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Abstract

Increasing astronomical evidence indicates that the expansion of the universe is accelerating. By simply solving Einstein
equations we show in this Letter that a wide class of generic quintessence models leading to eternal acceleration is associate
with spacetime static metrics which do not exhibit future event horizons, and therefore do not pose the same problems for string
theory as asymptotic de Sitter spade2001 Elsevier Science B.V. Open access under CC BY license.

String theory is now considered by most theorists as or S-vector description required in string theory [1,4,
the fundamental framework to successfully deal with 5].
all small-scale phenomena, including quantum-gravity  In addition, it has been also argued [2,6] that in case
effects. However, it has recently been noted [1,2] that that the accelerating expansion of the universe be orig-
as it comes to the foundations of cosmology—and par- inated by a quintessence, slow-varying field with suffi-
ticularly modern precision cosmology, string theory ciently negative pressuge= wp, if the state-equation
does not appear to prove as successful. The recentparameter is kept constant in future evolution, the
growing astronomical evidence that the expansion of universe will inexorably accelerate forever, eventu-
the universe has recently begun to accelerate [3] is ac-ally showing an event horizon which again leads to
tually posing rather stringent challenges to string the- the above-alluded problem for string theory. How-
ory. If the today dominating vacuum dark energy is all ever, while the incompatibility of de Sitter space with
absorbed into the form of a cosmological constant (i.e., string theory appears fully unavoidable, the case for
if the universe is entering an eternal de Sitter phase), quintessence seems still to offer some room for a
then it has been noticed that no de Sitter space back-peaceful coexistence between string theory and cos-
grounds can be accommodated within the framework mology [7,8]. Actually, whereas the existence of an
of the controllable mathematics of string theory [4,5]. event horizon has been long proved for de Sitter space,
The reason essentially is that in de Sitter space therenobody has hitherto mathematically shown (though it
necessarily is a future event horizon and hence the has been generally assumed) that an eternally accel-
space will contain regions that are inaccessible to light erating universe driven by a quintessence field be as-
probes, which does not allow introducing tsiamatrix sociated with spacetime metrics that inexorably show
event horizons. The aim of this Letter is to investi-
gate whether an eternally accelerating universe would
T Email o . necessarily show a future event horizon. This research
-mail addressp.gonzalezdiaz@imaff.cfmac.csic.es . . . o .
(P.F. Gonzalez-Diaz). will be here carried out by simply obtaining static,
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spherically symmetric solutions of the Einstein equa- « = —1/3 andw = —1. The latter case describes the
tions that correspond to the vacuum dark energy as- upper end point of quintessence models and can be
sociated with a perfect fluid which is made of a ho- easily solved (note that all dependenceddin) in Egs.
mogeneous, slowly-varying quintessence field for dif- (5) and (6) is ruled out forw = —1) to produce for
ferent constant state equations. Our final conclusion is K1 = —1 the well-known de Sitter solution
that for the entire range of possible negative pressures 87 Gr2
(other thanp = —p/3 andp = —p) which lead to an Ar)=B(r)t=1- , (7
accelerating universe, there exist static spacetime met- _ 3a _

where one can isolate the cosmological constant to

rics which do not exhibit event horizons. . :

We start by introducing a metrical ansatz with P€ 9iven by A = 8zG/a. Of course, this corre-
Lorentzian signature given by sponds to an eternally accelerating universe whlch will

eventually show an event (cosmological) horizon at

ds®> = —A(r)dt?> + B(r)dr® + rzd.sz, Q) r = 4/3/A and, therefore, keeps the kind of funda-
mental physics problems which were alluded previ-
ously [1-6]. The other extreme case= —1/3, cor-
responds to the onset of the accelerating regime for
a universe without any ordinary (observabiedark)
matter content. It already has been considered for
any value ofx by Chernin et al. [10] who denoted
quintessence for a constant state equadica —1/3

where A(r) and B(r) are the metric tensor compo-
nents which depend only on the radial coordingte
and d922 is the metric on the unit two-sphere. For a
generic state equation of the quintessence fieldwp
and spatial curvature = +1, the Einstein equations
can be written as [9]

87 Gap = i(iz + ﬂ) _ iz @) asEinsteir) quintgssepdmcause it actually describgs
B\r rA r an Einstein static universe [11]. A general solution
1 /24" (A2 2B can be in this case readily obtained because the in-
81 Gwp = 4B (T “TAZ " 7B tegral term in the right-hand-side of Eq. (6) vanishes
. , for ® = —1/3. Thus, from the Einstein equations we
A'B 2A .
- + , 3) obtain
AB rA 87G 2 1 7.2\ 2
11 B\ 1 7o L L k-0 B=co( ) (®)
8nGp=—=(5—— =, 4 ’ ’
P B(rZ rB>+r2 (4) 3« ' AB JA

with ¢o again an integration constant, whose general

in which the prime denotes derivative with respect to .
solution reads

the radial coordinate. To these equations we have

to add [9] the gravitational equations for the energy- AGr) = K — 8JTGK2< 3K )1/2 ©)
momentum tensoftl.’fk = 0, which in the present case 3K 87 Gr2 ’
lead to the general expression for the energy density 1
B(r)=— > , (10)
ap = A(r)~ o)/ @) (5) (K1+ 25 A()
with o an arbitrary integration constant. From Egs. (2) WhereKi, Kz and K3 are arbitrary constants, unless
and (4) we can further derive by the conditionk1 K3 = —1. This solution possesses
a singularity at = 0.
(1+ 3“)) f drd- B)A(1+w)/<2w) In the solution given by the metric tensor compo-
2w rB nents (9) and (10) one can generally distinguish the
2n(w—1) Ald+e)/(2w) X ©) following three situations.
o« B v (i) If K1 <0,K3 > 0 (for any value ofK>), then
whereK7 is an integration constant. there will be an apparent singularity at =
We solve in what follows the above field equations, A/3a|K1]/(87 G). This does not represent a con-
restricting to cases within the interval ef-values ventional event horizon since, while the metric
which lead to an accelerating behaviour for the ex- for r > ry has a Kleinian signature— — + +),

panding universe, including the extreme situations the metric forr < rp is complex.
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(i) If K1 >0,K2 <0 andK3 < 0, there will be a A simple solution for A(r) for any @ in the
kind of event horizon at accelerating range-1 < w < —1/3 can now be
P 1 obtained, and hence using Eq. (13) the corresponding
rh= (hKlKS — 8”G> , solution for B(r) can also be derived. These metric
8rGK;  3eki components can finally be worked out to read:

which marks the transition from a Kleinian met-

. . . . — K A0/(1+o)

ric for r < rh to an Euclidean (Riemannian) met- 4() = Kr 7 (15)

ric for r > rp. 0 +6w+1 16
(i) Finally, when K1, K2 > 0 andK3 < 0 there is no T 1+ w? (16)

coordinate singularity (no event horizon) and the here th B — B ) tant which
metric keeps an Euclidean signature everywhere. where the componemt = .(w) IS a constant whic
is negative definite for alb in the whole accelerating

Of much greater interest for the aim of the present range—1 < » < —1/3. The parametek appearing in
_study are the cases which correspond to an acceleratEq_ (15) is also a constant coefficient which depends
ing universe—1/3 > » > —1 for which cases the de- 4, and the quintessence vacuum energy density as

celeration parameter [12] follows:
1 20/(1
=5 271G (w? + 6w + 1)\ >/
q0 2[.Q|\/|+.Q¢(1+3a))] (11) KEK(a),a):( T (a)a;l(;  + )> .

(where 2y and 24 are the specific energy densi-
ties for ordinary (observable dark) matter and the 17)
quintessential field) becomes negative even for moder- All the solutions given by Egs. (15)—(17) show:
atef2y > 0. Because for this regime none of the terms (i) acurvature singularity at=0,

and metric tensor components present in Eq. (6) are (i) a Kleinian definite signaturg— — + +),
canceled, it is very difficult to obtain a general solu- (iil) noevent horizon.

tion of the Einstein equations. None the less, starting

with the general expressions The latter property appears to prevent any of the
, , shortcomings that one would expect when defining
A n B _ 87TG(1+w)VA7(1+w)/(2w)B (12) the S-matrix and/or the proper observables in a theory
A B o ' described by a finite-dimensional Hilbert space if the
A2/ +e) £p2) universe is accelerating [1-6]. This would circumvent

Be1s [(A") r? 13) g [1-6]

any challenging questions for string theories, unless
we consider the vacuum dark energy to be originating
which are obtained from the field equations, one can from a cosmological constant so that the spacetime
still obtain some simple solutions for any particular s given by the de Sitter solution [4,5]. Clearly, the
constant values of the quintessential state equationprice to be paid for this rather comfortable property
parameterw, covering the entire range of possible s to have a static spacetime metric with a Kleinian
accelerating universes, except the extreme Einsteinsignature where the metric compongpt is constant.
quintessence«{ = —1/3) and de Sitter ¢ = —1) Of course, one can always continue our general
cases. Actually, inserting Egs. (12) and (13) in the field solution

equations, we can also derive a general differential

A(A/)—(3w+1)/(w+1)(A/r + 2(3;4)):11)A) s

equation for the metric componem(r) for any  ds?= —K (w,a)r*/1+®) 442
constant value ofv within the accelerating regime 2.6 1) dr2
-1/3>w> -1 @ ~|(—1_’aj+)2) : +r2d$23, (18)
w
—(1+w)/Q2w) \ ~1)/Q2w)\ ’ . . L . .
ATA” Ot/ @) Al b/ into a metric with Lorentzian signature by introducing
2o/ ) T\ Fareere . _ ;
r r suitable coordinate rotations, such as

a(A'r?) ] _
* BxGorree A4 VEr—7 09— VEh. 6 —-iVEd
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to obtain such a range. It follows that an observer moving on
_ _ the world line will have an increasingly negative time
2_ 4o/(14w) 1,2 2 - .
ds®= K(zw ‘i‘;r _ dt” +dr , coordinate and, even though she cannot reach the point
+72(d6% + sintt(v=B 0) d$?), ¥ = 7, her evolution will be confined to follow a path

which obviously shows a breakdown of the original Within a half-closed timelike curve. It appears there-
spherical symmetry. A similar breakdown can be fore that the price to be paid for having an accelerat-

obtained using the coordinate change — 2, + ing universe without future event horizon, and hence
V—BInr, which now converts metric (18) into for having quintessence cosmological models that can
peacefully coexist with string theory, is to allow for
ds® = —K (w, a)r*/®) g1 spacetimes with nonchronal regions which evolves
+2V=Brd22dr +r?d23. along half-closed timelike curves in such models.

The main result of the present Letter is the realiza-
tion that, contrary to what has been currently believed,

cosmological spacetimes which are acceleratingdue to  The author thanks David Santiago of Stanford Uni-
the presence of quintessential vacuum energy, are de-versity for useful comments. This work was supported
scribed by static metrics that show no event horizon. by DGICYT under Research Project No. PB97-1218.
This result is made possible due to the Kleinian char-

acter of the metric signature. Actually, one may argue References

that such spacetimes possess nonchronal regions, as it
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