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Abstract

We give a degree sum condition for three independent vertices under which every matching of a graph lies in a hamiltonian
cycle. We also show that the bound for the degree sum is almost the best possible.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

For a graph G, V(G) denotes its vertex set and E(G) its edge set. For a vertex x of G, dg(x), denotes its degree
in G, that is the cardinality of Ng(x) = {y € V(G) : xy € E(G)}, the neighborhood of x in G. The subscript G is
omitted when it is clear from the context.

In 1960, Ore [6] proved the following.

Theorem 1. Let G be a graph on n > 3 vertices. If for any pair of independent vertices x, y € V(G) we have
d(x) +d(y) = n, ey
then G is hamiltonian.
Many Ore-type theorems dealing with degree-sum conditions have been proved since. In particular, Bondy [2]

showed the following.

Theorem 2. Let G be a 2-connected graph on n > 3 vertices. If for any independent vertices x, y, z € V(G) we have
-2
2 9

3n
d(x) +d(y) +d(z) >
then G is hamiltonian.
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We shall call a set of k > 1 independent edges a k-matching and sometimes simply a matching. The number of
edges in a matching M will occasionally be denoted by |M| and the set of all end vertices of the edges in M will
occasionally be denoted by V(M).

Berman [1] proved the conjecture of Haggkvist [4] about cycles through matchings in general graphs.

Theorem 3. Let G be a graph on n > 3 vertices. If for any pair of independent vertices x, y € V(G) we have
dx)+d@y) =>n+1,
then every matching lies in a cycle.

Theorem 3 has been improved by Jackson and Wormald [5]. Higgkvist [4] also gave a sufficient condition for a
general graph to contain any matching in a hamiltonian cycle. We give this theorem below in a slightly improved
version obtained by Wojda [8]. .

Let G, be the family of graphs G = K ng2 ¥ H, where H is any graph of order 2”3_ 2 containing a perfect matching

if ”—gz is an integer, and G, = ¥ otherwise (* denotes the join of graphs).

Theorem 4. Let G be a graph on n > 3 vertices. If for any pair of independent vertices x, y € V(G) we have
4dn — 4

3
then every matching of G lies in a hamiltonian cycle, unless G € G,,.

d(x) +d(y) =

Las Vergnas [7] has a similar result, with the bound for the degree-sum independent of the number of edges of the
matching M.

Theorem 5. Let G be a graph on n > 3 vertices and let k be an integer 0 < k < 7. If for any pair of independent
vertices x,y € V(G) we have

d(x) +d(y) =2 n+k,
then every k-matching of G lies in a hamiltonian cycle.
The purpose of this paper is to give new conditions on the degree-sum of three independent vertices under which

every matching in a graph G lies in a hamiltonian cycle. First, we state an extension theorem.

Theorem 6. Let G be a 3-connected graph on n > 3 vertices such that for any independent vertices x, y, z € V(G),
we have

d(x) +d(y) +d(z) = 2n. 2

Let M be a matching in G. If there exists a cycle of G containing M, then there exists a hamiltonian cycle of G
containing M.

Theorem 6 shows that if a graph G satisfies (2) and a matching of G lies in a cycle, then this cycle can be extended
to a hamiltonian cycle. Using Theorem 6, we prove the following analog of Theorem 2 about hamiltonian cycles
through matchings.

Theorem 7. Let G be a 3-connected graph on n > 3 vertices and let M be a matching in G such that for any
independent vertices x, y, z € V(G) we have

d(x) +d(y) +d(z) = 2n. 3)
Then there exists a hamiltonian cycle containing every edge of M or G has a minimal odd M -edge cut-set.

A minimal odd M-edge cut-set is a subset of M such that its suppression disconnects the graph G and which has
no proper subset being an G-edge cut-set.

Note that the bound 27 in Theorem 7 is almost best possible. Let p > 2 and consider a complete graph K5, with
a perfect p-matching. We define the graph G = (p + 1)K * K3, (* denotes the join of graphs). In this graph,
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n = 3p + 1 and G is 3-connected. For any independent x, y, z € V(G) we have d(x) + d(y) + d(z) > 2n — 2 and
there is no hamiltonian cycle containing the p-matching from K3,. So the bound 2n is almost best possible.

Theorem 7 has the following corollary (recall that the stability number of a graph G, denoted by «(G) is the
cardinality of a maximum independent set of vertices of G).

Corollary 8. Let G be a 3-connected graph on n > 6 vertices and let M be a matching of G. If «(G) = 2, then there
is a hamiltonian cycle of G containing M or G has a minimal odd M -edge cut-set.

2. Notation and preliminary results

Let G be a graph. Let A € V(G), x € V(G), and define N4 (x) = A N Ng(x) to be the set of neighbors of x in A.

A path or a cycle C in G is usually given as a sequence of vertices from cq to ¢; such that cjc;41 € E(G) for
i =0,...,1—1 (plus the edge c;co if C is a cycle). This induces an orientation on C, say from cg to ¢;. Thus it makes
sense to speak of a successor cj+| and a predecessor c;_1 of a vertex ¢; (addition modulo / + 1). Denote the successor
of a vertex x by x™ and its predecessor by x . This notation can be extended to AT = {x* : x € A}, and similarly,
to A~ when A C V(G).

Let C = ¢p...c; be a cycle in G with an orientation as above. For any pair of vertices ¢;, ¢; € V(C) we define
four intervals (paths) (addition modulo / + 1). If C is a path, the intervals that make sense are defined similarly.

° ]ci,cj[isthepathcj'~-~cj_.
o [ci,cjlis thepathcicj'~-~c;.
. ]ci,cj]isthepathclf*'~-~cj_cj.

e [c;, cj] is the path c,-cl.+ - ~c;cj.

It is useful to define € : [V (G)]> — {0, 1} by €((u, v)) = 1 if and only if uv € E(G). Of course, we write € (uv)
for € ((u, v)) most of the time.

Let W be a property defined for all graphs of order » and let k be a nonnegative integer. The property W is said to
be k-stable if whenever G + xy has property W and dg (x) 4+ dg(y) = k then G itself has property W.

Letk, s1, ..., s; be positive integers. We call S a path system of length k if the components of S are vertex disjoint
paths

. 1.1 1
Py xpxp...x

P xéx{...xl

and Y, s = k.
Note that a k-matching is a path system of length k£ with each path of length one.
Bondy and Chvital [3] proved the following theorem, which we shall need in the proof.

Theorem 9. Let n and k be positive integers with k < n — 3. Then the property of being k-edge-hamiltonian is
(n + k)-stable.

3. Proof of Theorem 6

Let k = |[M] and let C be a longest cycle of G containing every edge of M. We assume that C is not hamiltonian.
Let R = V(G) \ V(C) be the set of vertices of G noton C. Let u € R. Since G is 3-connected, we have Pi[u, a],
P>[u, b], P3[u, c] three internally disjoint paths from u to C, for any distinct a, b, ¢ € V(C). Since two consecutive
edges of C cannot be in M, there is an orientation of C such that at least at least two edges among aa™, bb™, cc™
are not in M. Without loss of generality we may assume that aa™ ¢ M, bb™ & M. The three vertices u, a™, b™ are
independent (since C is the longest cycles containing M), so by the assumption (2) we have

d(u) +d(@®) +d") = 2n. )

From now on the orientation of C is fixed and the vertices on the cycle are implicitly numbered x, ..., x; from
some arbitrary vertex xo. This also fixes the intervals on C.
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3.1. Neighbors of u,a™,b" in R and C

Since C is the longest cycle, no vertex of R can be adjacent to more than one of at, b™. Thus, since the three
vertices are independent, dg(at) + dr(b™) + dgr () < [V(R)| — 1.
If a~ is adjacent to u, a—a € M, otherwise C can be extended, and similarly for »~. Hence

(Nc@)TN[Nc(@") UNc ()] C {a € V(C),a a € M}
and
|(Nc@))* N[Ne@") UNc(®D)]] < k.
As |[Nec()T UNc¢(a™) UNe ()| < [V(C)], we have
INc()| + INc(a®) UNc ()| < |[V(O)| + k.
Moreover
INc(@®) UNc ()| = [Ne(@®)] + [Ne ()| = [Ne@) NNe ()] .

To find an upper bound for [N¢(a™) N Ne (b™)| we shall study vertices of Ne(a™) N Ne (™).

Let C; = Cla, b] and C = C[b, a] be the two intervals on the cycle C with endvertices a and b. Note that for any
vertex x from the cycle C we have xx™ ¢ Morx~x & M.

Letx € CiNNc(@™) NNe(b1). If xxT & M and xT € Nc(a™), then the cycle

Pilu,ala” ---btxx"---atxT---b” Pa[b, u]

is a cycle containing M longer than C, a contradiction.

Hence x™ ¢ Nc(a™) and xT ¢ Nc(at) N Ne(b™). Similarly if x~x ¢ M, then x~ ¢ N¢(b') and
x~ &€Nc(@™) NNe (™).

Using similar arguments for a vertex x € C, N Nc¢(at) N Ne(b1), we can show that if xx* ¢ M, then
xT & Nc(@") NNe(™) andif x"x &€ M, thenx™ & Nc(a™) NNe(b™).

By removing the edges of the matching M from the cycle C we obtain a sequence of paths P; such that
V(C) = Uj V(P)).

We have shown that on any path P; there are no two consecutive vertices from the set N¢ (at) NNc(b) and thus

Ne@®) NNe®H) NV(P)| < {ww .

3.2. Relations on degrees of a™, b+, u

Recall that P; are the paths obtained from C by removing the edges of M. Fori > 2, let n; be the number of paths
P;j of length i — 1. The following relations must be satisfied:

k= Zn,-
i>2
VOl =) in;

i>2

|Nc(a+) N Nc(b+)| < Z ’7%—‘ n;.

i=2

dc(@®) +dc(®®) +dc@) <IV(O)| +k+ [Nec@h) NN
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we have

de@®) +de®®) +de@) < ) Q2jnzj + (2j + Dngjg)

jz1

+ Y (naj +n2i00) + Y _(jnaj + (G + Dnaji)

> >

<) Gj+Dnyj+ Y GBj+3mjn

jz1 j=1

<D 4jmaj+ > (4j +2moj.
j=1 j=1

Hence
de(@™) +de®™) +de(m) <2[V(O)]
and
d(@®) +d") +dw) <2[VO)| + VR — 1 <2(IV(O) + IV(R)) — [V(R)| — 1 =2n— [V(R)| — 1,
a contradiction with (4).
This contradiction ends the proof of Theorem 6. [
4. Proof of Theorem 7
Letk = |M|.

4.1. Preliminary remarks

Remark 1. For two independent vertices x, y € V(G) two cases can occur:

(1) If there exists a vertex z such that x, y, z are independent, then d(x) + d(y) > 2n — d(z) > n + 3.
(2) If there is no vertex in G independent with x and y, then N(x)UN(y)U{x, y} covers V(G) and d(x)+d(y) > n—2.

Remark 2. If x and y are independent vertices satisfying d(x) + d(y) = n — 2 4+ €, with 0 < € < 3, then we can
assume that N(x) \ N(y) is a complete graph.

Remark 1 follows from (3).

Proof of Remark 2. Since x and y are independent and d(x) + d(y) = n — 2 + €, with 0 < € < 3, there is no
vertex in G independent with x and y. We may assume d(y) < d(x). Note that in this case d(y) < % and if u;

and u; are independent vertices in N(x) \ N(y), then d(u1) + d(u2) = 2n — d(y) > % =n-+ ”—51 If n is even,

then d(u1) + d(uz) > n+ 5 > n + k. If n is odd, then any matching of G has at most % edges, then we have
again d(u1) + d(uz) > n + k. In any case uju; is in the (n + k)-closure of G. From Theorem 9 we can assume that
N(x) \ N(y) is a complete graph. [

We will need the following notion introduced by Berman [1].
Definition 1. A 6-graph through a matching M is the union of two cycles C; and C; whose intersection is a path of

length at least one and such that M C E(C7) U E(C3) and every edge of M incident with a vertex of C1 N C; lies in
C1NCs.

We will prove the theorem by contradiction. We assume that for a matching M there is no hamiltonian cycle
containing M and consider a cycle C in G which satisfies the following conditions.
(1) |[E(C) N M| is maximum.
(2) Up to condition (1) the length of C is maximum, so by Theorem 6, C is a hamiltonian cycle.
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Let M’ = E(C) N M. By assumption M’ # M and then there exists an edge ¢ = xy € M, e ¢ E(C). The edge
e = xy is a chord of the hamiltonian cycle. Let C; = xx™ ... yx and C; = xx~ - - - yx. Note that (C; U C;) satisfies
the definition of a #-graph through M’ U {e}.

Let I'(Cy, C») be a 6-graph through M’ U {e} satisfying moreover:

(1) The intersection C; N C; is maximum.
(2) Under condition (1) |V(I'(Cy, C2))| is maximum.

Define in I'(C1,C3), R = CiNCy, = xriry...ryy, R = rirp...ry, P = C1\ C2 = p1p2...pe with
xp1 € E(C1), 0 =C2\ C1 =q1q2 ...qp with xg; € E(C3). Sometimes we will write I" instead of I'(Cy, C3).

Remark 3. From the definition of a 6-graph, the edges xp1, xq1, yp«, ygg are not in M. Hence vertices p; and gg
are independent and also g1 and p, are independent.

Proof of Remark 3. Suppose that p1gg € E(G), then the cycle p1ggqg—1...q1xr172 ... 7y YPaPa—1 --. P1isacycle
through M N E(I"), a contradiction. The proof for ¢; and p,, is similar. [

Remark 4. We can use the same arguments as Berman [1] (see inequalities (4)—(12) in [1]) and we have the following
inequality:

d(p1) + d(gq1) + d(po) 4 d(gp) < 2n. (&)

Since the graph G satisfies the condition (3) (i.e. for any independent vertices wi, wy, w3 € V(G) we have
d(wy) 4+ d(ws) + d(w3) > 2n) and by Remark 1 we have the following inequalities.

d(p1) +d(gp) =2 n =2,
d(q1) +d(pa) = n — 2.

Hence, from (5) we have

d(g1) +d(pe) <n+2,
d(p1) +d(gg) <n+2

and from Remark 1 there is no vertex independent of p; and g4 and no vertex independent of g1 and p.

Remark 5. From (5), without loss of generality, we may assume that d(p1) + d(gg) < n,d(gg) < % and so, by
Remark 2, N(p1) \ N(gg) is a complete graph.

The following lemmas involve the neighbors of the vertices p1, g1, ps, and gg on the paths R, P, Q.

Lemma 1. (1) If uv is an edge of R not in M, then two cases can occur.
(a) Vertices p1 and qi are both adjacent to u and v, and vertices py and qg are independent of u and v, and
there is no path internally disjoint with I', from u and v to py and qg.
(b) Vertices py and qg are both adjacent to u and v, and vertices p| and q are independent of u and v, and even
there is no path internally disjoint with I, from u or v to py or q.
(2) Consequently for any r € V(R) we have two possibilities.
(a) Vertices p1 and qi are both adjacent to r, and vertices py and qg are independent of r.
(b) Vertices py and qg are both adjacent to r, and vertices py and q1 are independent of r.
(3) If xr1 & M, then rip1, riq1 € E(G) and r1py, r1qs & E(G), and if yr, & M, then ry ps, r,qs € E(G) and
ryp1 ryq1 € B(G).

Proof of Lemma 1. We shall prove first 1. As N(p1)UN(gg) = V(G)\{p1, gg} and N(g1)UN(py) = V(G)\{q1, pa},
the vertex u is adjacent to at least one of the vertices p; or gg. Recall that we prove Theorem 7 and we have supposed
that there is no cycle containing every edge of M N E(I"). Suppose that up; € E(G). Then since there is no cycle
through M N E(I"), we have py,v ¢ E(G) and ggv ¢ E(G). That implies gjv € E(G) and pjv € E(G). Hence
qpu ¢ E(G) and pyv & E(G), that implies gjv € E(G). Suppose now that up; ¢ E(G). In this case ggu € E(G).
That implies g1v ¢ E(G) and then p,v € E(G). Hence qiu ¢ E(G) and pyu € E(G). From the above pjv &€ E(G)
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and ggv € E(G). Moreover we can replace the condition wt ¢ E(G) by “there is no path from w to ¢, internally
disjoint of I', where w may be u or v, and ¢ may be p1, pu, q1, 98"
Using similar arguments we can show 2 and 3. [

Note that from Lemma 1, we have dgr(p1) = dr(q1) and similarly dg(ps) = dr(gg).

Lemma 2. If p;piy1 is an edge from E(P) \ M, then qgpi+1, q1pi, 48Pi> 1pi+1 € E(G) and p1pi, p1pi+1, PaPi,
Do Di+1 are edges of G. Similarly, if qiqi+1 is an edge from E(Q) \ M, then p1qi, paqi+1, P19i+1, Paqi € E(G) and
q19i, 919i+1, 989i, 484qi+1 are edges of G.

Proof of Lemma 2. We will give a detailed proof showing that if p;p;11 € E(P), then ggp; ¢ E(G) and
p1pi € E(G). The proofs for the other vertices are similar.
The hypothesis of maximality of C; N C; implies that the edges q1 pi, ggpi+1, P14i> Pagi+1 are not in E(G). As

N(p1) UN(gp) U {p1,gp} or N(g1) UN(ps) U {q1, pa} cover V(G) and the edges p1pi+1, PaPi-> 9149i+1, 44 are in
E(G). If p1pi+1 € E(G), then gg p; & E(G) since elsewhere

Xry--¥YyYPo " Pi+1P1P2 " " PiqB - - 41X
is a cycle through M’ U {e}, a contradiction. Hence p;p; € E(G). O

With the preliminary remarks and definitions out of the way, we can proceed with the proof of Theorem 7. We will
first study the case where « = = 2 and obtain the existence of a minimal odd M-edge cut-set. Then we will assume
that o > 3 or B > 3 and use the structure of the neighborhood of the vertices p1, g1, p«, g to obtain a contradiction.

4.2. Proof of Theorem 7T fora = B =2

We prove a series of claims. Let S = G \ I'.

Claim 1. The vertex py has no neighbor in S.

Proof of Claim 1. Suppose that w € V(S) is adjacent to p;. Since G is 3-connected, we have a vertex r € V(I")\{p1}
and a path [w, ¢] from w to I" internally disjoint from I'. Note that # # ¢», since elsewhere we obtain a cycle through
M’ U {e}. Because of the maximality of |V(I")|, r # x. For the same reason, wq € E(G) and wx € E(G). If t = ¢,
then xgo ¢ E(G) and thus x, w € N(p;) \ N(g2). From the above, wx € E(G), a contradiction. Note that also
wq1 &€ E(G), and by Remark 4, wp, € E(G). By the maximality of |V(I")|, ¢t # y. It is possible that t = p»,, but in
this case, since G is 3-connected, there exists a path, say 7 [w, r] from w to I" to r € V(R), other than the edges wp
and wp;. At least one of the edges 77+ and r~r is not in M and either » in the first case or 7~ in the second case is
adjacent to one of p| or p;. These edges allow us to construct a cycle through M’ U {e}, a contradiction. [

Claim 2. The edge paq> is in E(G).

Proof of Claim 2. Case 1: p1q1 € E(G) or there exists a path 7 [p1, ¢q1] internally disjoint with I

Then xpy, xq2 & E(G) elsewhere we obtain a cycle through M’ U {e}. The conditions x € N(p1) \ N(¢2), xp2 &
E(G) imply p> € N(g2) i.e. p2g2 € E(G).
Case 2: p1q1 € E(G) and there exists no path 7 [py, g1] internally disjoint with I.

Suppose that prg> & E(G). Then p> € N(p1) \ N(g2). We have N(p1) C V(R) U {x, y, p2}.

Let r € V(R) be a neighbor of p;. We have r, p» € N(p1) \ N(g2), that implies rp, € E(G), a contradiction with
Lemma 1. So Nr(p1) = @, and N(py) C {x,y, p2}.

Since G is 3-connected and N(p;) = {x, y, p»}, the condition d(p;) > d(g2) implies that [V (R)| < 1 and so
R =0@or R ={r1}. If R =, itis easy to see that if we remove the vertices x and y, the graph is disconnected. Since
G is 3-connected, it is a contradiction. Let R = {r1}. Note that xr1 ¢ M or yr; ¢ M. If R = {r;} and xr; & M, then
Xp1par1yqaqix is a cycle through M’ U {e}, a contradiction. If R = {r;} and xr; & M, then xr| p2 p1yq2q1x is acycle
through M’ U {e}, a contradiction and Claim 2 is proved. [

Note that we have also the following corollaries from Claim 2.
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Corollary 1. Both pairs of vertices {y , p1} and {y , q1} are independent and have no common neighbors in S.

Corollary 2. Ifthe vertices {y, p1} (or{y, q1}) have no common neighbors on R, then p1q1 € E(G) and y is adjacent
to every neighbor of p> (or q2) on R.

Proof of Corollary 2. If there exists a set of three independent vertices containing y and p; (or ¢i), then d(y) +
d(p1) = n + 3. Note that we have N(p;) N N(y) C V(R) U {x, p2}, INr(p1) N Nr(y)| = 3.

Hence, if Nr(p1) N Nr(y) = @, then there is no independent set of three vertices containing p; and y, and
p1q1 € E(G). As Nr(y) UNRg(p1) = V(R), by Lemma 1, y is adjacent to every vertex of Nr(p2) = Ngr(q2). U

We can now complete the proof of Theorem 7 fora = g = 2.

By Lemma 1, the sets Ngr(p1) = Ng(q1) and Ng(p2) = Ng(g2) define a partition of R and by Remark 2 we
may assume that Ng(p1) is a complete graph. If an edge ab € E(R) is such that a is adjacent to p; (and g1)
and b is adjacent to p> (and ¢2), then, by Lemma 1, ab € M. Let {e; = a;jb; : aj € Nr(p1),b; € Nr(p2)}
be the set of these edges. The path R can be partitioned into subpaths: Ry = R[x,a1](= {x} if a1 = x),
Ry = R[b1---b2],...Ry = R[bs, yl(= {y} if by = y). Every vertex of Rg, Rz,..., Ry ... is adjacent to p;
(and ¢1), and every vertex of Ry, R3, ..., Ry is adjacent to p> (and ¢»). Note that s is odd. If no other edge exists
between N(p1) U {p1, g1} and N(p2) U {p2, g2}, then the set

{ej =ajbj:a; e Ng(p1),bj € Nr(p2),1 < j <s}U{p1p2,q192}

is a minimal odd M-edge cut-set.
Otherwise there exists an edge cd € E(G), with ¢ € N(p1),d € N(p2).

Case 1: There is an edge r;y, with r; € Ng(p1).
Note that in this case ¢ = r; and y = d. We shall consider two cases r;7;+1 € M and r;r;+1 € M. Recall that from
Claim 2 paq> € E(G).

Subcase 1.1: ririp1 € M.
By Lemma 1, r,41q91 € E(G) and x7y ...r,yr) - - 11419192 p2 p1X is a cycle through M’ U {e}, a contradiction.

Subcase 1.2: ririp1 € M.

Since Ngr(p1) and Ng(p,) define a partition of R, we have r;y1 € Ng(p1) or ri41 € Ng(p2). If
r1+1 € Ng(p1), then, from Lemma 1, r,—1 € Ngr(p1), rr+2 € Ngr(p1) and r;—1r:42 € E(G). In this case
XFL ... Fi—1Fi42..Ty YIiT1419192 P2 p1X is a cycle through M’ U {e}, a contradiction.

If r,41 € Nr(p2), then, by Lemma 1, r,4» € Ng(p2). Note that, since r;r,1 € M, we have ry_1t, t;11ri42 &€ M.
Hence x7y ...r—1p1p2ri42 ... ¥y YTir14192g1X is a cycle through M’ U {e}, a contradiction.

Case 2: The vertex y is not adjacent to any vertex of Ng(p1).
By Corollary 2, y is adjacent to any vertex of Nr(p2). Let r, € Nr(p1), rm € Nr(p2) such that r,r,,, € E(G).

Subcase 2.1: ririq1, rmtm41 € M OT 174, Fip—1rm & M.

Ift <mand ririqq, rprm+1 € M, then, from Lemma 1, 1741, garm+1 € E(G) and, hence, xry ...riryrm—1 - ..
Ft419192¥m+1 - - - yp2 p1X is a cycle through M’ U {e}, a contradiction. If r < m and ri_1r;, ry—1rm € M, then, from
Lemma 1, r;_1q1,rm—1p2 € E(G) and, hence, xr1...7,-19192Y7y ... ¥V i¥i41 ... Tm—1p2P1X is a cycle through
M’ U {e}, a contradiction.

If t > m and rireyq, Frmy1 € M, then, from Lemma 1, r,4+192,q17:+1 € E(G) and, hence, xrj...
Fmnlt¥i—1 - - Tm+192q17141 - . . 'y Yp2 p1X is a cycle through M'U{e}, a contradiction. If t > m and r;_1ry, Fip_1rm € M,
then, from Lemma 1, r,,—1g2, q17:—1 € E(G) and, hence, xr| ...7rn—1g2q17i—1 ... Fmty ... yp2p1X is a cycle through
M’ U {e}, a contradiction.

Subcase 2.2: riri11 € M and ryy_ 11y, € Mift <m,r_yr, € M and ryyryqq € M ift > m.
There exists 7, i between ¢ and m, such that r;r;;1 & M. The vertices r; and r;4 are both adjacent to p; and g; or
to p> and ¢».

Subcase 2.2.1: The vertices r; and ;1 are both adjacent to p; and g .

If t < m, then since r;_1, ris1 € N(p1) \ N(q2), we have r;_1riy1 € E(G) and since r,, € Ngr(p2) from
Lemma 1 gorpa1 € E(G). Hence xry ... 7 1Fit1 ... Fmliral - - - 1iq1qarm+1 - - - yp2 p1x is a cycle through M’ U {e},
a contradiction. If ¢ > m, then ryy1, ri+1 € N(p1) \ N(g2), we have r;41ri+1 € E(G) and since r;,, € Ng(p2) from
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Lemma 1 gor,—1 € E(G). Hence X7y ... rm—1Q2qi7iti—1 ... YmFt ... FiglFe+1 - .. Yp2 p1X is a cycle through M’ U {e},
a contradiction.
Subcase 2.2.2: The vertices r; and r; 1 are both adjacent to p; and g3.

In this case, from Corollary 2, r; and r;4; are adjacent to y. If + < m, then, from Lemma 1, r;_1q1 € E(G)
and X7y ...1—1q1qQaFiTi—1 . . Ft¥mPm—1 .- . Tig1 Yy .. . Tmy1 P2P1X 1s a cycle through M’ U {e}, a contradiction. If
t > m, then from Lemma 1 ry,_1 p2, p1ri+1 € E(G) and xry ... vp—1P2D1F 141 - - - Vil - - - FiFm - . . Fig2g1 X is acycle
through M’ U {e}, a contradiction.

Subcase 2.3: r—_1ry € M and ryyryyy1 € M ift <morrr;py € Mand ryy—1ry € M ift > m.

Recall that from Claim 2, gap> € E(G). From Corollary 2, if + < m, then r,,—1y € E(G) and if t > m,
then r+1y € E(G). Hence if t < m, then xry ... ... Yrm—1 ... T1+1q1g2p2 p1X is a cycle through M’ U {e},
a contradiction. If ¢ > m, Xr{ ... rpFFiel ... Yrm+l - - - F1—1q192 P2 p1X is a cycle through M’ U {e}, a contradiction.

This completes the proof of Theorem 7 fora = g =2. [

4.3. Proof of Theorem 7 fora >3 or 8 > 3
Case 1: p1q1 € E(G).
Remark 6. The hypothesis of maximality of the intersection C; N Cy implies that the edges p; p2 and g1¢» are in M.

Remark 7. Since there is no cycle through M" U {e} we have xgg & E(G), xp, & E(G) and there is no path 7 [x, gg]
or [x, py] internally disjoint of I'.

Remark 8. Since x € N(p1) \ N(gg), pa € N(p1) UN(gp) and xp, & E(G), po & N(p1) \ N(gg), we have
Paqp € E(G), that implies py po—1, qpqp-1 € M and yp1, yq1 & E(G).

Remark 9. If w € Ng(p1) and w & N(gg), then w € N(p1) \ N(gp), that implies wx € E(G), a contradiction with
the hypothesis of maximality of |V(I")|. Hence Ng(p1) = 0.

By Lemma 2 and the property that p1 p2, 192, pa Pa—1, qp—19p are in M, we deduce the following lemma.

Lemma 3. (1) The vertex p is independent of qa, , ..., qg and adjacent to p;, . .., pa—1.
(2) The vertex q is independent of pa, ..., py and adjacent to qa, ..., qp—1.

(3) The vertex py is independent of q1, ..., qg—1 and adjacent to py, ..., py—1.

(4) The vertex qg is independent of py, ..., pa—1 and adjacent to qa, . .., qg—1.

We recall that we consider the case « > 3 or 8 > 3.

Subcase 1.1: a > 3.

By Lemma 2, py—1 € N(p1) \ N(gp). As x € N(p1) \ N(gp), xpa—1 € E(G), the edges pip2 and py—1pa
are in M and the condition ¢ > 2 implies o > 4. By Lemma 3, py 2p, € E(G), and then xr;...r,
Y4 .. -q1P1P2 - .- Pa—2PaPa—1X is a cycle through M’ U {e}, a contradiction.

Subcase 1.2: « =2 and g > 3.

The vertex p is a common neighbor of py and gg, thus d(p1)+d(gg) > n—1 and that implies d(g1)+d(p2) < n+1
and min{d(q1), d(p2)} < 25

When d(g1) > d(p»), the (n 4 k)-closure of N(g1) \ N(p»2) is a complete graph. If it is not, then d(p2) > d(gq1).
We shall examine both cases.

Subcase 1.2.1: d(q1) = d(p»2).

As observed above, N(g1) \ N(p2) induces a complete graph. As 8 > 3, goq3 € M, g3 € N(q1) \ N(p2) and
xq3 € E(G). Then x ... ypap1g192qp - - - g3 is a cycle through M’ U {e}, a contradiction.
Subcase 1.2.2: d(p2) > d(q1).

The following inequalities are satisfied: d(p1) > d(gg), d(p2) = d(q1), d(p2) +d(q1) = d(p1) + d(gp).

They imply that d(p1)+d(p2) = n—1. We have N(p1) = Nr(p1)U{p2, x, g1} and N(p2) = Nr(p2)U{p1, y, qs}U
Ns(p1). By Lemma 1, dg(p1) +dr(p2) = [V(R)| = y.d(p1) +d(p2) = dr(p1) +dr(p2) +6+ds(p1) +ds(p2) <
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y+6+|V(S)|.Sincen = y+B+4+|V(S)|,weobtainn—1 = y+B+4+|V(S)|—1 < d(p1)+d(p2) < y+6+|V(S)|
and this implies 8 < 3. We have q1g2 € M and gg_19pg € M, thenif B < 3, q192 = gg—1gs and B = 2, a
contradiction.

Case 2: p1q1 € E(G).

Lemma 4. (1) The vertex p\ is independent of q1, q2, ..., qg and adjacent to ps, ..., Dq.

(2) The vertex qy is independent of p1, ..., py and adjacent to qa, .. ., qg.
(3) The vertex py is independent of q1, ..., qs—1 and adjacent to py, ..., pa—1.
(4) The vertex qp is independent of p1, ..., pa—1 and adjacent to qy, ..., gg—1.

Proof of Lemma 4. The condition g; ¢ N(p;) implies that g; € N(gg), the condition p; ¢ N(g1) implies that
p1 € N(py) ie., the edges p1py and q1gg are in E(G). Let i be a minimal integer such that pi1g; € E(G). For
1<j<i—1,pig; €E(G),andsoggq; € E(G). The hypothesis of maximality of C; N C, implies that g;g;+1 € M
and then ¢;_1g; ¢ M. The cycle xri...ryypa ... P14gi ... qpqi—1 - . q1x is a cycle through M’ U {e}, a contradiction.
The vertex p; is independent of g1, ¢2, .. ., gg, and hence gg is adjacent to g1, g2, ..., gg—1.

The proofs for the other vertices are similar. [

Subcase 2.1: pyqp & E(G).

Claim 3. If pyqp € E(G), then Ng(p1) = Ng(q1) = 0.

Proof of Claim 3. If p, € N(p;) \ N(gp) and u € Ng(py), then ugg ¢ E(G),u € N(p1) \ N(gg) and hence
u € Nr(p1) NNgr(py), a contradiction with Lemma 1. [

Claim 4. At least one of the edges xpy or xqg is in E(G).
Proof of Claim 4. If x € N(p1) \ N(gp), x is adjacent to every vertex of N(p1) \ N(gg), then xp, € E(G). [

Corollary 3. Ng(p1) NNgs(g1) = 4.

Claim 5. At least one of the edges yp1 or yq is in E(G).
Proof of Claim 5. Vertices p; and ¢g; have no common neighbor in S. The following inequality is satisfied:

d(pp) +d(g1) < a+ B+ IV +e(ypr) +e(yqr)
andsincen = o + 4+ y + 2+ |V(S)| we have

d(p1) +d(g1) <n.

The vertices p; and g; are not in any set of three independent vertices and so Claim 5 is proved. [

Subsubcase 2.1.1: y = |V(R)| = 0.

In this case xy € M. As G is 3-connected, G \ {x, y} is connected. The conditions €(xpy) + €(xgg) = 1,
e(yp1) +€(yq1) = 1 imply that there is no path 7 [p1, q11, w[p1, g, w[pa, q1], 7 [p«, qs] otherwise there is a cycle
through M’ U {e}. As G is 3-connected, there exists a path 7 [p;, gil,with2 <i<a—-1,2<j<p~—1 Wecan
easily construct a cycle through M’ U {e}.

Subcase 2.1.2: y > 1,d(q1) =2 d(py).-

By Claims 4 and 5, e(xpy) + €(xqg) > 1 and e(yp1) + €(yq1) > 1. Hence we have d(p1) + d(q1) +
d(py) + d(gg) = 2n — 2 and this implies d(p;) + d(g1) = n — 1. We have N(p1) C {x,y} U {p2,..., patUS,
N(g1) C {x, Y} U{ga, ..., 5} US, Ns(p1) NNs(g1) = @ and s0 d(p1) +d(q1) < @+ B+ V()| +€e(rp1) +€(van).
Moreovern =a + +y + 24+ |V(S)|.

The inequality d(p1) +d(q1) > n — 1 gives y + 1 < e€(yp1) + €(yq1). Hence y = 1 = e(yp1) = €(yq1). If
xry € M, then xr1gg ... q1Yp« - .. p1x is a cycle through M' U{e).If riy € M, then xp; ... Pal1Yqp ... q1X is a
cycle through M’ U {e}. In both cases we have a contradiction.

Subcase 2.1.3: y > 1,d(q1) < d(pg).
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Note that d(py) +d(g1) = a+B+y +|V(S)|+€(yq1) +€(xpy) < n. Hence the (n+ k)-closure of N(py) \N(q1)
is a complete graph. Let u € Ng(py), v € N(py) \ N(g1) and p; € N(py) \ N(q1). This implies up; € E(G), a
contradiction with Lemma 1. Hence Ng(p1) = Ngr(py) = @, y = 0, a contradiction with the hypothesis of Subcase
2.1.3.

Subcase 2.2: pyqp € E(G).

Claim 6. If pyqp € E(G), then yp1 € E(G) and yq1 & E(G).

By Claim 6 d(p1) +d(gp) = a + B +y +elxgp) + 1+ V(S| = n — 1+ e(xgp) < n.d(q1) +d(ps) =
a+pB+y+expy)+ 1+ V() =n—1+e(xpy) <n.
Subcase 2.2.1: d(q1) > d(pgy).-

The (n + k)-closure of N(gq1) \ N(py) is a complete graph, so we may assume that N(g1) \ N(py) 1is
complete. Vertices p1, g1, y are independent and thus d(p;) 4+ d(q1) > n + 3. Recall that dg(q1) = dr(p1).

The two equalities:

d(p1) = a +dgr(p1) +ds(p1)
d(g1) = B +dr(q1) +ds(q1)

imply that
a+ B+ 2dg(p1) +ds(p1) +ds(q1) =2 n+3.

If xpo, € E(G) or xgg € E(G), then Ng(p1) N Ns(q1) = 0. If xp, ¢ E(G) and xgg ¢ E(G), then
x € N(p1) \ N(gp); if w € Ng(p1), then w € N(p1) \ N(¢gg) and xw € E(G), a contradiction with the hypothesis of
maximality of [V(I")|. Hence ds(p)+ds(g1) < |V(S)|. Note that n+3 < d(p1)+d(g1) < a+B+|V(S)|+2dg(p1).
This implies thate + 8+ y + |[V(S)|+5 < a4+ B+ |V(S)|+2dr(p1). Since 2dg(p1) = y + 5, we have dg(p1) = 5.
Ifa > 2,then py_1py € M and py_2po—1 & M. Let r;r;;1 be an edge of R not in M, with r; and r; 1 adjacent to
p1. Vertices r; and r; 1 are adjacent to p,—1 and p,—>. Hence xry ...ripy—2 ... p1PaPa—17it1---TyYqp ... q1x isa
cycle through M’ U {e}, a contradiction.

If B > 2, the argument is similar.

Subcase 2.2.2: d(py) > d(q1).
If p1, ¥y € N(py) \ N(q1), then yp; € E(G), a contradiction with Claim 6.
The proof of Theorem 7 is complete. [J
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