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Abstract

Let R be a noetherian commutative local ring, and M, N be finitely generated R-modules. Then
a generalized form of Serre’s Vanishing conjecture can be stated as follows: if

(1) length (M ®r N) < oo,
(2) pd(M),pd(N) < oo, and
(3) dimM + dimN < dimR,

then

Z(MN) == " (—1) length(Tor} (M,N)) = 0.
i=0
It is known that Serre’s Vanishing conjecture holds for a complete intersection ring R, but is
not known for a Gorenstein ring R. We can make a similar conjecture replacing Tor by Ext,
namely, if M and N satisfy the above three conditions, then

EM,N) =" (—1) length(Exty(M,N)) = 0.
i=0

In this paper, we will prove that, over a Gorenstein ring R, the Tor-version of the Vanishing
conjecture, the Ext-version of the Vanishing conjecture, and the commutativity of the intersection
multiplicity defined in Mori and Smith (J. Pure Appl. Algebra 157 (2001) 279) are all equiv-
alent. Further, we will prove that a certain Ext-version of the Vanishing conjecture holds for a
large class of noncommutative projective schemes, typically including all commutative projective
schemes over a field, by extending Bézout’s Theorem.
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1. Introduction

Let R be a noetherian commutative local ring, and M, N be finitely generated R-
modules. Then Serre [19] defined the intersection multiplicity of M and N by

A(M.N) = " (1) length(Torf (M, N)).
i=0

Note that y(M,N) is well defined if and only if

o TR(M,N) := sup{length(Tor®(M,N))} < oo, and
o (R(M,N) := sup{i | Tor®(M,N) # 0} < cc.

Definition 1.1. We say that R satisfies T-Vanishing if y(M,N) =0 for every pair of
finitely generated R-modules M, N having the following property, which we denote Vt:

(1) length(M ®x N) < oo (which is equivalent to TR(M,N) < o0),
(2) pd(M),pd(N) < oo (which implies tR(M,N) < ), and
(3) dimM + dim N < dimR.

Serre’s original Vanishing conjecture says that every regular ring R satisfies T-
Vanishing, and Serre [19] actually proved it in the case that R contains a field. Later,
Roberts [18] and Gillet-Soulé [8] independently proved that every complete intersection
ring R satisfies T-Vanishing, but we do not know if every Gorenstein ring R satisfies
T-Vanishing. On the other hand, it is known that T-Vanishing holds for graded modules
over a graded ring by Peskine and Szpiro [17].

We can make a similar conjecture replacing Tor by Ext. Recall that the Euler form
of M and N is defined by

EM,N) = (—1) length(Exti(M,N)).
i=0

Note that &M, N) is well defined if and only if

o Eg(M,N) := sup{length(Exty(M,N))} < oo, and
o er(M,N) :=sup{i| Extp(M,N) # 0} < oc.

Definition 1.2. We say that R satisfies E-Vanishing if {(M,N) =0 for every pair of
finitely generated R-modules M, N having the following property, which we denote Ve:

(1) length(M ®r N) < co (which implies Eg(M,N) < 00),
(2) pd(M),id(N) < oo (which implies ex(M,N) < c0), and
(3) dimM 4+ dimN < dimR.

Note that if R is a Gorenstein ring and M is a finitely generated R-module, then
pd(M) < oo if and only if id(M) < oo, so Property Vt and Property Ve are equivalent.
(In this case, we simply call them Property V.) It is known that E-Vanishing holds
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for graded modules over a (not necessarily commutative) graded ring by Mori [14,
Theorem 3.9].

In order to develop intersection theory for noncommutative schemes, we defined in
[16] the new intersection multiplicity of M and N by

M- N := (=1)*"™ MM N).

This new intersection multiplicity is used in noncommutative algebraic geometry be-
cause Extp(M,N) makes sense for a noncommutative ring R and left R-modules M, N.
An obvious question is when these two intersection multiplicities agree.

Definition 1.3. We say that R satisfies the E-T Formula if M - N = y(M,N) for every
pair of finitely generated R-modules M,N having the following property, which we
denote F:

(1) length(M @z N) < oo,
(2) pd(M),pd(N) < oo, and
(3) dimM 4+ dimN < dimR.

Chan [5, Theorem 4] proved that every complete intersection ring R satisfies the E-T
Formula, but we do not know if every Gorenstein ring R satisfies the E-T Formula.
Note that if a Gorenstein ring R satisfies the E-T Formula, then T-Vanishing and
E-Vanishing are equivalent. In fact, in this paper, we will prove:

Theorem 1.4. Let R be a Gorenstein ring. Then R satisfies T-Vanishing if and only
if R satisfies E-Vanishing.

Although the new intersection multiplicity was originally defined in order to apply it
to a noncommutative ring, the above theorem gives more reason to study E-Vanishing
even for a commutative ring.

One of the desired properties of intersection multiplicity is the commutativity, which
is obvious for Serre’s intersection multiplicity. This paper was partly motivated by the
question when the new intersection mulitiplicity is commutative.

Definition 1.5. We say that R satisfies the E-E Formula if M - N =N - M for every
pair of finitely generated R-modules M, N having Property F.

Clearly, if R satisfies the E-T Formula, then R satisfies the E-E Formula. Let R be a
Gorenstein ring. Chan [5, Theorem 6] proved that if R satisfies the E-T Formula, then
R satisfies T-Vanishing (hence E-Vanishing). In this paper, we will prove:

Theorem 1.6. Let R be a Gorenstein ring. Then R satisfies the E-E Formula if and
only if R satisfies E-Vanishing.

We also study when y(M,N) and &(M,N) are well defined. In this paper, we will
prove that if R has a dualizing complex, then the conditions T?(M,N) < co, Er(M,N)
< 00, and ER(N,M) < oo are all equivalent. Avramov and Buchweitz [2] proved that
the conditions t*(M,N) < oo, er(M,N) < 0o, and ex(N,M) < oo are all equivalent
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for a complete intersection ring R, but we do not know it for a Gorenstein ring R.
Combining these results, we have:

Corollary 1.7. Let R be a complete intersection ring, and M,N be finitely generated
R-modules. Then y(M,N) is well defined if and only if E(M,N) is well defined if and
only if &(N,M) is well defined.

In the second half of the paper, we will prove that some versions of E-Vanishing
hold for a large class of noncommutative projective schemes, typically including all
commutative projective schemes over a field, by extending Bézout’s Theorem.

2. Hyperhomological algebra

In this section, we will introduce terminology and notation, which we will use
throughout the paper, and collect some elementary results on hyperhomological al-
gebra. For a category %, the notation M € ¢ means that M is an object in 4.

Let % be an abelian category and X, Y be cochain complexes of objects in %. The
ith cohomology of X is denoted by 4'(X) < %. We say that a cochain map f: X — Y
is a quasi-isomorphism if the induced maps A'(f): h'(X) — h'(Y) are isomorphisms
in € for all i. The derived category of ¢ is denoted by Z(%), so that a cochain map
f X — Y is a quasi-isomorphism if and only if it induces an isomorphism f: X — Y
in 2(%). In particular, X = 0 in 2(%) if and only if 4'(X) =0 for all i.

For X € (%), we define

sup X = sup{i | h'(X) # 0}
and
inf X =inf{i|A#'(X) # 0}.

If X 20 in (%), then we define supX = —oo and inf X = co.

A complex X € (%) is bounded above (resp. bounded below) if sup X < oo (resp.
inf X > — o0), and bounded if it is both bounded above and bounded below. The
full subcategory of Z(%) consisting of bounded (resp. bounded above, resp. bounded
below) complexes is denoted by Z°(%) (resp. (%), resp. Z7(%)). For each integer
n, the twist of X is denoted by X[n] € Z(%), so that (X[n])’=X"". Note that sup X[n]=
supX —n and inf X[n] =inf X — n.

In the first half of the paper, we will focus on a noetherian commutative local ring
(R,m,k), that is, m is the unique maximal ideal of R, and & = R/m is the residue
field of R. However, presumably all the statements can be modified for noetherian
commutative connected algebra (A4, m,k), that is, A=Ay D A} B A & --- is a graded
algebra, m=A4, DA, ®- - - is the augmentation ideal of 4, and k=Ay=A4/m is a field. In
fact, some statements can be modified even for a noetherian noncommutative connected
algebra (see Section 5). I will leave the reader to make necessary modifications in each
statememt for a connected algebra.
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Let (R,m,k) be a noetherian commutative local ring. The category of R-modules is
denoted by Mod R, and the full subcategory of Mod R consisting of finitely generated
R-modules is denoted by mod R. We denote Z(R)=%(Mod R) for the derived category
of the category of R-modules, and & ;4(R) for the full subcategory of Z(R) consisting
of complexes whose cohomologies are all finitely generated R-modules.

2.1. Derived functors

The right derived functor of
Homg(—, —): Z(R) X Z(R) — Z(R)
is denoted by RHomg(—, —), and its cohomologies are denoted by
Exty(—, —) = #'(RHomg(—, —)).

IfXe7, (R), Ye @}y(R), then RHomg(X,Y) € Z 14(R).
The left derived functor of

—®Qr —:Y(R) X D(R) — Z(R)
is denoted by — ®% —, and its cohomologies are denoted by
Tor® (=, =) = h(— ®} —).

If X,Y € 27 (R), then X @ Y € D 7y(R).

2.2. Homological dimensions [3, Proposition 5.5, Corollary 2.10.F]
Let X € Z(R).
(1) We define the projective dimension of X by
pd(X) = sup({sup RHomz(X, M) | M € Mod R}).

If X € 77, (R), then pd(X) = sup RHom(X, k) = —inf(k @} X).
(2) We define the injective dimension of X by

id(X) = sup({sup RHom(M, X ) | M € Mod R}).

If X € 77 (R), then id(X) = sup RHomy(k, X).
(3) We define the flat dimension of X by
fd(X) = sup({—inf(N ®@% X)| N € Mod R}).

If X € 7, (R), then fd(X) = —inf(k @k X) = pd(X).
(4) If R is a Gorenstein ring and X € @’}g(R), then pd(X) < oo if and only if
1d(X) < o0. ‘
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2.3. Bounds [7, Lemma 2.1]

(1) If X€2 (R) and Y € Z7(R), then
inf RHomgz(X,Y) = inf ¥ — sup X,
sup RHom,(X,Y) < pd(X) +sup Y,
sup RHom,(X,Y) < — inf X +1id(Y).
2) f X, Y € 27 (R), then
sup(X ®§ Y) <supX +sup?,
inf(X @k Y) > inf X — fd(Y),
inf(X ®@% Y) > inf ¥ — fd(X).
(3) If X,Y € 7, (R), then
sup(X @% Y)=supX + sup Y.
2.4. Isomorphisms [7, Proposition 1.1], [3, Lemma 4.4]
(lfor X,Y,Z € Z(R), the following canonical isomorphisms exist in Z(R):
Xoky =y ekx,
(X @k Y)@kZ =X ok (Y @k 2),
RHomg(X ®k% Y,Z) = RHomg(X, RHomg(Y, Z)).
(2) fX €D, (R), Y€Z™(R), and pd(X) < o0 or fd(Z) < oo, then
RHomg(X, Y) ®k Z = RHomg(X, ¥ @% Z).
B)IfXez, (R), Y€ Z"(R), and pd(X) < oo or id(Z) < oo, then
X ®% RHomg(Y,Z) = RHomg(RHomg(X, Y), Z).

2.5. Localization [3, Lemma 5.2]

Let p € SpecR.

(1) If X, Y € Z(R), then
(X @z Y)p =X, @ Yy

in Z(Ry).
(2) If X €Z;,(R), Y € Z*(R), then

RHomg(X, Y), = RHomg, (Xy, Y})
in Z(Ry).
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2.6. Support
For X € Z(R), we define the support of X by

SuppX ={peSpecR|X, 20 in Z(R,)} = U Supp #'(X)

and the dimension of X by
dim X = dim Supp X.

Lemma 2.1. (1) If XY € Z;4(R), then
Supp(X ®% Y) C Supp X N Supp Y.
2)IfXxye 7 ;,(R), then
Supp(X ®,L¢ Y) = SuppX N Supp Y.
B) f X €T, (R).Y € ZF(R), then
Supp(RHomg(X, ¥')) € Supp X N Supp Y.

213

Proof. (1) and (3) are clear. Suppose that X,Y € 7 (R). If p is in the support of X

and Y, then X, Y, % 0 in &7 (Ry). Since
sup(X @k Y), = sup(X, ®§p Y,)=supX, +supt, > — oo,

(X ®% Y), 20 in Z(Ry), so p is in the support of X @k Y. [
2.7. Annihilator
For X € 2(R), we define the annihilator of X by

Ann X = ﬂ Ann 4'(X).

i=—o00

Lemma 2.2. If X € 7% (R), then
Supp X = Spec(R/Ann X).

Proof. If X € Qﬁ-g(R), then /#/(X)€modR for all i, so

SuppX = [ J Supph'(X)= | ] Spec(R/Ann k(X))

i: finite i: finite

= 'V(Annh’(X)):’V( () Am# (X ))

i: finite i: finite

="(Ann X ) = Spec(R/Ann X). |
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Remark 2.3. Let X € Z(R). In general,
AmX #{reR|rX =20 in 2(R)}.

For example, if R = k[[x]] and
X:0—->RSR—-RXR—0

is a complex of R-modules, then 4#(X)=0 for all i, so Ann.X =R. On the other hand,
xX: 0 — xRS xR — x(R/XR)=0— 0

1S not exact, so

x&{reR|rX =0 in Z(R)}.
2.8. Dualizing complexes [9, Chapter V]

A dualizing complex for R is a complex Dy € @%(R) such that

e the canonical map R — RHomg(Dg, Dg) is an isomorphism in Z(R), and
° ld(DR) < o0.

A dualizing complex Dy is normalized if —inf Dy = dimR. For a fixed dualizing
complex Dy, we define the functor : Z(R) — Z(R) by

X1 =RHomg(X, D).

We will list several properties of a dualizing complex Dg.

(1) A normalized dualizing complex is unique up to isomorphism in Z(R) (if it exists).

(2) A homomorphic image of a Gorenstein ring R has a (normalized) dualizing com-

lex.

3) 1ij R is a Cohen—Macaulay ring having a dualizing complex, then the canonical
module wg € @_]}Q(R) is a dualizing complex, and wg[dim R] € @_’}Q(R) is the nor-
malized dualizing complex.

(4) A ring R is Gorenstein if and only if R € @%(R) is a dualizing complex. In this
case, R[dim R] € Qﬁ-g(R) is the normalized dualizing complex.

(5) The functor { defines a duality for &% (R), that is, for any X € 2 (R), X' e
2% (R) and (XT)T =X in Z(R).

(6) If Dy is normalized, then k' = k in Z(R).

3. Intersection multiplicity over a commutative local ring

In this section, we will define two notions of intersection multiplicity for complexes
over a commutative local ring, and study when they are well defined.

In this section, let (R,m,k,Dg) be a noetherian commutative local ring having a
dualizing complex Dg.
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For X € Z(R), we define the Euler characteristic of X by

X)) = Z (—1) length #'(X).

i=—00

Note that y(X) is well defined if and only if

o sup{length h'(X)} < oo, and
o X € I"R).

We denote Z™(R) for the full subcategory of Z(R) consisting of complexes X such
that Supp X C {m}. If X € Z ;4(R), then the first condition sup{length#'(X)} < oo is
equivalent to X € Z™(R), so (X ) is well defined if and only if X € 2>™(R)=2"(R)N
™(R). Let X,Y € 7% (R). If X @& Y € 9} "(R), then we define

KX Y) = (X @5 ¥)= 3 (~1) length(Torf (X, Y)).

i=—00

If RHomgz(X,Y) € @};?;1 (R), then we define

EX.Y) = z(RHomg(X,Y)) = > (—1)' length(Extp(X, ¥)),

and

XY = (71)CodimX§()(’ Y) _ (71)dimR7dime(/Y’ Y)
Proposition 3.1. Let (R,m,k, D) be a noetherian commutative local ring. If X,Y €
2" (R), then

Supp(RHomg(X, Y')) = Supp X N Supp Y.

In particular, the following are equivalent:

(1) X @k Y € Z™(R).
(2) RHomg(X,Y) e Z™(R).
(3) RHomg(Y,X)e€ Z™(R).
Proof. By Lemma 2.1(3),
Supp X = Supp(X )" = Supp(RHomz(RHom(X, Dr), Dz))
C Supp(RHomg (X, Dr)) C Supp X,
SO
Supp X' = Supp(RHomg(X, Dg)) = Supp X.
Since id(Dg) < oo,

X @k v =X @k RHomg(Y, Dg) = RHomg(RHomg(X, Y), Dz) = RHomg(X, ¥ )’
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in Z74(R). By Lemma 2.1(2),

Supp(RHomg(X, ¥)) = Supp(RHomp(X, ¥)') = Supp(X ®% ¥T)

= Supp X N Supp YT = Supp X N Supp Y. O

Corollary 3.2. Let (R,m,k,Dg) be a noetherian commutative local ring, and M,N &
mod R. Then the following are equivalent:

(1) length(M ®r N) < oo.
(2) TRM,N) < 0.
(3) ErR(M,N) < 0.
(4) Er(N,M) < oc.

We will define a class of rings such that ex(M, N) < oo if and only if exg(N, M) < cc.

Definition 3.3 (Huneke and Jorgensen [10, Definition 3.0]). A noetherian commutative
local ring R is called an AB ring if

sup{er(M,N)|M,N € mod R such that egx(M,N) < oo} < 0.

Every complete intersection ring is an AB ring by Huneke and Jorgensen [10, Corol-
lary 3.4], but we do not know if every Gorenstein ring is an AB ring.

Corollary 3.4. Let (R, m, k) be a noetherian commutative local ring, and M, N € mod R.

(1) If R is a Gorenstein AB ring, then E(M,N) is well defined if and only if E(N,M)
is well defined.

(2) If R is a complete intersection ring, then y(M,N) is well defined if and only if
E(M,N) is well defined if and only if E(N,M) is well defined.

Proof. (1) By Huneke and Jorgensen [10, Theorem 4.1], ex(M,N) < oo if and only
if eg(N, M) < oo over a Gorenstein AB ring R. The result follows from Corollary 3.2.

(2) By [2], tR(M,N) < o if and only if eg(M,N) < oo if and only if eg(N,M) < oo
over a complete intersection ring R. The result follows from Corollary 3.2. [

We do not know if t2(M,N) < 0o, er(M,N) < oo, and ex(N,M) < oo are all equiv-
alent over a Gorenstein ring R. However, we know that the following is true:

Proposition 3.5. Let (R, m,k,Dg) be a noetherian commutative local ring, and X,Y €
@%(R). Then

sup(RHomz(X, Y 1)) < — inf(X ®% Y) + id(Dg), and
inf(X @k Y) > inf Dg — sup RHom,(X, Y ).
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In particular, the following are equivalent:

(1) X @k Y € 2°(R).
(2) RHom(X, YT)€ Z°(R).
(3) RHom(Y,X) € 2°(R).
Proof. Since

RHom(X, YT) = RHomg(X, RHomg(Y, Dz)) = RHomg(X ®11§ Y,Dg)
in 7 4(R),

sup RHom (X, Y1) = sup RHom,(X ®% ¥,Dz) < — inf(X ®% Y) + id(Dg).

Since id(Dr) < o0,

X @kY =X @k (Y =X @k RHomg(YT, Dg) = RHomg(RHomg(X, Y1), Dz)
in Z7,(R). It follows that

inf(X ®% Y) = inf RHomg(RHomg(X, Y1), Dg)

= inf Dp — sup RHom, (X, Y. 0

Corollary 3.6. Let (R,m,k,Dr) be a noetherian commutative local ring, and X,Y €
Q?g(R). Then the following are equivalent:

(1) X @k Y €2} (R).

(2) y(X,Y) is well defined.
(3) &X, Y1) is well defined.
(4) &Y, XT) is well defined.

Remark 3.7. Let (R, m,k, Dg) be a noetherian commutative local ring, and X € @Zf’-g(R).
By Proposition 3.5,
id(X) = sup RHom(k, X ) < — inf(k @k XT) 4+ id(Dg) = pd(X ) + id(Dy)
and
pd(X) = —inf(k ®% X) < sup RHom(k, XT) — inf Dg = id(XT) — inf D.
In particular, id(XT) < oo if and only if pd(X) < co.

Remark 3.8. Let R be a Gorenstein ring so that R € Qi}g(R) is a dualizing complex,

and M,N ¢ modR. If N is maximal Cohen-Macaulay, then N* := Homg(N,R) = NT.
Applying Proposition 3.5, we have

R(M,N) < eg(M,N*) < t*(M,N) + id(R).

In particular, tR(M,N) < oo if and only if ez(M,N*) < oo, recapturing [10, Theo-
rem 2.1].
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4. Vanishing conjecture for Gorenstein rings

In this section, we will study E-Vanishing for a Gorenstein ring. In particular, we
will show that, over a Gorenstein ring, T-Vanishing, E-Vanishing and the E-E Formula
are all equivalent.

In this section, let (R,m,k,Dg) be a noetherian commutative local ring as in the
previous section, but let D always be the normalized dualizing complex for R.

Lemma 4.1. Let (R, m,k,Dg) be a noetherian commutative local ring. If X € @[}?gm(R),
then Xt ¢ ;@I}’;“(R) and

21X 1) = 7(X).

Proof. If M is an R-module of length M =m < oo, then there is a finite filtration
0O=MyCM, C---CMy,=M

such that M;/M; | =2k fori=1,...,m, so

&M, D)= &M;/M;_y,Dg) = m&(k, Dy)
i=1

= my(RHomg(k, Dp)) = my (k")
= my(k) = length M.
For X ¢ Q_b};;‘(R), there is a convergent spectral sequence
EPY = ExtB(h™1(X),Dg) = Ext; (X, D).

Since X 69?’;(R) and id(Dg) < oo, the spectral sequence {EZ?} is bounded and
length E2¥ < oo for all p,q€Z, so

7(XT) = z(RHomg(X, Dg))

=" (~1)'length Ext},(X, Dg)

— Z (—1)P™ length Ext}(h~9(X), Dg)

20

=3 (=) (Z (1) length Ext;;(hQ(X),DR)>
q P

=3 (=1)7E(h™4(X), Dg)
q

=) (~1)?length h~4(X)
q

=y(X). [l
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Remark 4.2. We define a functor *: Z(R) — Z(R) by
X* = RHomg(X, R).
If R is a Gorenstein ring of dimension d, then Dz = R[d] in Z(R), so
X* =RHomg(X, R) = RHomg(X, D[ — d]) = RHomg(X, Dg)[ — d] = X[ — d]
in Z(R). Applying Lemma 4.1 to a Gorenstein ring R and X € @I;?;(R), we have
1X) = 7(XT[ = d]) = (= 1) x(X)

recapturing the result of Szpiro [21]. (Note that we do not need to assume that
pd(X) < oo for this result.)

Lemma 4.3. Let (R,m,k,Dg) be a noetherian commutative local ring, and X,Y €
@_’}Q(R).

(1) If X @& Y € 2" (R), then
XYY =X YT =X XT).

(2) If RHomp(X,Y) € 9%“(R), and pd(X) < oo or pd(Y) < oo, then y(X*,Y) is well
defined and '

HXTY) =LY

(3) If xxeky e QZ’;?(;"(R), and pd(X) < oo or id(Y) < oo, then E(X*,Y) is well defined
and ‘

SXTY) = (X, ).

Proof. (1) Since we have an isomorphism

(X @k ¥)" = RHomg(X ®} ¥,Dg) = RHom(X, RHomg(Y, Dg)) = RHomg(X, Y1)
in Z(R),

A Y) = 2(X @ V) = 71(X @ Y))

= 7(RHomp(X, Y1) = {(X. Y1)

by Lemma 4.1. By symmetry,

KX Y) = 7(Y.X) = &X.X).

(2) If pd(X) < o0 or pd(Y) < oo, then we have an isomorphism

X* @k Y = RHomp(X,R) ®% ¥ = RHomz(X,R @% Y) = RHomg(X, Y)
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in Z(R), so
A(X*Y) = 1(X* @ Y) = y(RHomg(X, ¥)) = &(X, Y).
(3) If pd(X) < o0 or id(Y) < oo, then we have an isomorphism
RHomg(X*,Y) = RHomgz(RHomg(X, R),Y) = X @k RHomg(R,Y)=X @%L Y
in Z(R), so
HX*,Y) = y(RHomp(X", V) = 4(X @k ¥) = z(X,¥). O

In Section 1, we defined several statements such as T-Vanishing, E-Vanishing, the
E-T Formula, and the E-E Formula. We can define similar statements for complexes
replacing M,N €emod R by X,Y € QZ%(R) (and replacing the condition length(M @z N)
< oo by Supp(X ®k Y) C {m}). For example, we say that R satisfies T-Vanishing
for complexes if y(X,Y)= 0 for every pair X,Y EQZ’}Q(R) having Property Vt for
complexes: '

(1) Supp(X @3 ¥) C {m},
(2) pd(X),pd(¥) < oo, and
(3) dimX +dim Y < dimR.

Of course, a statement for complexes implies the corresponding statement for mod-
ules, but the converse is not clear because pd(X) < co does not usually imply pd(4'(X))
< oo for all i.

Theorem 4.4. Let (R,m,k,Dg) be a noetherian commutative local ring. Then R satis-
fies T-Vanishing for complexes if and only if R satisfies E-Vanishing for complexes.

Proof. Let X,Y € 2 (R). Since

(1) Supp(X @k Y1) = SuppX N Supp ¥ = SuppX N Supp ¥ = Supp(X ®% ¥),
(2) id(Y") < oo if and only if pd(¥) < oo by Remark 3.7, and
(3) dim Y' = dim Supp ¥ = dim Supp ¥ = dim ¥,

it follows that the pair X, Y € ,@Ij’fg(R) has Property Vt for complexes if and only if the
pair X, YT E@l}g(R) has Property Ve for complexes. Since (YT)! = ¥ in %(R), the
result follows from Lemma 4.3 (1). O

Corollary 4.5. Let (R,m, k) be a noetherian commutative Gorenstein local ring. Then
R satisfies T-Vanishing if and only if R satisfies E-Vanishing.

Proof. Let dimR =d and M,N € modR having Property V. (Recall that Property
Vt and Property Ve are equivalent over a Gorenstein ring.) If N = R/(y1,..., Vi—n)
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for an R-regular sequence {yi,...,Vs—n}, then y(M,N) = 0 by Lichtenbaum [13,
Lemma 1], so
d

EMN) =Y (~1)3(Extp(M,R),N) =0
i=0
by Chan [5, Proposition 2]. By [6, Claim 2.6], we may assume that N is Cohen—
Macaulay to show either statement. If N €modR is a Cohen—Macaulay module of
dimension 7, then Exth(N,R) = 0 for all i # d — n and Ext} "(N,R)€modR is
again a Cohen—Macaulay module of dimension n by [4, Theorem 3.3.10]. Since Dy =
R[d] E@?Q(R) is the normalized dualizing complex, NT = Ext%_"(N,R)[n] in Z(R),
hence the proof of Theorem 4.4 applies by replacing X,Y,Y' E@l}g(R) by
M, N,Exté~"(N,R) €modR. [J

Over a Gorenstein ring, we have more formulas for y and ¢.

Lemma 4.6. Let (R,m,k) be a noetherian commutative Gorenstein local ring of di-
mension d, and X,Y € D@bﬁq(R) such that Supp(X @k Y) C {m}, and pd(X) < oo or
pd(Y) < oo. Then ‘

(D) 27X Y) = (=D p(X*,Y*).
(2) EXY) =(=DIUYX) = (1) X" Y*) = &Y. X™).

Proof. Note that under the assumptions on X, Y, all y and ¢ above are well defined.
Since X* = X[ — d] in Z(R), results follow from easy computations using Lemma
43. O

Lemma 4.7. Let (R,m,k) be a noetherian commutative Cohen—Macaulay local ring
and Xe.@_’}g(R). For any integer 0 <r < codimX, there is K€modR such that

dimK =r, pd(K) < oo, and Supp(K ®% X) C {m}.

Proof. Recall that Supp X = Spec(R/AnnX') by Lemma 2.2. Let d =dimR and m =
dim X =dim(R/Ann X'). Applying [6, Claim 2.5] to M =R/Ann X and N=R/m=k, we
can choose a system of parameters {xi,...,x,} for M contained in Ann N = m such
that {xi,...,x,} is an R-regular sequence. Since R is Cohen—Macaulay, we can extend
it to an R-regular sequence {Xi,...,Xu,Xm+1,--.,X4—r} for any integer 0 < r < d — m.
Define

K=R/(X1,...,XmXms1>--+,Xd—r) € Mod R.
Clearly, dim K =r, and pd(K) < oo. Since
dim Supp(K ®% X) = dim(Supp K N Supp X)

< dim(Supp(R/(x1,. .., Xu)) N Supp M)
= dim Supp(R/(x1, ..., xn) @r M)
= dim Supp(M/(xl’ o X )M')
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= dim(M/(x1,...,xn)M)
=0
it follows that Supp(K @k X) C {m}. O
Theorem 4.8. Let (R,m, k) be a noetherian commutative Gorenstein local ring. Then

R satisfies E-Vanishing for complexes if and only if R satisfies the E-E Formula for
complexes.

Proof. Let XY € ,@I}g(R) having Property F for complexes.
Since R is a Gorenstein ring,

EXY) = (=DM RErX)
by Lemma 4.6(2). If R satisfies E-Vanishing for complexes, then
XY

(—1)ImY X Yy = (—1)°M Yy, X)  if dimX + dim Y = dimR
0 if dimX +dimY <dimR
=Y .X,

so R satisfies the E-E Formula for complexes.

Conversely, suppose that R satisfies the E-E Formula for complexes. If dimX +
dim Y < dim R, then there is K € mod R such that dim K=dim X 41 < codim ¥, pd(K)
< o0, and Supp(K ®% ¥) C {m} by Lemma 4.7. Since dimK + dim ¥ < dimR,

X BKY)=LXY)+ UK Y)
— (—1)edm Xy y (K gy
— (—1)dmXy y oy (CqyedimKy g
— (1 )eodimXtoodim ¥ 5y 3y 4 (eodimK-toodim ¥ gy gy,

On the other hand, since

(1) Supp((X @& K) ®% Y) = Supp(X &% Y) U Supp(K % Y) C {m},
(2) pdlX &K) < o0, and
(3) dim(X ® K) + dim ¥ = dimK + dim ¥ < dim R,

the pair X ¢ K,Y € EZ%(R) has Property F for complexes. It follows that
EXDKY)=(—1) T X oK) ¥
= (D)"Y . (X @ K)
— (—1)ccdimKeodimY gy y @ k)
— (—1)eodimXteodim Y+ 5y yry | (_qjeodimKeodim ¥ gy gy,
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SO
X Y=Y X=(-D)*""grx)=0,

hence R satisfies E-Vanishing for complexes. [

Corollary 4.9. Let (R,m, k) be a noetherian commutative Gorenstein local ring. Then
R satisfies E-Vanishing if and only if R satisfies the E-E Formula.

Proof. Replace X,Y € @?-Q(R) by M,N e modR in the above proof. [J

In summary, over a Gorenstein ring, we have the following implications:

T-Vanishing < the E-T Formula

) 4

E-Vanishing <« the E-E Formula

Question 4.10. Over a noetherian commutative Gorenstein local ring, are the above
four conditions equivalent?

5. Noncommutative connected algebras

Let X be a noetherian scheme over a field k. We define the Euler form of coherent
Ox-modules .# and V" by

G, N ="y (=1 dimy Exty (4, N')
i=0

and the Euler characteristic of .# by

W) = & Ox,t) = (=1 dimy H'(X, .40).
i=0

The following lemma is a fun exercise to prove:

Lemma 5.1. Let X be a noetherian projective scheme of finite type over an alge-
braically closed field k. If # and N are coherent Ox-modules such that Supp 4 N
Supp A" consists of finitely many closed points of X, and M has a locally free res-
olution of finite length, then

EMNY= Y M M),

xeX: closed

where E( My, N'y) is calculated over the local ring Oy, for each x € X.

Let X be a noetherian projective scheme of finite type over an algebraically closed
field k, and .# be a coherent (/y-module. For a closed point x € X, dim.#, < dim .Z,
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so if Oy, satisfies E-Vanishing for every closed point x € X, then X satisfies an ap-
propriate version of E-Vanishing by the above Lemma.

In the second half of the paper, we will prove some versions of E-Vanishing for
a large class of noncommutative projective schemes, typically including all commu-
tative projective schemes over a field k. Since localization behaves rather badly for
noncommutative schemes, our approach is not using local analysis.

In the rest of the paper, let (4,m,k) be a connected algebra (not necessarily com-
mutative).

The category of graded left A-modules and graded left 4-module homomorphisms of
degree 0 is denoted by GrMod 4. For M, N € GrMod 4, the set of graded left 4-module
homomorphisms M — N of degree 0 is denoted by Hom,(M, N ), which has a natural
k-vector space structure. The full subcategory of GrMod A consisting of finitely gener-
ated graded left A-modules is denoted grmod A. The category of graded right A-modules
is denoted by GrMod A°, where A° is the opposite algebra of A. The category of graded
A-A bimodules is denoted by GrMod A4°, where 4° =4 ® A°. We write k =A/m viewed
as an object in GrMod 4, GrMod 4°, or GrMod 4°¢, depending on the context.

A graded k-vector space V is right bounded (resp. left bounded) if V; =0 for all
i>0 (resp. i<0), and bounded if it is both right bounded and left bounded. We say
that 7 is locally finite if dimy V; < oo for all i. For each integer n, the shift of V' is
denoted by V(n), so that V(n); = V,.;.

For M,N € GrMod 4, we define

[e9)
Ext)(M,N)= P Exti(M,N(n)),
which has a natural graded k-vector space structure for each i. For M € GrMod 4 (resp.
M € GrMod 4°), the Matlis dual of M is defined by M’ = Hom, (M, k), which has a
natural graded right (resp. left) A-module structure. If M is locally finite, then M"" = M
in GrMod 4 (resp. GrMod 4?).

We denote Z(4) = %(GrMod 4) for the derived category of the category of graded
left A-modules, and Z 7,(A4) (resp. Z;7(A)) for the full subcategory of Z(A) consisting
of complexes whose cohomologies are all finitely generated (resp. locally finite) graded
left A-modules.

For VV € GrMod k locally finite, we define the Hilbert series of V' by

Hy(t)= Y (dimy V)" € Z[[t,t7"]].

i=—o00

More generally, for X € Q?f(A), we define the Hilbert series of X by

Hy(t)= Y (=D Hyu(t) € Z[[t,t7"]].

i=—00
If Hy(t) is a rational function over C, for which we simply write Hy(¢) € C(t), then
we define GKdim X to be the order of the pole of Hx(¢) at =1, and the multiplicity
of X by

e(X)= tlig} (1 — )G X (1),
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Remark 5.2. If (4,m, k) is a left noetherian connected algebra and M € grmod 4, then
M is locally finite, and H),(¢) € Z[[t]][t~']. Moreover, if Hy(t) € C(t), then GKdim M
agrees with the standard definition of GKdimension of M (if it is finite). In particular,
if A is commutative, then Hy,(¢) € C(¢) for any M € grmod 4, and GKdim M = dim M
(the Krull dimension of M). On the other hand, for X € @]}Q(A), GKdim X and dim X
(the Krull dimension) may not agree. For example, if

X: 05425420

is a complex of graded 4-modules, then Hy(t) = H4(t) — H4(t) =0, so GKdimX =0
(by convention). However, for any p € Spec 4,

Xy:0— A, >4, —0

is not zero in Z(4;), so dimX = dim Supp X = dim Spec 4 = dim 4.
fXYe @];f(A), then X(n),X[n], X &Y € Q?f(A), and

Hyw(t) =t "Hx(1),
Hyp(t) = (= 1)"Hx (1),
Hygy(t) = Hx (1) + Hy(?)
for all ne Z. It follows that if Hy(¢) e C(¢), then
GKdim(X (n)) = GKdim(X[n]) = GKdim X
and
e(X(n)) = (=1)"e(X[n]) = e(X)

for all ne Z.

Let (4,m,k) be a locally finite connected algebra. If F is a finitely generated free
complex of finite length, that is,

qi
F'=@a-¢y)
j=1
for all i € Z, then we define the characteristic polynomial of F by
oo gi
Or(t) ==Y (=) ez,
i=—o00 Jj=1
so that
[e'e) ) qi o0 ) qi
He(t)= Y (=1 Hy—r ()= > (=1)' > t"1H(t) = Op(t)Hu(t).

i=—o00 Jj=1 i=—o0 j=1

Clearly Qp@)(t) =t""QOp(t) for all n€ Z.
Let (4,m,k) be a connected algebra. Since the Matlis dual (—): GrModA4 —
GrMod 4° is an exact functor, it extends to a functor (=) :2(4) — 2(4°).
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IfXe ;@ll’f(A), then

o X' €] (4%),
o (X'Y X in 2(4), and
o Hy/(t)=Hy(t™").

The local cohomology functor Iy, : GrMod A — GrMod 4, defined by
I'n(=)= lim Hom,(A4/4>,-)

has the right derived functor R, : 21 (4) — 27 (A), whose cohomologies are denoted
by
Hiy (=) = H(RLw(-)).

Definition 5.3 (Jorgensen and Zhang [12]; Mori [14]). Let (4, m,k) be a connected
algebra and X € @?f(A). We say that X is rational, if

o RIw(X)€Z)(4),
° HX(t):HRLm(X)(t) c G:(t), and
e Hy(t) and Hrr, (x)(t) are equal as rational functions over C.

The above notion of rationality was first introduced in [12] to extend Stanley’s
Theorem to a noncommutative connected algebra. It was also used to compute inter-
section multiplicity over a noncommutative connected algebra in [14,15]. A large class
of noetherian connected algebras 4 including all noetherian commutative connected
algebras has the property that every X € QZ’}Q(A) is rational by [12, Proposition 5.5].

Remark 5.4. Let (4,m, k) be a connected algebra and X € @j’/»(A) such that Hy(¢) can
be represented by a rational function f(¢)€ C(¢), which we denote Hx(¢) ~ f(¢). In
general, f(¢) does not uniquely determine Hy(¢) as a series. However, if we know
that Hy(¢) € Z[[t]][t~"] or Hy(t) € Z[[t~']][¢], then f(¢) uniquely determines Hy(t) as
a series. For example, suppose that Hy(¢) ~ 1/(1 —¢)?*! € C(¢) for some d € N. If we
know that Hy(t) € Z[[{]][t"], then

o0

1 d+i)

i=0
On the other hand, if we know that Hy(¢) € Z[[t~']][¢], then

1 (= s (At I
(1 —)d+t (1 — ¢ 1)d+! ~ (=T ; ( d ! = Hy(1).

6. Bézout’s Theorem for noncommutative projective schemes

We first recall the definition of a noncommutative projective scheme [1]. Let
(4,m,k) be a left noetherian connected algebra. We denote TorsA to be the full
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subcategory of GrMod 4 consisting of direct limits of right bounded modules and
Tails A=GrMod 4/Tors A to be the quotient category. We write 7: GrMod 4 — Tails 4
for the quotient functor and .# = nM € TailsA4 for the image of M € GrMod 4. We
call the pair (Tails4,.27) the noncommutative projective scheme associated to 4. By
Serre, if A is a noetherian commutative graded algebra generated in degree 1 over k,
then Tails 4 is equivalent to the category of quasi-coherent sheaves over Proj4 and .o/
corresponds to the structure sheaf of ProjA4 under this equivalence. We denote tors 4
and tailsA4 to be the full subcategories of TorsA4 and Tails 4 consisting of noetherian
objects so that tails A = grmod 4/tors 4. Note that, for M, N € grmod 4, if 4 = A" in
tails 4, then M, = N, for n>0, so

Hy (1) — Hy(t) € Z[t,t 7).

The following y condition, which is automatic for a noetherian commutative con-
nected algebra, is essential in noncommutative projective geometry [1].

Definition 6.1. Let (4, m,k) be a left noetherian connected algebra. We say that 4
satisfies y if

dimy, Ext’,(k, M) < oo

for all i > 0 and all M € grmod 4.

Let (4,m,k) be a left noetherian connected algebra. For .#, /" € Tails 4, the set
of morphisms .# — A" in Tails4 is denoted by Hom,(.#, /"), which has a nat-
ural k-vector space structure. For each integer n, the shift functor (n): GrMod A4 —
GrMod 4 induces an autoequivalence (n): Tails4 — TailsA. We define

Ext! (M, V)= @D Ext,,(l, N (n)),
which has a natural graded k-vector space structure for each i. In particular, we write
H(M) = Bxty (/M) and W (M) =Ext’ (,.10).

We denote Z(.o/ )= Z(TailsA) for the derived category of the category Tails 4, and
P r4(/) for the full subcategory of %(.«/) consisting of complexes whose cohomolo-
gies are all in tails4. Since the quotient functor 7: GrMod 4 — Tails4 is exact, it
extends to a functor n: Z(4) — (/). As before, we write Z = nX € ¥(.«/) for the
image of X € Z(4).

The right derived functor of

Hom/(—,—): () x D1 (L) — (k)
is denoted by RHom ,(—, —), and its cohomologies are denoted by

Ext’,(—, —) = h'(RHom ,(—, —)).
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Let X € Ql}y(A). If Hy(t) € C(t), then we define the dimension of Z € @?g(&/) by
dim Z = GKdim X — 1
and the degree of 2 € 2 (/) by
e(X) if GKdimX > 1,
deg 2 =
{ 0 if GKdimX =0.
If Y € 9% () such that 2 = % in I (/), then
h'(X) = hi(nX) = B (nY) = nh'(Y)
in tails A4 for all 7, so
Hx (1) — Hy(1) = Z (= 1) (Hyigx (1) — Hyry (D) € Z[t,17'],
i: finite

hence dim Z and deg 2 are well defined.
For Z,% € 9" (), we define

e the Euler form of 2 and # by

Q.= > (—1) dimg Ext| (2, %),

e the Euler characteristic of Z by

oo

WZ) = &, 2) =y (—1) dimg H(Z),

and
e the intersection multiplicity of 2" and % by

X .u = (_l)codim%é(%’@) _ (_l)dimyifdim!l'é(%"@).

Lemma 6.2. If (4,m,k) is a left noetherian rational connected algebra satisfying y,
then

Hrr,ay (t) € Z[[A1[E'].

(In particular, Hyr,ay(t) ~ Hy(t™') but Hyr,y(t) # Ha(t™") as series if A is
infinite dimensional over k.) If Hu(t) =Y.~ ant" and Hyr, ay(t) = Y o kat",
then y(.</(n)) is well defined and

X(JZ/(?Z)) =a,—k_,
forallne?.
Proof. If 4 is a left noetherian connected algebra satisfying 7, then H. (4) are locally

finite and right bounded for all i >0 by Artin and Zhang [1, Proposition 3.1(3),
Proposition 3.5(1), Corollary 3.6(3)], so

Hyi (1) € ZI1 1)
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If A4 is rational, then R, (4) € EZ?/-(A), )

Hyr ()= ) (=1)Hyg, (1) € Z[[t~TN[1].
it finite
Since we have an exact sequence

0—H%(4) — 4 — H' () — HL(4)—0

and isomorphisms
H(o/) = H,'(4)

for all i > 1 by [1, Proposition 7.2(2)],

1A (n)) = (—1) dim; H'(:(n))

i=0

=Y (=1) dim; H(2),

i=0

=dimy 4, — Y (—1) dimy H},(4),
i=0

=dimy 4, — Y _ (=1 dimy Hi, (4)",
i=0

=a, —k_,

forall nez. O

Remark 6.3. Let 4 be a noetherian connected algebra. If 4 has the balanced dualizing
complex D, € Z°(4°) in the sense of [22], then R (4) =2 Dy in 9(A°) by Yekutieli
[22, Corollary 4.21]. Since hi(D4) is finitely generated as a graded left and right
A-module for every i € Z, it follows easily that
Hyp oy (1) = Hp, (1) = > (=1)Hyp,p(t) € Z[[A][r"]
i: finite
in this case.
For any integers d > 0 and n, we denote
1 if d=0,
n
< > = frn—d+i
d — ifd=1
We need the following technical Lemma.

Lemma 6.4. For any integers d = 0, n and m,

n [ n i+m (- if n=d,
1y =
s ()
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Proof. We will prove the formula by induction on d > 0. If d =0, then

7 e i+m " [n 1=(-1)° if n=0,
_ll — _11 _
S () () ()00

for any m.
Ford >0,

e () ()
()G ) S [(8)- O G2)
(0 )2 () ) e () G0
Ser ()0
()

(1

e () s ()0
(:
(

)
—ser () -(2)
J(7)

_{-(-1)6’:(-1)6’*1 if n=d (ie. n+1=d+1),
0

=- ( )

ifn>d @len+l>d+1)

for any m by induction. [J

Remark 6.5. If m > d, then one can prove the above formula by looking at the homo-
geneous pieces of a graded Koszul complex over the polynomial algebra k[xy,...,xz:1]
or the exterior algebra A(xy,...,x,). I thank the referee for his pointing this out.
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Lemma 6.6. Let (A, m,k) be a left noetherian rational connected algebra satisfying
x such that H(t) ~ p(t)/(1 — ) for some p(t) € Z[t] and some d € N. Then

o (—D'p(1) if n=d,
-1) y( (i =
i;( )<,~>/*( (i +m)) {O i nsd

for any me Z.

Proof. We may write p(t) = > ', p;jt/ € Z[t] such that p, # 0 (and po = 1). Let
Hy(t)= Z?jo a;t' and Hyr, y(t) = Zooi k;it'. Since

i=—00

N ait ~ p(n)/(1 1!

i=0
and Hy(t) € Z[[t]][t"'], it follows that
> L A+
ait' = pﬂ'}j( )ﬂezumvl]
i=0 j=0 i=0 d
(see Remark 5.4), so a; = Z;:O b;,j where
0 if i <,

Dj (d+;_j) ifiz=j

for all i € Z (by the convention @; =0 for i < 0). Since A4 is rational,

bi;=

S kit~ Hae ) e p( (= Y = (1 p /(L= o

i=—00

Since Hrr,,y(t) € Z[[t]][t~'] by Lemma 6.2,

D2 k= ()Y T g Y ( ) £
I=—00 j=0 i=0 d

s0 k; = (—1)4*! Z;zo Z;; where
0 ifi<d+1-

[ = i . i
i,j »; (d+ (z:Ll j)):pj<+Jd 1) 1fl>d+1—_]

for all i € Z. Since

[y = pj (_HZ_]) =(-1)"p, (d+;_j) ifi<—d—1+},

0 ifi>—d—1+].
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it follows that

p,(d+;_’) ifi<—d—1+

bij+ (=10 ;=40 if —d—1+j<i<}j,

d+i—j .
(7)) iz

d+i—j
= p; 4

for all ie Z and 0 < j <r. By Lemma 6.2,

WA =a;— k=Y by — (1) 0y,
Jj=0

Jj=0

r r d+i—j
=D A+ (D= ( )
=0 =0 d

for all i€ Z. By Lemma 6.4

n ‘ " , ’ d+itm—j
Z(l)’(f)xwwm»Z(l)’(?) Zm( ldm J)

i=0 i=0 J=0

Sl () ()

(=D p=(=1p(l) if n=d,

= =0

0 if n>d
forany meZ. O

Let (4,m,k) be a left noetherian rational connected algebra satisfying y. By
Lemma 6.2, y(./(i)) is well defined for every i € Z, so we define a map

E(= =) ZILT I 2T T = Z
by

ENT\ 1) = U A (i), A (—))) = & A, A i = ) = 1(A (i — J))
for i,j € Z. Note that, for f(T),g(T) € Z[T,T~"],

E(f(T),9(T)) = E(1, f(T1)g(T)).
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Lemma 6.7. Let (A,m,k) be a left noetherian rational connected algebra satisfying
«- If F,G are finitely generated free resolutions of M,N € grmod A of finite length,
then

M, N) = AT, G) = Cr(Or(T), Q6(T)).

Proof. Suppose that
--—>O—>F_m—>F_m+l—>---—>F_l—>FO—>()—>---,

RPN N ¢ A N L NN € S € ANy | N

are finitely generated free resolutions of M, N € grmod 4 of finite length. Let M, N’ be
the ith syzygies of M,N so that .#° = .#, /"* = /" and there are exact sequences

04" SF s 070,
0= NV g 77 50

in tails A for all i > 0. Since &(F',%/) are well defined for all i, j € Z by Lemma 6.2,
EF, /"1 are well defined and

qF N Y =479 —dF 9"
for all i € Z. Inductively, é&(F', %) are well defined and

AT 9) = E(F, ) = &F, N0) = Y (1Y &F %)
J

for all i € Z. It follows that &(.#~"',%) is well defined and
M G) = H T G) — (TG,
Inductively, &(%#,%9) is well defined and

TG = LM )= LM 9) =) () UF" 9 =) (-1)TLF". 9.

ij
If
Fl=@®A(—~ty), G = G?A(*/jt)a
N
then

MN)=ET G = (~1)T&T", %))

Lj

_ Z (—1)* Z E(A(—Lis), A (—L 1))
I, s,t
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- Z (=1 Z (1Y & (T, T")
i,s it

= é,g/ (Z(I)IT/H,Z(I)/T/,,>
is Jit

= C/(Or(T), Q6(T)). .

Theorem 6.8 (Bézout’s Theorem for noncommutative projective schemes). Let (A4, m, k)
be a left noetherian rational connected algebra of GKdimA =d + 1 statisfying y
such that Hy(t) ~ p(t)/(1 — )+ for some p(t)€ Z[t). If M,N € grmod A such that
pd(M), pd(N) < oo, then

0 if dim.Z + dim ./ < dim .7,

M N =N M=
deg 4 deg N'/deg.o/ if dim.# + dim A" = dim .</.

Proof. If GKdimM =0 or GKdimN =0, then .Z = 0 or 4" = 0 in tails4. In this
case,

dim .4 4 dim A" < dim .o/ =d
and
M N =N M=0=deg ./ deg V' /deg o,

so assume that GKdim M, GKdim N > 1.
Since pd(M),pd(N) < oo, M, N have finitely generated free resolutions F, G of finite
length. Since the dimension and the degree are preserved by shifting, and

AT (=), %(-) =T, 9)

for all i € Z, we may assume that Qr(¢), Qg(t) € Z[t] by shifting both F, G by the same
enough high degree. In particular, we may write

Or() =mp(1 =) + mpp (1 — )P 4,

O6(1) = ng(1 = )7 4 ng (1 — )7 -
in Z[t] where m,,n, # 0. Since

Hy(t) ~ p(0)/(1 =)™, Hy(1) = Op(1)Ha(t), Hy(1) = O6(t)Ha (1),
it follows that

dimo/ =d, dm.#/=d—-p, dimAN =d—gq
and

deg.o/ = p(1), deg.ll =m,p(1), deg AN =nyp(l).
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By Lemma 6.6
E/((L=TY, (1= T))=¢Ey(1,(1 = T~y (1 = T))
= &1L (=TY(A =T~y

= (—1)E (L, T'(1 = T~y )

S+t ) S+t )
=(—1>‘Z<—1)‘< i )@(LT“‘)
i=0
S+t ) + ¢
—(1Y S (1) (S ,- > 1A~ 1))

i=0
(D' p()=(=1)"""p(1) if s+1=d,
:{0 if s+¢>d.
By Lemma 6.7,
M- N =(=1)IUT,Y)

= (= 1)PE/(Qr(T), 06(T))
=(=1)" > mnly(1=TY,(1-T))

sZpt=q
0 if p+¢g>d (ie. dim.#
+dim A" < dim .27)
mpng p(1) = deg .# deg N'/deg.o/ if p+q=d (ie. dim.#
+dim A" = dim .</).

By symmetry,
0 if dim .# + dim A" < dim o/,
N M=

deg 4 deg N /deg .o/ if dim .4 + dim A" = dim .«/.

0

Remark 6.9. Let (4, m,k) be a left noetherian rational connected algebra satisfying y
as in Theorem 6.8. If tails 4 has finite homological dimension, that is,

sup{sup RHom (M, N") | M, NV € tailsA} < o0

(for example, if 4 is commutative and Proj 4 is smooth), then {(.#, A") is well defined
for any pair .#, A" € tailsA4, so we can similarly show that

A7, 9) = Cr(Or(T), O6(T))

for every pair of finitely generated free complexes F, G of finite length without being
free resolutions of single modules. In this case, we can replace M,N € grmod 4 by
X Ye Ql}y(A) in Theorem 6.8.
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Example 6.10. A noectherian connected algebra A4 is called a quantum polynomial ring
if

o gldmAd =d+1 < oo,
e A satisfies y, and
o Hy(t) ~ 1/(1 — )™l

If 4 is a homomorphic image of a quantum polynomial ring, then 4 satisfies all condi-
tions of Theorem 6.8 (see [12, Proposition 5.5]). In particular, if 4 itself is a quantum
polynomial ring, then pd(M) < oo for any M € grmod A4 and deg.o/ =1, so we can
recapture [16, Theorem 8.6].

Example 6.11. If 4 is a noetherian commutative graded algebra generated in degree 1,
then 4 is a homomorphic image of a noetherian commutative polynomial ring generated
in degree 1, which is a quantum polynomial ring, so Theorem 6.8 always applies to 4.

Example 6.12. Let 4 = k{x, y)/(x*y — yx*,xy*> — »?x). Although 4 is a noetherian
rational connected algebra of gldim 4 = 3 satisfying y, Theorem 6.8 does not apply to
A because Hy(t) ~ 1/(1 — *)(1 — t)?. In fact, if M = A/Ax,N = M(—1) € grmod 4 so
that pd(M) =pd(N) =1 < oo, then

dim.«Z =2, dim.Z =dim /" =1
and
deg.o/ = deg ./ = deg N = 1,
SO
deg .4 deg .4 |deg o/ = deg ./ deg N /deg </ = 1,
while # - M4 =0 and A4 - /" =1 by Mori and Smith [16, Proposition 10.1].

7. Cohen—Macaulay projective schemes

In this last section, we will extend the results of the previous section to modules of
finite injective (rather than projective) dimension in the Cohen—Macaulay case.

Definition 7.1. Let (4, m, k) be a connected algebra and M € GrMod A. We define the
depth of M by

depth M = inf R[,(M) = inf {i |H. (M) # 0}
and the local dimension of M by

1dim M = sup R (M) = sup{i |H. (M) # 0}.

We say that M is Cohen—Macaulay if depth M = ldimM < oo, and A is Cohen—
Macaulay if it is Cohen—Macaulay as a graded left A-module over itself. A noetherian
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connected algebra 4 is called balanced Cohen—Macaulay if both 4 and A° are Cohen—
Macaulay and satisfy j.

If A4 is a balanced Cohen—Macaulay algebra of 1dim A=d+1, then 4 has the balanced
dualizing complex Dy = R (A) =2 wy[d + 1] in 2(4°) where w4 € GrMod 4°. We
call w, the balanced dualizing module for 4. We refer to [15] for basic properties of
a balanced Cohen—Macaulay algebra.

Lemma 7.2. Let (4, m, k) be a rational balanced Cohen—Macaulay algebra of 1dim A=
d+1 and wy be the balanced dualizing module. If w ., =mnw, € Tails 4, then y(w.(n)),
& .y, wy(n)) are well defined, and

(1) r(wy(n) = (=1)y(A(=n)),
(2) Ly, wq(n)) =y (A (n))

for all ne 7.

Proof. (1) Let Hy(t) = > 5y ant" and Hrwmay (1) =Y.~ kyt" as in Lemma 6.2.

Since RI(4) = wy[d + 1] in D(A°), H,, (1) = (—l)d“izfj_oo k,t". By Artin and
Zhang [1, Proposition 7.2(2)], we have an exact sequence

0 — Hy(w4) = w4 — H(0.) — Hy(w) — 0
and isomorphisms
H(ow,) = H (04)
for all i > 1. Since
) 0 ifi#d,
Hl+1 w o~
Hn () {A’ if i=d

by Smith [20, Chapter 11, Lemma 5,6],
Hog(m) = (=1Y dimg H(w,(n) =Y (~1Y dimg H (0.),

= dimy(wy), + (—1)? dimy 4, = dimy (w,4), + (—1)¢ dimy 4_,
= (=) (—kn + a_y) = (=) x(A(—n))

for all n€ Z by Lemma 6.2.

(2) By Yekutieli and Zhang [23, Theorem 4.2], the associated noncommutative pro-
jective scheme (Tails4,.7) is classical Cohen—Macaulay of cohomological dimension
d with the dualizing sheaf o, = nw, € tails 4, that is,

Ext,,(— @) 2 H7/(-)
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for all ie Z. By (1),
E0op> 0 (1) = E0 (=), 0) = > (=1 dimy Ext! (. (—n), 0.)
= (1) dim; H' (@, (—n))
= (=" (=1 dimy H'(w(—n))
= (—D'g(@s(—n)) = 1(4(n))
forall nez. O

Let (4,m,k) be a balanced Cohen—Macaulay algebra and w4 be the balanced dual-
izing module. If J is a finitely generated w,-free complex of finite length, that is,

I =@ oa(-1y),
J=1
then we define the w,-characteristic polynomial of J by

R= 3 (1YY ez,
=1

so that
Hyt)= Y (=)' Hy (~ti)(t) =Y (=)' Y _1""H, (1)
i=—o00 j=1 i=—00 Jj=1
=R, (t)H,, (1)

Clearly Ry, (t) =t""R,(t) for all ne€ Z.
By Lemma 7.2(1), y(w.,(i)) is well defined for every i € Z, so we define a map

f,%/,w&/(_,_) : Z[T, Tﬁl] X Z[T, Tﬁl] — 7
by
o (T, TI)) 1= (A (i), 0 (—)) = E(T s 0,00 — ) = 1,0 — )

for i,j€Z. Similarly, by Lemma 7.2(2), &(w.s,w4(i)) is well defined for every
i€Z, so we define a map

bo (= =) ZIT,T "X ZIT,T" '] - Z
by

o (T T7) = Ewo(—i),0./(—))) = Loy 0.5 — j)) = 1(A (i — )
for i,je”Z.
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Lemma 7.3. Let (A, m,k) be a balanced Cohen—Macaulay algebra and w4 be the
balanced dualizing module.

(1) If F is a finitely generated free resolutions of M € grmod 4 of finite length and
J is a finitely generated w4-free resolutions of N € grmod A of finite length, then
M N)= AT, I) = Ctoow, (Qr(T), Ry(T)).
(2) If J,K are finitely generated w4-free resolutions of M,N € grmod A of finite
length, then

M, N)=LI, H)= L0, (R)(T),Rg(T)).
Proof. Similar to Lemma 6.7. O

Theorem 7.4 (Bézout’s Theorem for Cohen—Macaulay projective schemes). Let (4, m, k)
be a rational balanced Cohen—Macaulay algebra of GKdimA =1dimA =d + 1 such
that Hy(t) ~ p(t)/(1 —t)?*! for some p(t) € Z[t]. If M,N € grmod A such that either

(1) pd(M),pd(N) < oo,
(2) id(M),id(N) < oo, or
(3) pd(M),id(N) < oo,

then
if dim . + dim /" < dim ./,

,ﬂ . ;/V =
{ deg ./ deg N /deg .o/ if dim .# + dim A" = dim /.

Proof. By Mori [15, Theorem 5.8], if id(M) < oo, then M has a finitely generated
wy4-free resolution J of finite length. Using Lemmas 7.2, 6.6 and 7.3, the proof is
similar to that of Theorem 6.8 (but more complicated), and left to the reader. [

Note that if 4 is a reasonably nice balanced Cohen—Macaulay algebra such as PI,
then GKdim 4 = 1dim 4 by Jorgensen [11, Theorem 5.2].
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