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We show that a Nambu-Goto string has a nontrivial zero length limit which corresponds to a massless
particle with extrinsic curvature. The system has the set of six first class constraints, which restrict the
phase space variables so that the spin vanishes. Upon quantization, we obtain six conditions on the state,
which can be represented as a wave function of position coordinates, x*, and velocities, g*. We have
found a wave function ¥ (x, q) that turns out to be a general solution of the corresponding system of six

differential equations, if the dimensionality of spacetime is eight. Although classically the system is just
a point particle with vanishing extrinsic curvature and spin, the quantized system is not trivial, because
it is consistent in eight, but not in arbitrary, dimensions.
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1. Introduction

Before the occurrence of string theories, elementary particles
were described as point particles. They could live in principle in
arbitrary dimensions, interacting by gravitational and other three
fundamental forces. In string theories, particles and fields are ex-
citations of a string. Quantized bosonic string theory is consistent
in 26 dimensions. As an approximation, a string can be treated
as a point particle with extrinsic curvature and spin [1-3], the
so-called rigid particle [4-17]. In the description of Ref. [3], the
system has two first class constraints, inherited from the string,
and four additional constraints that are second class. In this pa-
per we consider the zero length limit of such a system, in which
case all six constraints become first class, and effectively eliminate
from the description all the degrees of freedom, except those of a
point particle, whose extrinsic curvature and spin vanish. At first
sight this could mean that we have arrived at the theory of a point
particle, living, in principle, in arbitrary dimensions. But the six
first class constraints are still present there, and, upon quantiza-
tion, they become restrictions on possible physical states. We have
found that for a rather general class of solutions the quantum de-
scription can be performed consistently in eight dimensions, but
not in other dimensions.

In Section 2 we derive a particle with extrinsic curvature from
a string, and in Section 3 we consider its zero length limit.
We obtain the same action that had already been considered by
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McKeon [13]. However, in distinction to the case of Ref. [13], our
system is subjected to a constraint, inherited from the string the-
ory, that was not taken into account in Ref. [13]. Therefore, our
dynamical system is different, because it has two primary con-
straints, whose conservation gives additional four constraints. Alto-
gether, we obtain six constraints that turn out to be all first class.
In the presence of those constraints, the particle’s center of mass
momentum p#, velocity g#* = x*, and the conjugate momentum
s are all parallel to each other. Therefore, the particle’s spin and
extrinsic curvature are zero, which means that the particle’s po-
sition x*(t) describes a straight worldline, and not a helix, as in
the case of a rigid particle. In Section 4 we quantize the system by
imposing the six constraints as restrictions on physical states, and
find a wave function that solves the latter system of equations,
provided that the dimension of the space in which the particle
lives, is eight. In Conclusion section we argue why this is a remark-
able, nontrivial, result, revealing yet another surprising property of
string theories.

2. The particle with curvature from a string

In the previous paper [3] its was shown that one can obtain a
particle with curvature as an approximation to a string, living in
a target space with an extra time-like dimension. The string equa-
tions of motion in the conformal gauge are then
Xty x"t =0,  XPX, - x’ﬂx;l =0, Xﬂx;l =0, (1)
where & = (u,D+1), ©=0,1,2,3,..., D —1. A possible solution
is
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XH =Clr 4+ (ay coswnT + b sinwyt)e?,
n

XPtl =6, o€l0, L], 2)
where
w?—k2=0, a=b2, Cua =Cy,bl =albn, =0,
nmw
c?=1, kn:T. (3)

In particular, if all higher modes with n > 1 vanish, we have:

Xt =Cr7 + (a* coswt + b* sina)r)ek“,

xPHl =g, o elo0,1L], (4)
where we have denoted a} = a*, b’ =b*, w1 = w. Such a string
satisfies the Dirichlet boundary condition

5XM|, =0, (5)

such that the string ends move on a D-brane [3].

For a fixed o, Eq. (4) describes a helix in D dimensions. If the
string length L is small in comparison with the radius of the helix,
then the string effectively behaves like a point-particle, tracing a
helical worldline.

The string embedding functions can be expanded according
to [1-3],

Xt (t,0) =x"(1) + y*(D)ko + O(kK*o?),
xP* o) =0, (6)

where k is a constant. For the solution (4) this gives

x* (1) =CH*1 +a* coswt + b* sinwT,
y* =a" coswt + b* sinwrt. (7)

From now on, we will consider the expansion (6), and search
for the action satisfied by the variables x* () and y*(t). In Ref. 3]
we started from the Polyakov action

X T X
I,y = / 02 /7y DX X 5. (8)

where T is the string tension, and &% = (7, o).
Using the expansion (6), the action (8) becomes [3]

I= % dr [%(kz + Lkxy) +e(1+ f2)(K2y* +1) — 2fk5<y}
+O(K*L?), (9)

where e(t) and f(t) comes from the expansion of ﬁy“ and
J7V12, respectively, whereas the expansion of ,/yy? gives
e(t)(1+ f2(1)) + O(o). The equations of motion are:

1. ..
se: —e—z(x2 + Lkxy) + (1+ %) (1 +k*y*) =0, (10)
8f:  fe(1+Kk*y*) —kky=0, (11)
d [+ , )
Sy: —Lka - +2e(1+ f%)y* —2fkx"* =0, (12)
d (X Lky*
Co— = — fky* ) =o0. 1
ox dr<e + 2e fky ) 0 (13)

In a gauge in which f =0, the action (9) is

LT X2 Lkxy
= dt[%—i—e#—%—i—ekzyz] (14)

2

I

If we plug the equation of motion

L1d/x*

o — 2 (), 15
Y 2k e dt ( e ) (15)
and introduce the parameters

L’T

then the action (14) becomes [3]:

e fof3(E0) £ ()25 o

This action contains first and second order derivatives of the vari-
ables x*(t). According to the Ostrogradski formalism [18], higher
derivative theories contain negative energies. In the presence of an
interaction such a system can become unstable. A relatively recent
finding is that this is not always so. As shown in Refs. [19-22],
there exist interacting second order systems that are uncondi-
tionally stable. Moreover, as pointed out by Woodard [23], the
presence of a sufficient number of gauge constraints can stabilize
the system. As an example, Woodard cited the second derivative
model of a massless point particle with rigidity, considered by
Plyushchay [7].

3. Zero length limit

We will now consider the limit in which the string length L
tends to zero. For such purpose let us introduce a new parameter
t/ = h(t), and a new Lagrange multiplier é(t’) according to the
relation

dre =dt'me. (18)

Under such a reparametrization the action (17) becomes
11/ dx \*1
I[x* e]l= | dt/{=|[-—) = 28
[x". €] / T {2[(“/) z +m e]
m1ld /1de*\ d /1dx* (19)
m3edr/'\edr /Jdr'\edr’ /|

The parameter 7’ can be renamed into 7, and the latter action can
be written as

12 N\ pod i\ d [k
[l (5 o)~ g (5 )ae (4)] 20

Expressing m and u according to Eq. (16), the coefficient in
front of the second term of the latter action becomes pu/m> =
1/(8T?) = ji. In Eq. (20) we have a term that corresponds to the
Howe-Tucker action [24], and an extra term that corresponds to
the particle’s curvature.

The action (20) has two important limits:

(i) T — oo, implying p/m3 = ji =1/(8T%) — 0. The term with
curvature then disappears from the action. The term containing
m = LT would become infinite, unless we also impose the limit
L — 0 such that m = LT remains finite. Then Eq. (20) becomes the
well-known Howe-Tucker action for massive point particle.

(ii) T finite, L — 0. In such limit, we have m = LT — 0, whereas
w/m3 = fi =1/(8T?) remains intact, and the action (20) becomes

L 1., Ad[(&\d (&
I[xl{e]_/dr[z—éx _§E(7)E(?>:| (21)

The latter action is identical to the action for the “massless” parti-
cle with curvature, considered by McKeon [13].




M. Pavsic / Physics Letters B 740 (2015) 329-334 331

In the following we will investigate in some detail the case (ii).
From now on, we will rename é into e, and [ into u, and write
the action (21) as

_ Lo pd (XN d (X
I[xlﬂe]_/dr[zex edr(e)dt(e>:|' (22)

The canonical momenta are

L d oL\ % 2nd/1d (%
=—-——|=)==+——-——— ). 23
Pu= oz df<ajéu> e + e dr(edt(e (23)

oL 2 d (%,
T = oz e? dt(e)’ (24)
oL 2p, ., d (X
=—=""x_—(E). 25
Pe=7%6 =" dr(e (25)

The equations of motion are
sx*: pu=0, (26)

5o O daL_>’<2+3 1d (%\1d (%
" 9e droee e HMedr e e

d
2u d (%% d (%,
e dt\e2dr\ e

Ho:pﬂkﬂ-i-ﬂ'u}é#-‘rpeé—l,o. (28)

The Hamiltonian is

Let us introduce the new variables

=gk, e=p. (29)

From Egs. (23), (24) we have

3 5 "
. e e b4
=l Sqh, pe=—"ET (30)
21 e e

and after inserting the latter expressions into the Hamiltonian (28),
we obtain

mo ey 2 g
e )y

In deriving the action (17) we used a gauge in which f =0. In
such a gauge the constraint (11) becomes

Xy, =0. (32)

By using Egs. (15), (24) and (29), the latter equation can be written
as

mugh =0. (33)

Our action (17) and its L — 0 limit (22) is then subjected to
the constraint (33). Therefore, the Lagrangian £y must be supple-
mented with the above constraint:

L=Lo—am,qt, (34)
and the Hamiltonian Hy with
H=Ho+am,q". (35)

The equations of motion derived from the Hamiltonian H are

X ={x* H}=q", (36)
e={e,H}=8, (37)
. e3gH H
q“z{q“,H}z——+aq“+ﬂi, (38)
20 e
pu=1{pu.H =0, (39)
T

ﬁM:{nM,H}:—<pM—q?“+anM+ﬂTM), (40)
) 3e2n? ¢ Tuqh

={pe.Hl= - 4+ = — ‘ 41
Pe = {pe, H} a + 262 B o2 (41)

Variation of the action [ £dt with respect to e and «, gives the
constraints

. 3627'[2 2
= 3 =0 (42)
$2=muq" =0. (43)

From the requirement that those constraints must be preserved
in time, we obtain another three constraints,

¢3 =ep,h, (44)
pugt | e’ ¢
¢4 = “e T (45)
pug”
g5 =p°— = . (46)
The linear combination
- pug" ¢ _en’
P1=—¢1 + s =L — -5 = (47)
e 2e 4n

is an expression that enters the Hamiltonian (31).
Variation of the action [ £dt with respect B gives the con-
straint

$6 = epe + muqt =0. (48)

The equation ¢ = {¢s, H} for conservation of ¢ does not give a
new constraint.

The constraints ¢;, i =1,2,3,4,5, include only the momenta
p, and m,, conjugated to the dynamical variables x* and g*,
whereas the constraint ¢g includes also the momentum p, which,
due to (43) vanishes on the constraint surface. Thus, p. is merely
an auxiliary momentum, and the constraint associated with it is
treated as the “last” one.

From ¢1 =0, ¢4 =0, ¢5 =0 it follows that

pug”

=0 (49)
2

q 3

o2 = Epz, (50)

e2m?

o (51)

Because g is supposed to be a time-like vector and 7w# a
space-like vector, and because their scalar product, 7r;,q*, vanishes
on the constraint surface, it follows that g> = 0, w2 < 0. Taking
also into account that Eq. (42) implies the proportionality between
g% and 72, it follows that 72 = 0. Egs. (49)~(51) then become

m
Prd” _ (52)

—_ :07 :0, (53)

implying p% =0.
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Because p2 =0, it follows that all constraints ¢;, i=1,2,...,6,
are first class, i.e., {¢i,¢;} = 0. This can be verified by calculating
the Poisson brackets between all the constraints. In fact, the con-
straints become ¢ = p,q*/e, ¢ =qtmy,, ¢p3 =ep, T, ¢, = 72,
5 = P2, ¢ = epe, where ¢, ¢ and ¢; are the appropriate linear
combinations of the constraints ¢;.

Egs. (43), (44), (49) and (51) imply that g#, 7# and p* are
parallel. Consequently, the spin tensor S*¥ =gq#n¥ — q'* van-
ishes. The parallelism between g* = %* and p* means that the
4-velocity oscillations are tangential to the worldline of the parti-
cle’s center of mass. Therefore, the center of mass worldline

xr (1) =X + pht, (54)

and the particle’s position worldline

x“(r):xff—kp“t +a"* coswt + b* sinwt, (55)

which are both solutions of the equations of motion (36)-(40), are
not different worldlines. Both equations, (54) and (55), represent
the same curve, they differ only in the choice of parameter. If in
Eq. (54) we change 7 according to T — 1+ o coswt + BsinwT,
where o and B are proportionality factors, defined according to
p* =aat and p* = Bb*, we obtain Eq. (55).

The six first class constraints diminish the number of indepen-
dent degrees of freedom of our dynamical system. It turns out that
g"* and # are not dynamical degrees of freedom at all. Since g*
and m# are parallel to p*, they bring nothing new to the clas-
sical dynamics system. In the following we will investigate what
happens if we nevertheless pursue with the quantization of our
constraint system.

4. Quantization

Upon quantization the phase space variables become the oper-
ators, satisfying the commutation relations

[X* D] =is"y,  [g* 7] =isty, (56)
[#.&]=0. [p".p"]=0,

[¢"*.3"] =0, [#H, 2V] =0, (57)
and the constraints become restrictions on physical states:

G

p 7|w> =0, (58)
(@ 3+ 2,819 =0, (59)
eftu p* 1Y) =0, (60)
Al ) =0, (61)
P¥Puly) =0, (62)
epe|y) =0. (63)
We do not impose the condition

’1y) =0. (64)
but only

(wg*|y) =o. (65)

In the representation in which x* and g* are diagonal, whereas
Py =—id/dx*, &, = —id/dq*, Egs. (62) and (61) become massless
Klein-Gordon equations in the x*-space, and the g*-space, respec-
tively.

A particular solution of Egs. (62), (61) is

‘pp,q (X“, qu) — eip,tx#einﬂq/i. (66)

Here p, and m; are now eigenvalues of the corresponding op-
erators. The eigenvalues must satisfy the relations p#p, =0 and
mhmr, =0.

We will now show that a general solution of the system of
Eqgs. (58)-(63) that satisfies condition (65), is

¥ (x, q") = / dPpdPra(p, myePn” emud" 5(p?)

x 8(%)8(a%)(a" 7)3 (p" 70,1)8 (P a*) (67)

where the constraints and the condition (65) are expressed in
terms of the §-functions.
(i) Eq. (58) gives

ﬁﬂauw=/dDPana(p,ﬂ)Puqﬂeip“X#ei”uq“

x 8(p?)8(?)8(q%)8(qm)8(pm)8(pq) =0, (68)

because the integral of p,.q"8(p,q") over dPp gives zero. We dis-
tinguish the operators from their eigenvalues by the hat symbol.
(ii) For Eq. (59) we obtains

(qufrﬂ - %D)g; —0 (69)
Gy = (i) / d?pdPra(p, w)e?™

X gz (€77 8(x%)8@m)3(a*)5(p0))3 (p?)8(prr).
(70)

In Eq. (69) we took into account the commutation relation (56),
which gives 7" = "7, —iD.

We will use

0 df(q@) 93(f(q)
— 5 = —_— 71
PP (f@) 2ah af@ (71)
which in particular gives

D 5@ =, 0@ T
aqlt(s(q ) =Ty Q) (72)

We then have

0 P
— (€™ 8(q)8(q%)8 (pq))

agHt
o )
— i, ™9 §(qm)8(q?)5(pg) + 7y Big’;; 5(¢%)5(pq)
38(q?) 98(pq)

2055 5~ 8@DI(PO) + Py 8@ms(g®).  (73)

a(pq)

Inserting the latter expression into Eq. (70), we obtain
Q" Ay = (=) / d?pdPra(p, m)e?™

x el <iq”m8 (qm)5(q%)8(pq)

s@m) 38(q?)

w n

+q nua(qn)é(q )8(pq) + 29" q 9z @30
38

+ap, 8((;’;’))qu)a(qz))s(pz)a(pn). (74)
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Using the relation

x8'(x) = —8(x) (75)
we obtain

gha = 4iy. (76)
Eq. (69) then becomes

(41’— i7D>l[/:0, (77)

which is satisfied if D = 8.
(iii) Eq. (60) gives:

Pl =/deana(p,N)p“nMeip”Xvei””qUS(Pz)

x 8(7%)8(a*)8(a" m,) 8 (p* 71)8(Pud"). (78)

which vanishes, because of the expression p#m;8(p*m,) under
the integral.
(iv) In order to calculate Eq. (61), we will use Eq. (73), in which
we express the derivative of the §-function as
S(x
8 (x) = —% + A(X). (79)

The latter expression gives

/dxF(x)S’(x) :/dx(F(O) + F/(x)|X:Ox) (—? + A(x))

F
=—F'®)|,_,— Fe +/dxF(x)A(x)
x=0
=—F®] (80)
if we define A(x) according to
/dxF(x)A(x) = @ , (81)
X |x=0

so that after the integration the term containing A(x) cancels out.
Then Eq. (73) becomes

a .
agH (e7 1" 8(q)8(q%)5(pq))

. T
- e’”uqua(qn)a(qz)é(pq)<2inﬂ ~ ro_TR V
v

+ terms with A. (82)

If we use the above expression in Eq. (70), we also obtain the same
result (76).
By using Eq. (82) in Eq. (61), we obtain

3%y
aqHoqy

- / dPp drel? ' e §(gm)8 (2)8(pg)
1 2
x {[nﬂ(zi——) - Pu }
qm q P qv

" I
« [nu(Zi_i)_zi_ P }
qm ?  p'qy

2
= q—z(D—8)1//. (83)

AR =

All other terms, including those with A, vanish.
We have found that the constraint (61) is satisfied by the wave
function (67) in eight dimensions, just like the constraint (59).
(v) Eq. (62) becomes
3%y

prpuy =— =0, 84
pPpuy PYTEr (84)

which vanishes because of the expression p2§(p?) under the inte-
gral over dPp.
(vi) Eq. (63) becomes

0
—za—ewzo, (85)

which is fulfilled, because ¥ does not explicitly depend on e.

A remarkable feature of the above calculations is that the wave
function (67) does not solve the quantum constraints (58)-(63)
and the condition (65) in arbitrary dimension D, but only in
D = 8. If (67) is indeed the most general solution of the system
of Egs. (58)-(63), (65), and there is no other solution, then the
system, obtained by quantizing the zero length limit of the string,
is consistent in eight dimensions. Though the zero length limit is
just like a point particle, the system inherits from the string a set
of constraints, which upon quantization can be satisfied in eight
dimensions, but not in an arbitrary number of dimensions.

If we act on v with the operator §MV ={q, 7y — vy, which is
the generator of rotations in the g”-space, we obtain

~ . 1
S =dep an[(qunU —qvnﬂ)<21 — q—n>

1
+ q_z(quv - vap.)]

x ePr*" 700" §(p2)s(2)5(q)8(q%) 8 (p)3(pq). (86)

The latter expression vanishes, because the §-functions restrict the
range of the variables p#, g, m* on the surface, on which they
are all parallel to each other, so that on the surface, q, 7, —qv7, =
0 and q,pv — qvpy = 0. The wave function ¢ (x*,q") is thus a
scalar under rotations generated by SV The particle has vanishing
spin.

5. Conclusion

We have found yet another surprising property of strings. So far
it was well known that a bosonic string can be consistently quan-
tized in 26 dimensions, but not in other dimensions.! In this paper
we considered a zero length limit of a bosonic string. At first sight
one would expect that such a system is just a point particle, whose
quantized counterpart can live in arbitrary dimensions. But a thor-
ough treatment of the constraints reveals, that upon quantization
we obtain a system of equations that can be solved by a certain
rather general wave function only in eight dimensions. This means
that a quantized point particle that is obtained as a limit of a string
must live in eight dimensions, it cannot live in four dimensions.
A consequence is that, according to Kaluza-Klein theory, such a
particle, in the case when the 8-dimensional space is curved, ex-
periences the force that from the point of view of 4-dimensional
subspace manifests itself as gravitation and Yang-Mills forces. This
means that the zero point limit of the string leads to a theory
that besides gravitation contains other fundamental forces as well.

T However, see Ref. [25], where slightly more general strings were shown to be
consistent in arbitrary dimensions.
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The original string theory (of strings with finite extension) also
leads to gravitation and Yang-Mills fields, though within a rather
different theoretical procedure.

Zero length limit of a string and the corresponding theoretical
description, is merely a theoretical idealization. In reality, a string
remains finite, approximately being described as a zero length
string living in eight dimensions. In the approximate theory, only
eight dimensions are necessary for the consistency, the remaining
eighteen dimensions are superfluous. In fact the approximate the-
ory is not consistent in 26 dimensions. The remaining eighteen di-
mensions are necessary for consistent description of the remaining
degrees of freedom that are truncated in the approximate theory.
Thus, treating a string as a point particle, decouples eighteen di-
mensions from the description. The point particle “sees” only eight
dimensions, and, if the space is curved, feels gravitational and
Yang-Mills forces. Effectively, by treating the string approximately
as a point particle, we have reduced spacetime from twenty six
to eight dimensions, without really compactifying the remaining
eighteen dimensions; we have only eliminated them from the dy-
namics, and thus rendered them invisible to the particle. In other
words, although there might be present additional dimensions, the
particle moves only in an eight-dimensional subspace.
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