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"The seeds from Ramanujan's garden have been blowing on the wind and 
have been sprouting all over the landscape". - FREEMAN J. DYSON 

Abstract 

The discovery of some partition function congruences by Ramanu- 
jan, and subsequent research motivated by these congruences as well 
as some of his questions and conjectures, have brought forth a beau- 
tiful bower in 'Ramanujan's Garden'. 

In this short expository article, starting from Ramanujan's pioneer- 
ing work in this area, we have some glimpses of contributions of many 
of the later researchers like Atkin, Watson, Newman, Winquist, Zuck- 
erman, Dyson, Andrews, Garvan, Schinzel, Wirsing, Nicolas, Ruzsa, 
SArkSzy, Serre, Berndt and Ono. While we dwell mainly on the ques- 
tion of parity of p(n) and related topics, we try to mention other 
important achievements in the area. 

1. I n t r o d u c t i o n .  The partition function p(n) is defined as follows. For a 
positive integer n, p(n) is the number of partitions of n into positive integral 
parts. Here, in a partition, the parts are not necessarily distinct and the 
order in which the parts are arranged is irrelevant. 

In our discussions, q(n) will denote the number of partitions of n into 
distinct parts. The domain of definitions of the functions p(n) and q(n) are 
extended by defining 

p(O) =q(O) = 1, p ( - 1 )  = q ( - 1 )  = p ( - 2 )  = q ( - 2 )  . . . . .  O. 
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From MacMahon's table for p(n) for 1 _< n _< 200, Ramanujan conjec- 
tured [39] the following congruence properties of p(n): 

If 24m - 1 (mod 5~7611c), then 

p(m) - 0 (mod 5~7b11~). (1) 

In the same paper [39], Ramanujan proved the particular cases: 

p(5n + 4) _-__ 0 (mod 5), (2) 

and 
p(7n + 5) = 0 (mod 7). (3) 

Later, in a posthumous paper [41], prepared by Hardy with materials 
extracted from Ramnujan's manuscript [42], along with new proofs of (2) 
and (3), the proof of the following congruence appeared: 

p ( l l n  + 6) - 0 (mod 11). (4) 

We shall come back to [42] and the recent article [9] of Berndt and Ono 
which provides clarifications, corrections and a highly valuable commentary 
on  [42]. 

From extended tables of p(n) computed by H. Gupta, it was observed 
by Chowla [10] in 1934 that p(243) is not divisible by 7 a, although we have 
24.243 = 1 (mod 73). 

Therefore, Ramanujan's conjecture (1) was suitably modified by Watson 
as follows: 

If 24m = 1 (mod 5~7611c), then 

p(m) - 0 (mod 5a7~11c), (5) 

where ~ is the integral part of ~+2 --7-" 

In Section 2, we shall briefly sketch the history of the proof of (5) and 
discovery of further congruences. After that, in Section 3, we shall come to 
the main theme of this expository article, namely, the question of parity of 
p(n) and the related topics. 

Acknowledgements. We would like to thank Professor Bruce C. Berndt for 
going through an earlier version of the manuscript and providing some valu- 
able informations. We also thank Professor Ken Ono for making some of his 
unpublished manuscripts available to us. 
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2. His to ry  of the  proof  of  (5) and discovery of fu r ther  congru-  
ences. In the paper [39] mentioned before, Ramanujan had also proved the 
congruences: 

and 

p(25n + 24) -- 0 (mod 25), (6) 

p(49n + 47) = 0 (mod 49). (7) 

Watson [47] proved (5) for arbitrary powers of 5 and 7; his proof for 
powers of 5 is identical to that sketched by Ramannjan in his unpublished 
manuscript [42]. As pointed out by Berndt and Ono [9], Watson (as had 
been confirmed by Rushforth [43]) had a copy of [42]. Therefore, though 
Watson [47] does not explicitly mention Part II of Ramanujan's unpublished 
manuscript [42] which contains Ramanujan's proof of his congruence for p(n) 
modulo any positive integral power of 5, Watson just expanded Ramanujan's 
idea into a more detailed proof. Regarding the congruence modulo powers 
of 7, it has been explained in [9]: 

"Clearly, Ramanujan intended to follow the same lines of attack for pow- 
ers of 7 as he did for powers of 5 in Sections 20-23. If he had completed 
his argument, he would have undoubtedly seen that his original conjecture 
modulo powers of 7 needed to be corrected. Most likely, his declining health 
prevented him from working out the remaining details, which were completed 
by Watson [47]". 

In the unpublished manuscript [42], Ramanujan indicates some line of 
proof for the congruence 

p (121n-  5) - 0 (mod 121). (8) 

This was later completed by Rushforth [43], though not exactly in the 
same way. Following Rademacher, Lehner [27] [28] developed an essentially 
different method than that of Ramanujan - Watson and in particular proved 
(5) for 113. For 113 and 114, Lehmer [25] [26] had already proved (5). Later, 
it was Atkin [4] who first proved (5) for 11 n for all positive integers n. 

The literature on congruences of partition functions modulo powers of 
5, 7 and 11 is extensive. We do not attempt to give a complete bibliography. 
However, we mention few papers of interest. The congruence modulo 11 was 
considered more difficult than the ones corresponding to 5 and 7. In 1969, 
Winquist [49] published an elementary proof of p ( l l n  + 6) -= 0 (mod 11). 
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Very recently Hirschhorn [21], following the works of Gravan and Stanton [18] 
and Gravan, Kim and Stanton [17], gave a simplified version of a uniform 
proof of all three congruences 

p(5n +4) _= 0 (mod 5), p(7n + 5) - 0 (mod 7), p(11n + 6) = 0 (mod 11). 

In 1981, Hirschhorn and Hunt [22] provided a simple proof of (5) for 
powers of 5. Later, a proof in the same vein for powers of 7 was given by 
Garvan [15]. 

In another direction, Ramanujan's congruence p(5n + 4) - 0 (mod 5) 
(and the corresponding ones modulo 7 and 11) raised a question in the mind 
of Freeman J. Dyson. He was sure that the partitions of (5n + 4) must be 
divisible into five classes with the same number of partitions in each class. 
Soon he found [11] a criterion. For each partition he defined rank to be the 
greatest part minus the number of parts. He proposed [11] that the value of 
the rank read mod 5 splits the set of partitions of (5n + 4) into five equal 
classes. He also conjectured that similar splitting holds for partitions of 
(7n + 5). In 1953, Atkin and Swinnerton-Dyer [8] proved these conjectures, 
thereby providing new proofs of (2) and (3). A quote from an article [12] of 
Dyson will be appropriate at this juncture: 

" The proof which Oliver and Peter constructed is a great work of art, 
in the best Ramanujan tradition.. . .  As Frank Garvan noticed thirty years 
later, Atkin and Swinnerton-Dyer had rediscovered for the purposes of their 
proof several of the striking mock-theta-function identities which were in 1953 
lying buried in Ramanujan's lost notebook". 

Regarding the congruence p ( l l n +  6) = 0 (mod 11), however, Dyson [11] 
observed that the rank did not separate the partitions of (11n + 6) into 11 
equal classes. But he went on to conjecture the existence of another 'parti- 
tion statistic' (which he called crank ), which would provide a combinatorial 
interpretation of the congruence p(11n + 6) - 0 (mod 11). In 1987, the 
day after the Ramanujan Centenary Conference at University of Illinois at 
Urbana-Champaign ended, Andrews and Garvan [16] [3] came out with the 
definition of the crank. 

Now, we come to the discussion about congruences of partition func- 
tions other than those given by (5). We shall also touch upon some related 
questions. Atkin [5] [6] and Atkin and O' Brien [7] obtained new partition 
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congrences like: 
p(113- 13n+ 237) - 0 (mod 13), 

p(233. 17n + 2623 ) -0  (mod 17), 

p(594. 13n+ 111247) - 0 (mod 13). 

Coming back to congruence modulo small primes, for instance, regarding 
congruence mod 5, a natural question arises: 

'How many' more integers N other than those of the type 5n + 4 satisfy 
p(N) =_ 0 (mod 5). 

In an answer to this question, Newman [33] proved that the lower natural 
density of positive integers N satisfying p(N) =_ 0 (mod 5) is strictly greater 
than 1/5. To prove this, Newman [33] exhibited arithmetic progressions, 
disjoint from 5n + 4, on which p(N) vanishes modulo 5. In particular, he 
shows that 

p ( 5 . 1 9 3 n + 2 2 0 0 6 ) - 0  (rood5), n ~ 3  (mod19) 

p(5 .193n+15147)--0  (mod5) n ~ 7  (rood19). 

This is in contrast with the expectation (see the next section) regarding 
the distribution of positive integers N such that p(N) is even. 

A related conjecture by ErdSs and Ivi~ [13] says that: 

Conjecture  2.1. (ErdSs and Ivi¢~ ) There are infinitely many primes P 
such that for each of them, there is a positive integer N = N(P)  such that 
P divides p(N). 

ErdSs, in private comunications (see [37]) made the following stronger 
conjecture: 
Conjecture  2.2. (Erd5s) For each prime P, there is a positive integer 
N = N(P)  such that P divides p(N). 

Using Hardy-Ramanujan-Rademacher asymptotic formula for p(n), Schinzel 
(see [13]) proved Conjecture 2.1. Later, Schinzel and Wirsing [44] made 
progress towards Conjecture 2.2. 

From a recent work of Ono [37], it follows that 
Theorem 2.1. (Ono)  For every prime P ~_ 5, there is a constant C(P) > 0 
such that 

[{0 < n < X :  p(n) - -0  (mod P)}[ > C(P)X.  
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Since p(2) = 2 and p(3) = 3, b y  the above result Conjecture 2.2 is 
established. 

In view of the known results regarding the parity of p(n), which will be 
discussed in the next section, regarding Conjecture 2.2, only in the case of 
the prime 3, it is not known whether there are infinitely many n for which 
p(n) - 0  (mod 3). 

We end this section with a short discussion on the following conjecture 
of Newman [31]: 

C o n j e c t u r e  2.3. ( N e w m a n )  For any positive integer m, for every residue 
class r (rood m), there are infinitely many nonnegative integers n for which 
p(n) = r (mod m). 

Atkin, Newman and Kolberg [5] [31] [32] [24] verified the conjecture for 
m = 2, 5, 7, 13 and 65. 

From the above mentioned work of Ono [37], it follows that  

T h e o r e m  2.2. ( O n o )  Conjecture 2.3 is true for every prime P < 1000 
with the possible exception of P = 3. 

3. T h e  q u e s t i o n  of  p a r i t y  of  p(n) and  r e l a t ed  topics .  The parity of 
p(n) seems to be quite random. In a letter to MacMahon [29], Ramanujan 
wanted to know some simple way of ascertaining whether p(1000) is odd 
or even. Even though MacMahon [29] did find out the answer after about 
a year, Ramanujan was not alive to see the answer. As we see from his 
unpublished manuscript [42] (see also [9]), the observation that p(n) is odd 
for 110 values of n not exceeding 200, made Ramanujan think that  p(n) is 
odd more often than it is even. More extensive calculations supports the 
'Folklore Conjecture' [38] that the number of n _< x for which p(n) is even 

1 In other words, it is believed that  the partition function takes is ~ ~x. 
odd and even values 'equally often'. We do not know whether Ramanujan 
himself had a doubt about what is suggested by the knowledge of parity of 
the first 200 integers and wanted to have informations about the parity of 
more numbers (as is evident from his letter to MacMahon) to have a better 
idea. Ramanujan also had conjectures on the distribution of p(n) modulo 
5, 7, 11 and 3 in the unpublished manuscript [42]. Berndt and Ono examines 
these conjectures in detail in Section 11 of their commentary in [9]. 

Regarding the question of parity of p(n), in the paper [29], which we have 
already mentioned, MacMahon gave an algorithm for determining the parity 
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ofp(n). 
Later, in 1959, Kolberg [24] proved 

T h e o r e m  3.1. ( K o l b e r g  ) For n >_ 1, p(n) assumes both even and odd 
values infinitely often. 

Proof .  Kolberg's proof [24] of Theorem 3.1 is based on Euler's identity ( for 
a proof of a version of the identity, see [19], for instance): 

p(n) + ~ ( - 1 )  k (p(n - sk) + p(n - tk)) = 0, (9) 
k>l 

where 
1 1 

sk = 2 k ( 3 k -  1), tk = 2k(3k + 1) (10) 

and the summation extends over all non-negative arguments of the partition 
function. 

Reading modulo 2, from the above identity (9) we have: 

p(n)  + (p(n - sk) + - tk)) - o ( m o o  2). (11) 
k>l 

Now suppose that for some positive integer a, p(n) is even for all n > a. 
Taking n = ½a(3a-  1), from (11) we have 

p ( ~ a ( 3 a -  1 ) ) + p  ( ~ a ( 3 a -  1 ) - 1 ) + . . - + p ( 2 a - 1 ) + p ( 0 ) =  0 (rood 2). 

Since p(0) = 1 and all the remaining terms in the above are even by 
our assumption, we get a contradiction. Therefore, p(n) takes odd values 
infinitely often. 

Similarly, supposing that for some positive integer b, p(n) is odd for all 
n > b, taking n = lb(3b+l) ,  from (11) we see that the left hand side contains 
an odd number of odd terms and we arrive at a contradiction. 

Later, different proofs for Kolberg's result were given by Newman [31] and 
Fabrykowski and Subbarao [14]. Also, unaware of Kolberg's paper (Makowski 
brought it to the Editor's notice), J. H. van Lint [46] also gave a proof similar 
to Kolberg's as a solution to Advanced problem No. 4944 (76, 1961) proposed 
by Newman in American Math. Monthly. 

While the proof of Fabrykowski and Subbarao [14] depends on a recursion 
formula analogous to (9), the proof by Newman [31] goes as follows. 
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Newman observes that  

L e m m a  3.1. I f  a sequence of integers T = { tn} , n > 0 is ultimately periodic 
modulo a positive integer m, then the formal power series f (x) = ~ = o  tn xn 
is congruent modulo m to a quotient of polynomials with integral coefficients, 
the denominator having constant term 1. (Here by congruence of f (x) modulo 
m, it is unders tood that  the coefficients of the corresponding powers of x are 
congruent modulo m.) 

P r o o f .  If T is ul t imately periodic modulo m, then there exist two polyno- 
mials ~(x) and ~(x) with integral coefficients and a positive integer d such 
tha t  

f ( x )  ~ o~(x) + ~(x) + xdp(x) + x2d~(x) + ' ' '  (mod m). 

Therefore, 
a(x)(1 - x d) +/3(x) (mod m). 

f ( x )  - 1 - x d 

R e m a r k .  In fact, the converse of the above lemma is also true and Newman's  
paper [31] supplies a simple proof of this converse as well. However, we shall 
not need the converse for our purpose. 

We now state another result of Newman [31] which is very interesting on 
its own. 

L e m m a  3.2. Let 

oo 

f ( x )  = ~ CnX d~, 0 ~ C 0 < el < C2 < ' ' ' ,  
n = O  

be a power series with integral coefficients and exponents such that 

d~+l - dn-+Oc (12) 

and  
gcd(c~, ca+ l , "  ") = 1, for all n > 0. (13) 

Then there do not exist two polynomials a(x) and iS(x) with integral coeffi- 
cients such that oe(O) = 1 and 

Z(x) 
f ( x )  - a ( x )  (mod m) for some integer m > 1. 
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Before proceeding for the proof of Lemma 3.2, we deduce Theorem 3.1 
from it. From Lemma 3.2, we observe that  in particular, 

OO OO 

¢(X) dej H (1 -- X n) : 1 "-~ E ( - - 1 )  k (X ½k(3k-1) -4- Xlk (3k -b l ) )  

n=O k=l 

(and hence 1/¢(x),  the generating function of p(n)) is never congruent to 
modulo m to a quotient of the type /~(x)/a(x), where a(x) and /3(x) are 
polynomials with integral coefficients and a(0) = 1. 

Therefore, by Lemma 3.1, it can not happen that  for some integer m0, 
p(n) is even for all n > m0 or odd for all n >_ m0. 

P r o o f  o f  L e m m a  3.2. Let 

r 

a(x) = ~_, a,~x ~, 
n=0 

ao = 1, 

and 

#(x )  = bnx 
rt .= O 

Now, for an integer m > 1, 

a(x ) f (x )  =_/~(z) (mod m) 

implies that  
c~an_d, =- bn (rood m). 

dk <n 

Replacing n by dn in the above, we have 

n-i 

~., ckad~-d~ = C,~ + ~ ckaa~-d~ =-- bd~ (mod m). (14) 
k=O k=O 

By given condition (12), we can choose no so large such that  for all n >_ no, 
d,~ - dn-1 > r, dn > s. Then (14) implies that  for all n _> no, 

cn = 0 (mod m). 

This contradicts (13), since m > 1. This proves Lemma 3.2. 
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By a more effective exploitation of Kolberg's idea [24], Mirsky [30] ob- 
tained a two-fold improvement of Kolberg's result. Mirsky's result not only 
quantifies Kolberg's result, it generalizes the result for congruences for gen- 
eral modulus. 

For q > 2, 0 ~ r < q, writing E~,q(N) to denote the number of positive 
integers n _< N such that p(n) - r (rood q), Mirsky [30] shows that for each 
q > 2, and N > N0(q), there exist at least two distinct values rl = r l (N) ,  
r2 = r2(N) depending on N with 0 _~ rl < r2 < q such that 

log log N 
min (E~I,q(N),E,.2,q(N)) > (15) 

q log 2 

In the particular case q = 2, the quantitative result given by (15) on the 
frequency of the odd values and even values of p(n) has been improved by 
Nicolas and S~rkSzy [35] and Nicolas, Ruzsa and S~rk6zy [34]. As in Kolberg 
[24] and Mirsky [30], the starting point in [35] and [34] is Euler's identity (9). 

In [35], the following was proved 

T h e o r e m  3.2. ( Nicolas and SgtrkSzy) There are constants c > O, d > 0 
such that for N > No, 

min(Eo,2(N),E,,2(N)) > d(logN) c. 

Later, in [34] the result in Theorem 3.2 was further improved. More 
precisely, the following theorems were proved in [34]. 

T h e o r e m  3.3. ( Nicolas, Ruzsa and S~irk6zy) There is a constant 
CI > 0 and a positive integer No such that for N > No, there are at least 
C1N 1/2 integers n ~ N such that p(n) is even. 

T h e o r e m  3.4. ( Nicolas, Ruzsa  and S•rk6zy) For each ~ > O, there 
is a positive integer N1 = N1 (c) such that if N > N1 then there are at least 
N1/2exp( - (log 2 + c) log N~ log log N) integers n <__ N such that p(n) is odd. 

P r o o f  of T h e o r e m  3.3. We start with Euler's identity (9). Consider the 
set 

u { n  - s k  : 1 < sk < u {n  - t k  1 < tk < n} .  
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From (9), 

p(m) -- 0 (mod 2). 
r n E . £ 4  n 

Therefore, if 13A~ I is odd, then there is at least one m C 2t4,~ for which 
p(m) is even. 

Now, observing the sequence n > n - sl > n -~ tl > n - s2 > " ", 13d~l is 
odd if and only if n is in an interval of type [tj, sj+l). 

Therefore, 

]{(m,n) ' n <_ N, m e Ad~,p(m) =- O ( m o d 2 ) } l > c ' N  

for some positive constant c'. 

For a fixed m, the number of integers n of the form m + tj or m + sj 
is at most the number of j 's satisfying tj < N or sj < N which is, clearly, 
< c"N 1/2 for some positive constant c". 

Thus there are at least c'N/c"NU2 = CIN1/2 distinct values of m < N 
for which p(m) is even. 

P r o o f  o f  T h e o r e m  3.4. First, we make the following claim: 

C la im .  For each e > O, there is a positive integer N1 = N1 (~) such that if 
N > N1 then there are at least N1/2exp(-(log 2+e) log  N / l o g  log N) integers 
n < N such that 

p(n) ~ p ( n -  1) (mod 2). 

We define 

1, if p(n) ~p(n- 1) (mod 2) 
g ( n ) =  0, i f p ( n ) = p ( n - 1 )  (rood2).  

Further, let 
N 

a(N) a°2 
n-= l 

Once the above claim is established, we have 

G(N)  > N 1 / Z e x p ( - ( l o g 2 + e / 2 ) l o g N / l o g l o g N )  for N > N 1. (16) 
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Now, g(n) = 1 if and only if one of the p(n) and p(n - 1) is odd and the 
other one is even and this is so if and only if E~,2(n) - E~,z(n - 2) = 1 for 
both i = 0 and 1. 

Therefore, for both i = 0 and 1 we have, G ( N )  

IN/2] [(N+l)/2] 

= E g(2 .~)+  E g ( 2 . ~ - 1 )  
rn=l rn=l 
IN/2] 

< ~ (Ei,2(2m) - E i , 2 ( 2 m -  2)) + 

= (E,,2(2[N/2]) - Ei,2(0)) + (Ei,z(2[(N + 1 ) / 2 ] ) -  Ei,2(-1)) 

< 2Ei,2(N). 

[(N+1)/2] 

E (Ei,2(2.~-  1) - Ei,2(2.~ - 3)) 
n----1 

This together with (16) implies Theorem 3.4. 

Now, we proceed to prove our claim. 

P r o o f  o f  t h e  c la im.  Defining f ( n )  = p ( n )  - p ( n  - 1), as in the proof of 
Theorem 3.3, from Euler's identity (9) we obtain 

f ( m )  =_ 0 (mod 2), 
mE.M~ 

for any integer n _> 1, where, as before, 

"]~n de f {n} [,.J { n - -  S k " 1 ~ S k ~ ?7,} U { ~ - -  t k " 1 ~ tk ~__ 7t}. 

Now, if we take n to be of the form sk o r  tk, then 0 E Jtdn and since 
f(0) = 1, the set { m m  e .M,~, f ( m )  - 1 (mod 2)} must have at least one 
further element. 

But there are at least C2N 1/2 numbers < N, which are of the form tk 
or sk where C2 is a positive constant. To each of these, there corresponds 
a non-zero integer where the partition function takes odd value. Now, since 
pu t t i ng /  = - k ,  sk can be written as ½ k ( 3 k -  1) = ½1(31 + 1), elements of 
{tk - sj : !  <_ sj < tk < n} U {s~ - tj : 1 <_ [hj < S k ~__ n}  are of the form 

u ( a u + l )  ~ ( 3 v + l )  ( u - v ) ( 3 ~ + a v + l )  
"~ - 2 2 - 2 (17) 

with certain integers u and v. 
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Since from (17), we see that for a particular m, the value of (u - v) 
determines the value of (u + v) and the values of (u - v) and (u + v) together 
determine u and v, the number of distinct expressions of a particular m can 
be at most twice the number of divisors of 2rn. 

Therefore, by Wigert's theorem [48] (may also refer to [19] for instance) 
on the order of magnitude of the divisor function, for N > N(e), the number 
of distinct expressions of a particular rn is less than 

exp ( ( log2+~/2 )  logN ) 
loglog N " 

Therefore, for N > N(e), the total number of distinct m values counted 
is at least 

c2Nll2/exp ((log2 + logN 

, logm ) 
> Nl/2exp - ( log2 +e)log--~-ogN} (for X > Ul(e)) 

and this completes the proof of Theorem 3.4. 

In an Appendix to the paper of Nicolas, Ruzsa and S£rk6zy [34] mentioned 
above, J. -P. Serre gives a proof of Theorem 3.4 in a larger frame dealing with 
the parity of coefficients of modular forms. We shall come back to the result 
of Serre in the context of the partition function. 

We shall now briefly discuss the question of parity of p(n) for n in a given 
arithmetic progression. Subbarao [45] made the following conjecture: 

C o n j e c t u r e  3.1. (Subbarao)  For every positive integer m,  on every arith- 
metic  progression r (rood rn), 0 <_ r < rn - 1, p(n)  assumes both even and 
odd values infinitely often. 

We have already discussed the case rn --= 1 in details. For the cases 
m = 2, 3, 4, 5, 6, 8, 10, 12, 16, 20, 40, the conjecture had been established by 
the efforts of many mathematicians. The works of Subbarao [45], Hirschhorn 
and Subbarao [23] and Hirschhorn [20] established those cases by elegant 
combinatorial methods. It should be mentioned that the congruences mod- 
ulo 2 for certain generating functions, from where Hirschhorn [20] derived 
his results, had been also proved by Garvan and Stanton [18] by different 
methods. 
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In an major achievement, Ono [36] proved the following. 

T h e o r e m  3.5. ( O n o )  For every positive integer m, on every arithmetic 
progression r (mod m), 0 < r < m - 1, p(n) assumes even values infinitely 
often. Also, if p(n) assumes odd value for a single n in an arithmetical pro- 
gression, then p(n) assumes odd values for infinitely many n in that arith- 
metical progression. 

Following quantified versions of the above result were proved afterwards: 
T h e o r e m  3.6. (Ahlgren [1], Serre [34]) Given an arithmetic progression r 
(rood m), for some r, 0 < r < m, there is a positive constant C3 = Ca (r, m) 
such that the number of integers n < X in that arithmetic progression such 
that p(n) is even is at least C3v/X. 

T h e o r e m  3.7. (Ahlgren [1]) Given an arithmetic progression r (mod m), 
.for some r, 0 < r < m, if there is at least one integer M in that arith- 
metic progression such that p( M) is odd, then there is a positive constant 
C4 = C4(r,m) such that the number of integers n <_ X in that arithmetic 
progression such that p(n) is odd is at least C 4 v ~ .  

We should mention that for odd values of p(n), Ono [36] proved more 
than what has been stated in Theorem 3.5. Given an arithmetic progression 
r (mod m), 0 _< r < m, if p(n) assumes odd value for some n belonging to 
that progression, then Ono gave an explicit upper bound for the least such 
n. This helped him to establish the following. 

T h e o r e m  3.8. ( O n o )  For all 0 < r < m < 105, there are infinitely many 
integers 

M - r (rood m) 

for which p(M) is odd. 

In a recent work, using certain facts about the theory of Galois repre- 
sentations associated to modular forms and Shimura's theory of half integral 
weight modular forms, Ahlgren and Ono [2] has provided a theoretical frame- 
work explaining the known congruences for the partition function. 

We state the results obtained in [2]. 
For primes l > 5, let the integer el E { i l }  be defined by el = (-~).  
Let St denote the set of (l + 1)/2 integers/~ E {0, 1,- .- ,  1 - 1} satisfying 

( £ ~ / ~ ) = 0 o r  - e l w h e r e S ~ = ( 1 2 - 1 ) / 2 4 .  

T h e o r e m  3.9. ( Ah lg ren  and Ono) I l l  >_ 5 is prime, m is a positive inte- 
ger and ~ E 81, then a positive proportions of the primes q -- - 1  (rood 241) 
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have the property that 

p(T)=O (modl m) where T - q ~ n + l  
24 ' 

for all n = 1 - 24/3 (mod 24l) with gcd(q, n) = 1. 

Ahlgren and Ono [2] have deduced the following result from Theorem 3.9. 

Theorem 3.10. ( Ahlgren and Ono) I l l  >_ 5 is prime, m is a positive 
integer and/3 E $i, then there are infinitely many non-nested arithmetic 
progressions {An + B} C {ln +/3} such that for every integer n we have 

p(An + B) =_ 0 (rood Ira). 
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