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Abstract

Recently, Guo and Zeng discovered two families of polynomials featuring in a g-analogue of Faulhaber’s
formula for the sums of powers and a g-analogue of Gessel—Viennot’s formula involving Salié’s coefficients
for the alternating sums of powers. In this paper, we show that these are polynomials with symmetric,
nonnegative integral coefficients by refining Gessel-Viennot’s combinatorial interpretations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In the early seventeenth century, Faulhaber [2] considered the sums of powers S, , =
Y %i— kK™ and provided formulas for the coefficients f, x (0 <m < 8)in

1 m
Somttn =5 3 Sk (nn+ 1), ()
k=1
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In 1989, Gessel and Viennot [4] studied the alternating sums 7, , = ZZ=1 (=) kg™ and
showed that there exist integers s, x such that

m
Tonn =5 Y smalnn+ D) 2)
k=1

Furthermore, they proved that, up to some factors, the Faulhaber coefficients f,;, x and the Salié
coefficients s, x count certain families of nonintersecting lattice paths. There is a huge literature
on this subject. Faulhaber’s work, including more generally r-fold sums of powers, was nicely
exposed by Knuth [6]. For the study of polynomial relations between sums of powers functions,
see Beardon [1].

Recall that a natural g-analogue of the nonnegative integer n is given by [n] = and the
corresponding g-factorial is [n]! = [];_,[k]. Recently, Guo and Zeng [5], contmumg work of
Schlosser [8], Warnaar [9] and Garrett and Hummel [3], have found interesting g-analogues of
(1) and (2). More precisely, for m, n € N, setting

" 2]( m+1
() = 3 o g 0, 3
k=1
Tnn(g) =Y (=)' *[k"g 2", “
k=1

they proved the following results:

Theorem 1.1. There exist polynomials Py k, Qm.k, Gm.k and Hy, i in Z[q] such that

N L3 ([n][n + 1])k+!
Somt1.(q) =k2_;(—q ) T 131 P @) 5)
Samn(@) = (1 — 172 i k=2 Qi@ ') (Il £ 1D
= [T (1 — gmitir2) 2

- m— Gmmfk(Q) k
Tomn(q) =Y (=q")" =229 ([n][n + 17)", %
’ ; ") Tk +gm—) ( )

(m—1/2)n
Tom—1,n =(-1 m+nHm m— 172 1
antn(@) = (=1 m-1lg )(1+q‘/2)mﬂ?’:5‘<1+qm—i-1/2>
[ —gntl2 2 . Hyp mi(q'? 1Tk—1
y1za )t m=k(q ") ([n]ln +1]) ®)

q - .
1— q1/2 = -+ q1/2)m—k+1 1‘[;":—01‘(1 + qm—z—l/2)

Comparing with (3) and (4), we have

k!
G ) Lo —— 1
fm,k ( ) ( +1)‘ mm k( )
sk = (=1)" Gy i (D),
but the numbers corresponding to Q,, (1) and Hy, x(1) do not seem to be studied in the litera-
ture. The first values of Py k, Om.k» Gm k and H,, i are given in Tables 14, respectively.
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Table 1

Values of Py, (q) for 0 <m <5

k\m 0 1 2 3 4 5

0 1 1 1 1 1 1

1 1 2(g+1) 32 +49+3 2q+1)2¢%+q+2)

2 2(g+1) (g +1)(5¢% +8g +5) (g + 1D Og* +19¢3 +29¢% + 199 +9)
3 (g +1)(5¢% +8g +5) 20+ D22 +q+ D2+ 11g+7)
4 20+ D2(q%2+q+ D2 +11g+7)
Table 2

Values of Q,, r(q) for 1 <m <4

k\m 1 2 3 4

0 1 1 1 1

1 1 2¢> +q+2 3¢ +2¢3 + 492 + 29 +3

2 242 +q+2 @ +q+DGg*+3>+9%%+q+5)
3 @ +q+DGq*+¢3+9%*+q+5)
Table 3

Values of G, i (g) for 1 <m <5

k\m 1 2 3 4 5

0 1 1 1 1 1

1 2 3(g+1) 4g¥+q+1) 5(+ (g% +1)

2 6(g+1) 2(g+ 152 +7g+5) 5(qg + D3q* +49° +8¢% + 49 +3)

3 4q+1)5¢2+7g+5) 5(q + D2(7g* + 14¢3 +20g% + 149 +7)

4 10(g + D2(7¢* + 14¢> + 2042 + 14g +7)
Table 4

Values of H, i (q) for 1 <m <4

k\m 1 2 3 4

0 1 1 1 1

1 2 3¢ +2¢ +3 4g* +3¢3 +4¢% 43¢ +4

2 2(3¢% +2¢ +3) 10g% + 15¢° 4 30¢* + 264> +30¢2 + 15g + 10

3 2(10¢° + 15¢° + 30g* + 2643 + 30¢2 + 15¢ + 10)

We say that a polynomial f(x) =ag+ajx +---+a,x" of degree n has symmetric coefficients
if a; = a,—; for 0 <i < n. The tables above suggest that the coefficients of the polynomials Py, k,
Om.k» Gm k and H,, ; are nonnegative and symmetric. The aim of this paper is to prove this fact
by showing that the coefficients count certain families of nonintersecting lattice paths.

2. Inverses of matrices

Recall that the nth complete symmetric functions in r variables x1, x3, ..., x, has the follow-
ing generating function:

1
Zhn(xl,-u,xr)zn_

n>0 S (I=x12)(1 —x22) - (1 — x,2)°




1504 V.J.W. Guo et al. / Journal of Combinatorial Theory, Series A 113 (2006) 1501-1515

For r,s > 0, let h, ({1}, {g}*) denote the nth complete symmetric functions in r + s variables,
of which r are specialized to 1 and the others to ¢, i.e.,

r S\, n __ 1
> ha (1Y {g))z == d=e" ©)

n>=0

By convention, 4, ({1}, {g}¥) =0 if r < 0 or s < 0. For convenience, we also write i, ({1, g}")
instead of /,,({1}", {¢}"). We need the following result.

Lemma 2.1. For (a, b) € {(0, 1), (1,0), (1, 1)}, we have

1\ k
SO b ({1, {q}“”)([;’?) "

m>0k>0
[1+1] qli—1] . _
, | TR T T if(a,b)=(1, 1),
[l] 1 ql .
=7\ T=iEE T ==t (@ b) =(1,0), (10)

[27]

l
q 1 ; —
[1-[1+1]z + [[1—qli-1]z if (a,b) = (0, 1).

Proof. Using the definition (9) of the complete symmetric functions we have

k 2k

Z thfzk({l}kﬂ, {gy)xt " = Z (1- z)kfa (Zl —q2)kth

m=0k>0 k>0

1 1
T (-0 T —gqP T (1 —2)(1 - qz) —x22

Setting x = ¢'/[I]? a little calculation shows that the denominator of the second fraction factor-
izes:
1 B [1]?

(1 =21 —q2) —xz> (1= qzll = 1D = z[l + 1]

The result then follows from the standard partial fraction decomposition. O

The following lemma might be interesting per se. When g = 1 it reduces to simple applica-
tions of the binomial theorem.

Lemma 2.2. For k,m > 1, set

}k—m-i-l) }k—m-i-l)’

ckm (@) = hom—i({1. 4* + ghom—i—1({1.4*
8 (@) = ham - (V7A@ ") + ham i (7 (g},
dem(q) = gkm(@®) + q8k—1.m-1(47)-

Let X, = [”][q"—,,H] Form,l > 1, we have

X = X7 = bk (11, g 20 PR g D (11)
k
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1— q1+1/2 m 1— ql—l/z o
- q1/2)ql/2 l (1— ql/Z)q(l—l)/2 -1
k
X+ X = gmmk (@R g 7m0, (13)
k
11— ql+1/2 m=1 4 1—g'~1/2 xm—1
(1 _q1/2)ql/2 [ a- ql/Z)q(l—l)/z -1
_ Zdm’m_k(q]/2)[1]2(mfk71/2)qfl(mfk7]/2). (14)
k

Proof. The proof rests on the previous lemma.

e Equating the coefficients of (10) in the case (a, b) = (1, 1) yields that

D (11, g g * i
k

1] [+ 171\" gl — 17\"
=—([l+ 1] ——— —qgll —1 .
[21]([+ ]< [0 ) al ]< 0] ))

Multiplying this expression with [2/] q%,]n—zrl) we obtain (11).

o Since ¢ m—k(q'?) = hm—2k ({1, g}*) + ¢ hyp_1—2 ({1, g}**1), Eq. (12) follows di-
rectly from the previous calculation.

o AS gmm—k(q@) = hm—2c ({11 {g¥) + hp—a ({135, {g}*F1), applying Lemma 2.1 with
(a,b) = (1,0), (0, 1), we get

D0 (- ({1 AGY) 4 ok (11 4 1)) g 12

m>0 k>0

_U]z( Itq! | 1+d )
RO\ -0+ 10z =gl —112)
Multiplying the coefficient of z™ of this expression with []*"¢ =" we obtain (13).

o Since dp.m—1(q"?) = gmm—1(@) +q"*gm_1.m—1—1(q), Eq. (14) follows directly from the
previous calculation. 0O

The following is the main result of this section.

Theorem 2.3. The inverses of the lower triangular matrices

(th—k({lvq}k_m+l))0<k’m<nv (Ck’m(Q))lgk,mgn’ (gk,m(q))lgk,mén’
(dk;m (q))lgk,mgn

are respectively the lower triangular matrices

|
<(—1)’“" e (q)) , (15)

[k +1]! 0<k,m<n
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(_l)k—m (1 _('I)k_m+l Qk,k—m(q) (16)
T8 = g2%=241y )y pomen’
_ Gik—m(q)
(—DF m—) , (17)
( Hfz_(;"(lﬂqu_’) 1<k,m<n
((_1 k—m Hi m(q) ) (18)
(4 k=TI TA 20 (1 + 221 ) i <homen

Proof. Recall that X,, = llzt1l

q"
e Summing Eq. (11) over [ from 1 to n and applying Eq. (3), we obtain

Lm/2]
X =121 Y b ({1, ¢ ) Samais 1 (@)g Y. (19)
k=0
Plugging (5) in Eq. (19), the right-hand side becomes

Lm/2l m—k

UL
D (V7 e TG D Prtm—k—1 (@)Xt
k=0 [=0 b — k11!

Comparing the coefficients of Xf[“ we see that (ho,—x ({1, q}k_m“‘l))ogk,mgn and (15) are
indeed inverses.
Summing Eq. (12) over [ from 1 to n and applying Eq. (3), we obtain

l1—g n+1/2 Lm/2] i
W =2] Z - 2) Som—an(q)g "R, 20)

+/2

Substituting (6) into (20) and dividing both sides by W’ we get

Lm/2) m—k g12ym—k=1 1/2
Xm _ Z Z 1/2 ( 1ym= —k— ]( / )" Qm—k,m—k—l(q / )X]
k=0 I=1 ?1:01{71(1 — gmk=iT1/2) "

Comparing the coefficients of X,ﬂ, we see that (cx,m(q))1<k,m<n and (16) are indeed in-
verses.
Equation (13) may be written as

» a1 S (A =gh™ 2y
=D"IX = DX = DY g wnm =,
k=0
1)
Summing Eq. (21) over [ from 1 to n and applying Eq. (4), we obtain
Lm/2]
X0 =" emmk(@Tam—2n(g)g """ . (22)

k=0
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Substituting (7) into (22), the right-hand side becomes

lm/2] m—k

- [y Gim—k,m—k-1(q) X! 3
];) ;g (@) (=1) T gk (23)

Comparing the coefficients of X L , we see that (gx 4 (9))1<k,m<n and (17) are inverse to each
other.
Equation (14) may be written as

1— l+1/2 1 _ql—l/2

_1\n—1 n—I+1 m—1
(=D a- 1/2)ql/2X - D a _ql/Z)q(l—l)/z Xi-1
— (_l)n—l de,mfk (ql/Z) [l]Z(m—k—1/2)q—l(m—k—1/2). (24)
k

Summing Eq. (24) over [ from 1 to n and applying Eq. (4), we obtain

lqinﬂ/zxm 1 Zd T ()" —k=1/ >0
(1= ql/2ygn2 mk 2m—2k—1,n(q)q , m=2.
(25)
Substituting (8) into (25) yields
 — n+1/2 ( Znik (_1)mkldm’m_k(q]/Z)Hm_k’m_k_l(q]/2)X£Z1)
(1 —ql/2)gn/2 = (14 g1/2ym—k=i+1 HT:_ok_l(l + gm—k=i=1/2)

D" *dy, e 1/2 Hykom—k— 1/2
=(_1)nz( )" =k (q ") Hp—k m—k—1(q /")

(1+ ql/z)m_k l—l{n—ok—l 1+ qm—k—i—1/2) . (26)
=l

We now show that the right-hand side of (26) must vanish. Suppose 0 < g < 1. Denote the
left-hand side of (26) by L,,. If there exists an n € N such that L,, = 0 we are done. Suppose
L, #0forall n > 1, then L, is a rational function in = ¢’/? and can be written as

L,=1 f(r) witht=gq"?,

where s is an integer and f(¢) a rational function with f(0) # 0. Since f(g"/?) # 0, the
right-hand side of (26) implies that

f(qn/Z)f(q("+1)/2) <0, Vn>1.

Taking the limit as n — oo we get (f (0))% < 0, which is impossible. Hence L,, = 0 and (26)
reduces to

—k e _
X! Zd g 1/2 Z (=" T Hp g1 (g ?) X1 27
= (1+q1/2)m k—I+1 l‘[f"*okfl(1+quk7ifl/2)'
1=

Comparing the coefficients of Xfl_l on both sides of (27), we see that (di,m(q))1<k,m<n
and (18) are indeed inverses. O

The following easily verified result has been given by Gessel and Viennot [4].
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Lemma 2.4. Let (A; j)ogi,j<m be an invertible lower triangular matrix, and let (B; ;) =
(Ai’j)_l. Then we have By, , = A;L and

(_l)n—k
Bk det I(Ak+i+1,k+j),

Ak,kAk+1,k+l ce An,n 0<i, j<n—k—
where 0 <n<mand0<k<n—1.

Using the above lemma we derive immediately from Theorem 2.3 the following determinant
formulas:

Pui@) = _det  (hnk=iz2j-1({1.)77%)), (28)

Omi(q)= ogi,c}egtk—l(cm_kHH’m_kH (@)), (29)

Gmi(q) = Ogigegtk_l(gmkariJrl,mkarj @), (30

Hy i (q) = ogi"}egtk_l(dmkariJrl,mkarj @), €1y
fork > 1.

3. Combinatorial interpretations

A lattice path or path sy — s, is a sequence of points (sg, S, ..., S,) in the plane 72 such
that s; —s;—1 =(1,0), (0, 1) foralli =1, ...,n. Let us assign a weight to each step (s;, s;1+1) of
s0 — Sp. We define the weight N (s9 — s,,) of the path so — s, to be the product of the weights
of its steps. Let so = (a, b) and s,, = (¢, d) such that a < c and b < d. If we weight each vertical
step with x-coordinate i by x; and all horizontal steps by 1, then

N(so— sp) =hq—p(Xa, Xat1, -+, Xc). (32)

Now consider two sequences of lattice points u := (u1, u2,...,u,) and v := (v1,v2,..., V)
such that for i < j and k <[ any lattice path between u; and v; has a common point with any
lattice path between u; and vy. Set

N(u,v) =Y N —v)- Ny = va),

where the sum is over all families of nonintersecting paths (u; — vy, ..., u, = vy).
The following remarkable result can be found in Gessel and Viennot [4]. For historical re-
marks see also Krattenthaler [7].

Theorem 3.1 (Lindstrom—Gessel-Viennot). We have

N(u,v) = det
I<i, j<n

(N (j — vi)).
We are now ready to exhibit the combinatorial interpretation of the g-Faulhaber coefficients.

Theorem 3.2. Let u = (ug, ..., ux—1) and v= (vg, ..., vr_1), where u; = (2i, —2i) and v; =
QRi+3,m—k—i—1)forO<i<k-—1.
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(1) The polynomial Py, k(q) is the sum of the weights of k-nonintersecting paths from u to v,
where a vertical step with an even x-coordinate has weight q, and all the other steps have
weight 1.

(ii) The polynomial Qn, k(q) is the sum of the weights of k-nonintersecting paths from u to v,
where the weight of the individual steps is the same as before with the exception that q is
replaced with q* and the vertical step starting from any u j has weight q° + q instead of g°.

Proof. For (i), by means of (32) we have
N@j— v)) =hm-i—is2j—1 ({1, g} 7 12).
The result then follows from (28) and Theorem 3.1.
For (ii), assume that u’j =(2j+1,-2j)and u/j/ = (2j,1—2j). The first step of a lattice path
from u; to v; is either uj — u; oruj — u’j. As N(u; - u) =1, N(uj — u’)) =4¢? +q and

hn(-xlv'-'7-xr—1)+xrhn—1(-x17--'7-xr)Zhl.l(-xl"-'v-xr)awehave

N(uj— vi)=N(uj = u; )N = vi)+N(uj — u])Nu]— v)

=N(u; = vi) + (¢ +q)N(u] = v;)
= —iv2j-1 (172 {g2) )
+(@® + @) hmi-is2j—2({1.¢%) 1)
= hn—iiv2j 1 ({1L.@*) ) + qhmicinaja({1,4%) 2).
The result then follows from (29) and Theorem 3.1. O

Corollary 3.3. The polynomials Py 1 (q) and Qm r(q) have symmetric coefficients.

Proof. A combinatorial way to see the symmetry of the coefficients of Py, x(q) is as follows:
Modifying the weights in Theorem 3.2(i) such that vertical steps with an odd x-coordinate have
weight ¢ and all the others have weight 1 does not change the entries of the determinant in (28).

Now consider any given family of paths with weight g%, when vertical steps with even x-
coordinate have weight g. After the modification of the weights it will have weight g™ %,
where max is the total number of vertical steps in such a family of paths, which implies the
claim.

For the polynomials Q, r, we use the following alternative weight: vertical steps with odd
x-coordinate have weight g2, vertical steps with starting point u ;j have weight 1 + g and all the
others have weight 1. O

When k = m — 1, there is only one lattice path from uy = (0, 0) to v9 = (3, 0), which has
weight 1. This establishes the following result:

Corollary 3.4. For m > 2, we have Py —1(q) = P m—2(q) and Qm,m—-1(q) = Om,m—2(q).
For the combinatorial interpretation of the g-Salié coefficients, we need an auxiliary lemma:
Lemma 3.5. Let (A; j)1<i,j<n and (B; j)1<i, j<n be two matrices. Then

det (A; i +B; ;)= det (D),
o o= S e (0
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where
ph [ A Vel
L B; j, otherwise.
Theorem 3.6. Let u = (ug, ..., ux—1) and v= (vg, ..., vk_1), where u; = (2i, —2i) and v; =

Qi+2,m—k—i—1)forO<i<k—1.

(1) The polynomial G, i (q) is the sum of the weights of k-nonintersecting lattice paths L from
u to v with the weight of L being

Z wy (L),

1€{0,1,....k—1}
where wy is defined as follows: for each i € I, vertical steps with x-coordinate 2i — 1 have
weight q, and for any integer i ¢ I, vertical steps with x-coordinate 2i have weight q. All
other steps have weight 1.
(i1) The polynomial Hy, i (q) is the sum of the weights of k-nonintersecting lattice paths L from
u to v, with the weight of L being

> w),

I1<{0,1,....k—1}

where W is the same as w;—replacing q with q>—with the exception of vertical steps

starting from one of the points u;, which have an additional weight q. More precisely, if the

weight of such a step would be 1, it has weight 1 + g, if its weight would be g°, it has weight
2

q°+q.

Proof. (i) We apply Lemma 3.5 to detog;, j<k—1(8m—k+i+1,m—k+j(q)), where

m—ktitlm—k+j(q) = hm—k—i+2j—1({1}i_j+2, {q}i_jH)
F hm—k—ig2j—1 ({1 g} 2.

Suppose that j € I and 0 < i < k — 1. Then we have to show that A, _g—;12j—1 ({1} =12,
{g}~7*1) is the sum of the weights of lattice paths from u j to v;, where the vertical steps have
the weight given in the claim. To this end, note that /i, —x—;i+2;—1 ({1} ~/+2, {g}'=/*1) counts
lattice paths from u; to v;, when steps on i — j + 1 given vertical lines have weight g, those
steps on the remaining i — j 4 2 vertical lines have weight 1.

By the construction in the claim, steps on exactly one of the vertical lines with x-coordinates
2r — 1 and 2r have weight q. Since j € I, steps on the vertical line with x-coordinate 2, i.e.,
with the x-coordinate of u ;, have weight 1.

Similarly, if j ¢ I we can verify that there are exactly i — j + 2 vertical lines between u ; and
v; with steps thereon having weight g.

(i1) In the same way, we can show thatfor j e I and 0 <i <k — 1,

I i—ij41 P i—jd1
Pm—k—i2j—1 ({1 72 142} i )+ qhm—k—is2j—2 ({1} 2 {g*)' al )
is the sum of weights of lattice paths from u ; to v;, where the vertical steps have the weight given
in the claim. Meanwhile, for j ¢ I and 0 <i <k — 1,

hn—t—i2j—1 (T AP T2+ Gl oimigaja (11 {2} 1)

is the sum of weights of lattice paths from u; to v;. O
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2,2)
y
4,1
— —
(6,0)
0 A (8’ 71)
A
—
2,-2)
4, —4) ‘
1
— e
(6, —6)

Fig. 1. An example for Theorem 3.6, where / = {1, 2}, wy (L) = q8 and wy (L) = ql4(q +q2)(q + 12,

As an illustration of the underlying configurations in Theorem 3.6, we give an example in
Fig. 1 form =7 and k =4.

Corollary 3.7. The polynomials G 1 (q) and Hy, 1 (q) have symmetric coefficients.

Proof. A combinatorial way to see the symmetry of the coefficients of G,, x(g) is as follows:
Modifying w; such that for each i € I, vertical steps with x-coordinate 2i have weight g, and
for any integer i ¢ I, vertical steps with x-coordinate 2i — 1 have weight 1 does not change the
entries of the determinant in (30).

Now consider any given family of paths with weight ¢g* provided by Theorem 3.6(i). After
the modification of the weights it will have weight g™~ where max is the total number of
vertical steps in such a family of paths, which implies the claim.

We omit the proof of the symmetry of the coefficients of H,, x(q). O

Corollary 3.8. Let u = (ug, ..., ur—1) and v= (vg, ..., vg—1), where u; = (2i, —2i) and v; =
QRi+2,m—k—i—1) for0<i<k-—1

(1) The polynomial G, 1 (q) is the sum of the weights of k-nonintersecting lattice paths L from
u to v with the weight of L being
k—1
qUZk(L) H(C]UZFI(L) + qUZi(L))’
i=0
where o denotes the number of vertical steps with x-coordinate j.
(ii) The polynomial Hy, x(q) is the sum of the weights of k-nonintersecting lattice paths L from
u to v with the weight of L being

k—1
a+ q)f(L)q202k(L) l_[(qz‘TZifl(L) + q2<72i(L)_fi(L))’
i=0
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where o is as in (i) and f (respectively f;) denotes the number of vertical steps starting
from u (respectively u;).

Proof. (i) By the definition of wy, for 0 <i < k — 1, if i € I, then vertical steps on the line
with x-coordinates 2i — 1 have weight ¢ and vertical steps on the line with x-coordinates 2i
have weight 1; and if i ¢ I, the case is just contrary. Note that steps on the vertical line with
x-coordinates 2k always have weight g and steps on the vertical line with x-coordinates 2k — 1
always have weight 1. This implies that

k—1

3w =@ [ (g7 4 g ),
1S{0,1,....k—1} i=0

(ii) Notice that for 0 < i < k — 1, we have f;(L) = 1 if L contains a vertical step starting from
the point u;, and f; (L) = 0 otherwise. Similarly to (i), we have

k—1
_ . . (LY=2f: i (L
Z wy (L) = q2<72k(L) l_[(q2(72tfl(L)(1 + q)ﬁ(L) + qZUZz(L) 2fi(L) (q2 + q)fz( ))
1C0,1,....k—1} i=0
k—1
=1+ q)f(L)q202k(L) H(q202i—l(L) + quZi(L)*fi(L))_
i=0

This completes the proof. O

The computation of G42(q) is illustrated in Fig. 2, while the value of Hs2(g) as given in
Table 4 is the sum of values in Table 5.

Remark. Since

det (A;;+B; ;)= det (c"),
lgi’jgn( b ) IC{IZ... n}lgi’jgn( lj)

C(I) _ Ai,j, ifi e 1,
Y B; ;j, otherwise,

we may also define w; in Theorem 3.6(i) as follows: for each i € I, vertical steps with x-
coordinate 2i + 3 have weight ¢, and for any integer i ¢ I, vertical steps with x-coordinate 2i + 2
have weight g. All other steps have weight 1. In this case, foreachi € I and 0 < j < k—1, wecan
show that hm_k_i+2~,~_1({1}"_j+2, {g}—7*1) is the sum of the weights of lattice paths from uj
to v;. Moreover, there holds

k

Z wy (L) = qUO(L) l_[(qUZi @® 4 q02i+l(L)).
I1<{0,1,....k—1} i=1

Similarly, we may define w; in Theorem 3.6(ii) as follows: for each i € I, a vertical step
toward the point v; has weight g + 1, vertical steps with x-coordinate 2i + 3 have weight 2. For
any integer i ¢ I, a vertical step toward the point v; has weight g2 + ¢, and vertical steps with
x-coordinate 2i + 2 not toward v; have weight ¢2. All other steps have weight 1. In this case, we
have
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(2,1) (2,1) (2,1)
‘_N
T’T 0 1 0;1_"‘ ﬁﬁ
(2,-2) (2, -2)
4q

o
~—
—

(2,-2) (2,-2)
EC+E g+l 2¢% +2¢ @ +2+1
(2,1) (2,1) (2,1) (2,1)
A
0 ™ of 1 OF_‘? Or—_::_r
(2,-2) (2,-2) 2 -2)
2¢% + 2 @ +2¢3+¢ 2q +2q
4 (2,1) (2,1) (2,1) (2,1)
] 1

(27 _2) (2* _2) (27 _2) (2 _2)
2 +2 2+ 2 2¢+2 2¢% 4+ 2¢
(2,1) T (2,1) (2,1) T (2,1)
0 il 0 > T4 0 ) %1 o= ) %
(27 _2) (2* _2) (27 _2) (2 _2)
2¢% + 2¢ 2¢% +2¢ 2¢% + 2¢2 2¢° + 2¢*
(2,1
0 e
*——p
(27 _2)
2q3 4 2q2
Fig. 2. An illustration for G4 5(q) = 10> + 24¢> + 244 + 10.
Table 5
Values of Zlg{o, 1 wr (L) corresponding to Fig. 2
1+’ +4% 2¢%(1 +¢)? (1+g)* 2q(1 +¢q)?
201+ 9)(1+4°) (1 +q)* 2¢3(1 +¢)* 2¢2(1+9)(1 +¢°)
2(1+¢)? 2(14+4% 2(1+42) 2¢%(1 +¢)?
2¢%(1+¢%) 2%(1+q%) 2441+ ¢)? 2441+ ¢%)

2¢*(1+4¢?)
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k
Y B = 1+ ) WP (gPr Wi W) 4 2o M),
1C{0,1,....k—1} i=1

where f (respectively f;) denotes the number of vertical steps ending in v (respectively v;).

When k = m — 1, there is only one lattice path from ug = (0, 0) to vy = (2, 0), which has
weight 1. This establishes the following result.

Corollary 3.9. For m > 2, we have Gy m—1(q) =2Gn.m—2(q) and Hy m—1(q) =2Hy m—2(q).
4. Open problems

We would like to point out three directions of possible further research: It appears that the
polynomials Py, x and G, i are log-concave. However, we have not pursued this question further.
Note that the polynomials Q,,  and H,, ; are not even unimodal.

Guo and Zeng gave in [5] even finer g-analogues of the polynomials considered here, replac-
ing (3) and (4) by

n

[2rk] 1 ma2—l,
Swnr(@) =Y  ——[k]" g3 ",

pt [27]
" @r=Dk o om
Tmnr — _1nk AL 1 7@ k),
() k§:1( ) 1 (kK] g

where r > 1. Although the coefficients of the corresponding polynomials Py, ., Qm.k.r» Gm k.r
and H,, k  are not positive anymore, one might hope for a refinement of Theorem 2.3.

Finally, we should point out that Gessel and Viennot [4] also presented nice generating func-
tions for the coefficients fi, x and s, x, namely

x2n coshy/T+ 415

k
Zsm,kt - X ’
s 2n)! cosh 5
p xo cosh+/1 44t —cosh 3
t = .
2 S Qn+1)! fsinh %
m,k 2

It would be interesting to find the corresponding refinements of the above formulae.
5. Epilogue

One may wonder how these results were discovered. The truth is, that at first “only” for-
mula (5) was known. Using this formula, Table 1 was computed. Then, in analogy to [4], the
matrix

—m [m]!
— 1k Pei—
(( ) TS m(q)
was inverted and, since we were looking for a lattice path interpretation, the entry in row i and
column j of the inverse matrix had to be the weighted number of lattice paths from u ; to v;. This
given, it was easy to find the correct weights. Finally, we read the proof given in [4] backwards,
its first line corresponding to our Lemma 2.2.

0<k,m<n
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