regions, at a non-zero speed.

More precisely, (H1) means the speed of propagation of waves is uniformly non-zero at
infinity in x, so that the energy |u(x)|? cannot “accumulate” at infinity in x. This is a minimal as-
sumption, and the estimates we provide here become false, in general, when (H1) is not fulfilled.

Similarly, (H2) means the energy brought by the source term f is shot from the origin x =0
with a non-zero initial speed, hence it immediately leaves x = 0. The special role played by
the origin is dictated by the very norms B and B* we use in the sequel, for which x =0 is a
distinguished point. We do not know whether (H2) is an optimal assumption or not.

Finally, the non-trapping hypothesis (H3) is a standard assumption. It is in the same spirit,
though much weaker, than the virial condition, see (1.18) below. The non-trapping condition
ensures the rays of geometric optics leave any compact set after some finite time, preventing
again accumulation of energy in bounded regions of space. When the potential is C* and has
the long-range behaviour, i.e., when

Va e N9, |99V (x)| < Cofx) 719177, (1.17)

for some p’ > 0, the non-trapping assumption is known as a necessary and sufficient condition
to have weighted L? estimates (1.15) on u(x), as proved by Wang in [31]. Since weighted L?
estimates are implied by the B—B* estimates we provide here (see Remark 1), non-trapping is
clearly a minimal assumption, and the estimates we provide here become false in general when
(H3) is not fulfilled.
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The last two assumptions (H4) and (HS) are of more technical nature.

Assumption (H4) requires V € Cg. This is a natural condition in order to have a well-defined
and smooth, C!, Hamiltonian flow for H (x, &) = €2+ V (x) — A. Hence it is a natural assumption
in order to even state the non-trapping condition. One aspect of the present result precisely lies
in this low regularity on V. In many places, this lack of smoothness prevents us from using
standard pseudo-differential calculus, making the proof much more involved than in the C*
case. In any circumstance, our method can probably not go below the C? regularity, though the
C!! regularity may be attainable. However, it might be that our Main Theorem still holds true
for less smooth, “non-trapping,” potentials.

The last condition (H5) is a weak version of the long-range condition (1.17) quoted before.
Assumption (HS) actually implies the potential goes to a constant (zero) at infinity. Note that an
even weaker assumption on the potential is required in Ref. [29]: in this text the authors merely
assume the potential V possesses radial limits as |x| — oo, i.e.,

Voo(X)= lim V(rx) exists, x=x/|x|,
r—-+400

where Vi (%) is not assumed to be a constant. We do not know whether our analysis may include
potentials that are non-constant at infinity.

We end this introduction with bibliographical comments.

First, for fixed values of ¢ (say € = 1), we recall that the Mourre theory has proved to be a
powerful tool in order to show the limiting absorption principle in a very general setting. We
refer to [27], as well as [9,20], and, more recently, to [3]. The Mourre theory typically allows to
recover the inhomogeneous bounds (1.14) and (1.15) when ¢ = 1. We also refer to [1] for similar
inhomogeneous bounds.

Next, when & > 0 goes to zero, many results in the literature establish the inhomogeneous
bounds (1.14) and (1.15) for C* potentials satisfying the non-trapping condition, and having
the long range behaviour, see (1.17). We refer to [16,30,31]. These works use a parameter de-
pendent version of the Mourre theory, and the key tool is the construction of a so-called “global
escape function.” We stress the fact that, when the potential is C* and long-range, Wang’s result
[31] establishes that the weighted L? bound (1.15) actually is equivalent with the non-trapping
condition.

In this perspective, the present paper aims at dealing with a potential satisfying the mini-
mal smoothness and geometric requirements, and at going to the optimal, homogeneous, B—B*
estimates.

The case of B and B* spaces has been treated recently by Perthame and Vega in [28], for a
potential with limited, C! regularity. They use a new and elegant multiplier method in the spirit of
the Morawetz estimate [26], and the work by Lions and Perthame for kinetic equations [24]. The
inequality |lu| g+ < Ce~ || f| g, is established in [28], for potentials that are non-positive, i.e.,
V(x) — A < 0. Their work also requires potentials V that satisfy the following virial condition:

(x-Vi[A=V®D-

2 sup <1, (1.18)
%xeq A=V
where the subscript “—” means “negative part of.” Here, the assumption that V(x) — A < 0 is

a reinforced version of our requirements (1.7) and (1.8): it gives a uniformly non-zero speed of
propagation at any point x in space. More importantly, the virial condition requires, in essence,
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2[A = V()] + x - Vi[A — V(x)] = ¢ > 0. A short computation shows that the virial condition
implies the non-trapping assumption (1.10). It implies even more, namely all the trajectories X ()
in (1.10) satisfy | X (¢)| > cl|t|. Hence the virial condition clearly is a reinforced version of the
non-trapping condition (see the book [11]).

Under similar virial-like conditions, Fouassier has recently established in [13] a B—B* esti-
mate for a potential having discontinuities. Again, for discontinuous potentials, and in the easier
case when ¢ = 1, we wish to quote De Bievre and Pravica’s result [10].

In a very different spirit, Burq has introduced in [5] an original method to derive estimates in
Helmholtz-like equations posed in bounded domains: his method is based on a contradiction ar-
gument, and uses semiclassical measures as a key ingredient of the proof. His approach has been
recently adapted in [18] to establish the weighted L? estimate (1.15), for a C* and long-range
potential. The argument in [18] uses, as an additional ingredient, an “escape function at infinity”
that gives the key tool to deduce the relevant estimates. The idea of using escape functions in [18]
actually comes from the so-called Mourre estimates in scattering theory.

The present paper may be seen as an extension of the work by Perthame and Vega [28],
in order to replace the virial condition, by the weaker non-trapping assumption. Our method of
proof combines some estimates derived in [28], together with the idea of using an escape function
at infinity as in [18], and the contradiction argument introduced by Burq [5]. In this perspective,
the present approach has the advantage of decoupling the phenomena that occur at infinity in x,
from those occurring locally in x. This is a new point in comparison with the global approach
developed by Perthame and Vega.

Another important motivation for the present work stems from the analysis of high-frequency
Helmholtz equations with source terms performed in [4,7] (see also [8]), and more recently [6]. In
particular, the difficult question of analyzing the radiation condition at infinity for such equations
is analyzed in detail in [6]. This work uses the non-trapping condition, and gives a quite detailed
geometric analysis of the propagation phenomena in this context. We also wish to quote the
recent results by Wang and Zhang [32] on these questions. Here, various original and elegant
bounds are proved in the context, using however virial-like assumptions.

To end this introduction, we mention that Mourre’s theory and Burq’s method have also been
used to derive weighted L2 estimates of the form (1.15) for u’s and f’s satisfying a system of
Helmholtz equations, or, in other words, to estimate the resolvent of matrix-valued Schrodinger
operators. We refer to [17,19,21,22].

2. Outline of the proof

We prove (1.13) by contradiction, using an idea originally due to Burq [5]. In the core of the
proof, the propagation phenomena at infinity are treated using an escape function at infinity, in
the spirit of [18]. On the other hand, the propagation phenomena at the origin are dealt with using
the Perthame and Vega multipliers [28]. The non-trapping assumption makes the link between
both regions of space.

Let us come to a more detailed description.

First, for any given f € B, @ > 0 and ¢ > 0, an immediate energy estimate gives, using the
fact that the spaces B and B* are in duality (see (1.16)), the a priori bound |u| g+ < o~ '|| ] 5.
Hence u clearly is uniquely defined, and belongs to the space B*. This trivial remark being made,
the point is to prove the uniform estimate (1.13).

We argue by contradiction and assume that inequality (1.13) is false. Hence we may build up
sequences o, > 0, g, > 0, as well as f,, and u,, such that
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&, —> 0, oap — o € RT U {400},
n—oo n—o0
e fullp =m0 —> 0, llunllps =1, @2.1)
n—oo

while the high-frequency Helmholtz equation is satisfied
+ig o, (x) — 6,%Axun X))+ V@)u,(x) — Auy(x) = fr(x). 2.2)
Under these circumstances, we claim we may assume
a =lima, =0. (2.3)
Indeed, the obvious energy estimate yields
ol 172 oy = € I i ttn) <5 1L funll B Nt e = 110 —> 0, 24)

which implies o, — 0 or |lu,||;2 — 0. In the latter case, using the information |ju,| g+ =1,
we recover flxl?r lun(x)|?dx — 0, for any r > 0. From this, it turns out the argument we give
in Section 9 allows then to obtain a contradiction quite trivially (see Remark 15 after Proposi-
tion 10). Hence we are left with the case «,, — 0.

Now, to analyze the asymptotic behaviour of the sequence {u,}, we readily observe that
B* C leoc‘ For that reason, the sequence {u,} is bounded in leoc at least. It then becomes natural
to define w(x, &) as the (unique, up to subsequences) semi-classical measure associated to u,,. It
satisfies,

((a(x,é))iun,un)njo(h)_d f a(x, &)u(dx, dé),

T*R4

whenever a is a symbol which belongs to C2°(T*R¢). Here and throughout the paper, we use the
notation a;’ or, equivalently, [a(x, §)]¢) , for the &,-Weyl quantization of a(x, &). In other words,
for any v(x), we set

[az, v]() = [(a(x, &) v](x)
_ dydé exp(i (X—)’)'E)a(x“‘yf)v(y). (2.5)

) Qme,)d n 2

R

It is a well-known fact that i is a non-negative Radon measure over T*R4 (see [14,15]). Equiv-
alently, the measure © may be defined as the limit, in the distribution sense, of the Wigner
transform p, (x, &) associated with the sequence {u,}, i.e.,

tn(x, §) 1=/eXP(—iy <§)uy (x +€n%>uz (x — 8n%> dy
R4

= Fys (un <x + g,%)u;; <x - sn%». 2.6)
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With these notations, we have

pn(x.€) — p(x.§) inD'(R¥). @7
Also, u, satisfies the useful algebraic property, whenever the symbol a is smooth enough,

((atx, &) un, un) = {a(x,§), mn). (2.8)

Adopting this “semiclassical measures” point of view, the contradiction then comes as fol-
lows. On the one hand, the information ||u, ||%* = 1 roughly gives that the “mass” of the limiting
measure © = lim p,, is one. On the other hand, the several steps given below allow to establish
that the measure p is zero everywhere. This is, in essence, the contradiction.

Let us now describe more precisely the way we prove that u = 0 everywhere.

First, in Section 6, we prove the measure y carries “no mass” away from resonant frequencies,
i.e., away from &’s such that 52 = X — V(x). This is the meaning of Propositions 4—-6, which
actually give a much stronger result. Naturally, this fact is fairly standard when dealing with L2
solutions of PDEs with C* coefficients. It is generally obtained through symbolic calculus. Here,
the difficulty is twofolds. On the one hand, the potential V has limited smoothness (it is only C?).
On the other hand, we are here dealing with a sequence {u,} which is merely bounded in B*
(and not in L?), a space of the type [°°(L?) which encodes in the optimal way the integrability
properties of the sequence {u,}. These two facts prevent from using standard symbolic calculus
in any direct fashion.

For that reason, in Section 3, we preliminarily develop alternative tools that “replace” sym-
bolic calculus in our specific context. This is not only a technical question, because the limited
smoothness, and the optimality of the B* estimates, are a central aspect of our effort. In that
direction, Proposition 1 identifies in a close to optimal way those symbols a(x, §) such that a;)
acts continuously on B and/or on B*, thus preserving the sharp decay encoded in the B and/or
B* norms (this is the “/°°(L?)” aspect). Such symbols are only required to depend continuously
on the variable x (this is the “low regularity” aspect). The proof of Proposition 1 is the most
difficult task in order to get an appropriate “symbolic calculus” in the present situation. Then, as
a direct application of Proposition 1, it is established in Proposition 3 that p satisfies the usual
transport equation along the rays of geometric optics, while Proposition 2 establishes a version
of the Garding inequality that is suited to our purposes.

At this level, we have only proved that © vanishes away from resonant frequencies &. There
remains to prove that u vanishes close to resonant frequencies. This task is achieved upon dis-
tinguishing large, moderate, and small values of the space variable x.

Section 7 is a key step of the present paper. There, we prove the measure  has no mass at
infinity in x. This is Proposition 7, which actually gives a much stronger result. This step uses
assumption (1.7) on the potential, according to which A — V(x) is positive at infinity. In the
spirit of [18], our proof uses an “escape function at infinity,” denoted by a; (x, £) in the text (see
(7.8)). This function a; satisfies, very roughly, the following inequality, valid for sufficiently
large values of x > 27:

{E+ve —rac o2y

izJ

<1[xec,-]

E ) @9
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where B; > 0 is an / ! sequence and {-,-} denotes the Poisson bracket. Relation (2.9) is then
combined with the appropriate symbolic calculus developed in Section 3, to deduce

B* —> Oa
n— o0

Jun 1] 1x] = 27]]

for J large enough. The basic estimate (2.9) is very much in the spirit of the Mourre estimate.
It means that the function a; grows at least like 1[x € C;]8;/|x| along the Hamiltonian flow of
£2 4+ V(x) — A (at infinity in x), a quantity that decays slightly faster than 1/|x| at infinity (thanks
to the ! sequence f8 i)- Hence (2.9) somehow prescribes a minimal rate at which energy escapes
to infinity in the Helmholtz equation. This rate is directly related with the weighted norms for
which the solution to the Helmholtz equation remains bounded. The construction of the escape
function a; should also be compared with the multiplier method of Perthame and Vega. In our

case, ay is essentially |’;—| . é—l plus a crucial corrective factor, and we stress the similar multiplier
X

] V. + corrector is used in [28].

In Section 8, we prove the measure u vanishes for moderate values of x, i.e., for values that
are bounded away from infinity and from zero. This is Proposition 9, which actually gives a much
stronger result. The proof goes as follows. The previous step establishes i = 0 at infinity in x. On
the other hand, p is invariant along the Hamiltonian flow of H (x, &) = 52 + V(x) — A. Besides,
the non-trapping assumption states that the relevant flow sends bounded value of x outside any
compact set. Hence p necessarily vanishes for bounded values of x as well. This is the point
where we use non-trapping in our proof.

Last, in Section 9, we prove p vanishes close to the origin as well. This is Proposition 10,
which actually gives a much stronger result. In the present paper, the origin needs a special
treatment, because the homogeneous norms B and B* are somehow singular at x = 0. To show
the measure u also vanishes close to the origin, we go back to an estimate established in [28].
This estimate relates (amongst others) the mass close to the origin with the mass at infinity. Then,
using the already established fact that the mass vanishes away from any neighbourhood of the
origin, we deduce pu vanishes at x = 0 as well. This step uses assumption (1.8), according to
which A — V(0) > 0.

The remainder part of the paper is devoted to the proof of all the above mentioned steps. We
present the proof in the case where V has limited smoothness. We mention without giving further
details that the proof might be shortened in various places when V is smooth (V € C*) and V
satisfies the long-range condition (1.17).

Notation. Throughout this text, we will use the notation a;’ for the &, Weyl quantized operator

associated with the symbol a(x, &), see (2.5) (see also [12]). Also, we sometimes will need
symbols a(x, £) that are C* and satisfy

Vo e NY, VB e N, |a;;‘a§‘a(x, £)| < Caplxy™ 1, (2.10)

for some real number m and some constants Cy,g > 0. Such symbols will be said to belong to
the class S({x)™). Last, we normalize the Fourier transform as

16 = Fw© = [ uwdx uw =7 0w = o [ e de.
@)

R4 R4
@2.11)
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3. Symbolic calculus on B and B*, for symbols having limited smoothness

In this section, we give (close to) optimal conditions on the function ¢(x, &), so that the Weyl
operator ¢, is bounded from B* to B*. We also give conditions that make it bounded® from B*
to B. It gives us a symbolic calculus on the B and B* spaces. These bounds will be of constant
use in the sequel.

Here, the word “optimal” refers to two aspects. First, we deal here with symbols ¢ (x, &) that
are merely continuous in x. This will be very important in the sequel since our potential V (x)
only has C? regularity. Second, for @q to send B* to B*, we only require ¢ to be bounded in
the x variable. This is a natural assumption. Third, for ¢;’ to send B* to B, we only require ¢ to
decay slightly faster than 1/|x| at infinity, in that ¢ should behave like ) o 1[x € C;]/|x| for
some sequence o that is / Uin the j variable. This is also a natural requirement.

As a counterpart though, our symbols need to be very smooth and fastly decaying in the
& variable.

The difficulty is twofolds. First, the very definition of ((pé‘; Un,Un) = (@, Un) (see (2.6)) in-
volves a delocalisation in the two arguments of u,, which has to be combined with the dyadic
decomposition that is used to define the B* norms. This is a technically delicate task in itself,
and we refer to the splitting (3.10) and the associated analysis on this point. Second, while it is
easily checked that B* is a subset of leoc, yet the space B is not: in the B norm, the small annuli,
i.e., the C;’s for which j is large and negative, are allowed to carry a mass that may be infinite
in the L2 norm. This leads to a special treatment of the small annuli in the analysis below.

loc
The main result of the present section is the following proposition.

Proposition 1. Let ¢(x,§) € Cg(]RZd) be a bounded, continuous function.6 Define its Fourier
transform, in the sense of distributions

P, y) = Femsy(p(x, ) = / eV Eo(x, £)dE.
R4
Then, the following holds:

(1) (A rough bound on {¢g) u,,u,).) Assume @(x, y) has the decay property

lellw, :== /(y)s SUPd<x)S|</3(x,y)|dy <00, forsomes> 1. (3.1
xeR
R4

Then, there is a constant Cy > 0, that depends on s only, such that

(@2 tn. un) = |[{ttn. )| < Csllpllw, lluen 1 - (3.2)

5 Strictly speaking, bounded from B* to the second dual B**. We shall not dwell on the difference between B** and B,
since it anyhow plays absolutely no role in our analysis.

6 Strictly speaking, the assertions in this proposition should first be stated for very smooth ¢’s, satisfying ¢(x, y) €
cX (R24), and the natural density argument should be performed next. We do not dwell on that harmless point.
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(2) (An “optimal” bound on (@’ uy, un).) Assume ¢(x, y) has the decay property

lollxy == sup sup (»)"|@Cx, )|+ Y 2/ sup sup (»N[G(x, y)| < o0,
[x|<1 yeRd jeN xeCj yeR?

for some N >d + 1. (3.3)

Then, there is a constant Cy > 0, that depends on N only, such that

@2 tn. )| = |(tn. )] < Cwll@llxy ltnlls- (3.4)

(3) (An “optimal” bound on (@, un, fy).) Assume @(x, y) has the decay property

llgllyy := sup sup (y)N|¢(x, y)| <00, forsomeN >d+1. 3.5)
xeRd yeR4

Then, there is a constant Cy > 0, that depends on N only, such that

02w, )] = ‘ / tn (x m%)fn (x —8%)(/3(36, y)dxdy‘ < Cnlllyylulizl full 5.
RZd
(3.6)

Remark 3. The bound in point (1) will not be used in the sequel, being too weak for our pur-
poses. At variance, points (2) and (3) will be exploited repeatedly. We feel the (easy) proof of
point (1) is very illustrative, and allows to smoothly introduce the technically more delicate proof
of points (2) and (3). This is the reason why we still give statement (1) here, and its proof.

The bounds of points (1)—(3) naturally hold as well when u, and f,, are replaced by any
functions u € B* and f € B. In that perspective, the above proposition roughly asserts that the
operator ¢,/ sends B* in B continuously, provided ¢ € Wy (s > 1), or ¢ € Xy (N >d + 1).
Similarly, it asserts that ¢;” sends B* in B* continuously, provided ¢ € Y.

Remark 4. Points (1) and (2) of the above proposition immediately allow to improve the weak
convergence (., ) — (i, @), valid for test functions ¢ € C2° (R24) (see (2.7)), into the stronger
convergence (U, ) — (u, @) for test functions in the larger space ¢ € W, (s > 1), or even for
¢ € Xy (N >d + 1). In particular, u acts continuously on the space of test functions ¢ € W;
(s>1)or¢e Xy (N>d+1). This implies the measure p grows at most polynomially at
infinity in the x variable.

Remark 5. Both norms Wy (s > 1) and X (N > d + 1) require, in essence, that ¢(x, &) should
decay slightly faster than (x) ! at infinity in x (and it should be smooth enough in the & variable).
Similarly, the norm Yy requires that ¢(x, £) is merely bounded in the x variable (and it should
be smooth as well in £). Note in passing the clear continuous embedding Xy C Yy.

From the point of view of decay at infinity in x, the above bounds are thus very natural,
since the space B* (respectively B) is essentially a weighted L? space, with a weight that grows
slightly slower than (x) at infinity (respectively decays slightly faster than (x)~!). Note that the
Xy norm gives an “optimal” version of the W norm, corresponding to the limiting decay (x)~*
with s = 1.
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We stress the Xy norm is inhomogeneous in x: small annuli C; (j < 0) are put apart in this
norm. The homogeneous version of the Xy norm would be

> 27 sup sup ()Y |(x. ).
jez XECJ yER

Remark 6. As already mentioned, the norms W, Xy, and Y do not require regularity in the
x variable, and ¢(x, &) only needs to be continuous in x. As a counterpart, strong smoothness
of ¢(x, &) in the & variable is required: roughly, ng(x, &) should be integrable in &, up to the
order || =d + 1.

Proof of Proposition 1. Proof of part (1). Assuming ¢ (x, £) is smooth enough (¢ € S(R?) will
do), one may write,

}(un,<ﬂ>|=‘/un<x+8n§) <X—5n2><ﬂ(x y)dxdy’ (3.7)
R2d

On the other hand, we clearly have the rough estimate
[x) ™ un| ;2 < Csllunlis,  whenever s > 1/2. (3.8)

Hence we may upper-bound (3.7) in the following way

[un|(x +€,Y/2) lunl(x — ey /2) y y
ns g n~ — ¢n d d
[an: ) (Feny/2  (x —eny/2) <x+8 2><x § >|‘”(x »|dxdy
RZd
<cs||un||%;*/<y> S sup (1) [g(x. )| dy.
xeRd

Rd

This establishes (3.2).
Proof of part (2). We take a smooth test function ¢(x, £), and observe again the standard
identity

(Un, @) = <(§0(X 5)) Mnyun) /@(xsy)un<x+8n%> (x_gn )dXdy

R2d

Hence we upper bound

u(x+8n%)

This serves as a definition of B, (x, y). In order to estimate f B, (x, y)dx dy in an optimal way,
we decompose u, into contributions due to the various annuli C;. This is naturally imposed by
the dyadic decomposition that defines the B* norm of u,. In doing so, it turns out that small

|(n, 0)] <

u(x — 8,1%)“@()6, y)| dxdy =: / B,(x,y)dxdy. (3.9)
R2d
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annuli C; (i.e., large negative values of j) need a specific analysis (see definition (3.3) of the
X y-norm).

Our first step is to decompose | B, (x, y) dx dy upon distinguishing the relative size of x and
&ny, as follows:

/ B,(x,y)dxdy = / B, + / B, + / B,. (3.10)

R2d [x[Zenlyl [x|<enlyl/4 enlyl/A<Ix|<enlyl

Each of the above terms is estimated separately. The first term in (3.10) is estimated upon using
the Cauchy—Schwarz inequality in x:

Bn: / Mn<x+8n%>

lx|Z€nlyl [x|Z=enlyl
y
Uplx+e,=
( 2

< sup sup {2_j / 'un<x+snz>
J€Z yeRrd 2

J€Lyec;, |xI=enlyl
xeCj, |x|=enlyl

x22//sup |p¢x, y)|}dy

jez g xeCj

Upn <x - En%)“(ﬁ(xa y)|dXdy

Uy (x - 8;«%)‘!@(& y)|dxdy

Uy <x SnX> dx}
2

< Cy sup (2 llunll 2@y lunl 2@,) D27 sup sup (N]@(x, )]
JEZ ez x€Cj yeRd

< CNl@lxy lunll%e, (3.11)

whenever N > d. Here we used the notation 5]- =Cj1UC; UCjq.
The second term in (3.10) is bounded in the same spirit, using this time the Cauchy—Schwarz

inequality in y:
Yy
Up (x +é&n 5)

y
Un <x +én E)
J€L yec;, |yl z4lxl /e

< sup sup {Z_j f ‘un (x+8nX)
J€Z xeRd 2
yeCj, |ylZ4lx|/en

xZZj/ sup {|¢3(x,y)|}dx

JEL B yeCj. |ylZ4lx|/en

B, =

[x|<enlyl/4 |x|<enlyl/4

Mn<x _gng)"(ﬁ(xv Y)’dXdy

i (x - eng)‘\qs(x, )| dxdy

u,,(x—s,%)‘dy}

and, rescaling x and y by ¢, in both integrals, we obtain
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/ B,, <sup sup {Zjenl / u,,(x—i—X) un<x—X>‘dy}
JjeZxeRd 2 2

[x|<enlyl/4 yeenCj, |yl 241x|
X ZZ’en/ sup  {|@(enx, y)|} dx.
jez R yeCj, |y[Z4lx]|

Hence, making use of the Xy norm of ¢ to upper-bound the second factor, we recover the
estimate

Bn<C||un||%;*[/<x>Ndx}( > 2/e, sup sup {(3)"|@(enx. )|}

; enx|<1 yeRd
IxI<enlyl/4 R et lnrIShye
i H—Pj N+P| A
+ Y 2e27% sup sup {() |<ﬂ(8nx,y)!}>
2iep>1 lenx| <27 yeRY

< cNuunné*(nwan Fllelxy, D 2j£n2—Pf) <N PIlxy,pllinlge,
Penl (3.12)
whenever N > d and P > 1.

Finally, the third term in (3.10) is estimated upon using the Cauchy—Schwarz inequality in
both x and y. Indeed, this term has the value,
J(X+Y X-Y
w b

2 &n

By=s ¢ / 16 ()| (V)|
enlyl/4<Ix|<enlyl R2

1 1
X I[ZIX—YI < §|X+Y| < |X—Y|]dXdY.

The reader may easily check, for any (large) integer N, the inequality

A<X+Y X—Y)‘
ol —,
2 n

< CON(X/en) N2 (Y 1e0) TN sup{ ()N 191(x, )}
X,y

1 1
X -Y|<Z|X+Y[<|X-Y
LI IS FIX+YI<| I}

< CON(X/en) M2 (Y Je0) N N0lIx - (3.13)

Hence, the third term in (3.10) is estimated by

P { -N/2 z —N/2

n <CNeE, |1 (X)) , dx Jun (O = dy )lelxy
R4 R4

x \~N/2

(o)

whenever N > d + 1. Putting together (3.11), (3.12) and (3.14), establishes (3.4).

enlyl/A<Ix|<enlyl

2 —d i/2
< Cyllunll 3@l xyen <§ 27/
jeN

2
) )<CN||¢||XN||u||%*, (3.14)
L2(XeC))
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Proof of part (3). This part of the analysis is similar to the proof given for point (2). We start
with the following observation, similar to (3.9):

(00 )" . fu)] < f

un(x+8n )‘
d

=: / B(x,y)dxdy. (3.15)
RZd

f,,< —s%)‘wx,y)!dxdy

The technique to estimate f En (x, y) is the same as for f By (x,y). The only difference lies in
the fact that we do not need to treat the small annuli C; apart.

‘We write
/ By(x,y) = / B, + / B, + / B.. (3.16)
R2d x| Z>enlyl |x|<enlyl/4 enlyl/A<|x|<Lenly|

As before, the first term in (3.16) is estimated upon using the Cauchy—Schwarz inequality

in x:
w(ereng)(s-o) o

En<Z sup{

jeZ yERd

[x|Z=enlyl x€Cj, |x|Zenlyl

x [ supflocr )y
R4 !
<Cn Y (lunll 2@ I fall 2@, ))sup W]oex, v
JEZ
< Cnll@lyy lunll gl fall 5. (3.17)

whenever N > d, and we used the notation E"j :=C;j_1UC; UCj4 as before.
The second term in (3.16) is bounded using the Cauchy—Schwarz inequality in y:

(303 )| | (x =2 ) ]

En < Z sup {
jeszRd

[x|<enlyl/4 yeCj. |y|=4lxl/en

x/ sup {|¢Cx, )|} dx
R

4 [y1Z241x1/en
Tl [l
jezxeRd 2

x/ sup {|@(enx, )|} dx < Cnll@llyy lunll g1l fall 5. (3.18)
| Iy1>41x]

vee,Cj, |y|=4]x|

whenever N > d.
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Finally, the third term in (3.10) is estimated upon using the Cauchy—Schwarz inequality in
both x and y. Indeed, this term has the value,

By=e, | |un(X)|| fn(V)]
2d

en|yl/A<|xI<Enly] R

1 1
Xl[ZIX—Y|<§|X+YI<|X—Y|}

fX+HY X-Y
ol ——

, )‘dXdY.
2 &n

Estimating as before (see (3.13))

2 7 e,

< CON(X/en) V(Y Je0) V2 sup(n)V @ (x, y)

1 1
I[ZIX—Y|<§|X+Y|<IX—Y|}

M X+Y X-Y
(/)—

)

gives the upper-bound

X\ N2

~ —d

B, < cutotne( [lmcol(Z) T ax)
n

en|yl/A<|xI<Enly] R

—N/2
(flsnz) "o
R4

—d
S Cnllelyy lunllsll full B,

. x\~N/2 . x\~N/2
(222 ) (n2|(5) )
jeN €n L2(XeCj)/ \ jeN &n LX(XeC))
S Cnllellyyllunllll fallBs (3.19)

whenever N > d + 1.
Putting together (3.17)—(3.19) gives estimate (3.6) of point (3). O

4. First consequence: a version of the Garding inequality

This section is devoted to the proof of a consequence of Proposition 1, namely, a version of
the Garding inequality, valid for symbols with limited smoothness. This result plays a key role
in our analysis (see Section 7).

Needless to say, the result we give here is completely standard for smooth symbols, acting
on L? functions.

The main result of the present section is the following proposition.

Proposition 2 (Garding’s inequality). Let ¢(x,&) € Cg(de) be a bounded and continuous’
function. Assume @ has the regularity ¢ € Xy (see (3.3)), together with D¢ € Xy, for some

7 Again, this assertion should first be stated for very smooth ¢’s, and the natural density argument should be performed
in a second step.
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N > d + 2. Assume, finally, that ¢ is a non-negative function

(x,&)=20.

Then, there exists a universal constant Cy > 0, that depends on N only, such that the following
Garding inequality holds true:

((0(x,©); tn tn) = (1n, @) = =Cnw/En(I0llxy + 1Dl ) 1 - “.1)

Remark 7. In other words, the quantity (u,,¢) is non-negative, up to a corrective term of
size ,/e,. Note the usual Garding inequality gives a smaller corrective term, of size g,. This
gap is due to our assumptions, namely, to the fact that ¢ is here assumed to be only once dif-
ferentiable in x. The reader may easily check that our proof gives the more standard O(e;)
corrective term if ¢ is assumed twice differentiable in x, with D%(p e Xn.

Remark 8. It is a well-known fact that u = lim p,, is a non-negative measure, while p, is not
a non-negative measure for finite values of n. The above proposition quantifies the defect of
positivity of @, when n is finite. Note the test functions we use here are in the class Xy, i.e.,
they should decay slightly faster than 1/|x| at infinity. This is due to the fact that u,, is uniformly
bounded in B* only (and not in L?).

Proof of Proposition 2. We start with the standard observation (see [23], or [25]),

i (x, &) >0,

where fi,, known as the Husimi transform of the sequence {u,}, is defined as

fn(x,8) = pn(x, §) k¢ G, (x, §)

2 2
_ +
= / Mn(x —2,& —n) (ey) dexp<_%> dzdn.

R2d

=Gy (y,1)
Hence, taking a non-negative test function ¢ as in Proposition 2, we have
0< (ftn, @) = (bn. 9(x, &) %r g Ge, (x, 8)).
As a consequence,
(tns @) = —[(in. @ % Ge, — @)| = —Cnll@ % G, — @l xy lun | B+, (4.2)
whenever N > d + 1. Here we made use of Proposition 1(2).

We perform a Taylor expansion on the term ¢ * G, to estimate the right-hand side of (4.2)
and to establish that ¢ * G, — ¢ = O(,/€,) in Xy norm. For obvious convenience, the Tay-



458 F. Castella, T. Jecko / J. Differential Equations 228 (2006) 440—485

lor expansion is performed directly on the Fourier transformed term F¢_.,(¢ * G¢, — ¢).
We write

Feosy(@xGe, —@)(x,y)
[ - 22 32 A
= (men) ™Y /w(x —z,y)eXp<—€—> em(—&:) dz —(x,y)
n
]Rd

= I:n—d/z f (ﬁ(x — €z, y) exp(—zz) dz — ¢(x, y)i| exp(—sny2/4)

]Rd
+@(x, y)[exp(—eny?/4) — 1]
= A(x,y) + B(x, y).

This serves as a definition for the functions A(x, &) = Fy__l)s(;{\(x, ¥)), and B(x, ). Up to this
point, we have,

o * Ge, —@llxy < IAllxy +11Blxy-

We estimate separately each term || Al x,, and || Bl x, .
On the one hand, we have

|B(x, y)| < CyEnlyl|d(x, )|

This implies

IBllxy < CNVERl@lxyy-

On the other hand, we turn to the more difficult analysis of A. First order Taylor expansion
gives

1
|Ax, )| gcm/dz/d9|z||qu3(x—eﬁz,y)|exp(—z2).
RS0

When x € C; with j > 0, we may thus estimate

sup sup (V)N ]A(x, y)|

XECJ' yE]Rd

1
< C/en sup /dZ/dG sup(y)" |zl Dx@ (x — 0/Enz, y)| exp(—2°)
y
R0

)CECJ'

1
—cyasw [ [dosupt) izl Deg (e - 05z ) [expl(~)
y

xeCj

J A
121<20=1 / /e O
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1
+ C\/en sup / /d@ sup(y)N|z| |Dx<ﬁ(x —0./e,z, y)| exp(—zz)
y

XEC.,' .
2122771/ /en O

< C /&y sup sup(y)" | D@ (x, y)|
XECJ' y

22J )
+C@6Xp(—c ) sup sup(y)™ [ Dx@(x, y)|.

n/ xeRd ¥y

Here, we made use of the notation C j:=Cj—1UC;UCj41. As a consequence, multiplying
by 2/ and summing over all values of j > 0, we deduce

> 27 sup sup ()Y ]A. y)| < CVEn I Diglixy-
jZO xeCj yeRd

Similarly, when |x| < 1, we may estimate

1
sup sup (y>N|;f(x,y)| < C\/E/dz/de sup sup (y)"V|z|| Dx(x — 0/Enz. y)| exp(—2?)
IxI<1 yeRd PR QIS S

g C\/ 3n||Dx(p”XN~

All these estimates finally result in the following

lg * Ge, — @lixy < Cv/En(ll@llxy., + I1Dx@llxy)- 4.3)

Plugging (4.3) into (4.2), ends the proof of Proposition 2. O
5. Second consequence: a version of the transport equation

This section is devoted to the proof of another important application of Proposition 1, namely,
the fact that w,, almost satisfies a transport equation, or, in other words, w, is almost invariant
along the Hamiltonian flow of H (x, &) = £2 4+ V(x). Again, the point is that we can prove the
relevant transport equation is satisfied in a weak sense, when tested along symbols with limited
smoothness. The corresponding statement when the symbols are smooth is completely standard.

The main result of the present section is the following proposition.

Proposition 3 (Transport equation). Let ¢(x, &) € CQ(RM) be a bounded and continuous func-
tion.® Assume ¢ € Yy (see (3.3)), for some N > d +5.
Then, the distribution [, (x, &) satisfies

|(—etnttn + 26 - Vaptn = ViV (x) - Ve tn, )| < Cw(en + 1) 101l vy - (5.1

8 Again, the present statement should first be stated for very smooth ¢’s, and the natural density argument should be
performed next.
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In particular, the limiting measure (. = lim u,, satisfies the transport equation
28 - Vep(x,§) = Vi V(x) - Veu(x,§) =0 (5.2)

in the sense of distributions. Equivalently, if ®; denotes the Hamiltonian flow associated with the
Hamiltonian 52 + V(x) — A, we have the invariance

VieR, pnod®,=u, 5.3)
where the equality holds between measures.

Remark 9. As already mentioned, it is a standard fact that © = lim u,, satisfies a transport equa-
tion, in the sense of distributions. Here, the point is twofolds. First, estimate (5.1) keeps track of
the fact that, for finite values of n, , satisfies a transport equation as well, up to an error term
that we are able to upper-bound. Second, the transport equation is not only established in the
sense of distributions: we work here with test functions ¢ in the class Y. We recall that such
functions are merely continuous and bounded in the x variable. This turns out to be a useful
aspect in the subsequent sections.

Proof of Proposition 3. We Wigner transform the Helmholtz equation (2.2) itself. It gives the
usual transport equation with remainder:

—tpfy +& - Vipy _va(x)‘véﬂn =R, (x,§), (5.4)

up to defining R, (x, &) := ]—"S__l)y(i?\n (x, y)) through the formula

B 1 IV —e 2
Ry(x,y) :=—¢, Im(fn(x—l—enz)un(x 8n2>>

Vix+6,2)—Vx—s8,2)—¢,y-V,V(x
n ( nz) ( : n2) Yy - Vi V( )Mn x+8nX u: x—an . (5.5
2igy, 2 2

Taking ¢ as in Proposition 3 and testing R, against ¢, we estimate the duality product (R, ¢)
as follows.
The first term appearing in (R,, @) (see (5.5)) is upper-bounded by

_ y
g‘gnl / un(x_8n§>
R2d

-1
S Cne, llellyy Il fallllunll a=

o+ 03 )[focx ol axay

S Cnmillellyy — 0, (5.6)
n—00

whenever N > d + 1. Here we used Proposition 1(3), together with the assumed bounds (2.1)
on u, and f;.
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As for the second term, it is estimated by

1
<C8n/dxdy/dt un(x—i—gn%) un(x 8,1%)
R2d —1
1

<chn||un||%*fdr( sup sup(»)V[y*@(x, »)|| DIV (x + te,y/2)|
y

lx|<1

Y20 (x, || DV (x + teay/2)| dt

+ Y2 sup sup(n) VY29 (x, )| | DIV (x +teny/2)|), (5.7)
>0 xeCj y

whenever N > d + 1. Here we have used Proposition 1(2). There remains to estimate the two
suprema on the right-hand side of (5.7). On the one hand, we clearly have

sup sup(y)™ [y2@(x, )|| DIV (x + teny/2)|

[x|<L Yy

<C| DIV, sup sup(y V250, )| < Cligllyy .-

|x\

Also, using the assumed decay of Df V atinfinity in x (see (1.12)), we may estimate, on the other
hand,

2/ sup sup(y)" [y2@(x, )| [ DIV (x + 16y /2)]

xeCj; ¥
< C sup sup<y>N+2Ll+|¢(x |
veC; v (x + teny/2) 1+
<C sup sup(y) +4|g0(x y)| sup sup(y) ZLH_
xeCj y xeCj vy (x +teny/2) P
< C sup sup(y)V** |¢(x, )|
xeCj; ¥y
S Cllellyyys (5.8)

as a direct inspection shows. Hence the second term appearing in (R,,, ¢) is eventually estimated
by

SCnenll@llyy,a =2 0.

This ends the proof of the proposition. 0O
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6. Energy localization: the sequence {u,} carries no mass outside resonant frequencies

This section is devoted to the proof of various relations which assert the sequence {u,} carries
“no mass” for frequencies that do not satisfy the zero energy condition £2 = A — V (x), i.e., away
from resonant frequencies.

Itis a very important statement. Indeed, it allows us in the next sections to reduce our argument
to the asymptotic analysis of the sequence {u,}, conveniently restricted to frequencies that do
satisfy the zero energy condition. For those frequencies, the non-trapping condition (1.10) gives
an additional, and crucial, information.

As in Sections 5 and 6, the statement of interest is fairly standard when dealing with L2
solutions to PDEs with C* coefficients. The difficulty lies again in the fact that V € C? only,
and u, belongs to B*. Also, we prove here statements that hold for finite values of n, and not
only when n = oo.

The main results of this section are the following three propositions. All three results assert, in
one way or another, the localization on resonant frequencies. Proposition 4 gives a rough state-
ment, while the next Propositions 5 and 6 give refined, and technically more involved, estimates.

Proposition 4. Let ¢(x,§) € Cg (R2) be a bounded and continuous function. Assume ¢ has the
regularity ¢ € Yy, (see (3.3)), together with Ay € Xy, for some N > d + 4.
Then, the distribution |1, (x, &) satisfies

(E2+ V() = A a(x, ), 0)| < Cnen(ll@llyy + 1Ac@lxy)- 6.1)

In particular, the limit ;i = lim w,, satisfies (€> 4+ V (x) — M) u(x, &) =0, in the sense of distribu-
tions, so that the measure p only carries resonant frequencies:

supp i C {(x,6) e R* 5.t £2 + V(x) — A =0}. 6.2)

Remark 10. Note that estimate (6.1) needs Ay¢ € X, but only ¢ € Yy. In others words, ¢ may
be merely bounded at infinity in x, while A ¢ needs to decay slightly faster than 1/|x|.

Proposition 5. Introduce two C cutoff functions in x and &, satisfying respectively

OE)=0 whenever|&| < 2cy, OE)=1 whenever|&| > 3cy,

Xx(x)=0 whenever|x| <1, x(x)=1 whenever |x| > 2.

Here we recall that ¢y = ||\ — V(x)||lL/£, see (1.11).
Then, the following L? bound holds true:

|02 x@)un ()] 12 < C (/2 + 1) — 0,

for some C that does not depend on n.
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Remark 11. In other words, up to putting apart small annuli in x, the sequence {u,} carries
no mass, in L% norm, for frequencies above ||V (x) — )\||2/£ = c1. This is indeed a quantitative

version of (6.2), valid for bounded values on 7.

Proposition 6. Introduce two C* cutoff functions in x and &, still denoted by ® (£) an x (x) not
to overweight notations, satisfying respectively

OE)=0 whenever|&| > co/2, OE)=1 whenever |&E| < co/3,

=
< 3Ry.

VoA

x(x) =0 whenever |x| < 2Ry, x(x)=1 whenever |x|

Here, we recall that the constants co and Rg are defined in (1.7).
Then, the following L? bound holds true:

| @2 x un )] 12 < Clen +na) — 0,
for some C that does not depend on n.
Remark 12. In other words, up to restricting to x’s larger than R, for which A — V (x) is away
from zero,i.e., A —V(x) > (co)z, the sequence {u,} carries no mass, in L? norm, for frequencies

below cp. This is again a quantitative version of (6.2), valid for bounded values of .

Proof of Proposition 4. An easy computation gives

282+ V() = A)a(x, &)

2
&y

= Asttn(x, €) + Fye <[—83Aun + Vu, — Au,,](x + en%)uz (x - 8;%))
M 2 Ak * * y
+ fyﬁg (Ltn (x +én E) [—EnAMn +Vu, — )\Mn] (X —é&n 5))

+.7-"y_>g<|:V(x) - %V(x +8n§> - %V(x —8,,%)]14,, (x —{—8,1%)14: <x — g,,%))_

Hence, using the Helmholtz equation (2.2) satisfied by u,,, we recover
(82 + V) = A)n(x.§) = Ru(x,8), 6.3)

up to introducing the remainder term R, (x, &) = ]:g__l>y (1/3\,1 (x,y)) through

) o—— 83 N y * y
Ru(x,y) ‘—ZAxﬂn(x’Y)"‘Re Jn x+5n§ u, x_gnz

1 1 1
+ §|:V(x) — §V<x+£n%> — §V<x —8n%>]un<x+8n%>u:<x —En%).

Testing R, against a test function ¢ gives three terms, which we estimate as follows.
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The first term, when tested against ¢, is estimated using Proposition 1(2), by

2 2
SCne A @l xy unll g
2
<CngllAxellxy — O,
n—oo

whenever N > d + 1. The second line uses the bound (2.1) on u,,.
In the same spirit, the second term in (6.4) is estimated thanks to Proposition 1(3), by

Nl@llyy llunlizll full B

NN

C
Cnenmullollyy n:gOO,

whenever N > d + 1. The second line uses the bounds at hand on u,, and f;,.
Finally, the third term is upper-bounded by
DXV(x +l8n%>‘

1
<C5,1/dxdy/dt u,,(x—i—sn%) u,,(x—e,,%)
R2d 1

1
< Cnénlln s / dr( sup sup Ny, || DxV(x + teny/2)|
x|<

+ Y 27 sup sup(y)V[y@(x. y)|| Dx V(x+tsny/2)|> (6.5)
= xeC; ¥

whenever N > d + 1. Here we have used Proposition 1(2). There remains to estimate the two
suprema on the right-hand side of (6.5). On the one hand, we clearly have

|s‘u<plsup Ny (x, || Dy V (x + teny/2)| < C|| Dy V||Loo‘sup sup(y)V @ (x, v)|
X } x \

S C||(P||YN+1-

Also, using the assumed decay of D,V at infinity in x (see (1.12)), we may estimate as in (5.8)

27 sup sup(y)N [y@(x, ) || DxV (x + te,7/2)]

xeC i Y
(x)
< C sup sup()N ! ——————15(x, y)
i o reny/ae 96
) (x)

< C sup sup(y)¥ 3¢ (x, )| sup sup(y) F—-"——
xeCj vy ‘ |xeC y (x+t5ny/2)l+p

< C sup sup(y N+3|g0(x y)|
xeCj y

<Clolyy.s
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as a direct inspection shows. Hence the third term appearing in (R,, ¢) is eventually estimated
by

g CNSI’E ||¢||YN+3 njo)o 0.
This ends the proof of Proposition 4. O

Proof of Proposition 5. We take two cutoff functions ®(£) and x (x) as in Proposition 5. For
later convenience, we take some large parameter A > 0, and we decompose accordingly the
cutoff in frequency © (£) into large and moderate frequencies, namely,

O) =06, + 1),
where both functions @Z (&) (i =1, 2) are smooth, non-negative, and they satisfy:
supp©} C [2¢1 < Jg1<24),  supp©F c {IEl > 4).
Associated with this decomposition, we write
[©axunl 2 < [(©4), a2 + [(O2);, Xt | 2 (6:6)

and we start estimating separately each of the above terms.

First step: estimating ||(® }1);"" Xun| ;2. Roughly, this contribution is estimated thanks to the
energy localization already stated in Proposition 4, as we show below.

To begin with, we express the norm ||((~)/11)};”l)(un||i2 in terms of symbols. We write, using
standard symbolic calculus

X(O4)2 (04)2 x() = (x(0)*(©4)))2 + 0 (enx) ™),

as operators on Lz(Rd). Here the O (g, {x) ™) term denotes an operator whose symbol belongs
to the class S({(x)~") for any N, and whose size is O(s,) in each of these classes. As a conse-
quence, we may write:

(@) xunll 2 = (x(O4) 2 (Oh)Y Xttn. 1)
=((x@*(@4)*)2 tn. un) + Oen)
= (X2 (OL®), wa)+ 0 (en). 6.7)

Naturally, the second line uses the fact that

a0
/ £ dx < Collu . < Ci,

R4

forany N > 1.
We now apply Proposition 4 to the right-hand side of (6.7). To do so, we first observe that the
symbol x ()6)2(811 (£))? clearly belongs to the class Yy for any N, being essentially constant at
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infinity in x, and CZ° in £. This is actually the reason why we have put apart bounded frequen-
cies, through the decomposition ® = @}‘ + @f‘ in (6.6). On top of that, the Laplacian of this
symbol, having the value (Axx(x)z)(@}x(é))z, clearly belongs to the class X for any N: it is
actually C é’o in both x and &. Last, we observe

|€] = 2c1 on supp @J‘,
from which it follows:
|§2+V(x)—k|>4c%—c%:3c%>0 on supp@}‘. (6.8)

For this reason, we do have the following regularity/decay properties in x and & for the symbol

X ()20 ©)?/(E> + V(x) —A):

2cm)1 2
201 2
(v oy ) e foramy

Note the important distinction between the symbol (which does not decay in x), and its second
derivative (which has the good decay). Note also that the above statement only requires V to be
twice differentiable. This being observed, we recover in this way, using Proposition 4:

291 2
(X (O4®), 1) = <% (E2+V(x) - A)un>
= O(&n + 1n).
Eventually, we have established
1(©4)2 xutn ;2 < Clen + ). (6.9)

where C > 0 is independent of n (but it does depend on A).
Second step: estimating || (O o) XUn || . Let us now come to the analysis of the term involv-

ing O%. We are here dealing with unbounded frequencies, so that Proposition 4 is of no use. The
alternative idea is, essentially, to perform a standard energy estimate.
We test the Helmholtz equation (2.2) against

X()(O3), (OF)s x (),
and start estimating. It gives at once
((©3)2 x) (=2 Acun(x)), (OF)2 X () (x))|
<022 x@) )] 2 [ (B2 X @t ()] 12 + enea [ (©F) x Ot () |72

+ |<(@A) (X)[V()C) - ]un(x), (@A)an(x)un(X)H-
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As a consequence, standard symbolic calculus and the bounds at hand on f;, and u, give

((©2), x (@) (=7 Avun (), (OF) x (X ()]
< C(ennn +5nan)” (@A) (x)un(x)”Lz

+{(@2)y X(x)[V(x) ]un(x),(@A)snx(x)un(x)ﬂ. (6.10)

We now come to estimate, in (6.10), the term

((©)s x ) (=7 Asttn (), (OF )2 X (D) ()] (6.11)

from below, and the term

((©F)s x [V () = AJun (), (©3) ) x ()t ()] (6.12)

from above.

First, we estimate the term involving V (x) — A. This necessitates to commute the truncation
in frequency, (@ )¢, » With the potential V, a function of limited regularity. This cannot be done
using standard symbolic calculus. For that reason, we claim here that for any functions v and w
in B*, the following commutator estimate holds:

([(©2), V) = (©3). V) Jv@), w®)| < Cenllvll g« wll g+ (6.13)

Assuming for a while that (6.13) has been proved, we immediately deduce

((©3)2 x [V () = MJun (), (0F)2 x ()un (x))]

[V = 2](€3) x a0, (O3 x (X ()] + O(en)

ACHN x(x)un(x)||L2+0<sn> (6.14)

where the constant cf is simply ||V (x) — A||L> (in particular, it does not depend upon A). To
complete the proof of (6.14), there remains to prove (6.13). We proceed as in the proof of Propo-
sition 4:

([(©F), V) = (07). V) o), ww))]
=[{[(1=©3). V) = (1= 63), V) ]ux), ww)

=‘R{dxdyu<x+a,,§> (x—snz)(l—() (y))|: (x+sn§>—v<x—sn§>]‘

1
<08nfdxdy/dr v(x—l—sn%)"w*(x—sn%)‘“l—@ﬁ(y))||y|‘DxV<x+tan%)‘
R4 5

< Cepllvllp=llwll
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where the last line uses exactly the same argument as in the proof of Proposition 4 (see Eq. (6.5)
and the estimates that follow). Note that the exchange between ()2 and 1 — @i in the commu-
tator, is needed in order to have (1 — O (y)) fastly decaying in y (() 4 1s the Fourier transform
of 02 ). Estimate (6.13) hence (6.14) are proved.

Second, we turn to estimating (6.11) from below. Here, we need to commute the Laplacian
with the truncation y:

|<(@i)wx<x>(—e%xun<x>),(@i)“’xumn(x))l
> [((—en ) (02), xua(x), (O3, x (¥t ()| — |commutator]

>A2||(OA) X(x)un”L2 |commutator]|. (6.15)

We are left with the task of estimating the commutator. An explicit computation gives:

|commutator|
<C(OF);, x un] 2 (en] (OF);, Vix (e Vatun | 12 + &7 [ (OF);, Axx (Outn]] 2)
<C[(@2);, x Cn| 2 (en]| (O);, Vit (enViun | 12 +2)-
Here we used the bounds at hand on u,,, together with the fact that A, x has support in an annulus
whose big radius is bounded from above, and whose small radius is bounded from below. Now

the term involving &, V. u, is easily bounded. Indeed, we know that || x (x)u,| g+ < C, and the
Helmholtz equation (2.2) clearly implies

C(|x @) full go + [ (V) = 1)t
<C(Il fullg + llunllp=) < C.

5)

“ X(x)szAxun B <

Note that the function x here cuts off a small ball around the origin, so that x f is bounded in B*.
We stress at variance that the function f;, itself is not bounded in this space, due to the diverging
contribution of small annuli. Then, a straightforward interpolation gives
| x&n Veunllp < C
We deduce
|commutator| < Ce, || (@A) x()uy, ||L2 (6.16)
Eventually we have obtained
(O3 X @) (~e3 A ()). (O3) 2 X @t (o)
> A%(03), x a2 = Cenl| (O3);) x It (6.17)

Putting (6.10), (6.14), and (6.17) together, we infer

(4% = D)) (©2)2 xWun| 72 < Cen | (OF) 2 x @t | 12 + Cen.
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Hence, taking A large enough, we eventually obtain:

1(62), x| 2 < Cen’™. (6.18)

Third step: conclusion. Estimates (6.9) and (6.18) give in (6.6):

02 xta] 2 < Celf” + ).
Proposition 5 is proved. O

Proof of Proposition 6. The proof is essentially the same as that of Proposition 5, up to the
following changes. First, dealing here with bounded frequencies, we do not need to split & into
two terms (= bounded frequencies + unbounded ones). Second, the estimate from below (6.8)
simply has to be replaced by

2 2
2 _ > % _3% 5
|£;‘ + V(x) A|>CO 1= 1 >0, on supp® Nsupp x. |

7. Building up an escape function at infinity: the sequence {u,} has no mass at infinity

In this step we prove the sequence {u,} is small at infinity in the x variable, when measured
in the B* norm.

More precisely, the main result of this section is the following proposition.

Proposition 7. There exist a large integer J and a constant C such that

unCo)1[1x] = 27]|

g < Clan + /&0 + 1) —> 0. (7.1

n—o00

The proof of (7.1) is done upon introducing an appropriate “escape function at infinity,” de-
noted a; below. This part of our argument is the core of the proof. It gives an independent
information on the mass carried by u,, at infinity.

Our function ay (x, £), which is precisely defined below, essentially is

x &
aj(x,&)~ — - — + corrector.

x| 1&]

It measures the speed at which the solid angles x/|x| and & /|£| tend to become parallel for large
times, along the Hamiltonian flow of H (x, &) = £2 4 V (x) — A (think of the simple case V = 0).
Our proof needs this speed to be as large as possible. The idea of introducing such a function
is borrowed from [18]. The corrector term is crucial, for two reasons. First, the speed at which
x/|x| and &/|&| align, tends to zero along the Hamiltonian flow of H (x, §), i.e., as x/|x| - £/|&]|
tends to +1. Hence we really need to estimate the corrector accurately. Second, this additional
term is entirely taylored to the (optimal) B* estimate we aim at proving.
Needless to say, this escape function is very much related with the Morawetz-like multiplier

x
ﬁ1[|x| > R] - Vi + corrector
x
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used in [28]. Also, it is certainly related with the more standard multiplier x - V, 4+ d/2 used in
the Mourre theory for Schrédinger operators.

Before coming to the proof of Proposition 7, we now define the function a; that lies at the
core of our proof. In order to precisely define our escape function, we first need to introduce
some cutoffs, and a dyadic partition, as follows.

First, we take some non-negative, C°, and radial cutoff function  satisfying

Y (x) =0 whenever x| > 1, Y(x)=1 whenever |x| <1/2,

0<¢¥(x)<1 forany x. (7.2)

Then, with the help of Y we build up a dyadic partition in the usual way. We define the function
¢ (x) =Y (x/2) — ¥ (x). It obviously satisfies:

suppp C {1/2< x| <1}, ¢(x) >0 foranyux.

Associated with ¢, we define, for any j € Z, the ¢;’s as

X
¢j(x) =¢(§>. (7.3)

Clearly, the ¢;’s build up a dyadic partition of unity: 1 =) jez ®j(x). Finally, associated with
the ¢;’s, which truncate around each c_mnulus {271 < |x| < 2/}, we define functions X, that
truncate away from the ball of radius 2/~!, as follows. For any > 0, we set

t +00
x(@®) = </¢(S)dS>/( / ¢(S)dS>,
0 0

where we have identified the radial function ¢ (x) with a function of one real variable ¢ > 0,
still denoted ¢ (¢) for convenience. Then, again identifying x (#) and the radial function y (x) =
x (|x]), we also set, for any j € Z

X0 =x (Zx—j) (7.4)
The y;’s clearly satisfy:
xj(x)=1 whenever |x| > 2/, Xxj(x) =0 whenever |x| < 2/
Vex; () =270 50

The functions ¢; and y; will be used below as cutoff functions in the space variable x.

Second, it turns out our argument requires a cutoff function in the angular variable X - £ =
(x/]x]) - (£/]&]), together with a cutoff in frequency |&| as well. To that aim, we take a non-
negative, CS° function 65 satisfying (for some é > 0 small enough: see below):
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05()=1 whenl—8<r<1+468,  O5(t)=0 when|t—1]>28
0;(1)>0 whent €0, 1]. (7.5)

The function 85 will serve as a cutoff in X - é . Also, we take a non-negative, radial CZ° function
® 4 (&) such that

O (¢)=1 whenl/A <<€ <
OA(t)=0 whenl|é|<1/2A)orl|&| =2A. (7.6)

Here A > 0 is a parameter to be chosen later.
We claim the proof of Proposition 7 is based on the following estimate.

Proposition 8. We use the previously defined notations (Egs. (7.2)—(7.6)). The small parameter
8 > 0 and the large parameter A are fixed. Similarly, we also pick up a small parameter y > 0
and a large integer J > 0. The way all these parameters are chosen is made precise in the proof.
Next, we pick up an arbitrary sequence {;};> in 1Y, such that

Vi=J. 0<Bi<l, and Y ;=1 (7.7)
>l

Accordingly, we define the “escape functions at infinity”

aj(x,&)=%-E+y Y Bixj[6s&-&) —05(=% - )], (7.8)
j=J
by(x, &) =a;(x,£)xs(x)*O4(€). (7.9)

Then, there is a constant C > 0, that depends on the choice of y, §, J, and A, but does
not depend on the chosen sequence {B;}, such that the following estimate holds true, for any
(x,§) e R

{62+ V). by} < > Bio; (x))m(x) O, (7.10)

j=J

Remark 13. As shown below, the escape function a; has good properties when |x| > 27!
and |&| > 1/A. In this picture, the function b; simply is equal to ay, conveniently extended
outside the values |x| > 27/~1 and |&] = 1/ A. For this reason, both functions a; and b; essentially
measure the same phenomena, up to the technically useful fact that b is defined globally.

Remark 14. The proof of Proposition 8 actually gives more information. Indeed, estimate (7.10)
turns out to be true when £2 + V (x) is replaced by £2. In these estimates indeed, the fact that
DV (x) behaves like (x) 17 at infinity makes the contribution of V in {V(x),ay} or {V(x), b}
negligible, of size (x)~'~~.
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We begin with the easy proof of Proposition 8.

Proof of Proposition 8. First step. We first prove an estimate similar to (7.10), that involves the
function a;, namely:

[E2+V(x),ay} ||Zﬁ ¢j(x), whenever [£] > 1/A, |x| =271 (7.11)

j=J

In order to prove (7.11), we compute the Poisson bracket:

]

2 _
[E2+V(x),a,} _lel

(1-@- 5)2)[1 +y Y Bixi[65G &) +05(—% -é)]}
jzJ

'S' [Zﬂ, “; ()[05 (% - &) — (% - s)]}

_ % . VXV(x)[l +y D Bixj 0[5 - E) +05(—% é)]}

Y
(7.12)

Let us now estimate each term on the right-hand side of (7.12). The last term in (7.12) is negligi-
ble for |x| > 277!, provided J is large enough. Indeed, its absolute value is estimated by

< %(xrl—/’ <c ',

whenever [§] > 1/A > 0. Here C > 0 does not depend on {8;}. The interesting (dominant)
terms are the two other contributions in (7.12). The first term in (7.12) is > 0 in any case. For
||§ - x| — 1] = & however, i.e., away from the critical values é‘ - X = =1, one may improve this
lower bound into

for some constant C > 0 independent of {8}, whenever |§] > 1/A > 0. Similarly, the second

term is > 0 in any case. For ||§ %] — 1| < 8 however, and under the requirement |x| > 27!, one
may improve this lower bound into

=2C |§| Zﬁ]‘f’]( )= — x| Z,Bj¢1(x)

j=J

for some C > 0 independent of {§;}. Note this inequality requires § small enough. Putting to-
gether the three estimates above allows to estimate the Poisson bracket in (7.12) as in the claimed
lower-bound (7.11).
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Second step. We now deduce (7.10) from (7.11). The basic observation is the following:
{E+V@),axi)={E+V&.ar}x] +{E+ V). xjlas

¢ )2 A8l
>m<;ﬁ,¢,)x, 7 X1 E - Day,

>0

where the last line uses the very value of ay, as well as inequality (7.11), valid for |§] > 1/A,
|x| > 27. Next we deduce

[E2+ V(). by ) = {2+ V), asxF(0)O4(6)?)

{2+ V(@) ay x50} 04E)? +{E2+ V(x), ©aE) fayxs (x)?

C
> ( > ﬁ,-¢>,-)xj(x)2@A(s)2 +OAE AT () (VOAE) - ViV ()
jzJ
C
>— ( > ﬁ,-¢>,-)x](x)2@A(s)2 — COAE) X (@) (x) "7
I\ &
C
> M(Z ﬁ,-¢,-)xj(x)2@A(s)2,

izJ

provided J is large enough, independently of the sequence {f;}. This ends the proof of Proposi-
tion8. O

We now come to the more delicate proof of Proposition 7.

Proof of Proposition 7. First step: preliminary reduction. Our strategy is the following. In order
to establish the desired

s 1 [k1 > 2] . = s0p 272l 2y =2, 0 (7.13)
jzJ
we prove
un (0P
> B f¢,( X)x7 (x) == dx — 0, (7.14)
4 |x| n—>oo
jzJ R4

independently of the I sequence {8 j}. Clearly, (7.14) implies (7.13).

In the sequel, we actually reduce the statement a bit. Indeed, Propositions 5 and 6 already
assert that the sequence xju, carries no mass, in L? norm, for frequencies £ above 2c¢; > 0 or
below cg/2 > 0, provided |x| > 27~1 > Ry. Hence, an easy estimate based on symbolic calculus
and Propositions 5 and 6, proves that (7.14) is implied by the weaker

O )Y " 2
de —0, (7.15)

|x| n—00

Zﬁj/fbj(x))u(x)

j?J R4
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independently of the /! sequence {8 i}, whenever A is so large that 1/A < ¢o/2 and A 2> 2c¢y,
and J satisfies 271 > Ry.

With these reductions in mind, the remainder part of our proof is actually devoted to estab-
lishing the estimate

2 (@A D un(x)?
x|

Zﬁj/¢j(x)X1+l(x dx < Clow +/en+ ). (116)

jzJ R4

for some constant C independent of n and the 8;’s. Here, ® 41 is as the function ® 4, with A
replaced by A — 1, see (7.6). This piece of information is clearly enough to establish (7.15),
hence to conclude the proof of the proposition.

Second step: combining the estimate in Proposition 8, with the Garding inequality of Proposi-
tion 2. In essence, estimate (7.16) comes from applying the Garding inequality in Proposition 2,
to inequality (7.10). This procedure indeed allows to control, roughly,

ONY u, (x)|?
OB @E

> B /¢,~<x)xf(x> .

izl R4

by
(({£2+ V), bs )y tns un) = ({€7 + V@), br}, ).

One then concludes using the fact that u, almost satisfies a transport equation (Proposition 3),
so that ({€2 + V (x), by}, in) is a small term. Let us detail these rough statements.

In this step, we perform the above mentioned combination of the Garding inequality, with
Proposition 8. A basic difficulty is the following. Clearly, inequality (7.10) involves (amongst
others) symbols that belong to the class S((x)~"). This class is critical for our purposes. Recall
indeed that the quantity [ dx |u, (x) |2/ (x) is not controlled by the B* norm of u,: only weights
that decay slightly faster than 1/|x| at infinity are allowed. For this reason, one cannot directly
apply the Garding inequality, and an indirect path is needed.

Let us come to the technical details.

First, we start from estimate (7.10) with & 21 V(x) replaced by éz (see Remark 14), namely,

{8264} > (Zﬁjqﬁj(x))xJOA, 7.17)

and the symbols appearing in (7.17) belong to the class S({x)~!). As a consequence, the dif-
ference between both sides of the above inequality may be written as a squared, up to reducing
the value of the constant C. Quantitatively, there exists a symbol b(x, &) belonging to the class
S({x)~Y2) such that

({E by —ﬁ<Zﬂ,¢,(x>>>XJ+1<x>2@A_1(s>2=b(x,s)zml(x)z@A_l(s)z. (7.18)

Note the slight reduction consisting in the replacement of x; by xs+1, and ®4 by ®4_1, in
order to avoid taking the square root of symbols close to the set where they vanish. Note also that
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b certainly depends upon the §;’s, yet its norm in the class S((x)~'/2) is bounded, uniformly
with respect to the 8;’s
Second, Weyl-quantizing relation (7.18) and testing against the function u,, we recover

(({&% b} xs+1(0)*O4-1()?), tn, utn) <<Zﬂj L0 1(s>) uu>

(b &) x111()*O415)?)) tn, ). (7.19)

On top of that, the term involving b(x, &) in (7.19) is easily bounded from below. Indeed, using
standard symbolic calculus, we observe

([6Ge, £ xs+1(0)*Oa-1 ()], un, un)
={[b(, ) x1+1)OA—1E) ] un, [b(,§) X1+1(X)Oa-1(§)]; un)
(O (entx) ™)) . un).

Here the O (e, (x) /%) denotes some symbol in the class S((x)~3/2), and of size O(e,) in this
class, uniformly with respect to the 8;’s. This implies

([0, x5 +1 () O a1 ()] wn, un)
= |[6G. ) 101041 E)]" un |72 + ([0 (n () )]2 . n)

Ce,,/ 3/2|u (x)| dx

R4
—Cey, (7.20)

uniformly with respect to the 8;’s. The last line uses the information ||u, || g+ = 1. Note that the
squared term in (7.20) may be unbounded, because it only carries the critical weight (x)~!. We
are able to discard it because it has the good sign. Similarly, standard symbolic calculus also
allows to write

<<%xf+l@ﬁl> ln, u> = <@xf+l((w_l)g’nun, (@A_l)g;un> + O(en)

. x|

@A)V " 2
ZZﬁj/¢jx§+1|( . 1|);|u OF L 0. @21

Summarizing, we have established at this stage the estimate

(Oa-DE un(x)[?
(€% bs}xs+1(0)*O4-1(8)); un, n) CZﬂ,f¢jx3+1' . 1|x"|” e

(7.22)
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Third, we may estimate from below the term involving {V, b;} in the similar way. Indeed, at
the level of symbols, we have

(Vb } x5 @51 = —Clx) 7P 3,07 _,. (7.23)

Hence, upon Weyl-quantizing (7.23), and using the Garding inequality of Proposition 2, which
is licit thanks to the assumed decay/smoothness of the potential V, we recover

({V ), b} xs+1)?Oa-1€)), wnyun) = —C(((x) ™' P X5 11 OF 1) tn(X), ) = C/n

(O a—DY up|?
>—C/x§+lTj';ndx—C\/§, (7.24)
Rd

where the last inequality uses standard symbolic calculus again.
Fourth, we put together (7.22) and (7.24). This gives eventually, possibly taking a larger value
of J,

(({&2 + V), bs Y x+1(0)*© 1)), un, ttn)

(@ADL un(x)|? (@AY un)?
>CZﬂj/¢jx3+1 " —C/xfﬂig"ndx—Cﬁ. (7.25)
j ]Rd

|x| (x)t+e
R4

This is the final estimate of the present step.

Third step: estimating from above the left-hand side of (7.25). In this step, we prove the left-
hand side of (7.25) goes to zero as n goes to infinity.

First, we write the obvious

({8 + V@) bs}xs+10?*O4-1€)?], un, un)

=({£2+ V), by} xs11 () 2O a1 (E)%, ). (7.26)

We next start taking back the product X; 41 @3‘7] inside the Poisson bracket.
Second, at the level of symbols, we readily have the commutator inequality

_ HEXs+1, P11

S (€ 31by) <0,

[E2+ V@), byl xs1 (0)? = {2+ V(x), by xs1 ()} =

and we note that the symbols involved here are CZ° in the £ variable, and they behave like
O({x)~°°) at infinity in x. As a consequence, these symbols certainly belong to the class Xy
for any N, as well as all their derivatives. This allows to use the Garding inequality derived in
Proposition 2, and to write in (7.26)

{2+ V). bs a1 0416, )
<{E2+ V), by xs+1(0)*}O A1), ) + O(Ven ). (7.27)
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Third, and similarly, we now take ® 4_; back in the Poisson bracket. We write, at the level of
symbols, the commutator estimate:

e + V(). by xs11 (02 }O a1 (E) — {E2 + V(x), by xy+1(x)*O a1 ()}

<CE) P xr1(x)?Oa-1(8).

Here, all symbols clearly belong to the class Xy for any N. Using again the version of the
Garding inequality derived in Proposition 2, we recover in (7.27)

{2+ V@), byxs+1()*}OA-1(5), un)
<({E+ V), by xs41(0)*Oa—1(E)?}. 1)
+ C(x) Py 1 (0)* O 41 (B), ) + O(Ven)
=({62 + V(). byxs11(x)*Oa-1(6)}. tn)

X711 (@ADL un ] (x)uh (x)
+ C/ e dx

+ O(Ven). (7.28)

R4

The last line uses standard symbolic calculus again. Yet the transport equation (Proposition 3,
estimate (5.1)) readily allows to estimate the first term on the right-hand side of (7.28) as

({62 + V(). by xs+1()* O a1}, )] < Clatn + &0 + ). (7.29)

On top of that, using Propositions 5 and 6, we may estimate the second term on the right-hand
side of (7.28) as

/ X741 ()2 (O A-DE un] ()i (x)
dx

)+
]Rd
/ X741 (2O un|*(x)
= dx
(x)l+e
]Rd
XM(x)z[(@Afl)g‘;un](x)[(l = Oa-1)g un]*(x) 4
* / ()17 *
R4
241G (@ D) tnl2(x)
_ / o dx + O(\/en +1n). (7.30)
Rd

and the last O (,/¢,, + n,,) comes from the fact that the function 1 — ® 4_1 has support away from
resonant frequencies £2 = A — V (x), provided A is large enough.
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Fourth, putting together (7.27)—(7.30), we recover

({87 + V), bs hxs 4100 @ a1 E)?]. wn, )]

<C/ XI+1)H(OA-D un*(x)
<x>1+p

dx + C(an + v/En + ). (7.31)

R4
Fourth step: conclusion. Estimate (7.31) now gives in (7.25):

(@D un(x)[?

x|

Zﬂj/%%?ﬂ

J R4

¢ / X711 (@A D) | (x)

e dx + C(atn + /2n + ).

R4

Now, taking the supremum over all possible /! sequences {8 1} as in (7.7), gives

—Jj/2 e
JS;‘BZ / ||XJ+1(OA71)}9‘;,MI1 HLZ(C/')
g C” XJ+1(@A—1)g; Un ” L2((x)—]—/’ dx) + C(Oln + \/a—i_ 77n)

< €27 sup 2772 g1 (@1 un] 12, + C (e + V/En + ).
i>J :

Hence, upon possibly taking an even larger value of J, we recover

sup 272 | xr+1©@a-Dfun] 12,y < C (ot + Veu + 1) (7.32)
Y -

This ends the proof of (7.16). Proposition 7 is now proved. O
8. Using the transport equation: the sequence {«, } has no mass away from the origin

The previous section establishes u, has no mass “at infinity” in x. In this section we use the
transport equation satisfied by w, and the non-trapping assumption to deduce that u, has no
mass on any bounded set away from the origin x = 0. Again, the special treatment of the origin
is made necessary because of the very norms B and B*. Needless to say, the idea is to use the
non-trapping assumption, together with the invariance of p along the flow @, to infer that
vanishes locally, from the fact that © vanishes at infinity.

Our main result in this section is:

Proposition 9. Let 0 < rg < r; < 00 be two arbitrary radii. Then the following holds:

— 0.
B*n—>oo

Hun(x)l[ro < x| < V1]|

In particular, for any test function p(x) € CX (RY) whose support lies in ro < |x| < r1, one has
{1, ) =0.
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Proof. Take a test function ¢(x) as in Proposition 9. It is enough to prove

le)un(x)| > — 0.

To reduce the problem a bit, let ® (&) be a CZ° function that cuts off large frequencies &, i.e.,
such that @ (§) =0 when |&| > 3¢y, and @ (£) = 1 when |&| < 2c¢1, say. Energy localization (and
more precisely Proposition 5) readily gives

(1= )L p(x)un(x)] > — 0.

On the other hand, standard symbolic calculus gives

2
l60L e un) ||} = (n(x.8), OE)?p(x)?) + O(en)
~ ((x.£), 0 px)?).
n—oo
It is thus enough to prove (u, @2¢?) = 0.
To reduce the problem further, let § > 0 be a small parameter to be chosen later, and let
x(x, &) be a function that cuts-off (x, &)’s away from the zero energy, i.e., x (x, &) = 0 when

|EZ2 4+ V(x) —A| =6, x(x,&) =1 when |£2 4+ V (x) — A| < §/2. Again, energy localization (and
more precisely Proposition 4) readily gives

(n(x,8), 0E) o)) = (1(x, ), OE) o) x (x, &)).
It is thus enough to prove (1 (x, £), @ (£)*p(x)*x (x, £)) =0.

To do so, we use the fact that, from Proposition 3, the measure u is invariant under the Hamil-
tonian flow @; of H(x,&) =& 2 + V(x) — A. Hence, for any time ¢, we certainly have

(1(x,8), OE) () x (x,8)) = (u(x, ), (O 9 (x)*x (x,8)) 0 D),
where the support of the function (@ (£)@(x))? o ®_; is

@ ({1x] <r1, 151 <26,

2+ V) — x| <8)).
The idea is to use the non-trapping assumption to establish there is a (large) time t,, such that

@, ({Ix] <71, [E1< 20y,

2+ Vx) - <8)) c{lx1=27). 8.1
Clearly, (8.1) is enough to conclude since Proposition 7 allows to write under these circumstances

(n(x,8), ©E)?p()%) = (1u(x, &), (OE) p(x)* x (x,&)) 0 D_.,) = 0.

Let us come to the proof of (8.1).

Non-trapping asserts that for any (x, £) satisfying g2 =) — V(x), there is a time T (x, £)
such that for any r > T (x, &) we have | X (¢, x,&)| > 227, Actually, and as is well known (see,
e.g., [11]), non-trapping is an open property: there is a § such that any (x, &) satisfying |2 +
V(x) —A| < 6 verifies | X (¢, x, §)| — oo as t — 00. By compactness and continuous dependence
of the flow upon the initial data, there is hence a time 7y such that for any (x, &) satisfying
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|E2 + V(x) — A| < & together with x| < r and |£] < ¢, one has |X (z, x, £)| > 2%/, This ends
the proof of (8.1).
Proposition 9 is proved. O

9. Using the Perthame and Vega multiplier: the sequence {u,} has no mass at the origin

This section is devoted to proving the last piece of information that allows to glue together
the vanishing of u, at infinity, away from the origin, and close to the origin, and to conclude
llun |l = — 0. This gives the desired contradiction (see Section 2), and finishes the proof of our
Main Theorem.

Our main result in this section is the following:

Proposition 10. Let ry > 0 be any positive radius. Then, the following holds:

B* 0.
n—00

lun COA[|x] < ro]|

Remark 15. The proof we give of Proposition 10 actually establishes the following stronger fact.
If we are able to prove that, for some reason, |u,1[|x| > r]||p+ — 0 as n — oo, whenever r > 0,
then, necessarily, for any r > 0, ||u,1[|x| < ]| g+ — 0 as well.

In the present case, we already know from Propositions 7 and 9 that ||u, 1[|x| > r]| g — 0 as
n — 0o, whenever r > 0.

As already mentioned, the idea of proof is to use an estimate established by Perthame and
Vega, which relates the mass of u,, close to x = 0, with the mass of u, away from x = 0. This
together with the already established fact that u,, vanishes away from the origin, gives the result.

Proof of Proposition 10. The proof is in several steps.
First step: an a priori estimate obtained from [28]—its consequences. A straightforward
rescaling in estimate (3.7) of [28, p. 346] gives, for any R > 0:

[ el ax+ 25t [ o dowt

\x|<R |x|=R

b [ BVt vy w) TP

IxI<R

/|fn(x)||u;1(x)|dX+CfM

+/(£.VXV(x))Jr’u,,(x)‘zdx—i—an/’un(x)HSanun(x)’dx, (9.1)

R4 R

for some constant C independent of n and R. We now start estimating all terms on the right-hand
side of (9.1), except the one including the contribution of (X - V, V (x)), which we exploit later.
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First, using the bounds (2.1) on f,, and u,, we clearly have

/|fn<x>||un(x>|dx<c£nnn,

R4

which gives an estimate for the first term on the right-hand side of (9.1). Second, a straightforward
energy estimate in the Helmholtz equation (2.2) gives

an/|un(x)|2dx<8;1/|ﬁ1(x)|!un(X)}dx<Cnn,
R4 R4

together with

/|8anun(x)\2dx </|A— V(x)Hun(X)|2dx+/|fn(X)Hun(x)|dx
d RA d

< C/|un(x)!2dx + Cenny < Cay 'y
R4

This allows to estimate the last term on the right-hand side of (9.1) as
ar [ (0] e it (0] i < €.
R4
Last, we may estimate the third term as in [28]:

' 2 12, 1/2
/|fn<x)||x|rn(x>| _Z<2_,/ |u|;,|62)| dx) (21/|fn(x)|2dx>
JjeZ of

Cj

| ) 12
<C8nnn(8up—2 / ’un(x)’ dUr(x)> .
r>07

[x|=r

These three estimates give in (9.1), upon discarding the first term on the left-hand side:

d—1 1
857 f |”n(x)|2d0'R(x)+§ / A= Vo) + (x- Ve V) _]|ua ()] dx
|x|=R Ix|<R

2

1/2
<cnn+cnn<sup€ /|un(x)|2do,(x)) +/(£~VXV(x))+|u,,(x)|2dx. 9.2)

r>0
|x|=r R4

Next, for n large enough, estimate (9.2) allows to upper bound the term sup,>0(85 Jr2..)
upon estimating the right-hand side with the help of the left-hand side. Indeed, taking the supre-
mum over R of the left-hand side, exploiting the information lim,_, », 1, = 0, and using the fact
that
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1 2
& [ el dx < Cluti. <c.

Ix[<R
/()e VeV (@), Jun ()] dx < C/(x)_l_p|un(x)|2dx <C,
R4 Rd

we easily deduce from (9.2) the estimate

2
supg—; / |un(x)|2dor(x) <C.
r>07

[x|=r

As a consequence, we are now able to transform estimate (9.2) into the simpler:

% / [A= V) + (x- Vo V) _]|un )| dx

I¥I<R
~ 2
< Cp +/(x SV V() |un ()| dx. 9.3)
R4
This is the key a priori estimate we needed.
Second step: the right-hand side of (9.3) vanishes as n — oo. To prove that the right-hand side
of (9.3) vanishes asymptotically, we split the integral on the right-hand side of (9.3) according to

the distinction |x| > 27, 2770 < |x| <27 and |x| < 27/0. Here, the (large positive) integer J is
as in Proposition 7, (large positive) integer jg is to be chosen later. More precisely, we write:

/(;2 : VXV(x))+|un(x)|2=f[£.VXV(x)]+|un(x)|2
R4 R4
x (s ) +[1 = xs )] x=jo () + [1 = x—jp (x)]).

First, Proposition 7 allows to estimate the contribution of large values of x:

|un (x)]?
(x) 1+ dx njo)oo'

[ 1wl vyl ar<c [uw

R4 R4

Second, the contribution of moderate values of x is estimated using the fact that the measure
vanishes everywhere (Proposition 9). Indeed, for any given value of jy, we have

[ (=200 00 TV 60), Juo)
Rd

— [ (1= X)) A2, ) (F - ViV () p(x, §) dx d§ = 0.

n—oo
R2d
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To be precise, this step uses the fact that the measure u has compact support in &. Last, using the
mere boundedness of V, V close to the origin, we may estimate the contribution of small values
of x in the natural way:

/[1 Ao @[ - Ve V@], | ()] dx

R4

<C / un " dx=C Y7 Nuallzc,) < Clluallze Y 2/ <c270.
x| <2 o +2 JS—jot2 J<io+2

These three estimates clearly imply
A 2
/(x VeV (), fun ()] .0
R4

As a consequence, the upper-bound (9.3), finally gives

% / [A—V(x)—l—(x-VXV(x))_]|un(x)|2dxn:>>OO. 9.4)

IxI<R

Third step: conclusion. We now exploit (9.4) to obtain the proposition. To do so, we use the
fact that

A—V(0) >0, andYV iscontinuous.

Hence, for jo large enough, and some C > 0 independent of n, we have the following lower
bound, valid for any R < 27/0:

1

C
N / [A—V(x)+(x.VxV(x))7]|un(x)|2dx>E / | ()| dx.

lx|<R Ix|<R
This together with (9.4) finally gives

1
sup z / |un(x)|2dx — 0,
i n—oo
RS20 <R

or, in other words

sup 2792 lunll 2,y — 0.
J<—Jjo

The proposition is proved. O
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