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Certain semigroups are generated by powers —(— A)®, for closed operators 4
in Banach space and 0 < a < 1. Properties of extent of the resolvent set and
size of the resolvent operator of 4 correspond to properties relating to the
sectors of holomorphy of the semigroups, and their growth near the origin and
infinity. In this paper, we deal with semigroups having two different types of
growth properties. In the first instance, the semigroup grows near the origin
as r~4, 0 <t < 1. We show that such semigroups are fractional-power semi-
groups of operators 4, whose resolvents decay as 7%, 0 < s <C 1, in subsectors
of the right-hand half-plane, In the second instance, the semigroups are bounded
near the origin, and admit special estimates on growth at the periphery of their
sectors of definition. We show that for the corresponding 4, the resolvent is
defined and admits special growth estimates in a region which contains every
subsector of the right half-plane; and in these subsectors, the resolvent decays
as rL

INTRODUCTION

There are closed operators 4 in Banach spaces with the property
that fractional powers -—(—A4)¢ generate holomorphic semigroups.
Some properties of such semigroups are related to properties of A:
the region of holomorphy of the semigroup and properties of growth
and convergence within that region, compared to the location of the
resolvent set and size of the resolvent operator of A. Previous papers
(i-e., [4, 5]) have considered the problem of deriving the properties
of the semigroup from assumptions about 4. In this paper, we
consider the converse problem of reconstructing the operator 4
from a semigroup having known properties of a fractional-power

semigroup, establishing a correspondence between the latter properties
and those of 4.
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In Sect. 1, we deal with semigroups holomorphic in certain sectors
of the plane, and having a slow growth near the origin; that is, growing
no faster than r—5, where r represents distance from the origin and
0 < s < 1. We show that such growth corresponds to a relatively
slow decay near infinity—as with %, 0 << ¢ < 1—in the resolvent
of A, which exists in a subsector of the right-hand half-plane. These
conditions on the growth of the resolvent are weaker than those in
Kato [4] and Komatsu [5]. In [4], the resolvent is also defined in a
sector, but the resolvent is assumed to decay as ~1; these assumptions
lead to semigroups which are bounded near the origin. Komatsu
retained the condition of decay as !, but weakened the condition
on existence of the resolvent; he assumed merely that the resolvent
be defined along the positive real ray.

In Sect. 2, the semigroups are considerably more special. They
converge in the C, sense at the origin, and admit special estimates
on their asymptotic growth in their sectors of definition. Correspond-
ingly, A itself has properties very close to those of a semigroup
generator. The resolvent set contains every proper subsector of the
right half-plane, and the resolvent decays almost as the reciprocal
of distance from the imaginary axis. Here it does not suffice to apply
the previous methods—of Sect. 1, or Kato—to A in each subsector
of the half-plane. Beals [1] has shown that 4 need not have the
desired properties of semigroup generators, unless the resolvent set
is asymptotic to the half-plane, in a special sense. Our conditions on
the fractional-power semigroups correspond to conditions on A in
line with, but stronger than those of Beals.

Certain notation will remain constant throughout. We shall deal
with operators in a fixed Banach space X. For a complex z, arg z will
denote the value of the argument having —7 < arg 2 < 7. For a real
7, —(—=)" will represent that branch which is negative whenever z
is a negative real. It will be convenient to write |arg 2| = 7 — g,
0 < ¢ < = Thus if arg 2 = (7 — @), then it is simple to see that
—(—2) = | z |" exp(i[r — rg]), accordingly. Finally, R* exp(ip)
will represent the ray

{z = texp(ip) [t = O}
1
Let T be a closed, densely defined linear operator in a Banach

space X. Assume that the resolvent set of T contains a sector of the
form | arg 2 |< 7 — 6, as well as a neighborhood of the origin, and
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that for some k > 0, the resolvent of T satisfies ||(2/ — T)7!|| =
O(] 2 |7%) as 2 — o0, in each smaller sector |arg s | < 7 — 0 — e
For convenience, let us say the resolvent contains the sector
| arg(z + 1)] <7 — 0. Suppose f(z) is a function holomorphic
along and to the left of | arg 2 | = m — & — ¢, at least for small ¢, and
| f(2)] = O(] 2 |™™) as 2 — oo, where m + k > 1. Then the integral

A(T) = (1)2m5) L f(2)=I — T)dz (1.1)

with I', = {z | | arg(z + 3)| = m — 8 — ¢} oriented toward increasing

imaginary part, is independent of ¢, and defines a bounded operator

in X. In particular, for small enough @ > 0 and for complex w close

enough to the positive real axis, f,(2) = exp(—w(—=z)%) satisfies the

requirements, and we have the resulting operator, exp(—w(— T)?).
Our two main results are as follows:

THEOREM 1.1. Let A be a closed, densely defined operator. Suppose
there are numbers 6 and by, m/2 < 0 < m and 0 < by < 1, such that:

(a) The resolvent set of A contains the sector given by | arg 2 | <
m — 0, together with a neighborhood of the origin.

(b) In amy sector |argz| < m—60—¢ €>0, we have
(=l — A)|| = O(] 2|7) as 2 — o0, for each b < b, .

(€) (1 — by)f < =j2.
Then for any fixed a with 1 — by << a < w/20, we have:
(1) The family {exp(—w(—A)?)} is a holomorphic semigroup in w,
defined for | arg w | < (n[2) — af.

(i) Each operator exp(—w(—A)*) is one-to-one, and the union
of their ranges is dense in X.

(i) For each ¢ >0 and k > (1 — by)/a, there are positive
constants C and D, such that in the sector given by | arg w | < (m/2) —
a(0 + ¢), we have

[ exp(—w(—4))f < C|w | exp(—D |w]).
Turorem 1.2. Let {B(w)} be a holomorphic semigroup in w, with
numbers p and ky, 0 < ¢ < 7/2 and 0 < ky << 1, such that:
(a) B(w) is defined for |argw | < (n/2) — ¢.

(b) Each B(w) is one-to-one, and the union of the ranges B(w)X
is dense in X.
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(c) For each € > 0 and k > k,, there are constants C and D,
such that || B(w)| < Clwl|™® exp(—D |w]|) whenever |argw | <
(72) —p — e

Then for any a such that pjn << a < 2p/=, there exists an operator S,
satisfying the hypothesis of Theorem 1.1, such that B(w) = exp(-w(-S)%)

for largw | < (w/2) — .
Proof of Theorem 1.1. As previously mentioned, it will be con-
venient to assume that the resolvent set of 4 contains the sector

| arg(z + 1)] << 7 — 6 (cf. condition 1.1(a).)

(i) Assume w is complex, |argw | < (m/2) — af. Pick € so
small that a(§ + ¢) < 7/2 and |argw | < (7/2) — af — ¢, and let
I'. be the angle given by |arg(z+ %) =7 — 0 — e Then
largz| >m — (0 + € for 2eTl,, so that |arg — (—2)*| >
7 — a(f 4+ €). Hence |arg(—w(—=2)%)| > n/2, and we may set
f(2) = exp(—w(—%2)%), T = A in (1.1). This defines exp(—w(—A4)%)
as a holomorphic function of @. The semigroup property follows by
a standard argument from the operator calculus ([2, Lemma 2]).

(ii) (See [2, Lemmas I, 3].)
(iii) Given e > 0, we may write

exp(—zw(—A)*) = (1/2m1) fp exp(—w(—=2)) el — A)ydz  (1.2)
€/2

for any w satisfying
|argew | << (7/2) — a{f + ¢). (1.3)

Now if 2 > (1 — b,)/a, we have 1 — ak < b, so that there is a
constant C; > 0 such that |[(z] — 4)7!| < Cyr~1-%) for ze I,
where (say) r = |2 + 1.

We next wish to estimate | exp(—w(—2)%)|. For 2 e Iy, —(—2)*
is to the left of the angle R exp(d4-i[r — af — a(e/2)]). Consequently,
there is a D, > 0 such that —(—=z)¢ + D, lies to the left of
Rt exp(4-i[m — ab — a(3¢/4)]), that is, [arg(D; — (—=2)%)| > = —
af — (3ae/4), and so for w as in (1.3),

| arg(@D, — w(—2))| > (nf2) + (ac/d). (1.4)

Moreover, there is a C, such that | D, — (—2)2 | > Cyr® In view of
(1.4), for z € I'.;, , we have

Re(wD; — w(—2)?) << —]w | Cyr®sin(ae/d) = —C, | w | 7%
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Therefore

exp(Re(—w(—2)%)) < exp(—Re wD,) exp(—C; | w | r9)
< exp(—D | w]) exp(—Cy | w | 79),
with D = D, sin a(f + €). Equation (1.2) then gives

lexp(—ew(—A)) < Cyexp(—D | w ) f: exp(—Cy | w | r%) ria-1 g,

and the last integral is Cy | w |7k, Q.E.D.

Proof of Theorem 1.2. Because B(t) is integrable in real ¢ at zero
and of exponential decay at infinity,

R@) = [ exp(—ot) B()dt

defines a holomorphic function of v for Rev > —D,, for some
D, > 0. We shall first extend R(v) analytically to the sector defined
by |argv | <7 — o

Let 0 < argv < m — ¢ — ¢; a similar proof goes if 0 > argv >
—(m — @ —¢€). Let L be the ray R*exp(—i[(7/2) — ¢ — (/2)]),
oriented out from the origin. If w € L, then 0 < arg vw < (7/2) - (¢/2).
In view of condition (c) of the hypothesis, the integral

R(v) = f’ exp(—ow) B(w) dw (1.5)

is absolutely convergent, and so defines an analytic function of v,
for 0 < argv < 7 — @ — €. Due to the rapid decay of the integrand,
it is clear that R(v) coincides with R(v) whenever Re v > 0. Hence
we see that R(v) can be continued to the sector |arg o | < 7 — ¢ — ¢,
with € > 0 arbitrary. Thus R(v) extends to |argv | < 7 — g.

LemMma 1.3. Given ¢ > 0 and k >k, in the sector |argv| <
m — @ — €, we have | R(v)|| < C | v % for some constant C.

Proof. Again, assume < argov <7 — ¢ — ¢, and define L as
for (1.5). We may write R(v) = R(v) = [, exp(—wv) B(w) dw. For
wel, 0 < arg vw < (7/2) — (¢/2) implies

| R < [ " exp(—|v| | w|sin(e/2)) C; | w | d | w]|

= Cy(sin(e/2))F1 | v |52, Q.E.D.
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For small € > 0, let M, be the contour

M, ={v|eitherQ < |argv| =7 — p — eand Rev < —D,
orfarge| =7 — ¢ —eand Rev = — Dy}, (1.6)
oriented in the direction of increasing imaginary part. Along this

contour, by Lemma 1.3, || R(v)} = O(| v |¥-1) as v — oo, for any &
with 1 > k > k,. Hence if #n is a natural number and p is real,

p < n — 1, then the integral

K(p,n) = (1)2mi) [ —(—v)»" R(v) do

~M€

is absolutely convergent and independent of ¢, and defines a bounded
operator.

Lemma 1.4. R(0) is one-to-one.

Proof. For any xe X and ¢t > 0,
t+h
B(tye = lim bt [ B(syu ds

r>ot ¢

— lim k2 ([ Bsyeds— [ Blsyxd
im ( ft (s)x ds J; . (s)x s)

— lim A-Y(B(t) — B(t + 1)) | B(s)x ds

0
— —B'(t) RO)x,

and the conclusion follows from condition (b). Q.E.D.

In particular, we may speak of R(0)~1.
Let now (m/2¢) < p < m/p. Henceforth we take n > (w/gp) + 1.

Then
R(O) K(p,n) = (12mi) [ (o)™ RO) R) do

= (12mi) [ ~(—o)(~o)[R@) — RO} dv

= K(p,n + ).

Hence, for a given xe€ X, we have K(p, n)x € D(RO)™) iff
K(p, n+1x e Z(R(0)"1), and if both are true, then R(0) ™K (p, n)x =
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R(0)™1 K(p, n + 1)x. Therefore we may define the operator S as
follows:

xe(S) iff K(p,n)xePD(R(0)™) for large n,

and
Sx = ROy K(p,n)x  for xeP(S).

We shall show that S satisfies the hypothesis of Theorem 1.1.

Lemma 1.5. (i) S is closed and densely defined.
(i1) The resolvent set of S contains the sector | arg 2 | << 7 — po,
along with a neighborhood of the origin.

(iit) In any smaller sector |argz| <m — pp — ¢, we have
(2l — S)1|| = O(] 2|7) as 2 — o0, for any b << 1 — (ky/p).

Proof. (i) R(0O)™ is closed, because it has a bounded inverse.
Because K(p, n) is bounded, S = R(0)™ K(p, ) is closed. Further,
as in Lemma 1.4, forxe X and ¢t > 0,

B(t)x = B(t/n)"x
= (=R(0) B'(t/m))"x
= £ R(0)* B'(¢/n)"x,

so that K(p, n) B(t)x = +R(0)* K(p, n) B'(t/n)"x. It follows B(t)x €
2(S). By condition (b), 2(S) is dense.

(i) If |argz| <7 — pp, assume |argz| <m — pp — e
Define the contour M., as in (1.6). As before, the integral

Fz) = (12) [ (3 + (—0)")* R(e) do
Me9p
defines a holomorphic function of z. Because f(v) = 2z + (—v)?
does not have zeroes to the left of M./, , we can show by the usual
operator argument that F(z) satisfies the resolvent equation. To prove
that F(2) is the resolvent of S, it then suffices to show that F(0) is
exactly (0 — S)71. To this end, since F(0) commutes with R(0), it
will suffice to show that K(p, n) F(0) = F(0) K(p, n) = —R(0)".
Now

K(p, m)F(0) = F(0) K(p, n)

= (1/2ri) fM —(—2)™ R(v) do.

€/2p
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In the integral, we may change to the contour Re2 = —D,, and we
have
—Dy+io
(1/2ri) | —(—o)™ R(v) do
—Dg—icc
—~Dg+i0 «
= (1/2mi) | —(—o)" | exp(—ot) B(t) di du
—Dy—tw 0
o —Dy+iw
= [ (1j2mi) [ (—1)" o= exp(—ot) do B(t) dt
0 - Dg—i0

= —[" 31 n — 1)) B d,

and the last is —R(0)", by repeated integration by parts. The same
argument applies if 2 is close enough to the origin—specifically, if
| 2| < DgP. This establishes (i1).

(1) Again, we assume |argz| < m — pp — e. We have

(=1 = Sy* = (12mi) [ (= + (—v)") R(@) do. (1.7)
Me/2p

Suppose 0 << b << 1 — (ky/p). Since k, << p(1 — b), we may choose
k such that k&, < k& << p(1 — b). By Lemma 1.3, there is a constant C;
such that | R(v)|] < C; | v |"%® for v € M., . Further | 2 4 (—2)? |
is at least as large as the distance from —(—)? to the sector | arg w | <
7 — pp — € and the distance from z to the image {—(—w)? | w € M5, }.
The former distance is at least | v [P sin(e/2), the latter at least

| = | sin(e/2). Hence

2+ (=0)7| = (I v |? sin(¢/2))' (] = | sin(e/2))"-

Equation (1.7) then yields

6 — 72| < (12n)in(e2)* [ o720 |52 Gy v Frd o

€/2p
< Cylz]™? J.w | o [~1+pA-bB) g | 5 |
1
=@l QE.D.

In view of Lemma 1.5, § satisfies the hypothesis of Theorem 1.1,
where by = 1 — (ky/p), 6 = pp. Here we note that (1 — b)8 =
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kyp << m/2, as required. Because 1 — b, = ky/p < 1/p < (#/2pp) =
(w/26), the semigroup {exp(—w(—S)'/#)} is defined according to
Theorem 1.1, for |arg w | << (w/2) — (1/p)0 = (7/2) — ¢, the domain
of definition of B(w).

Define the contour I', by

Ie={z|larg(z + D)l = 7 — pp — ¢}

for small enough D > 0 (cf. the remarks leading to (1.1).) As in
Theorem 1.1, for any t > 0,

exp(—t(—S)V/?) = (l/21ri)f exp(—t(—2)1/%)(zl — S)1dz. (1.8)

Defining M., as in (1.6), we have

(2] — Syt = (1/2mi) f (z +(—v)?) ' R@)dv, =zel.. (19)

e/2p

Using (1.9) in (1.8) and reversing the order of integration, we find

H(t) = exp(—t(—S)1/?) (1.10)

= (1/2mi) fM [(1/27i) jr exp(—H(—2)/%(z + (—o)?)! dz] R(v) do.

€/2p

Because —(—v)? is to the left of I'. when ve M,,,, Cauchy’s
formula applies to the integral within the integral in (1.10), and also
[(—v)P]'/? = —v. Hence (1.10) becomes

H(t) = (1/2mi) f exp(tv) R(v) dv.

€/2p
Then (compare with the proof of Lemma 1.5(ii))
H(t) R(O) = (1/2i) f exp(tv)(—v) 2 R(v) dv
Meap
-—Dg+ico

= (1/2mi) f_D | exp(t)(—o)* jo " exp(—ws) B(s) ds do

- J'O ® (1/2mi) f__D “j: exp(—(s — t)o)(—ov)-2 do B(s) ds

— f“’ (s — 1) B(s) ds == B() " uB(u) du

= B(t) RO).
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Because R(0)?2 has dense range, we conclude exp(—i#(—S)1/?) =
H(t) = B(¢) for all t > 0. Finally, since both functions are holo-
morphic, it follows that B(w) = exp(—w(—S)!/?) throughout their
common domain. This completes the proof of Theorem 1.2.

If we start with 4 as in Theorem 1.1, then each exp(—-w( A)“)
satisfies the hypothesis of Theorem 1.2. The construction in
Theorem 1.2 may be carried out for exp(—w(—A4)*) with p = [/a so
that we find S with exp(—w(—A4)*) = exp(—w)—.S)?). Then we
have the expected result:

THEOREM 1.6. Suppose B(w) = exp(—w(— A)?), the latter defined
as in Theorem 1.1. If we apply Theorem 1.2 to B(w) to produce an
operator S, such that B(w) = exp(—w(—S)®), then S = A.

Proof. From the proof of Lemma 1.5 (ii), S can be characterized by
§1=(1/2mi) [ (—0)" R@) do, (1.11)
Mea/2

where R(v) = [, exp(—wt) B(t) dt for Rev > 0, and R(v) extends
analytically to the sector |argv | <7 — ¢ = 7 — af.
Now if Rev > 0,

Rw) = [ exp(—ot) exp(—t(—A)") dt
0
= fm exp(—vt)(l/2m')f exp(—#(—z)*) (2l — A)t dz dt.
0 Tess
For small enough €, —(—2)* has negative real part for every x € I3,

so that

R@) = (12mi) [ [ exp(—ot — (—s)t) dt (s — A)* ds
Te3v0
= (1f2mi) [ (@ + () el — A ds
Tes3

This last integral converges, because as 2 — 0, | v + (—2)* [~} =
O(| 2 |79 and |(af — A)|| = O(| z|7*) for any b with 1 —a <
b < b, . Substituting in (1.11), we have

S = (1 2m)f (—o) p(l/zm)f (@ (—a)) el — Ay dade,

Her (1.12)
S—1 = (1/2mi) fr [ay2mi) [ (o7 + (=) do) (31 — Ayt d.
€/3

Measa
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If €Iy, then |argz| > 7 — 6 — (¢/3), and |arg(—(—=2)%)| >
7 — af — (ae/3), so that —(—=2)® is to the left of M, . Therefore
Cauchy’s formula applies to the integral within the integral in (1.12),
and we have (since p = 1/a)

S§1= (1/277i)f (—2y Yl — 4) 1 dz. (1.13)
Tep3

The operator on the right is exactly A-1, because it coincides with
A~ on the ranges of exp(—w(—A4)%):

A1B(w)x = (1/2mi) f exp(—w(—2)%) Azl — A) x dz
Fs/a
= (1/2m) [ exp(—w(—2)") s A + (s — A) v do
Tepa

= (1f2mi) [ waT — A)1 dz (1]2m) | exp(—wo(—s)o)x ds.
Tesa Ters

This completes the proof.
We shall add a number of observations. The proofs are fairly
straightforward operator and contour integral arguments.

Observations.

(a) The operator-valued function

R@) = | * eB() di
° (1.14)
= L (0 + (—2)) Yzl — A)y'dz

has played a key role in several arguments. R(v) turns out to be the
resolvent of an operator T, defined by

Tx = A%1/2mi) L —(—2)ed — Ay lx dz (1.15)

for exactly those x for which the integral in (1.15) belongs to 2(A42);
note that the integral is convergent in the norm. We shall write
T = —(—A)* Then —(—A4)? is exactly the smallest closed extension
of the infinitesimal generator of {B(¢) | ¢ > 0}. In this sense, {B(t)} is
generated by a fractional power of A.

(b) Although B(w) = exp(—w(—A)?) is defined only for

580/23/4-3
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1 — by, < a < (m/28), it is clear that the complex integral in (1.14)
converges also for (7/20) < a < 1. We may therefore extend the
definition of —(—A4)* to a e [(w/20), 1], and (1.15) still holds with
T = —(—A4)

(¢} We have the expected properties of powers. If @, , a, > 1 - b,
and a; + a, <1, then (—A4)*(—A)*= = (—A4)»*%. Further, if
1 >a, >1—4b6, and | = a, > (1 — by)ja,, then the power
—((—A)4)2 of —(—A)™ can be defined by the methods above, and
we find —((—A)n)% = —(—4)n%,

(d) Finally, if b, = 1, so that —(—4)*is definedfor0 < a < 1,
then Z((— A)*) contains Z((—A)*) whenever a; < a, and (—A4)%x —
(—A)*x as a, increases to a, , for any x € D((—A)*%).

2

Beals [1, 2] has described a class of operators 4 which, although
they cannot generate semigroups in the usual sense, nevertheless have
the property of semigroup generators, that the Abstract Cauchy
Problem #'(t) = Au(?) is solvable for a dense set of initial conditions
#, = u(0). This set is precisely the union of the ranges of operators
which we may view as exp(—#(—A4)?), ¢ > 0, and these semigroups
play a crucial role in establishing the ACP property of 4. It is therefore
natural to attempt to charactize the semigroups which arise in this
fashion, as we shall do in this section, under certain strong conditions
on A.

As in the previous section, we shall deal with integrals of the form
F(A) = (1/2mi) [rf(2XzI — A)' dz, with appropriate conditions on
f and on (2 — A)7', to make the integrals absolutely convergent.
Moreover, to the right of I" will lie a region larger, in a special sense,
than any proper subsector of the right half-plane, so that f,(2) =
exp(—w(—z)?) will be applicable for all a, 0 <a < 1. Thus
{exp(—w(—A)*)} will be defined for all @, for appropriate w.

Once more, the characterization is given in two principal results.

TueoreM 2.1. Let A be a closed, densely defined linear operator,
and assume:

(a) There are numbers p, > 1, Cy > O such that the resolvent
set of A contains the region S, = {z | Re g = C, | Im 2z [1/7}, along
with a neighborhood of the origin.

(b) In each sector |argz| < (w/2) —e¢ € >0, we have
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(I — A)|| = O(| 2 |™) as = — co. Further, for any positive number
b < 1, there are constants C > 0 and p << p, such that ||(2I — A)7|| =
O(] 2 |*71), as 2 — o© with Re 2 > C |Im 2 |1/7,

Then for any fixed a, 0 < a < 1, B(w) = exp(—w(—A)?) has the
following properties:

(1) {B(w)} is a holomorphic semigroup, defined for | argw| <
(1 — a)(=/2).
(i) For each ¢ > 0,

sup{| B)|: 0 < |w| < 1, Jargw | < (1 — a)(n/2) — €} < o0,

In particular, {B(t): t > 0} is a Cy-semigroup.

(1)) Grven any number ¢, 0 << ¢ < 1, there are positive constants
k, D, and D, such that

| B@)l| < Dy | w | exp(D, | w |(sin @)*~*F)

whenever | arg w | = (7/2) — a(w[2) — ¢, 9 > 0.

THEOREM 2.2. Suppose {E(w)} is a semigroup with the properties
(1)(iil) above, for some particular ac(0,1). Then there exists an
operator S satisfying the hypothesis of Theorem 2.1, and a real number r,
such that

E(w) = exp(rw) exp(—w(—S)*).

Proof of Theorem 2.1. (i) Let 0 < b << 1, and let p and C be the
corresponding constants from condition (b). Consider a curve I},
given by Rez + 6 = C|Im 2 |1/?, oriented in the direction of
increasing imaginary part. We may assume C > C,, so that for small
enough 8 > 0, I, lies in S, . As 2z € I', approaches infinity, we have
eI — Ay 3| = O(1 = *), |argz | — (n/2), and arg(—(—=2)7) —
7 — a(m/2). Hence we may write

B(w) = (1/2ri) fr exp(—w(—2)?)(z] — A)! dz

for |argw | < (m/2) — a(w/2), where the integral is independent
of 5. The holomorphic semigroup property follows as in [2].
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(i) As observed in Sect. I, the infinitesimal generator of
{B(t): t > 0} has a closure T, defined by

Tx = 4%(112m) | —(—2) &I — A) I d3

whenever the right side is meaningful. Moreover, by the methods of
the previous section, particularly in Lemma 1.5, we can show that
any complex v lying to the right of the image {—(—=2)%: z e I} is in
the resolvent set of T, and we have

(0f = T)* = (127i) | (0 + () M=l — A)rdz. (21)

It follows that the resolvent set of T contains all but a bounded
subset of any sector of the form |[argov | <7 — a(n/2) — ¢, € > 0.

Suppose that |argv | <7 — ar — e. Then in (2.1), we may
deform I so that it closes from above and below onto the nonnegative
real ray (see [4].) Equation (2.1) then becomes

(@ -T)" = in;al J " ra(e? — 2ure cos am + 1) Hrl — A)1 dr,
0

and it follows that |(v] — T) || < D | v | forlarge | v |, D = D(e).

Suppose, next, that = —ar + e < |argov| <7 — a(n/2) — ¢,
with v still to the right of {—(—z2)* 2 e I},}. Then the process of
deforming I’y to the real ray involves crossing a singularity of
(v + (—=)®)~'. However, the singularity is a simple pole, and so by
the residue theorem, we obtain

(vl — T)t = (1/2mi) f (@ + (—2)%) (=l — A) dz

Rtexp(+0:)

— Res[(v + (—2)*) =zl — A) M, ___oya»
or

(wl —T)1= _s_1£1;a_1r f ? r%(2?2 — 2or® cos am A r2)yXrl — A) L dr
0

+ (la)(—o)/e v H(—o)/e I 4 A) 2-2)

Because | arg(—(—2)'/%)| < (w/2) — (e/a), conditions (a) and (b)
guarantee that | v~Y(—o)/%(4 + (—v)/2l)!| is dominated by
D(e€) | v |71. The same is, therefore, true for the entire right side of
equation (2.2).
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Finally, if # — amr — e < |argv| < m — am + ¢, then equation
(2.1) guarantees, at least, that |[(o] — T)!| = O(] v |7*) for some
k> 0.

In view of the preceding three paragraphs, by the Phragmen-Lindelof
theorem, we have |(v/ — T)'|| = O(|v|™), as v — o0 in any
sector |argv| < w7 — a(m/2) —e. By a theorem of Hille ([3,
Theorem 12.8.1]), it follows that T generates a semigroup of class
H(—(7/2)(1 — a), (w/2)(1 — a)) (in Hille’s notation). This semigroup
must be {B(w)}, because T contains the generator of {B(w)}; then (ii)
is true by Hille’s definition.

(iii) Henceforth, for any number ¢ > 1, we shall use the
familiar notation ¢ = g¢/(¢ — 1). ¢ and ¢’ are related by
/gy + (1/g") = L.

Let 0 << ¢ << 1. Referring to condition (b), we may take b = ac;
let p and C be the corresponding constants. We may write

B(w) = (1/2mi) fr exp(—w(—2)7)(zl — A) dz.

We have |[(2I — A)!|| = O(] z [*7) as & — oo along I, .

Assume 0 < argw = (n/2) — a(w/2) — @; similar reasoning ap-
plies if arg w is negative. Write I}, = I'* U I', with I't = {ze I} :
Imz >0}, I'" =TI, — I't. Let C; > max{Re(—(—=2)%): ze I'}. If
zel't, then |argw[—(—2)* — Cy]| > (7/2) + ¢, ¢ depending on
C, , but independent of z and w. Therefore

| exp(a—(—2) — C))| < exp(—|w || 2 |°sin ¢),

and
“ (1/2mi) L exp(—w(—2)?)(z] — A)! dz ”
= (1/2m) exp(C; Re w) H L exp(—w(—=2)* — wCy)(zl — A) dz ”
< exp(C, Rew) C, fo * exp(—| w | 7% sin €) r9o-1 dr

=Dy | w|=exp(Dy | w)). (23)

Suppose z € I'". We may write arg(—(—2)%) = —= + a(7/2) + 6,
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where | 0 | = |0(2)| < (7/2) — ¢, for some ¢ independent of z. Then

cos(arg w + arg(—(—=2)?)) = cos((n/2) — a(w/2) — ¢ — = + a(=/2) + )
== sin(f@ — ¢) = sin O cos ¢ — cos O sin ¢
< sin 8 — cos({m/2) — €) sin ¢.
Writing C, = cos(n/2 — ¢), we find
exp(Re(—w(—=2)%)) < exp(jw | | 2 |%[sin 6 — C, sin ¢]). (2.4)
Now argz = —= + (7/2) + (8/a) = —(=/2) + (f/a). Hence
sin(f/a) = cos(arg 2) = Re 2/| z | = O(] 2z [V/771) = O(] z |71/7) as
z — 00. But as & — o0, § — 0*. Hence for large | z |, sin 8 is approx-
imable by a sin(f/a) = O(] z |~1/¥), where £ = p’. We conclude that
there is Cy such that sin § < C; | 2 [~1/*. Equation (2.4) then yields
exp(Re(—w(—2)) < exp(Cy | w| | 2 [k — Cy | || z[*sin g).

Because Cy|w |te /% — IC, | w|t*sing has maximal value, for
t > 0, of the form Cy | w | (sin ¢)'~%, we find

exp(Re(—w(—2)%)) < exp(Cy | w |(sin §)=%) exp(—3C, | w | | # |7 sin g),

and finally
H (1/277) L_ exp(—w(—2)%)(z] — Ay dz “

< Cyexp(Cy | @ [(sin @) [ exp(—Cy | w | r*sin g) 7o dr
0

= Cy| w | sin @)~ exp(Cy | w |(sin @)'~*%).

Since we may assume ak = ap’ > 1 (by taking p, originally, close
to 1), it follows

[[ ] < 6ol exp(Col w lsin pyi-et).
-
We combine this with (2.3), and the proof is complete.

Proof of Theorem 2.2. Assuming that {E(w)} has the properties
(i), (ii), (iii), then so does {E(w)}, where E(w) = exp(—rw) E(w), for



FRACTIONAL-POWER SEMIGROUPS 347

any fixed real r. In addition to (iii), therefore, replacing E(w) if
necessary by E(w) (with some large 7), we may assume

1 E(@)|| = O(exp(—8t))  as t— oo, t real, for some positive 5. (2.5)

From (ii) and (2.5), we know that the infinitesimal generator T of
E(w) is a closed, densely defined operator. Further, the resolvent set
of T contains the right-hand half-plane, and

@ — Ty = | exp(—ot) Et)dt  for Rew > 0.
0

LemMa 2.3. Suppose 0 < ¢ << 1. Then there are constants M, ,
M, , and k, such that whenever | argv | = w — a(m/2) — p withep >0
and | v | (sin ¢)* > M, , then (vI — T) is defined, and

eI — T) || < My o | sin g).

Proof. Given ¢, let k, D,, and D, be the constants arising from
property (iii). We take M; = 29%+D,. Assume 0 < arg v < 7 - a(m/2)
and | v | (sin p)** > M, ; again, the treatment is analogous if arg v is
negative.

Let L be the ray arg 2 = —(#/2) + a(n/2) + (¢/2), oriented away
from the origin, and consider

R(v) = L exp(—vz) E(z) dz. (2.6)

If 2 €L, arg vz = (7/2) — (¢/2), so that
| exp(—o2)| = exp(—|z || v | sin(p/2)).
By (i),
| E@) < Dy |2 [7° exp(] # | Dy(sin )=o),
Since
| v|sin(@/2) > §| v |sing > 298Dy(sin ¢)1-%* > 2D,(sin(p/2))*~*,

the integral in (2.6) is absolutely convergent. Consequently, equation
(2.6) defines a holomorphlc function R(v), for v as stated. Clearly
R(v) coincides with [q exp(—vt) E(t) dt = (v — T)™ if Rev > 0.
Thus the existence of (vI — T)™! is established.
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Returning to (2.6), we have seen

| exp(—22)| = exp(—| 2| | v | sin(gp/2)),
| E(z)| < Dy | z |7¢ exp(| & | Dy(sin(gp/2)):~9%),
and
D,(sin(p/2))'~* < % | v | sin(g/2).
Hence

| RO)I < [ Dy |7 I exp(—dr | v | sin(p)2) dr

= My(] v | sin(p/2))**
= My(] v | sin )*1,

with M, dependent on ¢, but not upon | v | or ¢.

Q.E.D.

From the lemma, it is clear that the resolvent set of T contains all
but a bounded subset of any sector of the form jargov| <
m — a(w/2) — ¢, . We shall fix ¢, so that = — a(7/2) — ¢ > 7/2.
Replacing T, if necessary, by T' — sI (with a corresponding change to
exp(—sw) E(w)), for some real 5, we may assume that (o — T)!

is defined for all v in a sector of the form

|arg(v 4 8)| < 7 — a(#/2) — @y, some & > 0.

Given 0 < ¢ < 1, define a contour G = G(c) as follows: Let %
and M, be the corresponding constants in Lemma 2.3; then G is the

union of the three sets

{v: Rew = —38, |argv | = 7 — a(n/2) — @0},

{v: Rew < —§, |argo | = 7 — a(7/2) — @, , and | v |(sin @o)** < My},

{o: Rev < =8, |argv | =7 — a{nf2) — ¢, where 0 < ¢ < g

and | v |(sin ¢)* = M,}.

We orient G toward increasing imaginary part.

As in the previous section (see the remarks preceding Lemma 1.5),

we can define an operator by writing

S(n, ¢)x = T(1/2mi) f —(—v)i/e gl — T) % do.

@.7)

Here we make n > (1/a) + 1, and S(r, ¢)x is defined for exactly
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those x for which the integral in the right side of (2.7) belongs to
2(T™). Then S(n, ¢) will be independent of # and ¢, and represents a
closed, densely defined operator S. The same methods show that .S
has a resolvent, given by

(=] — S) = (1/2mi) f (z + (—v)/oy ol — Ty 1do  (2.8)

whenever z is to the right of the image {—(—v)/%: v € G}. Clearly the
resolvent set contains a neighborhood of the origin.

Lemma 2.4. (i) There exist constants py > 1 and Cy > 0, such
that (2I — S)1 exists for Re 2 = Cy | Im 2 |1/Po,
(il) Given 0 < b < 1, there are constants C and p, C > 0 and
Po > p > 1, such that ||(zI — S)1| = O(| 2z |>Y) as 2 — oo with
Rez = C|Imz|lp,
(i) In each sector | arg z| < (n2) — ¢, € > 0, we have

(&I — Sy =0(=2" a5 z—> oco.

Proof. (i) Recalling the notation of Lemma 2.3, choose any fixed
¢ = ¢y, and let £ = k, be the corresponding constant. We may
assume k, > 1; it then suffices to take p, = &,’.

For v approaching infinity along G = G(c,), we have |argov| =
7 — a(m|2) — @, where sin ¢ = O(] v |~1/%s), Then | arg(—(—v)1/%)| =
(7/2) — (p/a), and again sin(p/a) = O(] v |~1/%%), Therefore
Re(—(—v)1/%) = O(| v |V | v [7L/eke) = O] v [Hors), It follows that
some set Re 2 > C, | Im 2 [1/Po lies entirely to the right of the image
{—(—v)/2: v e G).

(i) Given b, take ¢ so that ¢ < (b/4a). For k corresponding
to ¢, we may assume ak > l/c and k > p,’.

Because £’ < p,, by part (i) of the lemma, (2 — S)! exists
whenever Re z > C; | Im 2 [V/*¥" and is given by

(51 — S) = (12i) fG(C) (= + (—v) /2y Yol — T)1 do.

If ve G = G(c), then
(I — T) | < Gyl v | sing)t < Cy | o [le-D/tah)

Choose p such that 1 <p <% and d = p(1 — &) < 1 — (25/3).
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Take C so large that if Rez > C|Im z [*/?, then the distance
between z and {—(—w)'/%: we G} exceeds $ Rez > C, | 2 [*/?, and
the distance between —(—o)/¢ and z exceeds Re(—(—o)/%) >
Cy(| v [/9)1/¥', Then there is Cq such that

= ()0 | > Coll & 7Y o oS,
and so

(= — Sy < G = [97 Jm |o @D/ g |eDia d [ ] (2.9)
0

For the exponents in the integrand, we have

1—d 1—4d 1 2b b
ak a (I*E)>§Z(1_ac)>§¢;’
(ak)y ak da ak 2a°

Therefore (1 — d)/ak’ + (1 — ¢)/(ak)’ > 1, and (2.9) yields
(eI — Syl < Cg | 2 747 = 0(] = P1).

(it1) Here the argument parallels one used in proving
Theorem 2.1 (ii). For a given € > 0, there is K > 0 such that

(=] — S)1 = (1/2mi) j (z + (—o)/oy Yol — T)dv  (2.10)

whenever | arg 2 | = (7/2) —p < (m/2)—eand | z| > K. Here G is G(c)
for any fixed c. If 2 is not on either of the rays R+ exp(Li[= — (#/a)]),
then we may deform G onto the nonnegative real ray. Then

(1/2i) fG (x + (—o)o) Yol — T) do 2.11)

sin 7/a

© -1
=y + TJ:, rife (72/“ — 2r1/a cos —Z~ + zz) (rll — TY1dr,

where 2 represents the sum of the residues of the integrand
(2 + (—o)t/e)y (v — T)' at the finite number of points
where —(—v)'/2 = 2. If v, is such a point, the residue is
o(—0p)/*(vel — T) ' = —zvy(vel — T)*. All such points v, are
contained in the sector |argv| <<m — a(w/2) — ae. By Hille’s
theorem ([5, Theorem 12.8.1]), owing to property (ii) of Theorem 2.1,
| vo(vel — T) 1| < Ky = Kj(e). It follows that || Z'|| is dominated by
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K,(€) | z |7%. The same is true of the integral in the right side of (2.11).
Combining (2.10) and (2.11), we have |[(z — S)'|| = O(| z|™) as
2z — 00, except possibly near the two rays R* exp(Lti[r — (w/a)]).
The conclusion of (iii) now follows by an application of the Phragmen-
Lindelof principle. Q.E.D.

From Lemma 2.4, it is clear that S satisfies the hypothesis of
Theorem 2.1. Therefore we can define exp(—=(—3S)%), | argw | <
(m/2) — a(m/2). From the proof of Theorem 2.1(ii), {exp(—w(—.S)%)}
is generated by —(—S)?, where

(—8)2x = S(1/2ai) f (—2)* 2%zl — Sy 'x dz 2.12)

whenever the right side has meaning. By choosing I'y and G appro-
priately, we find (note equation (2.8))

(1/2n5) frb (—2)° 22(2 — S)dx
= (1/2mi) frb (—2)* 2-%(1/27i) fG (2 + (—o)/oy Yol — T) do dz
— (1)2mi) fG (1/2xi) fr., (—2) 2%z + (— ooy dz (o] — T) ! do
= (1/2mi) fG (—o)t-2e(el — T) dv

= —T(1/2ri) [ (—0)2/a(ol — T) do
= TS,

By virtue of (2.12), we conclude —(—S)¢ =T.But T generates
E(w). More precisely, in view of the remarks preceding equation (2.5)
and following the proof of Lemma 2.3, T generates exp(—rw) E(w),
for a real . It follows exp(—=(—S)*) = exp(—rw) E(w), and the
proof of Theorem 2.2 is complete.

Observations similar to those at the end of Section 1 hold true for
the family of operators —(—A4)?, 0 < a < 1. Thus, the operators
have the expected properties of powers. We also have the result
corresponding to Theorem 1.6, with an analogous proof. That is, if
we start with an operator A and define exp(—w(—A4)%) as in
Theorem 2.1, then the process of Theorem 2.2 applied to E(w) =
exp(—w(—A)®) recovers the operator S = 4.
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